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Thermodynamics of the three-flavor Nambu-Jona-Lasinio model: Chiral symmetry breaking
and color superconductivity
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Employing an extended three flavor version of the Nambu—Jona-Lasinio model, we discuss in detail the
phase diagram of quark matter. The presence of quark as well as of diquark condensates gives rise to a rich
structure of the phase diagram. We study in detail the chiral phase transition and the color superconductivity as
well as color flavor locking as a function of the temperature and chemical potentials of the system.
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[. INTRODUCTION approximation of QCD. Therefore, it is interesting to see
whether the NJL model is able to describe the other phases;
At low temperatures and densities all quarks are confineghe color superconducting phase, and the color flavor-locking
into hadrons. In this phase the chiral symmetry is spontang?hase observed in the instanton approach. The shortcoming
ously broken by the quark condensates. Raising the temper@f the NJL model is the fact that it does not describe con-
ture, one expects that the chiral symmetry becomes restordtilement, or more generally any gauge dynamics at all. Here
and that the quarks are free. This state is called a quark glug¥e Will evaluate the thermodynamical properties of the
plasma(QGP. In the QGP all symmetries of the QCD La- quarks in _the_ NJL model at flnlte_ temperature and density,
grangian are restored. For QCD at low temperatures and hi@gd we will discuss the symmetries of the different phases.

densities, one expects a phase where the quarks are in e present numerical results for the calculation of the dif-
superconducting stafé—4]. All these different phases define ferent conden_s_ates. For our study of the phase diagram we
use one specific set of parameters. We treat the three-flavor

the phase diagram of QCIB] in the plane of the tempera- version of the model, including an interaction in the quark-

ture and density. This phase diagram is not directly aCCeSémtiquark channel, a t'Hooft interaction, and an interaction in

sible. QCD calculatlons are only possible ona lattice at 2€M%he diquark channel. We restrict ourself to the scalar/ or pseu-
baryon density. In order to explore the f|n|te-temperaturedoscal‘,jlr sector of these interactions

and- density region, one has to rely on effective models. Two o paper is organized as follows: In Sec. | we will

types of such effective models were advanced to study thgyiefly review the NJL model and present the Lagrangian we
high-density, low-temperature section. The first type ofy;| use. In chapter Sec. Il we study the quark condensate
model includes weak-coupling QCD calculations, includingand the restoration of chiral symmetry. In Sec. Ill we add the
the gluon propagator$]. The second type includes instan- interaction in the diquark channel, and present the numerical
ton [4,7,8 as well as Nambu-Jona-LasinidlJL) models  results for the color superconducting sector. We will have a
[2,9]. These models show a color superconducting phase abmplete evaluation of the phase diagram of the NJL model,
high density and low temperature. In this phase the @) including a chiral and superconducting phase transition at
color symmetry of QCD breaks down to an §2) symme- finite temperature angstrange and light quaykdensity. In

try. Including a third flavor, another phase occurs: the colorSec. IV we present our conclusions.

flavor-locked state of quark mattE9—11].

The two-flavor results of the instanton approach are repro- II. MODEL
duced by the model of NJ[12,13 if one includes an appro- '
priate interaction as shown by Schwaetal. [14]. This The model we use is an extended version of the NJL

model was extended by Langfeld and Rftb], who in-  model, including an interaction in the diquark channel. In
cluded all possible interaction channels and discovered afact, the NJL model can be shown to be the simplest low
even richer phase structure of the QCD phase diagram, irenergy approximation of QCD. It describes the interaction
cluding a phase where Lorentz symmetry is spontaneouslipetween two quark currents as a pointlike exchange of a
broken. perturbative gluon(19,20. Applying an appropriate Fierz
The choice of the NJL model is motivated by the fact thattransformation to this interaction, the Lagrangian separates
this model displays the same symmetries as QCD, and thatiibto two pieces: a color singlet interaction between a quark
correctly describes the spontaneous breakdown of chirand an antiquark£g)), and a color antitriplet interaction
symmetry in the vacuum and its restoration at high temperabetween two quarks{q). The color singlet channel is
ture and density. In addition, the NJL model was successfullattractive in the scalar and pseudoscalar sector, and repulsive
used to describe the meson spectra and thus is able to repiio-the vector and pseudovector channel. The Lagrangian in
duce the low-temperature, low-density phenomena of QCDRhe diquark sector has two parts, both attractive: a flavor
[16-18. Thus this is a model which starts out in the direc-antisymmetric channel and a flavor symmetric channel. The
tion opposite to the instanton model, which is a high-densityformer includes Lorentz scalar and pseudoscalar and vector
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interactions, the latter a pseudoscalar interaction only. is a Lorentz scalar. This interaction is antisymmetric in flavor

The coupling constants of these different channels are reand color, expressed by the completely antisymmetric tensor
lated to each other by the Fierz transformation. Due to the'/*. Finally, we add the six-point interaction in the form of
extreme simplification of the gluon propagator in this ap-the t'Hooft determinant, which explicitly breaks thés(1)
proximation, the resulting model cannot reproduce the consymmetry of the Lagrangian. The det runs over the flavor
finement which is described by the infrared behavior of thedegrees of freedom, consequently the flavors become con-
gluon propagator. nected.

The resulting Lagrangian has a global axial symmetry The NJL model is nonrenormalizable; thus it is not de-
Ua(1), and anextra termL, in the form of the t'Hooft fined until a regularization procedure has been specified. As
determinant is added in order to break explicitly this symme-we are interested in the thermodynamical properties of the
try. The resulting Lagrangian then has the general form  model, calculated with help of the thermodynamical poten-

tial, we will use a three-dimensional cutoff in momentum
L=Lo+ Ligq)t LiggtLa (1) space. This cutoff limits the validity of the model to mo-
menta well below the cutoff.

