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Balance functions, correlations, charge fluctuations, and interferometry
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Connections between charge balance functions, charge fluctuations, and correlations are presented. It is
shown that charge fluctuations can be directly expressed in terms of balance functions under certain assump-
tions. The distortion of charge balance functions due to experimental acceptance is discussed and the effects of
identical boson interference is illustrated with a simple model.
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I. INTRODUCTION

Charge balance functions@1# and charge fluctuation
@2–5# have been proposed as a means for gaining insight
the dynamics of hadronization in relativistic heavy ion co
sions. Both observables are sensitive to the separation
momentum space, of balancing charges. Such a pair is c
posed of a positive and negative particle whose charge
rives from the same point in space-time. As a quark-glu
plasma~QGP! scenario entails a large production of ne
charges late in the reaction, a tight correlation between
balancing charge-anticharge pairs would provide evidenc
the creation of a novel state of matter.

This tight correlation comes from the following two prop
erties of the late stage QGP. First, since the quarks and
ons have been flowing for a long time (;10 fm/c), the
momentum of each quark~gluon! is mostly determined by its
location in space-time. Second, at this late stage, the sys
has been cooled down considerably so that the quarks
gluons do not have high energy in the rest frame of their fl
cell. Therefore, when the quarks and gluons hadronize,
space-time point of the hadronization and the momenta
the hadrons are highly correlated. Moreover, since qua
carry fractional charges and there are large number of
ons, the rapidities of unlike-sign hadrons must also be hig
correlated.

For the charge fluctuations, these highly correlated unli
sign pairs manifest themselves by making the charge fluc
tion per degree of freedom unusually small@2,5#. For the
balance function, the effect of the high correlation is to ma
the central peak unusually narrow@4#. Ideally, one would
sweep either the centrality or the energy of the collisions
look for a sudden drop in the charge fluctuation and
width of the balance function. These would signal the p
duction of a QGP. In reality, there are very few phenome
in heavy ion collisions for which a clean signal can be d
tected mainly due to the sheer complexity of the produ
system. In this paper, we would like to address some of
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issues in connecting these theoretical arguments with wh
observed in actual experiments.

Both balance functions and charge fluctuations can be
pressed in terms of one-particle and two-particle observab
In the following section we present expressions for both b
ance functions and charge fluctuations in terms of spe
and correlations, and show how the charge fluctuations
be simply expressed in terms of balance functions for ne
neutral systems.

Unfortunately, balance functions and charge fluctuatio
can both be rather sensitive to detector acceptance. In Se
we present a variant of balance functions which reduces
ceptance effects for detectors with sharp cutoffs in rapid
Identical pion correlations also affects both observables
nontrivial manner. In a simple model utilizing paramete
consistent with observed spectra and correlations fr
RHIC, we illustrate the distortion of the balance functio
due to Bose-Einstein correlations in Sec. IV. The shape of
balance function is also influenced by the rapid cooling d
to the transverse expansion of the system. We use a sim
model in Sec. V to estimate such effect. The insights gai
from these studies are summarized in Sec. VI. The effec
resonances on balance functions is also briefly discusse
Sec. VI

II. RELATING BALANCE FUNCTIONS, FLUCTUATIONS,
AND CORRELATIONS

As mentioned in the Introduction, both balance-functi
and charge-fluctuation observables are generated from
body and two-body observables which necessitates that
may be expressed in terms of spectra and two-particle co
lation functions. In order to express the balance functions
terms of the elementary correlation functions, first define

^N~a,D1!&5E
D1

d3p
dna

d3p
~1!

and
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^N~b,D2 ;a,D1!&

5E
D1

d3paE
D2

d3pb

d2nab

d3pad3pb

~2!

5E
D1

d3paE
D2

d3pb

dna

d3pa

dnb

d3pb

C~b,D2 ;a,D1!, ~3!

whereD1,2 are phase space criteria such as rapidity interv
In terms of these quantities, the balance function is

pressed as

B~D2uD1!5
1

2
$D~2,D2u1,D1!2D~1,D2u1,D1!

