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Radiative muon capture in hydrogen
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We analyze the radiative capture of the negative muon in hydrogen using amplitudes derived within the
chiral Lagrangian approach. Besides the leading and next to leading order terms, given by the well-known
Rood-Tolhoek Hamiltonian, we extract from these amplitudes the corrections of the next order in 1/M (M is
the nucleon mass!. In addition, we estimate within the same formalism also theD(1232) isobar excitation
effects and processes described by an anomalous Lagrangian. The model we consider allows us to put theD
isobar off-shell. Our calculations show sensitivity of capture rates and photon spectra toZ, one of the off-shell
parameters, related to thepND vertex. We have found that the model can provide the photon spectra, which
are in the interval 60 MeV<k<kmax (k is the photon momentum! close to the experimental one.

DOI: 10.1103/PhysRevC.65.045504 PACS number~s!: 23.40.2s, 11.40.Ha, 13.60.2r, 12.39.Fe
of
ro

th
th

e

he
r

s
y.

e

I. INTRODUCTION

It is well known @1# that the charged weak interaction
the nucleon with a lepton is described by the weak had
current

JW,m
a ~q1!5JV,m

a ~q1!1JA,m
a ~q1!, ~1.1!

where the vector part is given by the matrix element of
isovector Lorentz four-vector current operator between
nucleon states,

ĴV,m
a ~q1!5 i S gV~q1

2!gm2
gM~q1

2!

2M
smnq1nD ta

2
~1.2!

and the axial-vector part is analogously

ĴA,m
a ~q1!5 i S 2gA~q1

2!gmg51 i
gP~q1

2!

ml
q1mg5D ta

2
.

~1.3!

Here a is the isospin index,ml is the lepton mass, and th
four-momentum transfer is given byq1m5pm8 2pm , where
pm8 (pm) is the four-momentum of the final~initial! nucleon.

The least known of the four form factors entering t
currents, Eqs.~1.2! and ~1.3!, is the induced pseudoscala
form factorgP(q1

2) in the axial-vector currentĴA,m
a . Actually,

its presence in the axial-vector current~1.3! tests our under-
standing of the basic strong and weak interaction proces
such as the strongpNN vertex and the weak pion deca
Elementary calculations lead to

gP~q1
2!522gpNNf pmlDF

p~q1
2!, ~1.4!
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where DF
p(q1

2) is the pion propagator,gpNN513.05 is the
pseudoscalarpNN coupling constant, andf p592.4 MeV is
the pion decay constant.

The matrix element of the axial currentĴA,m
a should sat-

isfy partial conservation of the axial current~PCAC!. It is
easy to obtain that

ū~p8!q1mĴA,m
a u~p!

5ū~p8!F2MgAFA~q1
2!2

gP~q1
2!

ml
q1

2Gg5

ta

2
u~p!.

~1.5!

It is seen from this equation that if

g̃P~q1
2!522gpNNf pml

1

q1
2 F11

MgA

gpNNf p
FA~q1

2!G ~1.6!

is subtracted fromgP(q1
2), then indeed, PCAC is valid. Her

we put

gA~q1
2!5gAFA~q1

2!, ~1.7!

with gA[gA(0)521.267. In the chiral model@2,3#, the
axial form factor is of the monopole form

FA~q1
2!5

ma1

2

ma1

2 1q1
2

, ~1.8!

wherema1
is the mass of the axial-vector mesona1(1260).

Then for theg̃P(q1
2), Eq. ~1.6!, we have

g̃P~q1
2!522gpNNf pml

1

q1
2 Fq1

21S 11
MgA

gpNNf p
Dma1

2 GDF
a1~q1

2!.

~1.9!
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However, this equation forg̃P(q1
2) cannot be used because

the singularity forq1
250, which shows its presence in th

hadron radiative part of the radiative muon capture~RMC!
amplitude for large photon momentumsk and it is close to
the physical region for ordinary muon capture~OMC!, be-
cause of the large value of the axial meson mass. So
model cannot be used beyond the exact Goldberger-Trei
relation and we take

g̃P~q1
2!522gpNNf pmlDF

a1~q1
2!, ~1.10!

which is in agreement with@4#.
The best way to search for the effect of the form fac

gP(q1
2) is the muon capture. In the elementary process

OMC in hydrogen,

m21p→nm1n ~1.11!

according to Eq.~1.4!; the value of the induced pseudosca
form factorgP is

gP
OMC~p![gP~q1

250.877mm
2 !52

2gpNNf pmm

0.877mm
2 1mp

2

56.87gA528.71, ~1.12!

and for g̃P(q1
2), Eq. ~1.10!, we have

g̃P
OMC~p![g̃P~q1

250.877mm
2 !52

2gpNNf p

0.877mm
2 1ma1

2

50.13gA520.16, ~1.13!

which is a correction of'2% to gP
OMC(p), Eq. ~1.12!. The

resulting value is

gP
PCAC~p!5gP

OMC~p!2g̃P
OMC~p!528.55. ~1.14!

The axial form factor of the nucleon has recently been m
sured by thep(e,e8p1)n reaction in Ref.@5#. The dipole
form of the form factor was used and the extracted ax
massmA51.07760.039 GeV. For this form factor,

g̃P~q1
2!522gpNNf pml

2mA
21q1

2

~mA
21q1

2!2
, ~1.15!

and analogously with Eqs.~1.13! and ~1.14! we have

g̃P
OMC~p!50.34gA520.43, ~1.16!

and

gP
PCAC~p!528.28, ~1.17!

respectively. Both values ofgP
PCAC(p) are in reasonable

agreement with the calculations ofgP
PCAC(p) within the

framework of the heavy baryon chiral perturbation theo
~HBChPT! @6–8#.
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Very flat dependence of the capture rate ongP in the
OMC by the proton, Eq.~1.11!, provides its world average
value@9# with an error of'20% and particular experiment
have an error larger by a factor of' 2.

Recently, a very precise experimental study of muon c
ture by 3He @10,11#,

m213He→nm13H, ~1.18!

yielded the transition rate

Gexp5149464s21, ~1.19!

which allowed@12# an extraction of the value ofgP with an
accuracy of'20% from this experiment alone,

gP

gP
OMC~3He!

51.0560.19, ~1.20!

where for the reaction~1.18!,

gP
OMC~3He![gP

OMC~q1
250.954mm

2 !56.68gA . ~1.21!

Analogously with Eq.~1.14!, this value ofgP differs slightly
from that demanded by PCAC by about the same amoun
for the reaction~1.11!. A contribution of 20% due to the
meson exchange current effect turned out to be essenti
get the calculated transition rate

G th51502632 s21, ~1.22!

in agreement with the data~1.19!. Let us note that a furthe
improvement of the extracted value ofgP is hindered by an
uncertainty of'2% in calculations@12#, which will be dif-
ficult to improve. The main uncertainty arises from the le
known parameters of theD excitation processes.

Another interesting tool to extract the value ofgP
PCAC is

the RMC by the proton,

m21p→nm1g1n. ~1.23!

As is well known @13#, the RMC amplitude contains th
pseudoscalar form factorgP in the form

gP
L(N)52x

2gpNNf pmm

~qL(N)!21mp
2

→xgP
OMC~p!