The model contains six parameters: the current mass of
the light and strange quarks, the coupling const&ysand
oGS’ and the momentum cutoff. These are fixed by physi-
Xal observables: the pion and kaon mass; the pion decay
constant; the mass difference betwegrand 7', once the

rise to a very rich structure of the phase diagram, which wad'ass of the light quarks was fixed; as well as by the vacuum

completely evaluated in the two-flavor case by Langfeld and/alue of the condensz_;l(e]q)l/3= —230 MeV. The last pa-
Rho[15]. Here we will concentrate on the three-flavor case/@meter is the coupling constant in the diquark channel
The evaluation of the complete phase structure in the thre€2oiq - For the mesonic sector we will use the parameters of
flavor case is a quite difficult task, and we will concentrateRef-[21]: a current light quark massi,q=5.5 MeV, a cur-
here on the Lorentz scalar and pseudoscalar interactions. [§Nt strange quark massngs=140.7 MeV, a three-
the mesonic channel this interaction is responsible for thélimensional ultraviolet cutofi\ =620 MeV, a scalar cou-
appearance of a quark condensate and for the spontaneddlilg constantGs=1.835A% and a determinant coupling
breakdown of the chiral symmetry. In the diquark channel itGpo=12.36/A°. We cannot fix the diquark sector indepen-
gives rise to a diquark condensate which can be identifieglently, because we do not have enough informations about

where L, is the free kinetic part.

The interaction part of the Lagrangian has a global color
flavor, and chiral symmetry. The chiral symmetry is explic-
itly broken by nonzero current quark masses, and the flav
symmetry by a mass difference between the flavors.

The different interaction channels of this Lagrangian give

with a superconducting gap. the baryon masses in the NJL model. Therefore, we use the
Describing the quark fields by the Dirac spinarsthe ~ relation between the coupling constant§p o=4Gg/2,
Lagrangian we will use here has the form given by the Fierz-transformatiotsee Appendix A This
parameter set results in effective vacuum quark masses of
— 8 . m,=367.6 MeV indms= 549.5 MeV and the quirk con-
AC:CI(|¢9_m0f)q+GSa§=:O [(q)\FQ) +(q|75)\Fq) ] densates are <<qq>>:(—242 MeV)f3 and <<SS>>=
(—258 MeV) 3.
5032 - c We perform our calculations in the mean-field approach
+GDIQk21 21 [(Gi,a€"™ e™P7q p) for an operator product
=4 =
X(aiC, a,Ei’j’kea’B’yqj, 5] p1p2~p1{(p22)+{(p1))P2—(p1)X(p2)), 3

3 3 where{(p)) is the thermodynamical average of the operator,
+GpioY, 2 [(Gr.4ivse®e®P7qC ) and the fluctuations around this mean value are supposed to
< = @ 1.B . . . .
k=1 =1 be small. We will apply this approximation to the products of

K ' g quark fields appearing in the interaction part of the Lagrang-
X(aﬁal yse' Ve gy 5] ian.

+Gplde(1—iys)q+deq(L+iys)ql. (2)

The first term is the free kinetic part, including the flavor- We start our study with an investigation of the quark-

;jhepeﬂgje?t currentt qu?rlghm?_sm§f W.hiCh_ﬁ:(p”Cit'y b(;eakt _antiquark sector and the chiral phase transition. The diquark
e chiral symmetry of the Lagrangian. The second part i, ¢or is subject of Sec. IV.

Fh? Sg‘?"ar or Ipseudolscal_?rr]lnterac_tlog in the _meshonlfclz channel, The NJL model displays the right features of the chiral
It Is diagonal in color. The matricesg act in the flavor ¢ mmetry breaking. On the one hand, we have an explicitly
space. The third part describes the interaction in the scalar

d lar di K ch | The ch ) d roken chiral symmetry by the inclusion of a small current
pseudoscalar diquark channel. The charge conjugated quag . mass. On the other hand, the model correctly describes

fields are denoted by®=Cq', and the color &,,y) and  the spontaneous breakdown of chiral symmetry: the exis-
flavor (i,],k) indices are displayed explicitly. We note that tence of a quark condensate, responsible for a high effective
due to the charge conjugation operation the prodligkq©  quark mass and the existence of masslessery light, if the

Ill. CHIRAL PHASE TRANSITION
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chiral symmetry is explicitly broken Nambu-Goldstone 1 Ao

bosons. Lattice QCD calculations show that at a temperature O=- ETr[e‘f”( —uN, 9
of ~170 MeV the chiral symmetry is restordthe quark

condensates melt at increasing temperataeesult which is with « being the chemical potentiak the inverse tempera-
reproduced by the NJL mod§l6,17,23. As the region of K R g o] E o i P

finite density is not accessible to lattice QCD calculations '€ andN the particle number operator:

the chiral phase transition at high density is a subject of N -

speculation. The point and the order of the chiral phase tran- N=n(p,s,f,c)—n(p,s,f,c), (10
sition in the temperature-density plane define the phase dia-

thr:ee—flhavor ('j\l‘]L model agd a spedC|f|ed set of parameters, particles and antiparticles with momentuﬁj spin s
This phase diagram can be viewed as an approximation N
o Sl a3 s et 1 cor e Tase oot i e
that the NJL model does not describe confinemeve al- . . At n R U

ways have a gas of quarks and not a gas of hadmms that  n(p.s.f.c)=a;  ; a;src and antiparticles n(p,s,f,c)

the degrees of freedom are not the same as in QB =Bgsf D5 s.1.c. We consider the condensates as parameters

