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Virtual-pion and two-photon production in pp scattering
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Two-photon production inpp scattering is proposed as a means of studying virtual-pion emission. Such a
process is complementary to real-pion emission inpp scattering. The virtual-pion signal is embedded in a
background of double-photon bremsstrahlung. We have developed a model to describe this background process
and show that in certain parts of phase space the virtual-pion signal gives significant contributions. In addition,
through interference with the two-photon bremsstrahlung background, one can determine the relative phase of
the virtual-pion process.
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I. INTRODUCTION

Near-threshold pion production in proton-proton scatt
ing has a long history@1,2#. More recently it has attracte
much attention after precise data have become available
experiments at IUCF@3,4#. These showed that this relative
simple reaction is apparently poorly understood. Ear
works showed large discrepancies between the calculat
and the data@5,6#. Later several different mechanisms su
as heavy meson exchange@7,8#, off-shell structure of theT
matrix @9,10#, heavy meson exchange currents@11#, and ap-
proximations used in the calculation of the loop contrib
tions @12# have been proposed to explain this problem in
earlier calculations. Calculations in a relativistic one-bos
exchange model@13# and nonrelativistic potential mode
@14#, on the other hand, appear to reproduce the data ra
well.

In this work we propose to extend the available kinema
cal regime for neutral-pion production by investigating t
process of virtualp0 emission which can be observe
through its two-photon decay. The interest in this proces
manyfold. For example, the importance of off-shell form fa
tors or the off-shell structure of theT matrix @9,10# can be
investigated when an extended kinematical regime is av
able for measuring this reaction. In addition, studyi
virtual-pion production below the threshold for real-pio
production in proton-proton scattering implies an importa
simplification in the description of the process since the
elasticities, always present in the pion-nucleon scattering,
absent for virtual pions. More importantly, interference
two-photon production via a virtual pion with the bac
ground due to two-photon bremsstrahlung will determine
relative sign of the matrix elements. This will allow for
better insight in the underlying pion-production process. T
sign is relevant regarding the discussion of the construc
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vs destructive interference of the higher-order diagrams
field-theoretical approach@12,15–17#.

To describe the ‘‘background,’’ two-photon bremsstra
lung, cross section we have developed a soft-photon mo
~SPM! for two-photon emission. In this context SPM implie
a covariant model satisfying gauge invariance, which ob
the proper low-energy theorem for small photon mome
~for example, for the one-photon bremsstrahlung the lead
two orders in powers of the photon energy satisfy mod
independent constraints@18#!. As a first step towards such a
SPM, we develop in Sec. II a new SPM for the single-pho
bremsstrahlung amplitude. This novel SPM, based on
power-series expansion of theT matrix, combines ideas o
the two SPM’s which are frequently used for single-phot
bremsstrahlung inpp scattering: the original SPM@19,20#,
which is directly inspired by the derivation of the low-energ
theorem for bremsstrahlung by Low@18#, and a later one
proposed in Ref.@21#, which has been very successful
reproducing the observed cross sections@22,23#. The impor-
tant distinction between the new SPM and the existing two
that no explicit contact terms, or the so-called internal co
tributions, need to be introduced. This feature makes it
most suitable model for developing the two-soft-phot
model ~2SPM! as discussed at the end of Sec. II. Such
2SPM may also be used to calculate the background t
photon signal in the search for dibaryon states@24#.

In this work, where the emphasis is placed on the fea
bility of detecting the virtual-p0 signal, we have also em
ployed a relatively simple covariant model to describe
pion-emission process. This model is discussed in deta
Sec. III. The predictions of this model are shown to rep
duce data on real-pion emission.

In Sec. IV explicit calculations are presented for tw
photon production where both mechanisms, bremsstrah
and virtual-p0 emission, are taken into account. The parts
phase space are indicated where the second mechanis
relatively large. It is also demonstrated that interference
tween the two processes is very important.

II. THE SOFT-PHOTON MODEL

A starting point in an SPM description of bremsstrahlu
in pp scattering is that the dominant—pole—contribution

te
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the amplitude is derived from the Feynman diagrams wh
the photon is radiated off the external legs@18#. To this lead-
ing order, several higher-order, nonpole, terms need to
added which may correspond to meson-exchange, fo
factor, and rescattering contributions. The observation m
by Low, which is the essence of the low-energy theor
@18#, is that in any description for the amplitude which h
the correct pole structure and is gauge invariant, in a po
expansion of the amplitude, the leading two powers
model independently given by an expression involving o
on-shell ~i.e., measurable! quantities, such as the nonradi
tive NN T matrix, charge, and magnetic moment of t
nucleon.