0.877mm
2 1mp

2

~qL(N)!21mp
2

3@12~$qL(N)%21mp
2 !F~$qL(N)%2!#, ~1.24!

where we implemented the correction of Eq.~1.6! and

F~$qL(N)%2!51/~$qL(N)%21ma1

2 ! ~1.25!

for the chiral model@2,3# and

F~$qL(N)%2!5~$qL(N)%212mA
2 !/~$qL(N)%21mA

2 !2

~1.26!

for the dipole form of the form factor. As it is seen from E
~1.24!, the form factorgP depends either on the square of t
four-momentum transferqL5p2p85n1k2m52q1 ~char-
4-2
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RADIATIVE MUON CAPTURE IN HYDROGEN PHYSICAL REVIEW C65 045504
acterizing the muon radiation process! or on qN5n2m
5qL2k ~for the hadron radiation!. For large photon momen
tums k,(qL)2'1mm

2 , whereas (qN)2'2mm
2 , which en-

hances the hadron radiation amplitude by a factor of'3.
This enhancement makes the reaction~1.23! particularly in-
teresting. On the other hand, the dependence ongP of the
effective form factorsgi , entering the effective RMC Hamil
tonian, appears only up toO(1/M ), which makes the isola
tion of the dependence of the photon spectrum ongP

difficult.1 The factor x in Eq. ~1.24! is used to study the
change of the photon spectrum and capture rates by sc
gP .

The theory of the RMC was elaborated by many auth
during the past years~see Refs.@4,13,15–26# and references
therein!.

The nuclear Hamiltonian, suitable for use in nuclear ph
ics calculations of the RMC processes, was provided firs
Rood and Tolhoek@19#. It contains the leading and the ne
to leading order terms in 1/M derived from the conserve
RMC amplitude given by a set of Feynman diagrams. Ch
tillin and Servadio@21# rederived in an elegant way the RM
amplitude obtained earlier by Adler and Dothan@4# using the
low energy theorems. This amplitude is written in terms
elastic weak form factors and the pion photoproduction a
plitude, up to terms linear ink andq. It was also found@21#
that higher order terms cannot be obtained using this met
Recently, this amplitude was produced@3# from a chiral La-
grangian of theNprva1 system. It satisfies the correspon
ing continuity equations and the consistency condition
actly. Higher order terms follow without any restriction.
was shown that the leading order terms coincide with th
given by the low energy theorems. However, higher or
terms differ, which is given by a different prescription
pass towards higher energies.

The above mentioned set of the relativistic Feynman d
grams was used by Fearing@22# to calculate the photon en
ergy spectrum for the reaction~1.23!. This work was later
extended by Beder and Fearing@26# by considering also the
contribution from theD excitation processes. A recent com
parison of the TRIUMF experiment@27,28# with the Beder-
Fearing calculations provided a value ofgP

OMC(p) that is
enhanced by'50% in comparison with the value of Eq
~1.12!, which corresponds to usinggP from Eq. ~1.24! with
x51.5 . This is the so-called ‘‘gP puzzle.’’

In connection with the presence of the factorx in Eq.
~1.24!, it should be noted that~i! referring only to the change
of gP

OMC(p) is confusing—as it is seen from Eq.~1.24!, the
whole form factorgP is scaled;~ii ! in the experiment of
Refs.@27,28#, the high energy part of the photon spectrum
measured, then increasingx simulates processes enhanci
this part of the spectrum.2

1In Ref. @14#, it has been proposed to isolate the effect due to
hadron radiative amplitude in a very difficult polarization expe
ment.

2See also the discussion in Ref.@29#.
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In our opinion, the variation ofx can be considered as
tool to study the uncertainty in our knowledge ofgP due to a
restricted experimental accuracy. Any real difference fro
x51 would mean violation of PCAC.

Searching for the processes enhancing the high en
part of the photon spectrum has recently been perform
within the concept of HBChPT by several authors@29–33#.
Ando and Min@31# considered one-loop order correlations
the tree approximation and confirmed the existing discr
ancy. Bernard, Hemmert, and Meissner~BHM! calculated
@29# both ordinary and radiative muon capture on the pro
in an effective field theory of pions, nucleons, andD isobars
by using the small scale expansion@34#. According to@29#,
the most probable explanation of the problem is a combi
tion of many small effects. Besides the photon spectra, BH
present the numerical results also for the singlet (Ls) and
triplet (L t) capture rates. This will enable us to compare o
calculations with those by BHM in greater detail. Here w
only note the difference of'10% in L t . As we shall see
later, about half of this difference arises from the use of
approximate equation for the neutrino energy in Ref.@29#.

In Ref. @32#, a possible explanation of the discrepan
was the suggestion that a fraction of the spin 3/2 orthom
lecularpmp state in liquid hydrogen can exist. The analys
of the experimental photon spectrum@27,28# yielded
10–20 % of this state. However, this is in sharp contrast w
the existing calculations@35,36#, which give a zero fraction
of this state. As noted very recently in Ref.@33#,3 a new
analysis restricts the fraction of spin 3/2 orthomolecularpmp
state to at most 5%.

Finally, let us comment on Ref.@37#, where Cheon and
Cheoun reported on the derivation of an additional term fr
a chiral model, which does not appear in the standard
proach to the RMC on the proton and which generate
large contribution to the photon spectrum. As it was sho
in Ref. @38#, Ref. @37# suffers from two flaws. First, the deri
vation of this term contains an algebraic error due to
incorrect application of the covariant derivative in Eq.~14!.
After removing it, the effect is reduced by a factor of;5.
The second flaw in Ref.@37# is related to the introduction o
the pseudovectorpNN coupling by the vertexL1 of Eq.
~18!, which yields the desired term. However, the equivale
passage from one type ofpNN coupling to another one is
guaranteed only by the Foldy-Dyson unitary transformati
As shown in Ref.@38#, when this transformation is applied t
a chiral model with the pseudoscalarpNN coupling, the
pseudovectorpNN coupling appears in the resulting La
grangian, which does not contain the incriminating ter
however. Besides, the presence of this term in the RMC
plitude violates the Ward-Takahashi identity derived in R
@3#. A later attempt to improve the situation@39# suffers from
the same shortcomings. Reference@37# was also criticized in
Ref. @40#.

This situation makes the expectation of the result from
next TRIUMF experiment on helium,e

3See also a discussion in Ref.@14#.
4-3
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m213He→nm1g13H, ~1.27!

somewhat tense. However, one should keep in mind
complications analogous to those in reaction~1.18!, and non-
negligible meson exchange current effects are to be
pected, which makes the analysis much more difficult. I
clear that the Beder-Fearing relativistic formalism is not a
plicable in calculations with the realistic 3N wave functions,
and a consistent nonrelativistic approach should be de
oped. Here we make an independent step in this direction
performing the nonrelativistic reduction of the amplitud
derived in Ref.@3# from a chiral Lagrangian of theNprva1
system. As a result, we get an effective Hamiltonian, wh
is close to that obtained by Rood and Tolhoek@19# but not
identical with it. We also apply the constructed effecti
Hamiltonian to compute both the capture rates and the p
ton energy spectra for the reaction~1.23! and for various spin
states. Our reduction provides more terms of the order (1M )
and (1/M2) than Rood and Tolhoek present. Added to t
leading order terms they should reproduce, with a good
curacy, the results given in Ref.@22#.4 Another set of terms
O(1/mr

2)'O(1/M2) is produced by reduction of additiona
relativistic amplitudes following from our chiral Lagrangia
We shall call it hard pion~HP! correction. Numerically, it
enhances the photon spectra by 2 –4 %.