model contains no gluopsHere we will focus on the ther- \ith respect to which the potential has to be minimized. The
modynamical properties of the quarks described in the CO'%ppearance of the quark condensates spontaneously breaks
singlet channel of the Lagrangidiqg. (2)]; this means the tne chiral symmetry of the original Lagrangian.
thermodynamical properties of the quark condensates and |y second quantization the exponent of the chemical po-

masses. _ . tential reads as
For the study of the thermodynamical properties of the

quark-antiquark sector we will evaluate the thermodynamical Ap2dp
potential in the mean-field approximation. We start out from (HMF—MN)/Vz f
the Lagrangian in the mean-field approximation, sfe Jo 272
LVF=q(i4—M)q—2Gg(a?+ B2+ y?) +4Gpa By, X[Epi~ (Bprmpron(p.sific)
4 - .
@ —(Epstue)n(p,s,f,c)]
whereMy is the effective quark magslefined via the quark +[2G4(a?+ B2+ ¥2)— 4GpaBy],
condensate§(qq))) (12)
M ¢=mos—4Gs((qrar))+2Gp{(dr,dr, ) X(dr,Ar,)) where V denotes the volume we have integrated out. The
_ energyE; (= \/M$+ |52 depends on the flavor of the quarks
=M+ omg, with f#f#f, (5 and their momentum, but is independent of the color or spin.

The evaluation of the grand canonical potential in the mean-
and the quark condensates are written in a shorthand notatigigld approximation gives the result

a=((uw)y B=(dd)) y=((ss)). 6) oM’
< > ﬁ < > Y < > v :ZGS(a2+ ﬁ2+ ,y2)
The mean-field Hamiltonian
N
_ ~4Gpafy— —
HMF:fdgx > [arivPaa+2Gs(a?+ B2+ ¥ —4GpaBy] 7o f=uds
f={uds}
A 1 -
@) xf p2dp| E; ¢+ Eln[1+e*B(Ep,f*#f)]
0
is transformed into an operatd# in second quantization 1
using + Eln[1+ eﬂ(Erlf*“f)]] . (12
. d°p o _
gi(x)= f 3 It has to be minimized with respect to the quark
s=x J (2m) condensates:
X[855,Ur (p,S)e”P*+by w1 (p,5)E™]. (@) JOMF
. —F—F—=0. (13)
At the moment, the quark condensates are unknown quanti- a{qsqs))
ties. In order to evaluate them, we calculate the grand-
canonical potential We obtain three equations, one for each quark condensate,
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FIG. 1. The mass of strange and light quarks as a function of the < ** z 0
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X[1- f(Eﬁvf ) - f(Eﬁ,f —u)l, (14 FIG. 2. Detailed representation of the first-order phase transition

as a function of the light quark potential at zero temperature. On the
where we defined the Fermi functiori(x)=(1+exp top: the light(left-hand sidg and strangdright-hand sidge quark
(—,8x))‘1_ The equations for the quark condensates argnasses. Bottom: the densiteft-hand sid¢and the thermodynami-
coupled[see Eq.(5)]. For three flavors we thus have three cal potential(right-hand side The light lines represent the meta-
coupled gap equations which have to be solved selfstable region, the dark lines the stable regiorinimization of the
consistently. Their solution, displayed in Appendix B, en-thermodynamical potential
ables us to calculate the quark condensates and quark masses
at finite temperature and chemical potent@énsity. with rising temperature the quark condensate melts away and

We have to take care about the limits of the theory: Thethe quark masses approach the current mass, at least for the
regularization cutoff of the theory implies that the chemicallight quarks. For the strange quarks we observe a much
potential always has to be smaller than this cutoff, and thasmoother transition, and at the highest temperature we can
the temperature must not be too elevated: The Fermi functiotreat in the framework of the NJL modéapproximately
will be smoothly extended to high momenta, and we have t@230 MeV) their mass is still higher than their current mass.
take into account that all states above the cutoff are ignoretVe observe this smooth crossover only for the special case
by the model. of three nonzero current quark masses.

The condensate is responsible for the spontaneous break- At zero temperature, for our parameter set we observe a
down of chiral symmetry at low densities and temperaturesfirst order phase transition. As a function of the chemical
At high temperature and density the quark condensate drogmtential the light quark mass drops suddenly to a value
(it becomes very small, or zero in the case of zero currentlose to the current quark mass. The strange quarks change
guark massegsand consequently chiral symmetry is restoredtheir mass slightly due to the coupling between the flavors.
(up to the current quark masgellence the quark condensate For higher values of the chemical potential the strange quark
is the order parameter of the chiral phase transition. Thenass is stable. The light quark condensate is too small for a
phase transitions we are dealing with are—depending on thehange of the strange quark mass. Only a rise of the chemical
parameters and of the density respective temperature—giotential of the strange quarks can drop the strange quark
first or second order, or of the so-called crossover type, anthass further, as will be discussed in the last part of this
we can classify the phase transition by means of this ordesection, where we present the extension to strange quark
parameter. The first-order phase transition is specified by matter.
discontinuity in the order parameter. For the second-order A first-order phase transition is characterized by the exis-
phase transition the order parameter is continuous but ndgénce of metastable phases, the equivalent of, for example,
analytical at the point of the phase transition. The third typepversaturated vapor. These metastable phases are a solution
the crossover, is not a phase transition in the proper sensef the gap equation, but their thermodynamical potential is
Here the order parameter does not display a nonanalyticdrger than for the stable phase. We show this in detail in Fig.
point, but shows a smooth behavior. 2. On the top we display the quark ma$ght and strangg