In the formulation of a SPM description for bremsstra
lung this model independence of the leading contribution
the amplitude is exploited. In principle, theT matrix entering
in each of the pole diagrams needs to be evaluated at di
entoff-shellkinematics. In an SPM one relates the off-shelT
matrix to theT matrix at an appropriately chosen on-sh
kinematical point. Based on the low-energy theorem one
show that effects due to the off-shell structure of theT matrix
indeed can be ignored to a large extent. A necessary co
tion, that the full matrix element for the process is gau
invariant, is ensured by adding contact terms which are re
lar in the limit of vanishing photon momentum. As a res
one obtains rather accurate predictions from such a mod
spite of its simplicity. Due to the fact that the SPM’s satis
the low-energy theorem, predictions are accurate as lon
the nucleon-nucleon scattering amplitude varies little over
energy range of the order of the photon energy. In the p
several SPM’s have been developed forpp bremsstrahlung.
The earliest one is due to Low and Nyman@18,19# and is
based on a kind of power series expansion for the amplitu
This particular SPM@18,19,25# will be referred to as Low-
SPM hereafter. More recently SPM’s were developed
Liou, Lin, and Gibson@21#, based on the explicit evaluatio
of the tree-level diagrams. The differences between the
ferent versions lie in the particular choice of the on-sh
kinematics at which theT matrix is evaluated. Of particula
interest for the discussion in this section is the SPM wh
the t and u Mandelstam variables are selected to define
on-shell kinematics for theT matrix @21,22,25#, which will
be referred to as thetu-SPM hereafter.

The novel one- and two-photon bremsstrahlung SPM a
plitudes developed in the following are based on a first-or
power-series expansion of theT matrix around an appropri
ately chosen kinematical point~inspired by the Low-SPM!
which is used in thetu-SPM. This hybrid formulation~called
here pse-SPM! can be shown to correspond to the Low-SP
with the exception of some additional terms proportional
the magnetic moment multiplied by derivatives of theT ma-
trix. On the other hand, it would correspond to thetu-SPM if
the T matrix would depend linearly on the kinematical va
ables. The important advantage of our formulation is that
sum of the diagrams corresponding to radiation off exter
legs is already gauge invariant and one therefore does
have to introduce contact terms.
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A. The single-photon bremsstrahlung matrix element

The antisymmetrized on-mass-shellT matrix for proton-
proton scattering can be decomposed in Lorentz sca
@29,30# as

T~ t,u!5(
j 51

5

Cj~ t,u!V j
(1)
•V j (2), ~1!

where covariantsV j are taken from the set@29#

V j5$1,gm ,smn ,g5 ,g5gm%. ~2!

Since only two of the three Mandelstam variables are in
pendent for on-shell kinematics (s1t1u54mp

2) we indicate
only the dependence on (t,u) of theT matrix and the invari-
ant coefficientsCj (t,u). In order to arrive at the particula
SPM ~to be referred to as ‘‘pse-SPM’’!, which we will later
extend to two-photon bremsstrahlung, it is essential to m
a power-series expansion of the coefficientsCj of the T ma-
trix around a point (t̄ ,ū) which corresponds to some avera
kinematics

Cj
pse~ t,u!5Cj~ t̄ ,ū!1~ t2 t̄ !

]Cj~ t,u!

]t U
t̄ ,ū

1~u2ū!
]Cj~ t,u!

]u U
t̄ ,ū

, ~3!

where derivatives are evaluated on-shell@25#. In order to
guarantee antisymmetry of the bremsstrahlung amplitude
der the interchange of identical particles@25#, the point (t̄ ,ū)
is defined according to

s̄5~si1sf !/22k2/6,

t̄ 5~ t11t2!/22k2/6,

ū5~u1821u128!/22k2/6, ~4!

where k2 is the invariant mass of the emitted particle (k2

50 presently for a single real photon!. The Mandelstam
variables are defined assi5qsi

2 and similarly for the others,

where the four-momenta,

qu182
5p182p2 , qu128

5p12p28 ,

qt1
5p12p18 , qt2

5p282p2 ,

qsi
5p11p2 , qsf

5p181p28 , ~5!

are given explicitly in terms of the momenta of the incomi
and outgoing protons for bremsstrahlung~see also Fig. 1!.

Following Ref.@21# the pole contribution to the amplitud
is constructed by adding the contributions from the fo
Feynman diagrams corresponding to emission from eac
the external legs~see Fig. 1!,
4-2
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VIRTUAL-PION AND TWO-PHOTON PRODUCTION IN . . . PHYSICAL REVIEW C65 054004
M m5ūl
18
~p18!ūl

28
~p28!@T1S(1)~p12k!Gm(1)

1Gm(1)S(1)~p181k!T21T3S(2)~p22k!Gm(2)

1Gm(2)S(2)~p281k!T4#ul2
~p2!ul1

~p1!, ~6!

where the index on theT matrix defines the kinematics a
which it is evaluated. For the present SPM~adopted from the
tu-SPM! the T matrix is evaluated at an on-shell point d
fined by the same values for the (t,u) variables as are appro
priate for the off-shellT matrix and can be read from th
Feynman diagrams, see Fig. 1. Expressed in terms of
momenta of the incoming and outgoing protons these ar

T15T~u182 ,t2!, T25T~u128 ,t2!,

T35T~u128 ,t1!, T45T~u182 ,t1!. ~7!

