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Simultaneous optical model analyses of elastic scattering, breakup, and fusion cross section
data for the 6He¿209Bi system at near-Coulomb-barrier energies
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Based on an approach recently proposed by us, simultaneousx2 analyses are performed for elastic scatter-
ing, direct reaction~DR!, and fusion cross section data for the6He1209Bi system at near-Coulomb-barrier
energies to determine the parameters of the polarization potential consisting of DR and fusion parts. We show
that the data are well reproduced by the resultant potential, which satisfies the proper dispersion relation. A
discussion is given of the nature of the threshold anomaly seen in the potential.
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A great deal of effort has recently been focused on stud
of the so-called threshold anomaly@1,2# ~rapid energy varia-
tion in the strength of the optical potential! in heavy-ion
scattering induced, particularly, by very loosely bound p
jectiles such as6He @3#, 6Li @4–6#, and 9Be @7,8#. The ex-
perimental results accumulated so far indicate that the im
nary part of the optical potential,W(r ;E), extracted by the
analysis of the elastic scattering data, does not show suc
anomaly as is observed in the potentials for normal, tigh
bound projectiles. For tightly bound projectiles,W(r ;E) at
around the strong absorption radiusr 5Rsa is found to de-
crease rapidly as the incident energyE falls below the
Coulomb-barrier energyEc , and eventually vanishes at som
thresholdenergyE0. Contrary to this, for loosely bound pro
jectilesW(Rsa ;E) remains large at energies even belowEc
@3,5,6,8#.

The reason forW(Rsa ;E) being so large at low energie
has been ascribed to the weak binding of the extra neut
to the core nucleus, leading to breakup. In fact, the brea
cross sections have been measured for these projec
@9–11#, confirming that they are indeed large, even larg
than the fusion cross sections atE;Ec . It was argued@1#
that since the energy dependence of the polarization pote
due to the breakup must be weak, one might not be abl
observe a rapid energy variation inW(r ;E) when the
breakup cross section is larger than the fusion cross sec
as for loosely bound projectiles.

It was pointed out sometime ago@12# that the threshold
anomaly ofW(r ;E) observed for tightly bound projectile
might originate from the coupling of the elastic and fusi
channels. This is substantiated by the fact that the thres
energyE0 of W(r ;E) @i.e., the energy whereW(r ,E0)50]
agrees very well with that of the fusion cross sectionsF or,
more precisely, the threshold energy ofS(E)[AEsF @13#. It
is thus natural that if the breakup cross section is larger t
the fusion cross section and if one is concerned only with
total W(r ;E), the rapid change in the fusion cross secti
and the anomaly would not show up clearly in the to
W(r ;E).

It may thus be interesting to decompose the totalW(r ;E)
into the direct reaction~DR! and fusion parts,WD(r ;E) and
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WF(r ;E), respectively, and determine them separately@14#.
The aim of the present study is to make such a determina
of WD(r ;E) and WF(r ;E) by performing simultaneousx2

analyses of elastic scattering, DR~breakup!, and fusion cross
section data. We take the6He1209Bi system, for which data
are available not only for elastic scattering@3#, but also for
breakup@9# and for fusion@15#. Following Ref.@3#, we iden-
tify the breakup cross section with the DR cross secti
Optical model analyses of the elastic scattering and total
action cross section data have already been presente
Refs.@3,16,17#. The present analysis is thus an extension
the previous studies.

The optical potentialU we use has the following form:

U5UC~r !2@V0~r !1V~r ;E!1 iW~r ;E!#, ~1!

whereUC(r ) is the Coulomb potential, whose radius para
eter is fixed as a standard value ofr c51.25 fm, andV0(r ) is
the Hartree-Fock part of the potential, whileV(r ;E) and
W(r ;E) are, respectively, real and imaginary parts of t
so-called polarization potential@18# that originates from cou-
plings to reaction channels.W(r ;E) is assumed to have
volume-type fusion and a surface-derivative-type DR p
@14#. Explicitly, V0(r ) and W(r ;E) are given, respectively
by

V0~r !5V0f ~X0! ~2!

and

W~r ;E!5WF~r ;E!1WD~r ;E!

5WF~E! f ~XF!14WD~E!aD

d f~XD!

dRD
, ~3!

where f (Xi)5@11exp(Xi)#21, with Xi5(r 2Ri)/ai ( i 50,
D andF), is the usual Woods-Saxon function. The real p
of the polarization potential is also assumed to have DR
fusion parts:V(r ;E)5VF(r ;E)1VD(r ;E). Each real part
may be generated from the corresponding imaginary po
tial by using the dispersion relation@1#
©2002 The American Physical Society16-1
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Vi~r ;E!5Vi~r ;Es!1
E2Es

p
PE

0

`

dE8
Wi~r ;E8!