In a first step we will consider the chiral phase transitionand on the bottom the density of light quarks and the ther-
as a function of temperature and chemical potential of thenodynamical potential. The stable phases which minimize
light quarks, the strange quark density is supposed to bthe thermodynamical potential are shown as dark lines, and
zero. In Fig 1, left-hand side, we plot the mass of the lightthe metastable phases as light lines.
and strange quarks as a function of temperature at zero For the mass of the light quarks we observe the transition
baryon density for the parameters presented above. from the stable phase at high chemical potential to a state

At zero density we observe a smooth crossover of thevhose mass is larger than its chemical potential; this means
chiral phase transition as a function of temperature: at lowio zero density. Increasing the chemical potential yields a
temperature the chiral symmetry is spontaneously brokerfirst-order phase transition, i.e., the mass of the quarks drops
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FIG. 4. Light (left-hand sid¢ and strange(right-hand sidg
K quark masses as a function of the chemical potential of ligh (
and strange gs) quarks at zero temperature.

FIG. 3. Phase diagram for the mass of the light quddksral
phase transitionas a function of temperature and the light quar
chemical potentialleft-hand sid¢ and density(right-hand sidg

The dark lines represent the transition, the light lines the limits of . )
the metastable phases in case of a first order phase transition. Perature, phase transitions will take place at lower values of
the chemical potentials. This is very pronounced for the light

quarks(see Fig. 1, and less so for the strange quarks which

suddenly. This abrupt change in the quark masses gives ri?c]ehange their mass quite slowly with temperature due to the

to a jump in the density—for a constant chemical potential igh current quark masgompare Fig. 1

suddenly many more states become accessible. This implies

at the same time that certain densities do not exist. In our IV. COLOR SUPERCONDUCTIVITY

case the normal nuclear matter densny_ is just in this region, | this section we will study the diquark channel. We will
and there are good explanations for this fe23,3]. For the  gae that quarks which have opposite spins and momenta con-
interpretation one has to remember that we are discussingqense in the scalar channel into diquarks. This resembles
quark gas W_lthout confinement. _Here, for nuclea_r matter ?&uperconductivit)[25,2@. Here we have, in addition, a com-
normal density, one has to consider a phase which containgey structure in color and flavor space. In classical super-
dense droplets of quarks in which chiral symmetry is re-conquctivity the condensation occurs close to the Fermi sur-
stored, surrounded by the vacuum or a very diluted quark gagce. In our case we have to take into account that quarks
(which should be confined in QQDThe size of these drop- yith different flavors may have different Fermi surfaces. Be-
lets is not given by the theory, but it is not farfetched t0 5,se the coupling between the quarks is quite small, the

identify these objects with the nucleons. _condensation will only occur if the Fermi momenta of the
This for our set of parameters we observe thus a firsty, o quarks are quite close to each other.

order phase transition as a function of the chemical potential |, order to calculate the properties of the NJL model in

at zero temperature, and a crossover as a function of teMne superconducting sector, we will apply the generalized
perature at zero density. Extrapolating now to the plane thermodynamical approach of the Hartree-Bogolyubov

finite temperature and chemical potential, there must be fheory to quark matteisee, for example, Reffl27]) described
point where both kinds of phase transitions join; the SOy Lagrangian(2). ’ ’

called tricritical point. In Fig. 3 we show this phase diagram Lagrangian(2) in the mean-field approximation, including
at finite temperatures and chemical potenti@s the left- ¢ diquark sector, reads as follows:

hand sid¢ on the right-hand side they are shown as a func-

tion of the density. Dark lines display the transition by from

the stable statéor the transition line for the crossoyeand LMF=3 q(id—M)q—2Gg( @+ B2+ 7?)
light lines the metastable phases. The tricritical point is lo-
cated at a temperatuiie=66 MeV and a chemical potential _ Akr c
of uya=321 MeV which corresponds to a density pf +4GpaBy+dia— s
=1.88,.
The location of the tricritical point depends strongly on ARyt |AkY|2
the choice of the cutoff and the coupling constg2d]. +aica7qm—k2 4Gog° (15
Y

In Fig. 4 we plot the quark massfgght, (left-hand sidg
and strangérlght-hand sidg] as a function of the chemical Greek indices denote the colors, latin indices the flavors.
potential of light and strange quarks at zero temperature. \We The diquark condensate is defined by
can see the influence of the coupling between the flavors, as
already discussed for the light quark chemical potential. The ~k,_ . By ik i1k _a' By C
strange quark mass drops suddenly at high chemical poten- A7=2Gpiql y5e T (i yse T T Py 1))
tials of the strange quarks, and low chemical potentials for =i yge*BrelikAKY, (16)
the light quarksu,. Once the chiral phase transition for the
light quarks has taken plac@t high values ofuy), the  This diquark condensate occurs for all three colors simulta-
strange quark mass shows a crossover transition forfaigh neously. We note that as in classical superconductivity the
For high values ofu, and ug, both quark masses have a baryon(or particle number is not conserved. Hence the elec-
value close to their current quark mass. With increasing temtromagnetidU. (1) symmetry is spontaneously broken, and
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Goldstone bosons appear in the form of Cooper pairs. The
diquark condensate carries a color and a flavor index. For a /;R,"aFmbuz
given flavor and color the condensate is completely antisym-

metric in the other two flavors and colors. The condensate

AS" is created, for example, by green and blue up and down

quarks.