For the coefficientsCj (t,u) the power-series expansion E
~3! is used. Note that evaluation of the on-shellT matrix at
(ū, t̄ ) implies for the energys̄54mp

22 t̄ 2ū. This value is
different from the value which could be inferred from di
grams in Fig. 1. The usual expressions for the nucleon pro
gator S(p)5 i (p”2mp1 i0)21 and photon vertex~photon
momentumk directed out from the vertex!

FIG. 1. Feynman diagrams included in the calculation of
single-photon bremsstrahlung amplitude. The dotted lines depic
T matrix; wavy lines, the photon; and solid lines, the proton.
05400
he

a-

Gm( j )52 ieFgm( j )2 i
k

2mp
smn( j )knG ~8!

have been used, wherej 51,2 denotes the particle numbe
andk is the proton anomalous magnetic moment.

The amplitude given in Eq.~6! has the correct pole struc
ture by construction and, as can be easily checked, is ga
invariant without having to add contact terms. Thus the a
plitude in Eq. ~6! obeys the low-energy theorem@18# and
qualifies as a SPM amplitude.

Comparing the pse-SPM and Low-SPM~the version of
Ref. @25#! in some more detail one finds that most of t
terms are identical, with the exception of additional terms
pse-SPM of the type

ksmn(1)kn

p” 181mp

2k•p18
F ~ t22 t̄ !

]T

]t
1~u1282ū!

]T

]uG
2kF ~ t22 t̄ !

]T

]t
1~u1822ū!

]T

]uG p” 11mp

2k•p1
smn(1)kn

1~1↔2!. ~9!

The obvious notation is used where]T/]t implies the terms
in the Taylor-series expansion of theT matrix that contain
the derivatives of the coefficients with respect tot. It can be
shown that the terms in Eq.~9! are of orderk and therefore
the difference is beyond the low-energy theorem as
should have expected.

It is also important to mention that the absence of
contact~internal! contributions in the present SPM is a co
sequence of the choiceu,t as independent variables in theT
matrix. Shoulds,t ~or s,u) be chosen instead, addition
contact terms would be required to restore the gauge inv
ance ~compare, e.g., with the original SPM’s of Ref
@18,19#!.

e
he
e

I

FIG. 2. The differential cross
section d5s/dV1dV2dug ~upper
panel! and the analyzing powerAy

~lower panel! for single-photon
bremsstrahlung as functions of th
photon angle. Prediction of differ-
ent SPM’s~see text! are compared
with recent data obtained at KV
@23# at a beam energy of 190
MeV. The angles of the outgoing
protons are kept fixed atu158°,
u2516° ~left panel! and u1

512°, u2518° ~right panel! for
coplanar geometry.
4-3
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O. SCHOLTEN AND A. YU. KORCHIN PHYSICAL REVIEW C65 054004
In Fig. 2 the results for each of the three soft-phot
models are compared with cross-section data obtained
recent high precision experiment at KVI at 190 MeV inc
dent energy@23#. The predictions of the present pse-SP
appear to lie right in between those of Low-SPM andtu-
SPM. As such the present SPM appears to be in rather g
agreement with the data even though the photon energ
relatively large~about 80 MeV!.

Also shown is the analyzing powerAy. These results sug
gest that Low-SPM gives a better description of the data@23#
at 190 MeV than pse-SPM andtu-SPM. The latter models
give close results.

B. The SPM for two-photon bremsstrahlung

The pse-SPM developed in the above can readily be
tended to the case of two-photon bremsstrahlung since
explicit contact terms~which appear in the Low-SPM and i
the tu-SPM! were introduced. One therefore does not have
deal with the complication of adding a two-photon conta
term or discuss the modification of the single-photon con
term due to the presence of the second photon.

To obtain the two-photon equivalent of pse-SPM~pse-
2SPM! one proceeds in a similar manner as discussed in
previous section. TheT matrix is written in terms of a power
series expansion around the point of average kinematic
given in Eq. ~4!, wherek2 now equalsmgg

2 , the invariant
mass squared of the two-photon system. This particular p
is used to preserve antisymmetry of the matrix element~see
Ref. @25#!. The amplitude can be constructed by adding
contributions of all diagrams where the two photons~with
momentaq1 andq2 , k5q11q2) are attached to the extern
legs in all possible permutations~see Fig. 3!,

M~seq!mn5ūl
18
~p18!ūl

28
~p28!@T1S(1)~p12k!

3Gn(1)S(1)~p12q1!Gm(1)

1all possible permutations#ul2
~p2!ul1

~p1!,

~10!

FIG. 3. Feynman diagrams included in the calculation of
two-photon bremsstrahlung amplitude.
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where only the first diagram of Fig. 3 has been written e
plicitly. The (t,u) variables specifying the on-shell point a
which theT matrix is evaluated can easily be expressed
terms of the external momenta for each diagram. Howe
instead of the trueT matrix the power-series expansion E
~3! is used. It can be verified that this amplitude satisfi
gauge invariance, i.e.,q1mM(seq)mn5q2nM(seq)mn50,
for the case of radiation off the two-proton system. The a
plitude therefore obeys the low-energy theorem for the tw
photon emission@26#. Results for the two-photon brems
strahlung will be presented in a later section together w
the results for the virtual-pion amplitude.