Next we include theD isobar using again the formalism
of chiral Lagrangians developed in Refs.@2,42#, which we
extend by adopting results of Refs.@43–45#. Then the result-
ing NDpra1 Lagrangian consists of three terms and is ch
acterized by three couplings and four arbitrary parame
A,X,Y,Z. In its turn, each term contains a tensor of the fo

Qmn~B!5dmn1F1

2
~114B!A1BGgmgn , B5X,Y,Z,

~1.28!

which ensures the independence of theD contribution to the
S matrix on the parameterA. The choiceA521 simplifies
the D propagator considerably. The parametersX,Y,Z,
which reflect the off-shell ambiguity of the massive spin 3
field, were found@43–47# by analyzing the data on pio
photoproduction.5 The values of these parameters depend
how the pion photoproduction amplitude is unitarized. T
model does not require the use of the Breit-Wigner form
the D propagator.

In the calculations of theD excitation effect in the reac
tion ~1.23!, Beder and Fearing@26# took a model for needed
vertices withQmn5dmn , the Breit-Wigner form of theD
propagator, and the neededgND coupling from Ref.@44#,
thus introducing an inconsistency into calculations.

The pND and gND vertices including the off-shell pa
rametersX,Y,Z were discussed in Ref.@49# and thepND
vertex of the form of Eq.~1.28! was considered also in th

4These corrections up to the order (1/M2) were discussed in Ref
@41#.

5This model describes well also the latest data on thep0 electro-
production on the proton@48#.
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small scale expansion@34#. However, the dependence of th
results on these parameters was not exploited in any of
calculations performed within the framework of HBChPT.

Let us note that besides the adopted model@43–45#, other
models@50,51# were developed to describe the production
pions on protons by the electromagnetic interaction. All the
models consider the same nonresonant Lagrangian of
Nprv system, but differ principally in the treatment of th
D isobar and in the method of unitarization of thepN am-
plitude.

We have also analyzed the contribution due to amplitu
constructed from an anomalous Lagrangian of theprva1
system @52,53#. We have found that the influence of th
contribution on the photon energy spectrum is not sign
cant. An earlier estimate of a contribution that arises from
Wess-Zumino-Witten part of the anomalous Lagrangian w
reported in Ref.@54#.

One can find in the literature an attempt to study the fo
factorgP in the reaction of electroproduction of charged s
pions off the proton@29,55#,

e1p→e81p11n. ~1.29!

The starting point of this attempt is the soft pion producti
amplitude given as@56#

f pMl
n j~q,k! →

q→0

iqmK p8U E d4ye2 iqyT@ ĴA,m
n ~y!ĴV,l

j ~0!#UpL
1«n jm^p8uĴA,l

m ~0!up&. ~1.30!

The matrix element of the time-ordered product of the t
currents is related to the RMC amplitude by the time rev
sal. The form factorgP is contained on the right-hand side o
Eq. ~1.29! in the matrix element of the axial current. If on
admits that in the soft pion limit only the nucleon Born term
contribute to the divergence of the current-current am
tudes, then one has the pion production amplitude that
provide information ongP . However, when one of the cur
rents is axial, a contribution to the divergence of the curre
current amplitudes from the pion pole term in the t-chan
survives even in the soft pion limit@57–60#. A part of this
contribution cancels the induced pseudoscalar term in
axial current and the remaining part is just the pion p
production amplitude, as one can expect intuitively. Then
the soft pion regime, the reaction~1.29! is suitable to study
the weak axial nucleon form factorFA(k2) and the electro-
magnetic form factor~the electromagnetic radius! of the
charged pion, but not to extract any information ongP .

In our opinion, the RMC reactions and particularly rea
tions ~1.23! and~1.27! are at present the only available too
to study the form factorgP as a function of the momentum
transfer.

In order to compare our effective form factors with th
results of Ref.@19#, we define in Sec. II the effective Hamil
tonian analogously and we consider the velocity independ
part only. Then in Sec. III, we present the results for the fo
factors following from our amplitudes@3# up to O(1/M2).
Further, we deal with the contribution togi ’s from the D
4-4
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excitation amplitudes of our model and we compare our
fective weakND vertex with that used in Ref.@26#. Finally,
we discuss the RMC amplitudes stemming from the ano
lous Lagrangian.

In Sec. IV, we give the numerical results for the captu
rates and present various photon spectra. Without theD iso-
bar effect included, our triplet capture rate is close to t
calculated earlier by Fearing@22#. However, it agrees with
that calculated very recently by BHM only within 10%. Ha
of this discrepancy can be attributed to an incorrect integ
tion over the phase volume in Ref.@29#.

Besides other results, we have found for the spectra,
responding to the mixture of muonic states in the exp
ments of @27,28#, and for the interval 60 MeV<k<kmax
that ~i! inclusion of the on-shellD isobar provides an en
hancement of'3.3–8.7 %, which is'1/8–1/5 of the en-
hancement needed to explain the experimental spectrum~ii !
Putting theD isobar off-shell and using the values of th
off-shell parameters from the interval fixed in the pion ph
de

04550
f-

a-

t

-

r-
i-

-

toproduction @44–47# yields an enhancement up t
'7 –14 %,6 which is up to'1/3 of the enhancement sup
posed by the data;~iii ! the choiceY51.75,Z521.95 leads
to an enhancement'25–43 %, which turns out to be of th
right size to describe the experimental photon spectrum.

In obtaining the above mentioned results, we kept
induced pseudoscalar form factorsgP

L,N, given in Eq.~1.24!,
as predicted by the PCAC (x51).

We also note that taking the parameters of the model
the case~ii ! above, an uncertainty of 20% ingP

PCAC, and a
5% admixture of theS53/2 orthomolecularpmp state, also
provides a photon spectrum close to the experimental on

Our conclusions are presented in Sec. V.

II. EFFECTIVE HAMILTONIAN FOR RMC

In presenting the effective Hamiltonian, we follow Roo
and Tolhoek@19#. Then the velocity independent part is
He f f
(0)5

1

A2mm

~12sW l• n̂ !H̃e f f
(0)

5
1

A2mm

~12sW l• n̂ !@g1~sW l•«W !1g2~sW •«W !1g3i ~sW •«W 3sW l !1g48~sW l•«W !~sW • k̂!1g49~sW l•«W !~sW • n̂ !1g58~sW l• k̂!~«W • n̂ !

1g68~«W • n̂ !1g78i ~sW • k̂3«W !1g79i ~sW • n̂3«W !1g88~sW l• k̂!~sW •«W !1g89~sW l• n̂ !~sW •«W !1g98~sW l•sW !

1g108 ~sW • k̂!~«W • n̂ !1g109 ~sW • n̂ !~«W • n̂ !1g118 ~sW l• k̂!~sW • k̂!~«W • n̂ !1g119 ~sW l• k̂!~sW • n̂ !~«W • n̂ !#. ~2.1!
de-
ef-

n.

ron

s
de
HeresW l(sW ) are the lepton~nucleon! spin Pauli matrices and
n̂( k̂) is the unit vector in the direction of the neutrino~pho-
ton! momentum vectornW (kW ). Not all the form factors are
independent. Using equations

«W l52 il~ k̂3«W l!, «W l5
1

A2
~ î 2l ĵ !, ~2.2!

one gets redefinitions,

g2→g22l~g781yg79!, g108 →g108 1lg79 ,

g88→g881lg3 , g48→g482lg3 , ~2.3!

wherey5( n̂• k̂). The last two terms in Eq.~2.1! are new in
comparison with@19#.