The diquark condensate is completely antisymmetric in X
the color degrees of freedom, a property which is only shared =
by three of the eight Gell Mann matrices which generate the 2q
SU:(3). Hence a finite diquark condensate breaks down the
SU:(3) color symmetry to a SE[2) symmetry if the mass
of the strange quark is heavy. The same is true for the flavor o _ )
sector if the three flavors are degenerated in mass. For tw§here we suppressed the indices for convenience and defined
flavors only the Lagrangian is invariant with respect to athe term
chiral transformation. If the diquark condensates coexist for
all three flavors, the chiral symmetry is spontaneously bro-
ken. Econd:_ZGS(a2+ﬁ2+'}’2)+4GDaB'Y

Due to the product of two antisymmetric tensors, the sym-
metry is even more reduced if all three quark flavors form a
diguark condensate. In order to see this, we first assume tha

1— 1

Fal

+£conda

1
\/Eq
1

C

(19

%P2

——. (20
4GD|Q ( )

order to calculate the thermodynamical potential in this

all three colorqfor one flavoj are equivalent. Than we can notation,
assume without loss of generality tHat y in Eq. (16), and R R R
write the tensor product as Q=—BTr[Inexp(— B(Hyambi— #N— uN))]

we need the particle number operator and its charge conju-
_— ate,
elle B'=i J.Eaﬁ (81,06}, 6i,60j,a)- an 9

~ AT ~ AT ~
N= 2 [a;.85s b bpssl,
We see that in this case the rotations in color and flavor p.sf.c
space are no longer independent but locked. Hence the
guarks are in a color-flavor locked phase if all three quark . A At a at
- : : NC=— > [a;a:.—bsbh" ]

flavors participate at the formation of the diquark conden- < p.s%s™ “p.stp s
sates.; , is the unit matrix of SU(3g3xr in which the ma- p.sbe
trices contain the three flavors as columns and the three col-h dth licit d d f th
ors as rows. The Lagrangian is therefore invariant under %9’ ere v¥|e supprissel tde exp 'C'tf fepe(? ence of the opera-
SU(3)cxr transformation, and consequently the SU(3) Ors on Tlavor and color degrees of freedom. '
color and flavor symmetries are reduced to an SY(3) V\/_hen_calculatmg the Ham"ton'?‘” in the mean .f'EId. ap-
symmetry. For more consequences of the appearance of tI;?(;‘;ommanoAn,Aone can see—neglecting a small contribution of
condensate for the symmetries, we refer to the literdtlip ~ terms likea' in the case of different quark masses—that it
Here we will focus on a numerical evaluation of the size ofis possible to separatd — N into two parts, one for the

the condensates and the phase transitions at finite temper@;arks(operatorsfi and é*) and another for the antiquarks
ture and density. (operatorsh et b'):

(21)

A. Thermodynamics H—uN=(H—uN);+(H—uN)j. (22

As before in the case of the chiral phase transition, we
will evaluate all condensates and the phase diagram by thEhese two parts yield the explicit expressions
evaluation of the thermodynamical potential. We start by
writing the Lagrangian in a more symmetric form, following . at oA
Nambu, who developed this formalism for the classical su- (H—uN);= > [aps a-p sl

perconductivity[28]. For this purpose we rewrite the La- p.s.f.c
rangian as a sum of the original Lagrangian and its charge - < ol
g g o g g g g Epf_/uf _AkyTN(p) ap,s
conjugate: x| - Heong
AN(p)  —Eprtar]lal; g
Lyampi=L+LC. (18 '
(23
Then the Lagrangian can be presented as a matrix, and
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(A-ulyp= 3 [BL, Bj 4] B TR 20
Pete 3 ) Z=AAZN2(p)+(E +E, )2, (29)
Esrtur —AYIN(p)|| bjs 2 2 2 2, 2
X RON(p)  —Egi— i 515,,S cond Y=3(Ag,+4ANY(p)+E ?+ES?), (29
24  XP=3[Agqt BAIN(p)+(E”+EJ)*)(E™ —E;)?
We denoted the expressionV* L¢ong by Heong, and used +2A5 (AN (p)+(E™+EJ)(E"—EJ))],  (30)

here the discrete summation over the momenta. The expres- . _

sions have a defined structure in flavor and color, the diagoandg; is the degeneracy. For the calculation of the thermo-

nal terms are diagonal in flavor and color, the off-diagonaldynamical potential it is not necessary to know the exact

terms (&) are antisymmetric in color and flavor and form_of the Bogolyubon t_ransformgtl_on which relates the
quasiparticle operators, with the original quark operators

p? a. The quasiparticles are still fermions, and that is all infor-
(Ef,+my )(Eg,+my) mation we need in order to evaluate the sum over the occu-
pied states. It is just only necessary to assign the right ener-
(E¢,+me )(Ef +mg)  [me my gies to the operators. We evaluate the thermodynamical
1 1 2 2 1 2 . .
X EE potential for the case of two degenerated light quarks:
fi=fp

1+

N(P)t, 1,=

4mflmf2 i
(25 Q_Qo 2(A dp

. o . , Vo Blo(2m)?
This normalization factor is due to the fact that we deal with
products of spinors for different species in the off-diagonal X{6In[1+exp—BE;_)]+4 In[1+exp —BE, )]
terms, of cours&l(p) =1, whenf,;=f,. The explicit form of
this matrix including all flavor and color indices is displayed +4In[1+exp(—BEz-)]+2 In[1+exp(— BE,-)]
in Appendix C. _
In order to calculate the thermodynamical potential, we T2 In[1+exp~ BEs )]+ 3BE, -
have to diagonalize these expressions. This has to be done by +2BE, +2BE; +BE, +BEs_}, (31)

means of a Bogolyubov transformation, which determines

the energies of the quasiparticles and the correspondingith
guasi-particle operators. From the discussion of the symme-

try of the diquark condensate, we expect two quarks of dif- & _
ferent flavor and color to form a diquark condensate whereas \%
one quark of the third flavor is not involved in forming this

condensate. This has to be seen in the quasiparticle energy, This thermodynamical potential contains ttguark and

and is confirmed if we explicitly evaluate the quasiparticlediquark condensates as parameters. In order to evaluate
energies as the eigenvalues of the matrices. The diagonaliz&dem, we have to minimize

operators corresponding tdA-Ie,ulil)‘;1 can be expressed in

2|Age*+|Agq®

AGg(a®+ B2+ )+
s( Bty 2Gorg

(32

the form o0 _o s _o (33
5 &((Qfo» aAflfz
AR — ot g P Aot
(H _I“N)aA_iZl 9i(Eaiay ida,itEqaids,idyi), This minimization yields the gap equations for the quark

condensates. For the &) case the derivation is given in
Appendix D. These equations are coupled, we have to solve
them selfconsistently. The resultifgq) condensates may
be found in Appendix E.