III. PION PRODUCTION

The importance of short-range physics forp0 production
in pp scattering was addressed in many references,
Refs. @8,10,13,27#. It was shown that this process is ve
sensitive to the short-range component of theNN interaction
which in turns reflects in very strong off-shell effects in theT
matrix describing thepp rescattering in the1S0 final state.
This partial wave gives the most important contribution ne
the pion-production threshold. As a result of the strong o
shell effects the so-called direct pion production is su
pressed, and other contributions, such as thepN rescattering,
heavy-meson exchanges, etc., become crucial to ob
agreement with experiment.

In this paper we have opted for simpler, more pheno
enological approach which still relies on the same on-ma
shellT matrix as used in the photon-bremsstrahlung calcu
tions. The virtual-pion emission and the sequentional tw
photon bremsstrahlung are thus described in equiva
models. The pion-production amplitude is calculated us
radiation off external legs only while evaluating theT matrix
at a suitably chosen point corresponding to on-shell kinem
ics. We use a general pion-nucleon vertex

Gp~k!5
Gp

11x
g5S x1

k”

2mp
D , ~11!

wherex specifies the admixture of pseudoscalar~PS! cou-
pling andk is the pion~outgoing! momentum. The PS com
ponent in the vertex is included to effectively account for t
reaction mechanisms which are not explicitly present in
model. This issue will be elaborated further on in this se
tion.

As argued in Refs.@3,28# the energy dependence of re
pion production indicates that the final-state interaction
tween the emerging nucleons should be accounted for
rectly. For this reason theT matrix is evaluated at an on-she
point corresponding to the same energys and the same ratio
R5t/u as is appropriate for each of the four diagrams.
should be noticed that for on-shell kinematics the ratioR is
directly related to the proton-proton scattering angle. T
amplitude which can be read off the diagrams in Fig.
~where the photon line is replaced by the pion one! has the
form

e

4-4
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VIRTUAL-PION AND TWO-PHOTON PRODUCTION IN . . . PHYSICAL REVIEW C65 054004
Mp5T1S(1)~p12k!Gp
(1)~k!1Gp

(1)~k!S(1)~p181k!T2

1T3S(2)~p22k!Gp
(2)~k!1Gp

(2)~k!S(2)~p281k!T4

~12!

with

T15T~sf ,R15t2 /u182!, T25T~si ,R25t2 /u128!,

T35T~sf ,R35t1 /u128!, T45T~si ,R45t1 /u182!.
~13!

The nucleon spinors in Eq.~12! are omitted for brevity.
In the process of calculating the pion-production cro

section we noticed that special care should be paid to
representation of theT matrix. Initially the calculation was
performed by expanding theT matrix in the usual set of five
Lorentz covariants given in Eq.~2!.

Changing the ratiox of the PS and pseudovector~PV!
couplings by a mere 0.1 would change the real-pion prod
tion cross section by about one order of magnitude. T
extreme and unrealistic sensitivity could be traced back
the unrealistically large coupling to negative-energy state
thepp system at small energies which is introduced with t
particular choice of covariants. To avoid the aforemention
problem we have therefore introduced another set of Lore
tensors, chosen such that, when sandwiched between
components of positive-energy spinors, they reduce to
five operators usually taken in a nonrelativistic formulati
~see, for example, Refs.@31–34#!,

V j
nr5$1,sW (1)

•sW (2),i ~sW (1)1sW (2)!•n̂,S12~ t̂ !,S12~ û!%,
~14!

wherenW 5(pW 12pW 2)3(pW 182pW 28), tW5qW t , uW 5qW u , the tensor is

given by S12( p̂)53sW (1)
• p̂sW (2)

• p̂2sW (1)
•sW (2), and the hat

denotes a unit vector. Emphasizing the dependence ons and
R of the Lorentz-invariant coefficientsCj the on-shellT ma-
trix is expressed in a similar way as in Eq.~1!,

T~s,R!5(
j 51

5

Cj~s,R!V j
(1)
•V j (2). ~15!

A possible choice for the covariantsV j is

V15Q” s , V25g5Q” n , V35g5Q” p ,

V45g5Q” k , V55V21V1 , ~16!

defined in terms of the orthogonal vectors

Qs
m5~p1

m1p2
m!/W,

Qk
m5Nk@qt

m2~qt•Qs!Qs
m#,

Qp
m5Np@qu

m2~qu•Qs!Qs
m

1~qu•Qk!Qk
m#,

Qn
m5emnsr~Qs!n~Qk!s~Qp!r ,

~17!
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normalized such thatQs
252Qk

252Qp
252Qn

251, where
W25s5(p11p2)2 and emnsr is the fully antisymmetric
Levi-Civita tensor. The momentaqt and qu are chosen ac-
cording to Eq.~5!. It is straightforward to show that in the
pp-CM system the matrix elements ofV j

(1)
•V j (2) for the

large components of the spinors are indeed linearly indep
dent combinations of the nonrelativistic operators given
Eq. ~14!. The fifth term in Eq.~16!, for example, is the only
one that, in the nonrelativistic reduction, contributes a te
similar to the third one in Eq.~14!. In addition the matrix
elements between large and small components vanish.
set of five operators is not unique; any linear combination
qt andqu could have been used to defineQk and furthermore
V151 is also a valid choice. We have checked that any
these ambiguities have only minor effects on the calcula
pion-production amplitude.

