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Tensor representation of the nucleon-nucleon amplitude
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Many approaches to nucleon-nucleus elastic and inelastic scattering are based on the use of the free-space
nucleon-nucleon transition amplitude. In calculations where the full spin dependence of this amplitude is
needed, its use is more tractable when it is expressed in terms of irreducible tensor operators of the spins of the
interacting nucleons. We present general formulas for this representation, which is particularly useful for
inelastic scattering studies involving spin-flip transitions of a target nucleon.
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I. INTRODUCTION

The free nucleon-nucleon (NN) transition amplitude, both
on and off the energy shell@1,2# is a basic dynamical inpu
off ab initio multiple scattering scattering formalisms eith
within a many-body@3,4# or a few-body @5# framework.
These formalisms have been applied with success to des
elastic and inelastic scattering from stable@6# ~and references
therein! and unstable nuclei@7,8#. The spin and isospin de
pendent amplitudes of the transition amplitude can be ca
lated readily from realisticNN interaction models, such a
the Paris@9# and Bonn@10# interactions. It was shown in Re
@2# that the off-shell behavior of theNN transition amplitude
is very stable against the underlyingNN interaction. In ad-
dition, the on-shell values must reproduce the available
perimentalNN data. Thus, the dynamicalNN input of the
multiple scattering expansions is very well defined, at le
on the energy shell.

Traditionally, theNN transition amplitude has been pr
sented using the Wolfenstein parametrization@11#. This rep-
resentation involves six amplitudesA, . . . ,F, being the co-
efficients of spin operators, which are scalar products of

Pauli spin vectorssW i for the projectile and struck nucleon
with a set of unit vectors defined by the scattering plane
the nucleon pair. This representation is not convenien
cases, such as in inelastic scattering, where one need
account fully for the the spin dependence of theNN interac-
tion @12#.

Equivalently, the amplitude can be expressed in cen
spin-orbit, and the usual tensor componentS12 @13#. Alterna-
tively, theNN transition amplitude can also be expressed
terms of irreducible tensor operators in the space of spiS
(50,1) of the interacting pair,tkq(S) @14#. This is, for in-
stance, a convenient representation for analysis of deut
scattering from spin-zero targets.

A more tractable representation for treating the spin
pendence of theNN interaction in proton scattering analys
is presented here, in which the scattering amplitude is
pressed in terms of spin tensor operators associated with
colliding particles.
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II. FORMALISM

Assuming that we use plane wave states, normalized s
that

^rWukW &5~2p!23/2exp~ ikW•rW !, ~1!

then the freeNN scattering amplitudeM (v,KW 8,KW ), describ-
ing scattering from two-nucleon states with relative mome
KW andKW 8 for relative energyv in their center-of-mass~c.m.!
frame, is related to the antisymmetrized transition matrix
ements by

M ~v,KW 8,KW !5^KW 8uM ~v!uKW &52
4p2m

\2
^KW 8ut01

f ~v!uKW &,

~2!

wherem is theNN reduced mass. These amplitudes are
erators in both theNN spin and isospin spaces.

The Wolfenstein decomposition of theNN amplitude for
the scattering of an incident~0! and struck~1! nucleon has
been used extensively. It gives the most general form of
amplitude, consistent with time-reversal, parity, and ro
tional invariance, as

M ~v,KW 8,KW !5A1B~sW 0•n̂!~sW 1•n̂!1C~sW 01sW 1!•n̂

1D~sW 0•m̂!~sW 1•m̂!1E~sW 0• l̂ !~sW 1• l̂ !

1F@~sW 0• l̂ !~sW 1•m̂!1~sW 1•m̂!~sW 0• l̂ !#,

~3!

where the orthogonal set of unit vectorsn̂5(KW 3KW 8)/uKW
3KW 8u, l̂ 5(KW 81KW )/uKW 81KW u, and m̂5 l̂ 3n̂ are defined by
the NN scattering plane@11#. The coefficient amplitudes
A, . . . ,F can also be expressed as complex functions ofv,
the momentum transferqW 5(KW 82KW ), and the total momen-
tum QW 5(KW 81KW )/2 of theNN pair in their c.m. frame. They
remain operators in isotopic spin space, so for instance

A~v,qW ,QW !5A01At~tW0•tW1!5A T50P01A T51P1 , ~4!

where thetW i are the isospin Pauli operators for the tw
nucleons and thePT are projectors for the total isospi
©2002 The American Physical Society01-1
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states. In this equation,A0 andAt represent the isoscalar an
isovector components ofA in the isospin space.

The A, . . . , F amplitudes can be derived on and off th
energy shell@1,2,6# from a realisticNN interaction, such as
for example, the Paris@9# and Bonn@10# interactions.

Equivalently, theNN scattering amplitude can be repr
sented in terms of central, spin-orbit, and tensor compone
The work of Franey and Love~FL! @13# makes use of this
representation, where the form factors of the components
nonlocal, with a direct and an exchange term and given
terms of sums of Yukawa forms, the ranges and strengh
each term being determined by fitting the on-shellNN scat-
tering data. The FL transition amplitude is usually referred
a pseudo-T matrix, since it is not constructed from a pote
tial model and violates unitarity badly@15#.