wherei runs over the flavors and over the colorséma
anda},, are annihilation and creation operators for the quas

particles:
i E,.i 9i B. Results at finite temperature and density
1 s AT IE 3 For this part we decide to take parameters in R28]:
, L NCatE X Moq=5.96 MeV, A=592.7 MeV, Gg=6.92 GeV?,
- §(Z+E_ Eg) Gpig/Gs=3./4. andmy=130.7 MeV. We use the relation
3 *3(Z2-E +E) 2 between the coupling constantGgo=3Gg/4), given by
4 Y-X 1 the Fierz transformatiotisee Appendix A close t0(0.73
5 Y+X 1 [29].
where The condensate@nassesat zero temperature as a func-
tion of the chemical potentiat,= us are displayed in Fig. 5.
E"=E—pu, (26) On the left-hand side of this figure we show the light and
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= 600F SU =1 -
> > 140 /\ g :
=500 =. 120" 2 00 2
(7] < § E 80|
] L 100F ] ]
2400 — % g 80 %
o gof s S sof
300 8l 0
60F 60
200 a0
40f 40
100- a
20 a0l
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FIG. 5. The light(dark line and strange(light line) quark
masses and the diquark condensaigg (dark line and A 4 (light FIG. 6. Strength of the diquark condensates as a function of the
line) as a function of the chemical potential,= us at zero tem-  chemical potential.,= 15 and the temperature. As color levels we
perature. show the strength of the condensafgg, (left-hand sidg and A ;¢

(middle), and superimpose both as a contour giaht-hand sidg

strange quark mass, and on the right-hand side the diquark
condensates. First we have to note that quark and diquadhemical potential we observe-as in the classical
condensates compete with each other as they are formed yperconductivity-a second order phase transition as a func-
the same quarks. Temperature and density determine whidion of the temperature.
condensate dominates. In a next step we consider the diquark condensates in the

When the chiral phase transition occutse quark con-  uq— us plane. As already mentioned, we expect the forma-
densate disappeaysve observe for the light quarks that the tion of a diquark condensate only if there are quarks with
superconducting phase transition takes place, and we havesamilar Fermi momenta, independent of their mass. Because

diquark condensate. As the two transitions are related, the@D is zero the disappearance of the quark condengags

are of the same order. The same scenario repeats itself for t ?ld(qa does not depend on the chemical potential of the

strange dlq_uark condensate at_ahlghgr c_hemlcal potent!a!. Other species. There is one exception the creation of the

ﬁ:gmsgg?hgiﬁfym%ﬂy;g;;(zf t'g?e\lflvtglch is the global mini- strange diquark condensates lowers the strange quark con-
y P . densate and increases the light quark mass. In Fig. 7 we plot

veﬁtse:nlﬁllltri;c;v; iﬂ:n;f:rl] pgtel:lg:(ktgzrlggmaquarr]l;flgi\ﬁ A the strength of the diquark condensates. Because both light
y ' geq wey Y uarks have the same chemical potential, a diquark conden-

Fhe light diquark co_ndensate; the diquark condensate mdquateAqq between the two different flavors occurs whenever
ing strange quarks is almost zero, as the strange quarks sh

We light quark mass is small.

a strong quark condensate. Only when the strange quark con- Th di K d . Vi band

densate drops, and the mass of the strange quarks approaches e strange diquark condensate exists only in a ban

its current mas,s does the strange diquark condensate a e\@ere the chemical potentials of the light and strange quarks
' . ge dq app Eré approximately equal. The slight deformation of this band

Here we have the coexistence of light and strange diquar

condensates, this is the regime where the chiral symmetry 8 due_ to the dif_ferent current q“"’?”‘ masses. T_he width of_the
again broken, and the color and flavor are locked. This ha Sand is determined by the coupling strength: if the coupling

9 " : . o - TTIS NaBL, 1he diquark sector is strong, the quarks can bind and form
pens at a quite high chemical potential; the decreasing d.'é condensate even if their chemical potentials are quite dif-

quark condensate for even higher chemical potentials IndlFerent. For a small coupling strength, the chemical potentials

cates that we reach the limit of the model: we are too close t . ) .
the cutoff. The phase transitions concerning the strang%]c the two quarks have to b@pproximately, in case of dif-

guarks are quite close to the limits of the models if we sup-
pose the current mass of the strange quark to be aroun SEr====
140 MeV. We note that due to the relatively small difference E 5501
between the quark masses, both diquark condensates ha'=; soo-
approximately the same value: for the maximum we obtain = as0f
Aqq~Aqs~(120 MeV)®. At zero temperature the chiral 400
phase transitiofwhere the quark condensates disappaad =30
the superconducting phase transitimhere the diquark con-

densates appeaare strongly related in of our model. This ::° " o S I
changes at higher temperatures. There the diquark conder %00 300 400 50[?“9\;5100 %00 300 400 5?&9\7]00
satesA 4 extend to smaller values of the chemical potential, Ha Ha
whereas we need higher densities in order to form @ FIG. 7. As a function of the chemical potentials and w5 we