III. CONTRIBUTION TO H eff
„0… FROM THE AMPLITUDES

OF THE CHIRAL LAGRANGIAN OF THE
NDprvA1 SYSTEM

Here we discuss our amplitudes and contributions togi ’s.
We start by presenting briefly the part of the RMC amplitu
derived earlier in Ref.@3# without D ’s, referring for details to
Sec. 3 of that paper. Then we deal with the amplitudes
scribing theD excitation processes and we compare our
fective vertices with those of Ref.@26#. Finally, we discuss
the amplitudes stemming from the anomalous Lagrangia

A. The RMC amplitude without D ’s

Besides the muon radiative partMa(k,q), the amplitude
Ta(k,q) @3# consists of three terms representing the had
radiative amplitude

Ta~k,q!5
eG

A2
$Ma~k,q!1 l m~0!en~k!@Mmn

B,a~k,q!

1Mmn
a ~p;k,q!1Mmn

a ~a1 ;k,q!#%. ~3.1!

The amplitudeMmn
B,a(k,q) consists of the nucleon Born term

and of some related contact amplitudes. The amplitu
Mmn

a (p;k,q) contains the mesonic amplitudeMmn
mc,a(p;k,q)

6The enhancement of'7 –14% was obtained forY51.75, Z
520.8.
4-5
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and all contact terms where the electroweak vertex is c
nected with the nucleon by the pion line. The amplitu
Mmn

a (a1 ;k,q) has graphically a similar structure as the a
plitude Mmn

a (p;k,q) with the pion line changed for thea1

meson one. These amplitudes satisfy separately contin
equations when contracted with the four-momentum tran
qm of the weak vertex.

Since our model respects vector dominance and PC
the sum of the hadron radiative amplitudes satisfies exa
the following Ward-Takahashi identities:

qm@Mmn
B,a1Mmn

a ~p!1Mmn
a ~a1!#

5 i f pmp
2 DF

p~q!M p,n
a 1 i«3abū~p8! ĵ W,n

b ~q1!u~p!,

~3.2!

kn@Mmn
B,a1Mmn

a ~p!1Mmn
a ~a1!#5 i«3abū~p8! ĵ W,m

b ~q1!u~p!.
~3.3!

Besides, the monopole electroweak form factors withmV
5mr and mA5ma1

appear naturally in our amplitudes. Le
us note that Eq.~3.3! guarantees the gauge invariance of t
model. The consistency condition@21# for our amplitudes is

DF
p~q!knM p,n

a 5DF
p~q1!i«3abMp

b . ~3.4!

HereM p,n
a is the radiative pion absorption amplitude,Mp

b is
the pseudoscalarpNN vertex, andq5k1q1.

The leading amplitudes are the nucleon Born ter
Mmn

B,a(k,q) @corresponding toM (b),M (c),M (d) in Ref.
@19##,7 the amplitudesMmn

a (p,1),Mmn
a (p,2), and Mmn

B,a(5)
@the sum of them corresponds toM (e) in Ref. @19##, and the
mesonic amplitudeMmn

m.c.,a @in correspondence withM ( f ) in
Ref. @19##. As discussed above, besides these amplitu
other contact terms appear.

The low energy theorems allow one@4,21#, by applying
current conservation and PCAC to a general amplitude
determine consistently the amplitude for the RMC in ter
of elastic weak form factors and pion photoabsorption a
plitude, up to terms linear ink andq. As shown in Ref.@21#,
higher order terms cannot be predicted. Since our amplitu
satisfy exactly current conservation and PCAC, we can
tain terms of any desired order. We now present the exp
sion of our nonresonant amplitudes up toO(1/M2).

1. Corrections up toO(1ÕM)

The nonrelativistic reduction of these amplitudes yie
the following contributions up toO(1/M ) to the form factors
gi :

g152l1gV
LF11

sW

2M
• k̂G2gV

Nh1gA
NlhmV ,

g252l1gA
L2gP

Nh1gV
NlhmV2gA

Nh,

7For notations see Sec. 3 of Ref.@3#.
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g352l1gA
L1gM

N h1gV
Nh2gA

NlhmS ,

g45l1gA
L2gV

NlhmV1gP
L Fl21

n

mm
~12y!l1G ,

g485g4

k

2M
, g495g4

n

2M
,

g55l1gV
L1gM

N hmV1gV
NhmV1gM

N lh, g585g5

n

2M
,

g65l1gV
L1~gP

N1gA
N!lhmV1gM

N h2gV
Nh~112mn!,

g685g6

n

2M
,

g75l1~gV
L1gM

L !1~gP
N1gA

N!lhmV2gV
Nh,

g785g7

k

2M
, g795g7

n

2M
,

g852l1~gV
L1gM

L !2gV
NlhmS , g885g8

k

2M
,

g895g8

n

2M
,

g95l1~gV
L1gM

L !1~gV
N1gM

N !lhmS22gA
Nhmn ,

g985g6

n

2M
, g105gP

Nh
4Mn

mp
2 1~qL!2

1l1gP
L n

mm
,

g108 5g10

k

2M
, g109 5g10

n

2M
,

g115l1gP
L n

mm
, g118 5g11

k

2M
, g119 5g11

n

2M
.

~3.5!

Here our notations mostly follow Ref.@19#,

sW5kW1nW , h5
mm

2M
, l65

1

2
~16l!.

In addition we have

mV511mp2mn[11kV , mS511mp1mS[11kS .
~3.6!

Besides the obvious momentum dependence of the form
tors gP

L(P) given in Eq.~1.24!, all other nucleon weak vecto
and axial-vector form factors are assumed to have either
monopole momentum dependence, which naturally app
in our model, withmV5mr andmA5ma1

, or, for the sake of

comparison, the dipole one withmV50.843 GeV andmA
51.077 GeV@5#.
4-6
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2. Corrections up toO(1ÕM2)

Here we have two groups of contributions. The first o
arises from the expansion of the amplitudes conside
above by one order or more in 1/M , which leads to

S 2M

h DDg15gM
N ~k2mVnW • k̂!2~gV

NmS2gA
Nlhmn!~sW• k̂!,

S 2M

h DDg252gM
N l~nW • k̂!12mn~gA

N1lgV
N2gP

N!~sW• k̂!,

S 2M

h DDg352gM
N k12gA

Nlmn~sW• k̂!22gV
Nmn~nW • k̂!,

S 2M

nh DDg4952gM
N lmS22gV

Nlmn ,

S M

nh DDg895gV
Nlmn ,

S M

nh DDg108 5~gP
N2gA

N!mn . ~3.7!

The main part of the contribution to the photon spectr
arises from the terms proportional togA

N and gV
N in Dg2.

These terms appear due to the neutron recoil induced by
time component of the weak current. Actually, the ter
Dg49 ,Dg49 , andg108 contribute up toO(1/M3). We have veri-
fied that they change the singlet capture rate by'10% and
the triplet capture rate by'0.8%, which is the reason t
keep them. They also arise presumably from the neutron
coil.

The second group of correctionsO(1/mr
2)'O(1/M2) ~the

HP correction! stems from some contact terms present in
hadron radiative part of the amplitude~3.1!. It is discussed in
Sec. 4 of Ref.@3#. Here we quote the results of the nonre
tivistic reduction

Dg1522gV
L S 2M

mr
D 2

h
k

2M
, Dg252

gA
N

2 S 2M

mr
D 2

h
2k1yn

2M
.

~3.8!

B. The RMC amplitude with D ’s

We derive the RMC amplitudes arising due to theD ex-
citations from chiral Lagrangians@42–45#. They correspond
to the standard nucleon Born terms with theD isobar instead
of nucleon in the intermediate state. The needed Lagran
reads

L NDpra1

M 5
f pND

mp
C̄mTW Omn~Z!C•~]npW 12 f pgraW n!

2gr

G1

M
C̄mTW Omh~Y!g5gnC•rW hn1H.c.