1D~1,D2u2,D1!2D~2,D2u2,D1!%, ~4!

where

D~b,D2ua,D1!5
^N~b,D2 ;a,D1!&

^N~a,D1!&
, ~5!

which can be considered as a conditional probability.
Thus correlation functions and spectra are sufficient

determine balance functions, although the required inte
tion can be somewhat convoluted, depending on the binn
D1 andD2. The criteriaD1 is based solely on the momen
of the first particle, while the criteriaD2 might be any func-
tion of the momenta of both particles, e.g., it might be det
mined by the relative rapidity of the two particles.

To establish the correspondence between charge fluc
tions and balance functions, consider a balance func
binned as a function of the rapidity difference where bo
particles are required to reside within a fixed rapidity w
dow of sizeY. For this caseD1 constrains the first particle to
be within the rapidity window, andD2 constrains the secon
particle to have a relative rapidityuyb2yau5Dy while also
existing inside the rapidity window. This binning was a
plied in preliminary results from STAR reported in Ref.@6#.
Referring to this balance function asB(DyuY), one can find
the charge fluctuation within the rapidity window 0,y,Y
by integratingB(DyuY) in the interval 0,Dy,Y. In this
case,

B~YuY!5E
0

Y

dDy B~DyuY!

5
1

2H ^N1N2&D

^N1&D
1

^N1N2&D

^N2&D

2
^N1~N121!&D

^N1&D
2

^N2~N221!&D

^N2&D
J , ~6!

where^•••&D denotes averages in the phase space regioD.
Writing N65^N6&D1dN6 , it is not hard to show

^~Q2^Q&!2&

^Nch&
512E

0

Y

dDy B~DyuY!1OS ^Q&

^Nch&
D , ~7!
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whereQ5N12N2 andNch5N11N2 . For electric charge,
the size of the correction is usually less than 5% in rela
istic heavy ion collisions where the number of produc
charges is much greater than the net charge. However
baryon number the additional term is not negligible even
RHIC.

In a boost-invariant system~independent of rapidity! the
balance functionB(DyuY) can be related to the balanc
function for an infinite interval:

B~DyuY!5B~DyuY5`!~12Dy/Y!. ~8!

The factor (12Dy/Y) accounts for the probability that
particle’s partner will fall within the rapidity window given
that they are separated byDy. Also, assuming boost invari
ance allows one to express the balance functions simpl
terms of correlation functions as described in Eq.~4!:

B~DyuY5`!5
1

2 H dn1

dy
C11~Dy!1

dn2

dy
C22~Dy!

2S dn1

dy
1

dn2

dy DC12~Dy!J . ~9!

From the above discussion it is clear that the charge fl
tuation is the global measure of the charge correlation
the balance function is a differential measure of the cha
correlation and therefore carries more information. The
vantage of charge fluctuations is that they carry a clear ph
cal meaning in terms of a grand canonical ensemble@3,5#,
and can therefore be easily connected to more ideal theo
ical models, e.g., lattice QCD calculations. However, sin
there are no external sources of charge in heavy ion c
sions to warrant a grand canonical treatment, both obs
ables are effectively driven by the dynamics of how bala
ing charges are formed and separate.

We emphasize here that charge fluctuations were not
tended to provide a derivative measure. As can be seen f
Eq. ~7! the charge fluctuation summarizes the balance fu
tions in one number. It gives somewhat different informati
than the width of the balance function since it is also affec
by the height. We do not recommend analyzing charge fl
tuations as a function of the size of the rapidity window.
the different sized windows included the same pairs, the v
ues would no longer be statistically independent when p
ted against the window size. If the windows are used o
once, the information from pairs which occupy adjacent w
dows is thrown away.