With the covariants in Eq.~16! the cross section for real
pion production still depends on the ratiox but in a much
more gentle way. By varyingx and keeping a realisticpN
coupling constant, the experimentally measured cross sec
can be reproduced withx51.05. Forx50, corresponding to
the pure PV coupling, the cross section is about a factor
larger than experiment and appears to be independent o
choice of covariants, Eq.~2! or Eq.~16!. The latter feature is
probably due to the fact that for a PV coupling the contrib
tion of negative-energy states is suppressed.

To understand the sensitivity of the cross section to the
component in thepN vertex we can rewrite the pion
production amplitude in the form

Mp5M p
( PV)1M p

( cont) , ~18!

where the purely PV contribution is

M p
(PV)5 i

Gp

2mp
FT1g5

(1)S 12
mpk” (1)

k•p12mp
2 /2

D
1S 12

mpk” (1)

k•p181mp
2 /2

D g5
(1)T2

1T3g5
(2)S 12

mpk” (2)

k•p22mp
2 /2

D
1S 12

mpk” (2)

k•p281mp
2 /2

D g5
(2)T4G , ~19!

andM p
(cont) has a form of a five-point contact vertex

M p
(cont)52 i S x

11x D Gp

2mp
~T1g5

(1)1g5
(1)T21T3g5

(2)

1g5
(2)T4!. ~20!

The important observation is that in the soft-pion lim
(k→0) the amplitudeM p

(PV) fulfills the requirement of chi-
ral symmetry@35# @to be precise, the limit in Eq.~19! should
be taken in the order limmp→0$ limkW→0•••%#. In this case, of

course,T15T25T35T4 is theT matrix calculated in kine-
4-5
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FIG. 4. The angle-integrated cross section f
real-pion production is plotted versus the relati
kinetic energyT12 of the outgoing two-proton
system. Results are shown for two incoming pr
ton energies and for a selection ofp-N relative
kinetic energies.
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matics of on-shellpp scattering. However the pion mass
finite, and the T matrices in the dominant diagram
T1 andT3, corresponding to the pion emission off the initi
legs, in fact should enter far off-shell@for example, the cor-
responding off-energy-shell c.m. momentum is ab
(mpmp)1/2'370 MeV#. Due to a strong off-shell depen
dence of theT matrix ~see, e.g., Refs.@27,33#! a sizable
reduction of the cross section calculated only withM p

(PV)

should occur. The contact term in Eq.~20! effectively ac-
counts for this effect, as well as the other important mec
nisms which act in the opposite direction, such as~off-shell!
pN rescattering and heavy-meson exchanges, and pos
genuine contact vertices in the underlying Lagrangian.
will consider x as a phenomenological parameter of t
model.

Our approach has a certain similarity to the soft-pi
model of Ref.@36#, where the authors applied yet anoth
method to account for off-shell effects, and found a reas
able agreement with the data available at the time. The a
integrated cross section for real-p0 production is plotted in
Fig. 4 as function of the relative kinetic energy in the fin
two-proton system, defined asT125M1222mp , whereM12
is the invariant mass of the two-proton system. It can be s
that to a large extent the cross section is independen
T235M232mp2mp and falls off roughly proportional to
1/T12 in accordance with Ref.@3#.

The total p0 production cross section as function ofh
@see Eq.~C5! for the definition# is compared to the data o
Ref. @3# in Fig. 5. It is seen that the calculation agrees w
with the data in both magnitude and energy dependence
such we conclude that this simple model is able to giv
reasonable estimate of the pion-production cross section
will thus use it also in the calculation of virtual-pion produ
tion discussed in the following section.

The amplitude for two-photon emission mediated by
virtual pion can be factorized in two terms. The first is t
amplitude for virtual-pion productionMp , which is identi-
cal in structure to the one for real pions. The second te
describes the decay of the virtual pion. The amplitude
question now reads
05400
t

-

ble
e

r
-
le

l

en
of

l
As
a
nd

m
n

M mn~p!5
2e2gpgg

~k22mp
2 1 i0!mp

emnabq1aq2b

3Mp~p18 ,p28 ;p1 ,p2!, ~21!

wherek5q11q2 is the momentum of the virtual pion an
gpgg'0.0375 is thep0→gg decay constant. The total am
plitude for thepp→ppgg process is

M mn5M mn~seq!1M mn~p!, ~22!

the sum of the amplitudes given in Eqs.~10! and ~21!.