~3.9!
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HereTW is the operator of the transition spin. Another possib
term in therND vertex is suppressed by one order in 1/M
and it does not contribute in any sizable manner@26#. We
take the operatorOmn(B) in the following form @43–45#:

Omn~B!5dmn1C~B!gmgn , ~3.10!

C~B!5 1
2 ~114B!A1B. ~3.11!

A choiceA521 simplifies considerably@43# the propagator
of the D.

The coupling constantf pND is not well known and the
values forf pND

2 /4p from the interval between 0.23 and 0.3
can be found in the literature@12#. From the dispersion
theory@61#, f pND

2 /4p'0.30 andf pND
2 /4p'0.35 from the de-

cay width @62#. Also a good fit to the 33 phase shift wa
obtained in Refs.@44,45# by usingf pND

2 /4p'0.314. The new
data on pion photoproduction preferf pND

2 /4p'0.371 @47#.
The ranges of the other relevant parameters of the mode
@45–47#

20.8<Z<0.7, 21.25<Y<1.75, 1.97<G1<2.65.
~3.12!

Our radiative amplitude with theD excitation can be written
analogously with the nucleon Born termMmn

B,a(1) @3# as

Mmn
D,a52ū~p8!@$ĴW,ma~2q!%1SF

ag~Q! ĵ em,ng~k!~T1!aT3

1$Ĵem,ng~2k!%1SF
ga~P! ĵ W,ma~q!~T1!3Ta#u~p!.

~3.13!

Here the weakND vertex reads

ĴW,ma~q!5 ĴV,ma~q!2 ĴA,ma~q!, ~3.14!

with the vector part defined as

ĴV,ma~q!5 i S G1

M Dmr
2DF

r ~q!~qbdml2qldmb!Oab~Y!g5gl

~3.15!

and the axial-vector part of the form

ĴA,ma~q!5S f p f pND

mp
D @ma1

2 Dml
a1 ~q!2qmqlDF

p~q!#Oal~Z!.

~3.16!

Further, the electromagneticgND vertex is

Ĵem,ng~k!52 ĴV,ng~k,k250!

52 i S G1

M D ~kbdnl2kldnb!Ogb~Y!g5gl .

~3.17!

Finally, SF
ag(p) is theD isobar propagator. With the choic

Oab5dab , our amplitudes, Eqs.~3.14!–~3.16!, coincide in
4-7
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FIG. 1. ~a!,~b! The radiative hadron ampli-
tudes obtained from the anomalous Lagrangian
theprva1 system, Eq.~3.23!; in ~a! B5p or a1.
~c! The associated radiative pion absorption a
plitude. These amplitudes satisfy PCAC.
p

ural
f a

nd
. 1.

n
n

e

form with those obtained in Ref.@26# from the study of the
weakN–D vertex in the reactionnd→m2D11n.8

For the divergence of the resonant amplitudeMmn
D,a from

Eq. ~3.13! we have

qmMmn
D,a5 i f pmp

2 DF
p~q2!Mp,n

D,a . ~3.18!

Here the associated resonant radiative pion absorption am
tudeMp,n

D,a is

Mp,n
D,a52ū~p8!@$M̂p,a

D ~2q!%1SF
ag~Q!Ĵem,ng~k!~T1!aT3

1$Ĵem,ng~2k!%1SF
ga~P!M̂p,a

D ~q!~T1!3Ta#u~p!

~3.19!

and thepND vertex reads

M̂p,a
D ~q!5 i

f pND

mp
qlOal~Z!. ~3.20!

We now present the contributions from the amplitude~3.13!
to the form factorsgi . They are

Dg15
2

3
l~C22C1!C$11~12R!@C~Y!1C~Z!

12~21R!C~Y!C~Z!#%,

Dg25
1

3
~C11C2!C~12R!@2~112R!12~122R!C~Y!

12~12R!C~Z!14~22R!C~Y!C~Z!#

1~C11C2!C
gP

N

6MgA
N ^2@~12R!~112R!k1yn#

12~12R!$@~122R!k1yn#C~Y!1@~12R!k1yn#

3C~Z!12@~22R!k1~21R!yn#C~Y!C~Z!%&,

Dg35
2

3
l~C11C2!C$11~12R!@C~Y!1C~Z!

12~21R!C~Y!C~Z!#%,

8For a recent study of this reaction see@63#.
04550
li-

Dg4852Dg885~C11C2!C,

Dg652l
n

3M

gP
N

gA
N

~C12C2!C$11~12R!@C~Y!

1C~Z!12~21R!C~Y!C~Z!#%,

Dg108 5~C11C2!C
n

6M

gP
N

gA
N

3$122~12R!@C~Y!1C~Z!

12~21R!C~Y!C~Z!#%, ~3.21!

where

C52
4

3

f p f pND

mp
G1hk, R5M /MD ,

C1
215H ~MD2M !1

2M

MD1M Fmm2n1
mm

2M

3S 2n2mm2
2n

mm
~n1yk! D G J ,

C2
215H ~MD2M !1

2M

MD1M Fn2mm1
mm

2M
~2n2mm!G J .

~3.22!

According to the concept developed in Refs.@43–45#, we
take the mass of theD isobar real.

C. The RMC amplitude from an anomalous Lagrangian
of the prva1 system

We have considered so far the amplitudes where a nat
parity does not change in any vertex. The natural parity o
particle is defined asP(21)J, whereP is the intrinsic parity
andJ is the spin of the particle. Some amplitudes of this ki
relevant for the process under study are presented in Fig
The starting point is an anomalous Lagrangian of theprva1
system@53,52# constructed within the approach of hidde
local symmetries@64,65#. The electromagnetic interaction i
such a system was first considered in Ref.@66# and the rel-
evant constantsc̃i were extracted from the data as well. Th
4-8
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RADIATIVE MUON CAPTURE IN HYDROGEN PHYSICAL REVIEW C65 045504
weak interaction was incorporated explicitly in Ref.@52# and
the refit of the constants to the modern data@67# was made in
Ref. @53#.

The Lagrangian reads

Lan52igr«klmnF ~]kvl!~grrW m2eVW m!1S grvk2
1

3
eBkD

3~]lrW m!G F c̃7S 1

f p
]npW 1eAW nD1 c̃8S 1

2
eAW n2graW nD G

12ie«klmnF S 1

3
]kBlD ~grrW m2eVW m!

1S grvk2
1

3
eBkD ~]lVW m!G F c̃9S 1

f p
]npW 1eAW nD

1 c̃10S 1

2
eAW n2graW nD G , ~3.23!

where besides the meson fields, the external vector isos
Bm and isovectorVW m and axial-vector isovectorAW m fields are
also included. The constantsc̃i are @53#

c̃758.6431023, c̃8521.0231021,

c̃959.2331023, c̃1051.2931021. ~3.24!
The axial RMC amplitudes arising from the anomalo

LagrangianLan , Eq. ~3.23!, are

Mmn
an,a~1!5 i

gr
2

3
«hnbskhqsqmDF

p~q!Dbl
r ~q1!ū~p8!

3S gl2
kV

2M
slaq1aD tau~p!,

Mmn
an,a~2!52 i

gr
2

3
«hnbmkhDbl

r ~q1!ū~p8!

3S gl2
kV

2M
slaq1aD tau~p! ~3.25!

and they correspond to the processes presented in Figs.~a!
and 1~b!. Together with the radiative pion absorption amp
tude of Fig. 1~c!

Mp,n
an,a52

gr

3 f p
«hnbskhqsDbl

r ~q1!ū~p8!