A similar set of issues surfaced in making the connect
between fluctuations and correlations in the study of mu
plicity distributions analyzed as a function of rapidity@7,8#.
A more general connection between fluctuation and inclus
observables can be found in Ref.@9#. However, it should be
noted that factorial moments and scaled factorial mome
which are measures of fluctuation@10,11#, offer the opportu-
nity to study n-body correlations forn.2 in a manner
which, unlike correlations, can be easily collapsed into
single variable.
2-2
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III. MINIMIZING ACCEPTANCE EFFECTS IN BALANCE
FUNCTIONS

Balance functions analyzed by the STAR Collaborat
@6# were constructed according to the prescription thatp1
would refer to any pion that is measured within a specifi
rapidity window while p2 referred to the relative rapidity
again with the requirement that the second particle w
within the rapidity window. In that case,

B~DyuY!5
1

2 H ^N12~Dy!&2^N11~Dy!&

^N1&

1
^N21~Dy!&2^N22~Dy!&

^N2& J . ~10!

HereN12(Dy) counts pairs with opposite charge that satis
the criteria that their relative rapidity equalsDy, whereasN1

is the number of positive particles in the same interval. H
the angular bracket represents averaging over the events
Y is the size of the detector rapidity window. From this e
ample, one can readily understand how balance funct
identify balancing charges. For any positive charge, th
exists only one negative particle whose negative charge
rived from the point at which the positive charge was c
ated. By subtracting from the numerator the same object
ated with positive-positive pairs, one is effective
subtracting the uncorrelated negatives from the distribu
and identifying the balancing charge on a statistical basi
en
t-

e
i
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From the construction of Eq.~10!, one can understand th
sensitivity ofB(DyuY) to the acceptance sizeY by consider-
ing a detector which covers a finite range in rapidity:

ymin,y,ymax. ~11!

with ymax2ymin5Y. For this example, the balance functio
must go to zero asDy approachesY. This occurs because th
particle satisfying the conditionp1 must lie at the extreme
boundary of the acceptance in order for the second particl
have a relative rapidityDy;Y while remaining in the accep
tance. The balance function is thus forced to zero at
limits of the acceptance for trivial reasons.

Of course, the balance function corresponding to a per
detectorB(Dyu`) is independent of any particular detect
sizeY. As described in Eq.~8!, one can easily correct for th
detector acceptance in the boost-invariant case by divid
the balance function by a factor (12Dy/Y).

These balance functions would not have more informat
than those created without the correction factor, but the
formation would more directly address the physics of cha
separation rather than reflecting the experimental accepta
We note that the statistical uncertainties of the corrected
ance function will, however, be quite large asDy;Y.

More generally, one can correct the balance functions
the acceptance by dividing the numerators in Eq.~4!
N(Q2 ,p2uQ1 ,p1) by acceptance factorsA(Q1 ,p2uQ1 ,p1):
B~p2up1!5
1

2 H N~2,p2u1,p1!

A~2,p2u1,p1!N~1p1!
2

N~1,p2u1,p1!

A~1,p2u1,p1!N~1,p1!
1

N~1,p2u2,p1!

A~1,p2u2,p1!N~2,p1!

2
N~2,p2u2,p1!

A~2,p2u2,p1!N~2,p1!J . ~12!
nted
ld

s
e
r

the
the
The acceptance factor represents the probability that, giv
particle i satisfied the criteriap1, a second particle that sa
isfied p2 would be detected. Since the criteria (Q2 ,p2) may
depend on the individual particle that satisfied (Q1 ,p1), it
may be simpler to calculateA in terms ofai(Q2 ,p2) which
represents the acceptance into (Q2 ,p2) given the particular
particle i:

A~Q2 ,p2uQ1 ,p1!5

(
i PQ1 ,p1

ai~Q2 ,p2!

N~Q1 ,p1!
. ~13!

The acceptance probabilityai(Q2 ,p2) would be between
zero and unity. We note that the acceptance is effectiv
accounted for by performing a substitution for the denom
nators in Eq.~4!