IV. RESULTS

The calculations presented in this section are done
an incoming proton energy of 280 MeV in the lab syste
which is just below the pion-production threshold (2mp

1mp
2 /2mp). In Fig. 6 the cross section for two-photon pr

duction is plotted for certain exclusive kinematics. We ha

FIG. 5. The integrated cross section for real-pion production
function ofh which is related to the beam energy through Eq.~C5!.
The data are from Ref.@3#.
4-6
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FIG. 6. The dependence of th
differential cross sectiond8s/
dmggdM12

2 dM23
2 dVggdVkdf1 on

the two-photon angles. The two
photon bremsstrahlung result i
given by the dense-dotted curve
the pure virtual-pion process b
the sparse-dotted curve, the fu
result by the drawn curve, while
the dashed curve gives the cohe
ent sum when changingad hocthe
sign of the virtual-pion contribu-
tion.
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opted to use the Dalitz coordinates~see Appendix B for a
more detailed discussion! for expressing the differentia
cross sections, specified by~i! T12, the relative energy be
tween the two protons;~ii ! T13, the relative energy betwee
a proton and the sum-momentum of the two photons~equal
to the momentum of the virtual pion!; ~iii ! the Euler angles
of the plane spanned by the two protons and the virtual p
with respect to the incoming beam direction, i.e., (uk ,fk),
and where the third angle is trivial due to azimuthal symm
try. This is supplemented by the angles (ugg ,fgg) specify-
ing the orientation of the two-photon relative momentum
their c.m. frame and the invariant massmgg of the two-
photon system or—equivalently—the virtual pion. These
ordinates can be used for the sequential two-photon emis
as well as for the virtual-pion process. We have used th
coordinates instead of the traditionally adopted ones
bremsstrahlung for a few reasons. Firstly, the phase sp
factor is a very smooth~in many cases independent! function
of the kinematical variables and differential cross sectio
thus directly reflect the magnitude of the underlying mat
element. Secondly, the absence of divergencies of the p
space factor allows for a straightforward evaluation of~par-
tially! integrated cross sections. Thirdly, these coordina
uniquely determine the kinematics of the event while in po
coordinates a kinematical solution is not always uniqu
defined~this happens in very selected parts of phase sp
only!. It should be noted thatT23 is related toT12 andT13 by
a simple algebraic relation.

In the figures the two-photon cross sections due to
intermediate virtual-p0 mechanism and the sequential tw
photon emission are indicated separately. There is a st
interference between the two contributions, the total~from
adding the amplitudes, labeled ‘‘tot1’’ in the figures! is
larger than the sum of the individual cross sections. The
portance of interference for the total cross section imp
that the cross section is sensitive to the relative phase
tween the amplitudes of the uncorrelated and the virtual-p
two-photon emission processes. To show this, we also
the cross section for the case in which the virtual-pion ma
element has been arbitrarily, only for display purposes, m
tiplied with a minus sign@i.e., changing the relative sign i
Eq. ~22! eventhough the sign given there is correct#. This
05400
n

-

-
on
se
n
ce

s

se

s
r
y
ce

e

ng

-
s
e-
n
ot
x
l-

calculation, labeled ‘‘tot-’’ in Fig. 6, gives rise to a muc
smaller total cross section. It should be noted that chang
the sign does not affect the real-pion production cross sec
since it is independent of the sign. From Fig. 6 it can be s
that the angular distributions depend on the phase of
virtual-pion contribution, however, the largest effect
changing the sign shows up in the overall magnitude.
have checked that this is the case in a large region of ph
space and the distributions shown here can be regarde
typical.

Another aspect which can be seen from Fig. 6 is that
angular distributions of the sequentional two-photon em
sion process show pronounced structures. This is to be
pected as the single-photon bremsstrahlung angular distr
tion shows pronounced peaks which are due to
quadrupole nature of the electric radiation and the inter
ence with magnetic radiation. The virtual-pion mechani
has a rather featureless distributions, due to the fact that
two photons couple to the quantum numbers of the pionJp

502.
It is also apparent from Fig. 6 that—unfortunately—o

cannot point to a particular feature in the angular distribut
which is especially sensitive to the virtual-pion contributio
There are no quantum numbers that distinguish this proc
from the bremsstrahlung contribution.

For the above reason, and also because cross sec
are—in general—small for two-photon emission, we inves
gate whether the virtual-pion signal can also be seen in
exclusive kinematics where certain angles have been i
grated. Since, as remarked before, the virtual pion contri
tion seems to give primarily rise to an overall increase of
cross sections we have performed a simple integration of
differential cross section.

The squared matrix element for pion emission is invers
proportional to the relative energy in the finalpp system@3#.
One thus expects that the virtual-pion process is most p
nounced for the lowest values ofT12. This is indeed sup-
ported by our calculations as shown in Fig. 7, where
difference between the full calculation~labeled ‘‘tot1’’ ! and
the sequential two-photon process strongly depends onT12
and hardly onT23. In Fig. 7 all angles have been integrate

The unambiguous signature of the virtual-pion contrib
4-7
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tion is that it increases the closer one approaches the
pion pole. This can clearly be seen from Fig. 8 where
cross section is shown as function ofmgg at fixedT12. All
other variables, i.e., all angles and alsoT23, are integrated.
Even this rather inclusive cross section shows a clear se
tivity to the interference between the sequential and
virtual-pion two-photon emission processes.