3S gl2
kV

2M
slaq1aD tau~p!, ~3.26!

the amplitudes~3.25! satisfy PCAC,

qm@Mmn
an,a~1!1Mmn

an,a~2!#5 i f pmp
2 DF

p~q!Mp,n
an,a .

~3.27!

The contribution from the anomalous amplitudes~3.25! to
the total hadron radiative amplitude~3.1! for the reaction
~1.23! is given as
04550
lar

Tan
a 5

eG

A2
l m~0!«n~ c̃71 c̃9!@Mmn

an,a~1!1Mmn
an,a~2!#.

~3.28!

In Ref. @8#, a contribution arising from the Wess-Zumino
Witten anomalous Lagrangian~AL ! was estimated. Graphi
cally, it corresponds to our Fig. 1~b! with the pion instead of
the r meson and with the vector interactionV̂ m

a instead of
the axial one. The associated amplitude depends on the
mentum transferqL and, therefore, it does not possess t
enhancement factor'3 for large photon momentums. Fo
illustration, we present the contribution to one of the for
factors

Dg4852h
k2

8p2f p
2

lk1yn

2mm
gP

L , ~3.29!

all other contributions have a similar structure. It is also se
that these contributions areO(1/M3) because 8p2f p

2 ;M2.
In our case, it is the amplitude related to the graph of F

1~a! that is qN dependent. We present from the calculat
contributions togi arising from the amplitudes~3.25!, only
that for the form factorg2, the others are suppressed by o
order in 1/M ,

Dg252
gr

2

3gA
S 2M

mr
D 2

~11kV!h
k

2M

sW2

4M2
gP

N1
gr

2

3 S 2M

mr
D 2

3~11kV!h
kW•sW

4M2
. ~3.30!

For comparison, we keep also thegP
N-dependent con-

tribution. Using the Kawarabayashi-Suzuki-Riazudd
Fayyazuddin relation 2f p

2 gr
25mr

2 , we can rewrite this con-
tribution in the form

2
11kV

gA
h

k

M

sW2

12f p
2

gP
N .

Taking into account that 12f p
2 'M2/10 we can see that th

gP
N–dependent contribution is larger than thegP

L -dependent
one for large values ofk, by a factor'20. However, it is not
enough to influence the photon spectrum, because of an
ditional factor (c̃71 c̃9) in the amplitude Eq.~3.28! ~see be-
low!. It is seen from Eq.~3.30! that the first term on the
right-hand side is suppressed in comparison with the sec
one arising from the contact amplitudeMmn

an,a(2). As we
shall see later, the second term contributes to the triplet c
ture rate by an amount'20.2%.

Let us note that the sum of the vector RMC amplitud
arising from the anomalous Lagrangian, Eq.~3.23!, is zero
with a good accuracy.

One can obtain a more general result forDg2, Eq. ~3.30!,
by using the change

1/3→gr1 /gv1 , kV→gr2 /gr1 ,
4-9
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which corresponds to the model used in Refs.@44,45# for
describing the pion photoproduction amplitude in thet chan-
nel. In this model, theprg andpvg amplitudes are effec
tively the same as those obtained from our anomalous
grangian, Eq.~3.23!, and therNN andvNN vertices contain
four constantsgr1 ,gr2 ,gv1, andgv2, which are the free pa
rameters obtained together with other free parameters o
model from a fit to the data.

Compared with the sets of the form factors given in E
~3.7! and~3.8!, thegi ’s, Eq.~3.30!, are even larger. Howeve
due to the values ofc̃i , Eq. ~3.24!, the factor (c̃71 c̃9)
'1.831022 makes the contribution from the amplitudeTan

a ,
Eq. ~3.28!, small.

IV. RESULTS

Using the HamiltonianHe f f
(0) , Eq. ~2.1!, and the sets of the

form factorsgi , Eqs.~3.5!, ~3.7!, ~3.8!, and~3.21!, we have
calculated the capture rates and the photon energy spectr
the RMC in a muon-hydrogen system described by a s
density matrixrz(z5s,t),

dLz

dk
5

1

4p3
~a2GFcosucm/mm!2mMnk

3E
21

11

dy
n0

2

W1k~y21!
Tr$~12sW • n̂ !

3H̃e f f
(0)rz@H̃e f f

(0)#1%. ~4.1!

Here a is the fine structure constant,GF is the Fermi con-
stant, cosuc is the Cabibbo angle,m is the reduced mass o
the mp system, the neutrino energy is determined by
energy conservation,

n05
W

W1k~y21!
~kmax2k!

'F11
k

M p
~12y!1

k

M p
2 ~y21!

3@mm1k~y21!#G ~kmax2k!, ~4.2!

where the maximum photon energy is given as

kmax5
W22Mn

2

2W
, W5M p1mm , ~4.3!

andM p(n) is the proton~neutron! mass. The singlet and trip
let spin density matrices are@36,68#

rs5
1

4
~12sW •sW l !, r t5

1

4 S 11
1

3
sW •sW l D . ~4.4!

We have also calculated the capture rates and spectra fo
orthomolecular and paramolecularpmp states and for the
mixture of muonic states relevant to the TRIUMF expe
04550
a-

he

.

for
in

e

the

ment @27,28#. The orthomolecular (Lo) and paramolecular
(Lp) capture rates are given in terms ofLs andL t as @36#

Lo50.756Ls10.253L t , Lp50.286Ls10.857L t ,
~4.5!

and the capture rateLT , relevant to the TRIUMF experimen
@27,28#, is

LT50.061Ls10.854Lo10.085Lp . ~4.6!

Now we present numerical results for the capture rates.

A. Capture rates

Here we present the results for the capture rates calcul
for the interval 0<k<kmax in various models. If not stated
otherwise, we use the monopole form factors and we pux
51 in Eq. ~1.24!.

~a! We first discuss the results obtained in the model w
the D isobar kept on-shell. We give the singlet and trip
capture rates in greater detail in order to see explicitly va
ous contributions,

Ls310350.40~0!11.65~21!11.29~22!10.11~HP!

20.07~AL !10.05~D!53.43~3.51!s21, ~4.7!

L t3103543.7~0!153.1~21!13.7~22!10.9~HP!

20.2~AL !12.2~D!5103.0~103.4!s21. ~4.8!

Here on the right-hand sides of Eqs.~4.7! and ~4.8!, the
numbern(n50,21,22) in the brackets means the order
the contributionO(1/Mn) and HP ~AL ! and D mean the
contributions from the hard pion form factors~3.8! @from the
form factors~3.30!# and from the form factors~3.21! due to
the D isobar excitation processes, respectively. These w
calculated using the parameters

f pND
2

4p
50.371, G152.525, Y5Z520.5. ~4.9!

The choice of the parametersY and Z is such that only the
terms proportional todmn in Eq. ~1.28! contribute~the D is
on-shell!. The contribution of theD excitation to L t is
'2%, which is in agreement with BHM. The numbers in t
brackets on the right-hand sides of Eqs.~4.7! and ~4.8! are
obtained using Eq.~1.24! for gP

L(N) without the correction

g̃P
L(N) included.

For the other capture rates we have

Lo528.731023 s21, Lp589.331023 s21,

LT532.331023 s21. ~4.10!