N~Q1 ,P1!→ (
i PQ1 ,p1

ai~Q2 ,p2!. ~14!
a

ly
-

For the boost-invariant case above wherep2 referred to
the relative rapidity, and where the acceptance is represe
by simple step functions in rapidity, the probabilities wou
become

ai~p2!55
0, ymax2yi,Dy and yi2ymin,Dy,

1/2, ymax2yi,Dy and yi2ymin.Dy,

1/2, ymax2yi.Dy and yi2ymin,Dy,

1, ymax2yi.Dy and yi2ymin.Dy.
~15!

Given that the binsp2 would be of finite extent, the value
might differ from 1/2, 0 or unity if the bin straddled th
acceptance. For a boost invariant system, averaging oveyi
results in the simple correction factor (12Dy/Y) mentioned
previously.

In general, if the acceptance depends on where in
(Q2 ,p2) bin the second particle lies, one cannot calculate
2-3
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SANGYONG JEON AND SCOTT PRATT PHYSICAL REVIEW C65 044902
acceptance correction exactly without knowledge of
charge correlation which is unavailable except by measu
the balance function in sufficiently smallp2 bins such that
the acceptance is effectively uniform within the small bin
This may not be feasible due to statistics. It is our reco
mendation that such factorsai(Q2 ,p2) should be kept
simple. One can always correct theoretical results for
detector response by applying whatever factor is applied
the experimental analysis. Although comparisons with m
els could have been made without any correctio
acceptance-corrected balance functions can allow for a m
physical interpretation while not compromising the integr
of the analysis.

IV. BOSE-EINSTEIN CORRELATIONS AND BALANCE
FUNCTIONS

Although Bose-Einstein correlations only affect identic
particles at small relative momentum, they manifest the
selves in balance functions despite the fact that the binn
in balance functions typically covers a large volume in m
mentum space. In a related topic, Bose-Einstein correlat
@also known as the Hanbury Brown–Twiss~HBT! effect#
have been observed in rapidity correlations where all char
particles, both positive and negative, were used in the an
sis @12,13,7#. The manifestations of HBT in balance functio
derives from the fact that it induces a correlation betwee
given charge and all other charges, not just those that w
created to balance the given charge.

In balance functions the HBT effect should enhance
probability that same-charge particles have small rela
momentum, thus providing a dip in the balance function
small relative rapidity. In order to model this effect, we co
sider pairs of pions with momentapa and pb and opposite
charge that are created according to a boost-invariant the
distribution with a temperature of 190 MeV, thus rough
reproducing the pion spectra measured in Au1 Au collisions
at RHIC. In addition to the usual contribution to the balan
function betweenpa and pb , a second component derive
from the interaction with other pions from other pairs whi
in this case have momentapc andpd . The thermal distribu-
tion describing the first two particles was centered at z
rapidity, while the thermal distribution responsible for em
sion of the second pair was randomly chosen within64
units.

The particlespa and pc were assumed to have the sam
sign, as were the particles with momentapb andpd . A con-
tribution to the balance function was constructed using th
particles, but with a weight,

w5C11~pa ,pc!C22~pb ,pd!C12~pa ,pd!C21~pb ,pc!.
~16!

This accounts for the weight due to two-particle interactio
The correlation functions were simple functions
Qinv(pa ,pb)[A(pa2pb)2, which were generated by calcu
lating correlation functions for a spherically symmetr
Gaussian source of radius,Rinv57 fm, again crudely in line
with measurements at RHIC@14#. The weights were calcu
lated by averaging the squared relative wave function for
04490
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particles, including the Coulomb interaction between t
pions. The weight was multiplied by the number of su
pairs which came from assuming that there were 200 p
pairs per unit rapidity. Only a fraction,l50.7, of the pairs
were assumed to interact due to the fact that some p
would be created in long-lived decays. The acceptance of
STAR detector, and the fact that only a fraction of the pio
would truly be balanced by other pions~rather than by
charged kaons or other particles! was roughly accounted fo
by accepting only 60% of the particles with transverse m
menta between 100 and 700 MeV/c.