In the example of nucleon elastic scattering on a spin-z
target only the centralA and spin-orbitC components con-
tribute to the first order term of the multiple scattering e
pansion of the optical potential@3,4#. Second and higher or
der terms, however, involve contributions from a
components@6#. Of course, for elastic scattering from a no
spin-zero nucleus, or for inelastic scattering involving sp
flip transitions of a struck nucleon in the target, a full tre
ment of the scattering amplitude needs to be considered
these applications, approximate treatments need to be
formed to handle the orthogonal set of unit vectorsn5(kW

3kW8)/ukW3kW8u, l 5(kW81kW )/ukW81kW u, andm5 l 3n @6,17#.
In elastic scattering processes involving a more gen

target, and in inelastic scattering, in which the full spin d
pendence of the interacting nucleons enters, theNN ampli-
tudes are more conveniently constructed such that

^KW 8uM uKW &5 (
aa bb

Mab
(ab)~KW 8,KW !taa~s0!tbb~s1!, ~5!

wheretaa(s0) is the irreducible tensor operator for the pr
jectile particle~0! with spins0(a50, . . . ,2s0);tbb(s1) is the
irreducible tensor operator for the struck particle~1! with
spin s1 (b50, . . . ,2s1). Explicitly, sinces05s15 1

2 ,

t00~
1
2 !51, t1b~ 1

2 !5sb~1!, ~6!

with sb(1) the spherical components ofsW 1 with respect to
the chosenz axis. It is understood that theMab

(ab) depend on
the isospin of the two nucleons. The amplitudes relevan
the pp, pn, andnn cases are obtained from the isospin s
glet (T50) and triplet (T51) amplitudes. The explicit de
pendence of theM andMab

(ab) on v andT will not be shown
in the following.

We first decompose theNN amplitude of Eq.~2! into spin
singlet (S50) and triplet (S51) components,M n8n

S , where
n andn8 refer to the incident and final state spin projectio
in stateS,

^KW 8uM uKW &5 (
Snn8

M n8n
S

~KW 8,KW !uSn8&^Snu. ~7!
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TheseM n8n
S

5^KW 8Sn8uM uKW Sn& are in any case calculate
during the construction of theNN amplitudes from the par-
tial wave transition amplitudesML8L

JS (K8,K), e.g., Appendix
C of @6#. We adopt the convention that

^KW 8uM uKW &5
2

p (
JLL8SM

i L2L8Y (L8S)J
M

~K̂8!ML8L
JS

~K8,K!

3Y (LS)J
M † ~K̂!, ~8!

whereY (LS)J
M is a spin-angle function

Y (LS)J
M ~K̂8!5(

Ln
~LLSnuJM!YLL~K̂8!XSn , ~9!

and YLL and XSn are spherical harmonics@16# and total
spinors of theNN pair. Combining Eq.~7! and Eq.~8! results

M n8n
S

~KW 8,KW !5
2

p (
JMLL8LL8

i L2L8~L8L8Sn8uJM!

3~LLSnuJM!YL8L8~K̂8!YLL* ~K̂!

3ML8L
JS

~K8,K!. ~10!

The partial wave sums are, of course, over values that sa
the Pauli principle requirement, i.e.,L1S1T be odd.

It is now convenient to reexpress the spin-space proje
in terms of irreducible tensor operators in the space of spS
@14#,

FIG. 1. Real and Imaginary parts of the Isoescalar compon
of M00

00 and M11
01, at ELab5135 MeV, as a function of the tota

momentumQ, with q51 fm21. The arrow indicates the on-she
value.
1-2
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tkq~S!5(
nn8

k̂~SnkquSn8!uSn8&^Snu, ~11!

where 0<k<2S and k̂5A2k11 that satisfy tkq
† (S)

5(2)qtk2q(S), and so the spin tensor decomposition of t
amplitude is

^KW 8uM uKW &5(
Skq

Mkq
S ~KW 8,KW !tkq

† ~S!, ~12!

FIG. 2. Real part of the isoescalar components atELab

5135 MeV.

FIG. 3. Imaginary part of the isoescalar components atELab

5135 MeV.
05400
where

Mkq
S ~KW 8,KW !5

k̂

Ŝ2 (
nn8

M n8n
S

~KW 8,KW !~Sn8kquSn!. ~13!

It just remains to decompose the spin tensors for spinS in
terms of those,tbb(si) ( i 50,1), of the incident~0! and
struck ~1! nucleons, as

tkq~S!5(
ab

Ŝ3âb̂

ŝ0ŝ1
H s0 s1 S

s0 s1 S

a b k
J

3(
ab

~aabbukq!taa~s0!tbb~s1!. ~14!

This can be rewritten as

tkq~S!5(
ab

Ŝ3âb̂

ŝ0ŝ1
H s0 s1 S

s0 s1 S

a b k
J Tkq~a,b!, ~15!

where we have defined the new tensor operators

Tkq~a,b!5(
ab

~aabbukq!taa~s0!tbb~s1!. ~16!