For the dipole form factors, analogously with Eqs.~4.7! and
~4.8! we obtain

Ls53.28~3.50!31023 s21,

L t5101.5~102.5!31023 s21. ~4.11!
4-10
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RADIATIVE MUON CAPTURE IN HYDROGEN PHYSICAL REVIEW C65 045504
Let us compare our results with available calculations. T
singlet and triplet capture rates without theD isobar excita-
tion were calculated earlier by Opat@18# and Fearing@22#.
Opat obtainedLs54.9631023 s21 and L t590.031023

s21, while Fearing’s calculations provideLs53.2331023

s21 and L t599.831023 s21. As it can be seen from Eqs
~4.7! and ~4.8!, Fearing’s results are close to ours.

Very recent calculations@29# yield Ls5(2.9023.10)
31023 s21 and L t5(1122114)31023 s21. Having in
mind thatLs results as the difference of two large and alm
equal numbers, the agreement between our value, Eq.~4.7!,
of Ls and the BHM value can be considered as satisfact
However, the difference of'10% between the triplet cap
ture rates is too large. Half of this discrepancy can be un
stood by checking the integration over the phase volume.
use for the neutrino momentum, Eq.~4.2! with kmax from Eq.
~4.3!, while BHM employed for thekmax equation~4.37!,
which is, in our notations,

kmax5mmS 11
mm

2MN
D S 11

mm

MN
D 21

'mmS 12
mm

2MN
1

mm
2

2MN
2 D , ~4.12!

where MN5(M p1Mn)/2 is the nucleon mass. From E
~4.3!, one obtainskmax599.15 MeV, while from Eq.~4.12!
one has kmax5100.3 MeV and instead ofL t5103.0
31023 s21 one obtainsL t5108.031023 s21, which is
larger by '5%. Using in Eq.~4.2! for n0 the expansion
~4.12! for kmax, one obtains

n05mm2k2
mm

2

2MN
1

k

MN
~12y!~mm2k!

1
1

2MN
2 @mm1k~y21!#@mm

2 12k~mm2k!~y21!#.

~4.13!

In Ref. @29#, Eq. ~4.39! is used forn0. It retains terms up to
O(1/MN),9 which yields in our caseL t5107.231023 s21.
But the source of the remaining difference of'5% between
the results for theL t is not clear.

~b! The results of calculations without theD isobar exci-
tation effect are

Ls53.3831023 s21, L t5100.831023 s21,

LT531.631023 s21. ~4.14!

~c! We now present the capture rates for the same case
~b!, but for the value of the parameterx51.5. The rates are

9There is a factor 2 missing in the denominator of the third te
on the right-hand side of this equation.
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Ls58.3531023 s21,L t5116.631023 s21,

LT539.831023 s21. ~4.15!

The strong dependence of the capture rates ongP was al-
ready known to Opat@18#.

~d! The capture rates, calculated for the same parame
as in ~a!, but with Y51.75 andZ520.8, are

Ls53.2831023 s21, L t5106.031023 s21,

LT533.031023 s21. ~4.16!

In this case, the effect of theD isobar excitation is, for the
values ofY andZ allowed by the inequalities of Eq.~3.12!,
maximal and it is'5% for L t and'4% for LT , as follows
from comparing Eqs.~4.14! and ~4.16!.

~e! The capture rates, calculated as in~d!, but with Z
521.95, are

Ls55.9331023 s21, L t5116.731023 s21,

LT538.131023 s21. ~4.17!

These capture rates are close to those calculated in the
~c! without theD isobar excitation effect, but forx51.5. It
follows that in order to achieve the same enhancement in
rates as by scalinggP by 50%, one should use the values
the parameterZ that are outside of the interval~3.12! found
in the pion photoproduction processes. However, it is w
known @43–47# that the values of the off-shell paramete
X,Y,Z depend strongly on whether the pion production a
plitude is unitarized or not and on the method of unitariz
tion. On the other hand, our RMC amplitudes withD ’s are
related by the continuity equation~3.18! only to the nonuni-
tarized radiative pion absorption amplitude, and the rest
tion to use the off-shell parametersX,Y,Z only from Eq.
~3.12! may not be mandatory in our case. But it should a
be noted that the need for a too large absolute value of
parameterZ to explain the data can be a consequence of
presence of some effects such as possible systematic e
in the experiment@27,28# or molecular phenomena, whic
are not yet fully understood.

Let us note that our choice of the parameters of the mo
is not optimal. In order to extract an optimal set of the
parameters from the data, one should use a minimiza
procedure.

Similar enhancement in the capture rates as in the cas~e!
can be achieved by considering theD isobar on-shell, but by
taking f pND

2 /4p'20 orG1'20, which is an amplification of
'7 in the pND coupling and of'8 in the constantG1,
which is much more than the enhancement factor of'2.5
needed to change the parameterZ520.8 in the case~d! to
Z521.95 in the case~e!. So our calculations show that th
capture rates for the RMC in hydrogen are sensitive to
change in the off-shell parameterZ. We show in the follow-
ing section that the photon spectra also possess this fea
4-11
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B. Photon spectra

Photon spectra corresponding to the capture rates ca
lated in model~a! of the preceding section are presented
Fig. 2. TheD isobar is included, but the choice of the p
rametersY5Z520.5 is such that the isobar is on-shell. A
it is seen from Fig. 2, our spectra are in a close corresp
dence with those of Fig. 3 of Ref.@26#. However, our spec-
trum for the triplet state of them-p system~long-dashed
curve! differs from the analogous spectrum of Fig. 5 of R
@29#, as it should, because the triplet capture rates differ
nificantly.

The percentage change in the spectra when theD excita-
tion effect is taken into account is presented in Fig. 3. TheD
excitation effect was calculated according model~a! of the
preceding section. The case without this effect correspo
to model~b!. This change in the spectra due toD was first
calculated by Beder and Fearing@26#. Our Fig. 3 is in a good
agreement with Fig. 4 of Ref.@26#, but it differs from the
analogous Fig. 6 of Ref.@29#.

Similar calculations are presented in Figs. 4 and 5 us
instead of model~a! the spectra of the models~d! and ~e!,
respectively. As it is seen, by putting theD isobar off-shell,
both the singlet and triplet spectra are changed sensibly

In Fig. 6, we show how the photon spectra, relevant to
mixture of the muonic states for the TRIUMF experime
depend on the parameters of our model. The dotted cu
corresponds to model~b! ~no D,x51), the dashed curve i
the photon spectrum for case~a! (D on-shell, Y5Z
520.5), and the dot-dashed curve is calculated using mo
~d!: D is off-shell, the parametersY51.75,Z520.8 are at
the boundary of the region~3.12! allowed by the pion pho-
toproduction data@44–47#. In this case, about two time
more enhancement is achieved in comparison with
dashed curve. The dependence of the photon spectrum o
change ingP is illustrated by the long-dashed curve, calc

FIG. 2. Photon spectra calculated in model~a! of the preceding
section, theD isobar excitation effect is included; the dotted, lon
dashed, dot-dashed, and dashed curves correspond, respectiv
the singlet, triplet, ortho, and parapmp molecule spin combina-
tions, the solid curve corresponds to the mixture of muonic sta
relevant to the TRIUMF experiment@27,28#.
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lated within model~c! ~no D,x51.5). We have found tha
this curve, normalized to 14.5 counts atk560 MeV, follows
closely for k>60 MeV the solid curve of Fig. 4@28#. All
other curves in this and in the next figure are multiplied
this normalization factor. The long-dashed curve closely f
lows the solid curve fromk'60 MeV, which corresponds to
model~e!: theD isobar is off-shell, the parameterY51.75 is
the same as in case~d!, the parameterZ521.95.