The resulting balance functions are displayed in Fig.
When the interaction between particles is neglected, the
sulting balance function falls monotonically, and has a wid
consistent with the temperature. The inclusion of the H
effect results in a large dip nearDy50, and an enhancemen
at somewhat largerDy. The dip derives from the enhance
ment of same-sign pairs which results in a negative con
bution to the balance function. Since the weight is assig
to the emission of thecd pair, the positive HBT weight con-
tributes to opposite sign pairs with equal strength, but
spread out over a wider range ofDy. Hence, the balance
function is slightly enhanced forDy;1/2 from HBT effects.

Also shown in Fig. 1 are calculations where the Coulom
interaction is included. Since Coulomb interactions result
attractions for opposite-sign pairs, and repulsions for sa
sign pairs, the dip due to HBT is mitigated.

Although the shape of the balance function is visibly
tered by the inclusion of two-particle interactions, the me
width changed by only a few percent. The strength of
distortion was proportional to the multiplicity, but the effe
is not necessarily weaker for peripheral events. This follo
because the HBT correction contributes with a strength p
portional toR23. Since the product ofdn/dy andR23 stays
roughly constant over a wide range of centralities in hea
ion collisions, the distortion due to interactions should n
appreciably affect the centrality dependence of the bala
function’s width.

V. COOLING AND TRANSVERSE EXPANSION

Balancing particles, when emitted in close proximity
one another, are separated in momentum space accordi

FIG. 1. The balance function from the simple thermal Bjork
model ~line! has been parametrized and filtered to roughly prov
rough consistency with measurements of STAR. The inclusion
HBT effects ~triangles! gives a dip at smallDy, while the extra
addition of Coulomb~circles! modifies the dip.
2-4
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BALANCE FUNCTIONS, CORRELATIONS, CHARGE . . . PHYSICAL REVIEW C 65 044902
the thermal properties of the breakup stage. Cooler brea
temperatures result in smaller thermal velocities and n
rower balance functions. Since the characteristic volume
heavy ion collision is much larger than the characteristic v
ume of app collision, breakup temperatures tend to be mu
lower, perhaps near 100 MeV as opposed to the;160 MeV
temperatures which describe spectra frompp collisions.

Thermal velocities are determined by the local tempe
ture and particle mass. For relativistic particles, the ther
velocity along the beam axis is a function of the particl
transverse mass, and is therefore affected by transvers
pansion. Thus, for a delayed-hadronization scenario, one
pects the balance function to become narrower for two r
sons: cooler temperatures and transverse expansion.

In order to illustrate the sensitivity of balance functions
the temperature and transverse collective flow we consid
simple thermal model where the collective velocities of t
thermal sources are determined by a simple thermal Bjor
model which incorporates transverse expansion. The co
tive transverse rapidities are chosen according to the di
bution

dN

ytdyt
5H const, v t,vmax,

0, v t.vmax.
~17!

Due to boost invariance, the longitudinal source rapidit
were chosen to be zero, which means that the transv
source rapidities are defined by

yt5
1

2
lnS 11v t

12v t
D , ~18!

wherev t is the transverse velocity of the source as measu
in a frame boosted along the beam axis such that the lo
tudinal rapidity of the source is zero.

Figure 2 displaysp1p2 balance functions for three pa
rameter sets. The lower panel presents results assumi
temperature of 160 MeV and no transverse expansion.
balance functions shown in the middle panel were calcula
assuming no transverse expansion but assuming a tem
ture of 105 MeV which is consistent with analyses fro
RHIC where the breakup temperature was determined
comparing pion and proton spectra. As expected, these
ance functions are narrower due to the reduced thermal
locities. The results of the upper panel also assume a t
perature of 105 MeV, but incorporate a transverse expan
velocity vmax50.77c. This velocity was chosen such that th
mean pt of the pions would equal that of the 160 Me
source where transverse expansion was neglected. It is
parent that the transverse expansion indeed results in a
ther narrowing of the balance function.

All three panels of Fig. 2 also illustrate the dependence
the balance functions with respect to the transverse of
pions. In addition to the calculations which assumed a p
fect detector finding all pions, balance functions were cal
lated where the criteriaD1 for gating on the first pion re-
stricts the first pion to be within a specific range of transve
momentum. For each parameter set, restricting the pio
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higher pt results in narrower balance functions as expec
given the higher transverse mass of the higherpt particles.