V. SUMMARY AND CONCLUSIONS

In this work we have shown that the two-photon brem
strahlung offers the interesting possibility to ‘‘measure’’ su
threshold pion production inpp scattering. It allows for
studying pion production in kinematics which is not acce

FIG. 7. The cross section for two-photon production, integra
over angles, is plotted versus the relative kinetic energyT12 of the
final two-proton system. Results are shown for a selection ofp-N
relative kinetic energies. The meaning of the curves is the sam
in Fig. 6. The end points of the curves are determined by kinem
ics.

FIG. 8. The cross section for two-photon production, integra
over all variables at fixed relative kinetic energyT1253 MeV of
the final two-proton system, is plotted as function of the two-pho
invariant mass. The meaning of the curves is the same as in Fi
05400
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sible in thepp→ppp0 reaction. In addition, the phase of th
virtual-pion process with respect to that of sequential tw
photon emission can be investigated.

To account for the sequential two-photon emission p
cess, which is an important background, a novel soft-pho
model~called pse-SPM! is developed. This model is tested
a calculation of single-photon bremsstrahlung, and is sho
to give accurate results for cross sections. Calculated ex
sive cross sections of thepp→ppgg reaction are in genera
small, however, sensitivity of the cross sections to
virtual-pion signal remains even for rather inclusive cro
sections.
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APPENDIX A: KINEMATICS FOR TWO-PHOTON
PRODUCTION

For the reactionN1N→N1N1g1g the momenta are
denoted by p1 ,p2 ,p18 ,p28 ,q1 ,q2 ~see Fig. 3!. Energy-
momentum conservation readsp11p25p181p281q11q2.
The cross section is

ds5
mp

4

j E uAu2~2p!4d4~p11p22p182p282q12q2!

3
d3p18

~2p!3E18

d3p28

~2p!3E28

d3q1

~2p!32«1

d3q2

~2p!32«2

,

whereA5M mne1m* e2n* is the invariant amplitude,e1 ande2

are the polarization vectors of the photons,«15uqW 1u, «2

5uqW 2u, and j 5A(p1•p2)22mp
45mpupW labu in the laboratory

frame wherep25(mp ,0W ). Using the identity*d4(q11q2
2k)d4k51 the cross section is put in the form

ds5
mp

4

~2p!8 j
E uAu2d4~p11p22p182p282k!I gg

3
d3p18

E18

d3p28

E28
d4k, ~A1!

whereI gg is the two-photon phase-space integral defined

d

as
t-

d

n
6.
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I gg5E d4~q11q22k!
d3q1

2«1

d3q2

2«2
.

To calculate this integral in an arbitrary frame we introdu
the relative and total four-momenta of the photons

k5q11q2 , l 5
1

2
~q12q2!,

q15
1

2
k1 l , q25

1

2
k2 l . ~A2!

The Jacobian of the transformation fromqW 1 ,qW 2 to lW,kW is
unity, and after removing the triviald function we get

I gg5E d~« 1
2 kW1 lW

1« 1
2 kW2 lW

2k0!
d3l

2« 1
2 kW1 lW

2« 1
2 kW2 lW

5
u lWu2

4~ u lWuk02ukW u l 0 cosugg!
dVgg , ~A3!

with dVgg5sinuggduggdfgg , where we introduced the pola
and azimuthal anglesugg andfgg between the three-vector
kW and lW. For real photons (q1

25q2
250) one can show tha

k• l 50 and 4l 21mgg
2 50, wheremgg

2 5k2 is the invariant
mass of the two-photon system. Expressing nowl 0 in terms
of the three-momentumu lWu we obtain

u lWu5
mgg

2A12~kW2/k0
2! cos2ugg

5
mggk0

2Amgg
2 1kW2 sin2ugg

,

with k05Amgg
2 1kW2. The two-photon phase space Eq.~A3!

can be simplified to

I gg5
u lWu3

k0mgg
2

dVgg . ~A4!

As a last step the integration overk0 in Eq. ~A1! is re-
placed by an integration over the two-photon invariant m
usingk0dk05mggdmgg . We obtain

ds5
2mp

4

~2p!8 j
E uAu2J~mgg!I ggmggdmgg , ~A5!

where we introduced the three-particle phase-space inte

J~mgg!5E d4~p11p22p182p282k!
d3p18

E18

d3p28

E28

d3k

2k0
.

~A6!

In one-photon bremsstrahlung the similar integral is tra
tionally evaluated in polar coordinates~see, for example
Ref. @25#! leading to the cross section of the type shown
Fig. 2. For two-photon bremsstrahlung in the present pa
we will use the Dalitz coordinates instead, as discusse
Appendix B.
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APPENDIX B: DALITZ COORDINATES

To evaluate the phase-space integral in Eq.~A6! we
choose the c.m. frame wherepW 11pW 250, and carry out the
integration overpW 28 . Introducings5(p11p2)2 we obtain

J~mgg!5E d~As2E182E282k0!
d3p18

E18E28

d3k

2k0
,

where E28
25mp

21pW 28
25mp

21(pW 181kW )25mp
21pW 18

21kW2

12p18k cosu13. Using

d3p18d
3k5p18E18dE18dV1kk0dk0dVk

5p18E18dE18d cosu13df1kk0dk0d cosukdfk

and integrating over cosu13 using thed-function we obtain

J~mgg!5 1
2 d cosukdfkdf1dk0dE18 .