Evidently, this picture is in agreement with that obtain
by comparing the Beder-Fearing model@26# with the experi-
ment of Refs.@27,28#: the experimental photon spectrum ca
be satisfactorily described withgP of the form Eq.~1.24! for

y, to

s

FIG. 3. Relative difference in percent for the spectra calcula
with @model~a!# and without@model~b!# theD excitation included;
the dotted, long-dashed, dot-dashed, and dashed curves corres
respectively, to the singlet, triplet, ortho, and parapmp molecule
spin combinations, the solid curve corresponds to the mixture
muonic states relevant to the TRIUMF experiment@27,28#.

FIG. 4. Relative difference in percent for the spectra calcula
with @model~d!# and without@model~b!# theD excitation included;
the dotted, long-dashed, dot-dashed, and dashed curves corres
respectively, to the singlet, triplet, ortho, and parapmp molecule
spin combinations, the solid curve corresponds to the mixture
muonic states relevant to the TRIUMF experiment@27,28#.
4-12
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x'1.5 and only a small part of the enhancement could
explained by calculating the spectra by including the on-s
D isobar. However, as it is seen from the solid curve, putt
theD isobar off-shell, one can describe the experimental d
quite well.

The numerical analysis of the photon spectra, presente
Fig. 6, shows that in the interval 60 MeV<k<kmax the ef-
fect from the on-shellD isobar excitation yields an enhanc
ment of'3.3–8.7 % of the spectrum, which is 12–20 %
enhancement demanded by the experiment. However, if
D isobar is taken off-shell, an enhancement of the spect
up to '7 –14 % can be obtained, if the off-shell paramet
Y,Z are taken from the interval of Eq.~3.12!, fixed in the
pion photoproduction@44–47#, which is '28–30 % of the

FIG. 5. Relative difference in percent for the spectra calcula
with @model~e!# and without@model~b!# theD excitation included;
the dotted, long-dashed, dot-dashed, and dashed curves corres
respectively, to the singlet, triplet, ortho, and parapmp molecule
spin combinations, the solid curve corresponds to the mixture
muonic states relevant to the TRIUMF experiment@27,28#.

FIG. 6. Influence of theD isobar parameters on the photo
spectra corresponding to the mixture of muonic states in TRIU
experiment@27,28#. For the explanation of the curves see text.
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enhancement supposed by the data. It is also seen from
6 that the solid curve, obtained in model~e! with Y51.75
and Z521.95 provides the needed enhancement
'25–43 %.

In Fig. 7, we show the dependence of the calculations
uncertainties in our knowledge ofgP and of the admixturej
of the S53/2 orthomolecularpmp state. As discussed re
cently@33#, the admixture of theS53/2 orthomolecularpmp
state changes the molecular capture rate to@69#

Lo85jLo~1/2!1~12j!Lo~3/2!, ~4.18!

whereLo(1/2) is Lo of Eq. ~4.5! andLo(3/2)51.009L t . It
was found in@33# that the data on OMC in hydrogen require
gP<1.2gP

PCAC or j>0.95. This restriction ongP is in agree-
ment with our Eq.~1.20! for the OMC in 3He. The depen-
dence on the uncertainty ingP and onj is illustrated by the
long-dashed, dot-dashed, and dashed curves. The numbe
the brackets are for the capture rate in the full interva
<k<kmax, for the partial capture rate in the interva
60 MeV<k<kmax, and for the capture rate in counts fo
this interval, respectively. Otherwise, the unit for the captu
rates is 1023 s21. For the sake of illustration, we assigned
10% error@28# to a set of ‘‘data’’ represented by 14 points o
the spectrum~c!. The number of counts 276, related to th
curve, is to be compared with the number of counts 2
which can be read off the histogram presented in Fig. 4@28#.
As it is seen, all curves lie already inside the 2s bound.

V. SUMMARY

In this paper, we have presented the capture rates and
photon energy spectra for the RMC in hydrogen, calcula

d

ond,

f

F

FIG. 7. Dependence of the photon spectra, corresponding to
mixture of muonic states relevant to the TRIUMF experime
@27,28#, on various parameters of the calculations; the dotted cu
is for reference and corresponds to model~a! ~32.3/7.1/196!; the
long-dashed curve is calculated for model~d!, but j50.95 ~36.3/
8.1/225!; the dot-dashed curve is obtained within model~d!, but x
51.2 ~35.9/8.6/239!; the dashed curve is for model~d!, but x
51.2 andj50.95 ~39.4/9.3/259!; the solid curve corresponds t
model ~c! ~39.7/9.9/276!. For the details see the text.
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using the effective HamiltonianHe f f
(0) , Eq. ~2.1!, where the

form factors gi are obtained from the amplitudes derive
from the chiral Lagrangian of theNDprva1 system. The
nonresonant part of the Lagrangian contains the normal
anomalous Lagrangians of theNprva1 system interacting
with the external electromagnetic and weak fields throu
the associated one-body currents@2,3,42,52,53#. In the ex-
pansion of the amplitudes in 1/M , we keep all terms up to
O(1/M2).

For the resonant part of our Lagrangian, we have
tended the currently used model@2,26,29,42# by adopting
results of the model developed by Olsson and Osypow
@43# and by Davidson, Mukhopadhyay, and Wittman@44,45#
for thepN scattering and pion photo-production and elect
production off the nucleon, which allows one to consider
D isobar off-shell.

Without the D isobar excitation included, our captur
rates agree well with these calculated earlier by Fearing@22#.
However, the calculated triplet capture rate differs by'10%
from that one derived quite recently within the HBChPT a
proach in Ref.@29#. About half of this discrepancy can b
understood by the use of an approximate equation for
neutrino momentum in Ref.@29#. The origin of the rest of the
discrepancy is not clear.

In the model, restricting theD isobar on-shell, our spectr
are close to those obtained earlier by Beder and Fearing@26#.
Our full model, including theD isobar off-shell, turns out to
be sensitive to the off-shell parametersY,Z. For the type of
the photon spectrum measured in the experiment@27,28#,
this model provides up to 30% of enhancement neede
explain the experimental photon spectrum, if the parame
Y,Z are taken from the interval of Eq.~3.12!, found in the
pion photoproduction. This is about two times more th
what one can obtain from the model with theD isobar on-
shell. If, in addition, we take into account the existing 20
uncertainty in the constantgP

PCAC and a 5% admixture of the
S53/2 orthomolecularpmp state, we find that the generate
photon spectrum is close to the experimental one.

In addition, we have found that the choiceY51.75,Z
s

s-

e
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521.95 alone also leads to an enhancement, which is of
right size to describe the experimental photon spectr
@27,28#, using for the induced pseudoscalar form factor,gP
of Eq. ~1.24! without any scaling (x51). It would be diffi-
cult to find any physics behind the scaling ofgP , which
would mean a violation of PCAC.

It follows from our results that the too large absolute v
ues of the parameterZ needed to explain the existing data o
the photon spectrum can simulate the presence of some
fects such as some other systematic errors in the experim
@27,28# besides those that were already taken into accoun
molecular phenomena, which may not be well understoo
present. Evidently, independent verification of the TRIUM
data would be of great importance. On the other hand,
part of our full model containing the electroweak interacti
of the off-shellD isobar is widely used to describe succes
fully the pion photo-production and electroproduction da
off the nucleon, which provides a solid basis for confiden
in our results. For the reaction of the RMC in hydrogen, E
~1.11!, it is the only model known so far, providing enoug
enhancement in the high energy region of the photon sp
trum.

In conclusion we note that the reactions of the RMC
hydrogen and3He are at present the only available effecti
tools for the study of the form factorgP as a function of the
momentum transfer. Therefore, more efforts in investigat
of these reactions, both theoretical and experimental,
highly desirable.
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