Balance functions are primarily determined by two fa
tors, the conditions at breakup~temperature and collective
flow! and the relative diffusion of the balancing charges t
takes place between the time of their creation and their em
sion. The discussion of this section has ignored the la
although it should be emphasized that the principal moti
tion for analyzing balance functions derives from the ques
observe the correlation in coordinate space between bal
ing charges. Finally, we point out that collective transve
flow should result in a correlation of the balancing pairs
relative pt and relativef in addition to the correlation in
rapidity. Thus, a multidimensional analysis of balance fun
tions should provide an additional means for either dispr
ing or corroborating models of hadronization and diffusio

VI. SUMMARY AND DISCUSSION

This paper covered several technical issues related to
ance functions. The conclusion of Sec. II is that charge fl
tuations can be related to balance functions in a straight
ward manner unless the average net charge is large. In
the charge fluctuation can be thought of as a measure o
integrated balance functionB(DyuY) from zero toY. In that
sense, it represents a one-component measure of the ba
function, just like the mean width.

Section III provided an illustration of how balance fun
tions can be created in such a way as to minimize sensiti
to experimental acceptance. Although the example addre
only problems with finite acceptance in rapidity where t
balance function was binned according to relative rapid

FIG. 2. Two-pion balance functions are shown for thermal mo
els with three parameter sets illustrating the narrowing of the b
ance function due to cooling and expansion. For each case cal
tions were performed with no gates on the conditional pion~line!, a
condition that pt,100 MeV ~squares!, 200 MeV/c ,pt

,300 MeV/c ~circles!, and 400 MeV/c ,pt,500 MeV/c ~tri-
angles!.
2-5
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SANGYONG JEON AND SCOTT PRATT PHYSICAL REVIEW C65 044902
the principles could be applied to balance functions in a
variables.

Section IV considered the inclusion of two-particle inte
actions into balance functions. The effects were shown to
quite visible at small relative rapidity. However, the width
the balance function was not significantly affected by
two-particle interactions. This is encouraging, as it justifi
interpreting balance functions as objects that statistic
identify balancing partners, while subtracting out contrib
tions from other pairs.

In the last section, the effect of cooling and transve
expansion on the balance function was studied. Cooler t
perature, with or without transverse expansion, resulted
narrower balance function by simply reducing the therm
velocity. In addition to the effect of cooler temperature, t
collective flow should provide additional correlations inpt
and f. To disentangle such effects from the effect of QG
requires more detailed study of multidimensional balan
functions.

So far in our analysis, we neglected in most part the eff
of resonances. Resonances affect the balance function in
ways. First, two balancing charges might be emitted from
same resonance and not interact with other hadrons be
detection. Examples of such decays aref→K1K2, r0
→p1p2, andv or h→p1p2p0. Such particles are typi
cally closer to one another in momentum space than bal
ing pariticles emitted from uncorrelated sources. Howev
one should stress that such effects also exist inpp collisions
,

on
://
Ci
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and the expectation is that the resonance fraction is lowe
heavy ion collisions since the breakup temperature is sign
cantly lowered. Of course one can imagine scenarios
which this fraction actually increases for HI collisions, e.
surplush mesons or the decay of a collective coherent st
as described in a disoriented chiral condensate scenario

The second way in which resonances would affect
balance function is when the balancing particles have in
actions with other particles through resonant interactio
The distortion of the single particle spectra clearly affects
balance function, but this can be accounted for in a ther
model by assigning a temperature to effectively provide
singles spectra consistent with experiment. More imp
tantly, resonances provide the predominant means for ine
tic reactions, e.g.,K1p0→K* →K01p1. This reaction
could reduce the normalization of theK1K2 balance func-
tion by shifting the balancing strangeness to a neutral ka
Incorporating such effects into a statistical model is n
trivial as absolute conservation of charge, strangeness,
isospin must be obeyed.
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