diquark condensate. In addition, the diquark condensate b&how the quark masses on the upper Ktight quarks on the left-
come smaller with increasing temperature. This is shown imand side, and strange quarks right-hand)sigtel the diquark con-
Fig. 6, where we plot the diquark condensates as a functiodensates in the lower rowAg, on the left-hand side anl,s on the

of the temperature and chemical potential. For a giveright-hand sidg
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lute value but opposite in direction and therefore their chemi-
cal potential may differ. In SE{3) flavor this condensate
breaks the SE(3)XSU(3) flavor down to a SYyr(3)
flavor, a phenomenon already observed in phase diagrams
based on instanton Lagrangians, and dubbed “color-flavor
locking.” We can conclude that two quite differently moti-
vated phenomenological approaches to the QCD Lagrangian
provide a very similar phase structures.

Diquark condensates do not exist at temperatures we ex-

FIG. 8. As a function of the chemical potentigis and 1, we pect to o_btain in relat.ivistic he_avy—ion collisions. In neutron
show the quark massefight quarks left-hand side, strange quarks Stars, which have a high density and a very low temperature,

on the right-hand sideto point out the effect of the diquark con- they could be Of_ relevance. _
densate on the quark condensatdatl MeV. Note added in proofWe would also like to thank M.

Buballa and M. Oertel for making us aware of a small con-
ferent quark massegqual in order to form a diquark con- tribution of terms likea' to the quasiparticle energies in

100 ©
gsg Ta300200
00 50500
l‘/"elq e‘i.qo\me\'\

densate. case of different quark masses.
Now we should study the feedback of the formation of the
diguark condensates on the quark condendatethe masp ACKNOWLEDGMENTS

In Fig. 8 we display the masses of the light and strange This work was supported by the Landesgraduierten-

quarks as a function gk, andus. Ayq appears at the chiral .. k .
phase transition, when the light quark condensate disappea{(grderung Mecklenburg-Vorpommern. One of UBA.) ac

and it is formed by the free light quarks. This behavior is Rowledges an interesting discussion with K. Rajagopal. We

almost independent qi,. Only if A, becomes finite does thank A. W. Steiner and M. Prakash for having pointed out

the lack of quarks for the quark condensate increases tha €frorin a formula of a previous version of this paper.

light quark mass. The behavior af,s is generic: When the _
diquark condensatég, is finite it takes quarks from the APPENDIX A: FIERZ TRANSFORMATION

strange quark condensate, lowering the mass of the strange Following Ebert[21] we have the following relations in
quark. color and flavor space:

V. CONCLUSIONS 1 13 _
, _ 5ij5kl=§5ik5|j+§ > AN (g channel, (A1)

In conclusion, we presented the phase diagram of the a=1
SU(3) flavor NJL model extended to the diquark sector for a 8
set of parameters which reproduces meson masses and cou- 1 ara
pling constants. We found a rich structure of condensates and Sijok =7 ago Nilhkj  (aq  channel, (A2)
regions where no condensate exists. The temperature and
density dependence of quark and diquark condensates was 8 16 18 B
calculated in a mean-field approach by minimizing the ther- > \2\&=""5,6,— = > Ai\ (qq channe,
modynamical potential. a1 ! 9 3a=1

The order of chiral phase transition depends on the values (A3)
of T and u where the phase transition occurs. At zero tem-
perature the phase transition is first order, and at zero chemz N 2 >
cal potential we observe a crossoveue to finite current o Tk
guark massgsTherefore there exists a tricritical point. Nor-
mal nuclear matter density exists only as a mixed phase of a a.a
dense quark phas@vhere chiral symmetry is partially re- Xagwhik)"i (qq  channe)
stored and a very diluted quark gas or the vacuwhere
chiral symmetry is spontaneously brokefrinally we ex- 8
tended the chiral phase transition to the plane of finite L=—g> (E’y#)\%(ﬁ)z_ (A5)
strange quark density, relevant for the discussion of the di- a=1
guark condensates. . . . .

Following the idea that the NJL model can be consideredTh'S I.eads to the following relations between the different
as an approximation of the QCD Lagrangian we extend th&oupling constants:
NJL model by including an interaction in the diquark chan- 8
nel. We find that this interaction gives rise to a diquark con- qq channel Gsea==0, (AB6)
densation which is responsible for the formation of a super- 9
conducting gap. This condensation occurs at low temperature
and high density. If this gap is formed by two quarks of
different flavors, their momenta have to be similar in abso-

)\a)\a_f
ik

a= 3 a=013468 3

(A4)

2
qq channel GD,Q=§g. (A7)
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APPENDIX B: (qa) CONDENSATES

1. Light quark condensate

pzdp M ] NEIPTCN B
=—= 3—+f1'(E?)| 5| 4ASN +E +E; | +1
((qa)= q[ e F )(z (P)- < .
+f%E3%—( N(p) +E‘+E_)—1)+f%E4) N(p) N B
| PP <<q » : T e
— | [(E"—Eg)BAIN?+(E™+EJ)?)+(E"—E;)? 8AZN(p) n +(E"+E)
ax H(aa |,
+A2<8A2N() ’ +2E7 +f%Ei) N(p) -
) #2a P o aan |, T << aa
+ 1% (E”—E5)(BASN?+(E™+EJ)?)+(E™—E)’?
oN
o E +EJ)|+A2,| 8A2N ‘ ——| +2E +(—)=(+)}. (BY
( (p) e »n, +( )) qq< asN(p) @, ) ) (—)=( )] (
2. Strange quark condensate
p%p__ 1T oN ol
{(ss))=— f lEl f'(E2) Z 4A5N(p) (s >>‘ +E +Es) 1)
+f%E3)(E AAIN(p) —=—| +E +E5 |+1 +f%Ei) N(p) ——— N ‘
“\z P (< N, ° 2E* Sas 3(ss))
+Eg L —(E”"—Eg)BAZN?+(E"+E;))+(E™—E;)? 8A23(p)——DL— +(E+Esg
ax H(ss))
+A2 8A2N(m——£i—‘—2E) (B2
4 3((ss)) )