In terms of these,

^KW 8uM uKW &5 (
kqab

Mkq
(ab)~KW 8,KW !T kq

† ~a,b!, ~17!

FIG. 4. Real part of the isovector components atELab

5135 MeV.
1-3
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where (a,b) refer to the ranks of the nucleon spin tenso
and

Mkq
(ab)~KW 8,KW !5(

S
Mkq

S ~KW 8,KW !N k
S~ab! ~18!

with

N k
S~ab!5

Ŝ3âb̂

ŝ0ŝ1
H s0 s1 S

s0 s1 S

a b k
J . ~19!

The amplitudesMkq
(ab) can be expressed in terms of the tran

ferred momentumq, total momentumQ, and the anglef
between these two vectors, that is,Mkq

(ab)(v,q,Q,f). On the
energy shell,f5p/2 andq2/41Q 252mv/\2.

For checking purposes, we note thatM00
(00)5A and

M11
(01)5M11

(10)52 iC/A2.
We need to consider the nonvanishing amplitudesM00

(00) ,
M11

(01)5M11
(10) , M00

(11) , M20
(11) , M21

(11) , andM22
(11) . The ampli-

tudes also satisfyMk2q
(ab) 5(21)k1qMkq

(ab) . All terms with a
5b5k51 are seen to be zero as a result the vanishing
the 9-j coefficient. As a result of this geometric coefficien
the tensorTkq satisfiesT kq

1 5(21)qTk2q .

III. RESULTS

For illustrative purposes, we show in here the calcula
off-shell amplitudesMkq

(ab) at ELab5135 MeV, making use
of the Paris potential@9#. We useNNAMP @18#, which calcu-
lates all the Wolfenstein and tensor representation amplitu
on and off the energy shell. The tensor amplitudesMkq

(ab) are
evaluated from the angular momentum amplitudesML8L

JS fol-
lowing the procedure described in the text. These ang
momentum amplitudes are obtained as Refs.@1,19#. For this
particular example, we have used a maximum number of
partial waves.

We have verified that the tensor amplitudes do not v
strongly with energy and with the anglef. From all the
amplitudes, onlyM11

00 ~and thus the Wolfenstein amplitudeC)
represented in Fig. 1, shows a slight dependence onf, the
other amplitudes remaining fairly independent on this para
eter. In this figure, the calculated amplitudes are evaluate
q51 fm21, the solid and the dashed lines corresponding
f5p/2 andf5p/4, respectively. The arrow indicates th
on-shell value.

In Figs. 2 and 3, we represent the real and imaginary p
of the isoescalar components in the isospin space. In Fig
and 5 we show the corresponding isovector components.
amplitudes are represented as a function of the transfe
s.
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momentumq and the total momentumQ. The anglef be-
tween these two vectors was taken to its on-shell valuef
5p/2. The axis of quantization is chosen in the direction
the incident beam. The curve represented in each sur
represents the corresponding on-shell value.

It follows from the figures that the effect of the nonloca
ties for the rank 0 components of the tensor representat
M00

(00) andM (00)
11 , might be significant when used in multipl

scattering frameworks. The amplitudes in other refere
systems can be readily obtained from these through rotat

IV. CONCLUSION

In summary, we have described a convenient gen
method to express theNN transition amplitude as a linea
combination for the spherical components of the spin ope
tors of the two interacting particles. This is a more treata
representation to be used in multiple scattering formalis
that require a full treatment of the spin of theNN transition
amplitude.
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FIG. 5. Imaginary part of the Isovector components atELab

5135 MeV.
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P. Pires, and R. de Tourreil, Phys. Rev. C21, 861 ~1980!.
@10# R. Machleidt, K. Holinde, and Ch. Elster, Phys. Rep.149, 1

~1987!.
@11# L. Wolfenstein and J. Ashkin, Phys. Rev.85, 947 ~1952!.
@12# E.J. Stephenson, inProceedings of the 7th International Con

ference on Polarization Phenomena in Nuclear Physics, Paris
1990, edited by A. Boudard and Y. Terrien~Les Editions de
Physique, Paris, 1990!, pp. 66–85.

@13# W.G. Love and M.A. Franey, Phys. Rev. C24, 1073 ~1981!;
31, 488 ~1985!.
05400
@14# D.J. Hooton and R.C. Johnson, Nucl. Phys.A175, 583~1971!.
@15# M.H. Macfarlane and E.F. Redish, Phys. Rev. C37, 2245

~1988!.
@16# D. M. Brink and G. R. Satchler,Angular Momentum~Clare-

don, Oxford, 1968!.
@17# M. Kawai, T. Terasawa, and K. Izumo, Nucl. Phys.59, 289

~1964!.
@18# R. Crespo and A. M. Moro, numerical program,NNAMP,

FORTRAN90version, available upon request.
@19# E. F. Redish and K. Stricker-Bauer, numerical program t

evaluates the on- and off-shell Wolfenstein amplitudes,A and
C, from the angular momentum amplitudes,FORTRAN77

version, 1987.
1-5