Defining invariant masses

M12
2 5~T1212mp!25~p181p28!25s22Ask01mgg

2 ,

M23
2 5~T231mp1mp!25~p281k!25s22AsE181mp

2 ,
~B1!

we can cast the integralJ(mgg) in the form

J~mgg!5
1

8s
d cosukdfkdf1dM12

2 dM23
2 . ~B2!

Here the anglesfk ,uk ,f1 describe in the c.m. frame th
orientation of the plane in which the momenta lie of t
outgoing two protons and the two-photon system~the virtual
pion! with respect to the incoming beam. Specifically, t
anglef1 is defined as the azimuthal angle of the moment
pW 18 in the frame, where momentumkW is along OZ axis and

the OX axis lies in the plane spanned by the beam andkW . The
angleuk is taken as the angle in the c.m. frame between
incoming momentum andkW while fk is a trivial azimuthal
angle. In the c.m. frame the momenta can now be expres
as

kW5~kx ,ky ,kz!5k~sinuk ,0, cosuk!,

pW 185~p1x8 ,p1y8 ,p1z8 !5p18~cosuk sinu13cosf1

1sinuk cosu13,

sinu13sinf1 ,2sinuk sinu13cosf11cosuk cosu13),

pW 2852pW 182kW .

The magnitudes ofkW , pW 18 andpW 28 are determined through th
energies of the two-photon system and nucleons

k05
s2M12

2 1mgg
2

2As
,

4-9



h

an

ea

ud

ss

-

i-

q.

or-

not
the
h

om-
I.

O. SCHOLTEN AND A. YU. KORCHIN PHYSICAL REVIEW C65 054004
E185
s2M23

2 1mp
2

2As
,

E285As2E182k0 ,

and the angle betweenpW 18 andkW can be expressed as

cosu135~E28
22E18

22k0
21mgg

2 !/2kp18 .

So far the momenta were defined in the c.m. frame. T
boost to the lab system is specified by the velocityV
5p1

lab/(mp1E1
lab) and the Lorentz-factor g5(mp

1E1
lab)/As. The Z components of the vectors in the lab c

now be expressed as

kz
lab5g~kz1Vk0!,

p81z
lab5g~p1z8 1VE18!,

p82z
lab5p1

lab2kz
lab2p81z

lab,

while theX andY components do not change.

APPENDIX C: TOTAL CROSS SECTION FOR PION
PRODUCTION

Using the Dalitz coordinates, the cross section for r
pion production is written as

ds5
mp

4

~2p!5 j
uM pu2J~mp!, ~C1!

where particle 3 is associated with the pion andJ(mp) is
given in Eq.~B2! wheremgg→mp .

Let us first make a tentative assumption that the amplit
is a constant and integrate the cross section in Eq.~C1! over
angles,

ds5
mp

4p2

~2p!5 js
uM pu2dM12

2 dM23
2 . ~C2!

For the total cross section we integrate over invariant ma
A

E
F.

05400
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s5
mp

4p2

~2p!5 js
uM pu2I ~s!, ~C3!

where we introduced the integral

I ~s!5E
M12

min2

M12
max2S E

M23
min2

M23
max2

dM23
2 D dM12

2 52E
M12

min

M12
max

A~M12
2 24mp

2!

3A~s2mp
2 2M12

2 !224mp
2 M12

2 dM12, ~C4!

with the lower and upper limitsM12
min52mp and M12

max5As
2mp , respectively. At the upper limit the pion three
momentum in the c.m. system,kW25@M12

2 2(As2mp)2#
3@M12

2 2(As1mp)2#/4s, vanishes while it reaches a max
mum at the lower limit

kWmax
2 5mp

2 h25b~b14mpAs!/4s ~C5!

which defines the conventionally used variableh @3# in terms
of b5(As2mp)224mp

2 . Introducing the relativepp three-

momentum 4pW 25(M12
2 24mp

2) the phase space integral E
~C4! can also be put in the familiar formI (s)
5*16upW uukW uAs/M12

2 dpW 2.
With the substitutionst5(M12

2 24mp
2)/b, a54mp

2 andc
5(As1mp)224mp

2 the phase space integral Eq.~C4! can be
cast in the form

I ~s!5b2E
0

1

dtAt~ t21!~ t2c/b!

~ t1a/b!
. ~C6!

This shows that the total cross section is roughly prop
tional to b2 and thus proportional toh4 at low energies, in
contrast to the data. It has been argued in Ref.@3# that the
assumption made that the matrix element is constant is
valid. The pion-emission process is strongly affected by
final-stateNN interaction at low energies, the effect of whic
is roughly proportional to 1/pW 254/tb. Including this factor in
the integrand gives a total cross section proportional toh2, in
rough agreement with the data~above h50.2). The ap-
proach that we chose for evaluating the amplitude and c
parison with experiment are described in detail in Sec. II
C
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