JPED N ‘ e L
2E° AadP) 2y H(ss)) Tax

|

—(E"—Eg x8A2N2+(E—+E;V)+(E——E;V

X 8A2N(m——£i—‘ (E‘+E§%

{(ss))
2E;)

+A%| BAIN(P) ——— +(—)=(+)]. (B3)

N
(s
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APPENDIX C: MATRIX

The total matrix can be separated into four submatrices:

a a'

a' A C
a Yoll B

These submatrices are given by

Ug Ug Ug dr dg dg Sr Sg S

uv E- 0 0 0 0 0 0 0 0

ub o E- 0 0 0 0 0 0 0

up 0 0 E- 0 0 0 0 0 0

di, o 0 0 E- 0 0 0 0 0

A 4t o o o o0 E 0O 0 0 0
di o 0 0 0 0 E O 0 0

sk 0 0 0 0 0 0 E; O 0

st 0 0 0 0 0 0 0 E; O

st 0 0 0 0 0 0 0 0 E;

uk ug  up di dg df st s sh

ur E* 0 0 0 0 0 0 0 0

us O Ef 0 0 0 0 0 0 0

ug O 0o E" 0 0 0 0 0 0

dr O 0 0 E" © 0 0 0 0

B= 4 0o 0o 0o o0 E" 0 0 o0 0
dg 0O 0 0 0 0 E° O 0 0

s O 0 0 0 0 0 E; O 0

ss O 0 0 0 0 0 0 EI O

ss O 0 0 0 0 0 0 0 E;

ub uf o ub o df df df st s§ g
uy 0 0 0 0 Agq O 0 0 Ags

us 00 0 —Agg 00 0 0 0

ub 0 0 0 0 0 0 —A, O 0

di 0 —A4 O 0 0 0 0 0 0
C= 4l a0 0 0 0 0 0 0 Ag
db 0 0 0 0 0 o 0 —Ayx O

sk 0 0 —Ags 0 0 0 0 0 0

st 0 0 0 0 0 —Agk O 0 0

Sh Ag O 0 0 Ags O 0 0 0

PHYSICAL REVIEW C 65 045204

APPENDIX D: THERMODYNAMICAL POTENTIAL

1. Formal derivation of the thermodynamical potential

a0 0, 10 d%
da da _,E (2m)°
&El 2
—6p——f(EL)— 4/3 —f(E2)—4p
07E3 4 5
><—f(E3) 23 f(E4) 23 (E5)
9EL aE% JES  9E*
+3p Jda +2 Ja +2p Ja B Jar
JE>
tB— (=)= (+)], (D1)
a0 a0, d3p [ 9E IE?
P _ 2 1 2
= 2J(2W)3 ——f(EL)+2——1'(E2)
ZaEif/ = aE‘lf, » aES_f, e
+_a(’)+ﬁ(’)+ﬁ(*)'
(D2)

wheref’(x)=1-2f(x)

2. N(p) derivatives

B p? (E+m)(Es+m3)\/mms
N(p)‘(”(E+m><Es+ng> amm, EE.
(D3)
Then we write
p2
U=\ ErmyErmy) (D4)
_ (M
v—\/EES, (D5)
E+m)(Es+m
e (JETET ) 06)
4mmy
W 1 (Eq+mg)(Est+my) aE_(E(m e ))
0"(1 2W 4m§m2 Jda mq q q
(D7)
JEg [myq ) .
+ da E(mS_ES) y (D)
W JEg oW|  JES aw o
Ga " oa 9a|% Ga da ©9
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JE~
Jda

JEg [ my msmy
J’_ —
da |\ Egmg EgEq

N 1
da 2V

mS
Esmq

msmq>
EZEs

r?V o'?E oV +07E; oV D10
Ja &af Jal? da da S' ( )
u —p?
da (Eq+mg)(Es+my)

JE™ 1 JEg 1

Jda m_q Ja HS
oU _ U N U D11
da  dal|? da s ( )

So,

IN(p) —ﬁU VW+U&V D12
da |9 da q da | ( )
IN(p) v VW-+ U V D13
Jda s™ &a ( )

PHYSICAL REVIEW (65 045204

APPENDIX E: {(qg) CONDENSATES
1. Light diquark condensates

Gdqu' 30gq,, f/(E*)
Agg=—— | p3d f/(EL
qq 772 p p E7 ( ) 2E4

1 3 2 -2 -2
X Aqq—ﬁ(Aqq+Aqq(4Aqs(p)+E —E;?)
f’(E5,) .
+— 25 Agq 2X(A +Aqq

(ED)

X (4A%{(p)+E 2~ Esz))) t(=)=(+)].

2. Strange diquark condensates

Gyi 4A ,N?(p)
Aqs:_lgj pzdp e~

f/(E2
o > (E2)

4A ,N?
4 22as (p)

’ 3
———11(E)+

f'(E*)
Py (4AqSN2(p)

4
~ ox (BT =E)?(AqN*(p))+ AéqusN2<p>))

(—5)(4A N? 2 E™—Eg)%(AgN?
ES (P)+ 55 (( s ) (AgsN“(p))

T(=)=(+) (E2)

+AZAqN(p))
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