~E82Es!~E82E!
,

~4!

where P stands for the principal value andVi(r ;Es) is the
value of the potential at a reference energyE5Es . Later, we
will use Eq.~4! to generate the final real polarization pote
tials VF(r ;E) and VD(r ;E), after WF(r ;E) and WD(r ;E)
have been fixed fromx2 analyses. Note that the breaku
cross section may include contributions from both Coulo
and nuclear interactions, which implies that the direct re
tion potential includes both effects.

V0 in Eq. ~2! may have an energy dependence com
from the nonlocality due to the knockon-exchange contri
tion. We ignore such effects, however, in the present stu
as they are expected to be small for heavy-ion scatte
@18#, and simply use the potential determined for thea
1209Bi system atE522 MeV @19#, assuming that all the
unusual features of the scattering may be described by
polarization part of the potential, particularly by the DR pa
The parameters used forV0(r ) are V05100.4 MeV, r 0
51.106 fm, anda050.54 fm.

The unusual behavior of the elastic scattering and
data for loosely bound projectiles can most dramatically
seen in plots of the ratios of the elastic differential cro
section (dsE /dV) and the DR cross section (dsD /dV) to
the Rutherford scattering cross section (dsc /dV), i.e.,

Pi[
ds i

dV Y dsc

dV
5S ds i

dsc
D ~ i 5E or D !, ~5!

as a function of the distance of the closest approachD ~or the
reduced distanced) @20,21#, which is related to the scatterin
angleu by

D5d~A1
1/31A2

1/3!5
1

2
D0S 11

1

sin~u/2! D , ~6!

with

D05
Z1Z2e2

E
.

HereD0 is the distance of the closest approach in a head
collision (s wave!. Further, (A1 ,Z1) and (A2 ,Z2) are the
mass and charge of the projectile and target ions, res
tively, and E is the incident energy in the center-of-ma
system.

In Fig. 1, we present such plots for two incident energ
of E518.5 and 21.9 MeV@9#. As seen,PE is close to unity
for large d, but starts to decrease at an unusually large
tance ofd52.2 fm ([dI , interaction distance!. This value
is much larger than the usual value ofdI'1.6 fm for normal,
tightly bound projectiles@22#. On the other hand, it is re
markable that the sumPE1PD remains close to unity untild
becomes as small asd'1.7 fm, implying that the absorption
in the elastic channel up to this distance, and the unu
character of the scattering data, is due to the breakup.
d<1.7 fm, PE1PD becomes smaller than unity, which ma
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be ascribed due to fusion; in fact, in our recent paper@22#,
we have demonstrated that this is indeed the case.

Since the theoretical cross sections are not very sens
to the real polarization potential, we tentatively treat it in
rather crude way in carrying outx2 analyses; we simply
assumeVi(r ;E) has the same radial shape as the imagin
partWi(r ;E): Vi(r ;E)5Vi(E)@Wi(r ;E)/Wi(E)#, Vi(E) be-
ing the strength of the real potential. We then carry outx2

analyses treatingWF(E) and r D as adjustable parameter
keeping all other parameters fixed asVF53.0 MeV, r F
51.40 fm, aF50.55 fm, VD50.25 MeV, WD50.40 MeV,
andaD51.25 fm. In fixing these other parameters, prelim
nary analyses of the data were done with many sets of
rameter values. The above values are found as a possibl
of the optimal values. The necessity of varyingaD or r D as a
function ofE has been shown in previous studies@3,16#, and
in the present work we taker D as a variable parameter as
function of E, because choosingaD as an adjustable energy
dependent parameter led to much largerx2 values. In thex2

analyses, data for elastic scattering, angle-integrated
DR, and fusion cross sections atE514.3, 15.8, 17.3, 18.6
and 21.4 MeV are employed.

The values ofWF(E) andr D(E) fixed from thex2 analy-
ses are presented in Fig. 2 as open and solid circles, res
tively. Each set of circles can be well represented by@in MeV
and fm, respectively, forWF(E) and r D(E)]

WF~E!5H 0 for E<15.4,

1.25~E215.4! for 15.4,E<18.5,

4.00 for 18.5<E,

~7!

and

r D~E!5H 1.730 forE<14.0,

1.73020.03~E214.0! for 14.0,E<21.4,

1.508 for 21.4<E.

~8!

FIG. 1. The experimental elastic and DR probabilitiesPE and
PD , respectively, as functions of the reduced distanced for the
6He1209Bi system atEc.m.518.5 and 21.9 MeV. The data are take
from Ref.@9#. The thin lines connectingPi ( i 5E andD) values are
only to guide the eyes.
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Note that the threshold energyE0515.4 MeV, at which
WF(E)50, is set equal to that of the linear representation
S(E)5AEsF}(E2E0) discussed earlier. Kolataet al. @15#
found the value to be 15.4 MeV, which is used in Eq.~7!. At
this moment, we have no experimental data to fix onr D
values below 14.0 MeV and above 21.4 MeV. Thus, in E
~8!, we tentatively setr D(E) to be constant as 1.73 fm fo
E<14.0 fm and 1.508 fm forE>21.4 MeV. Note that the
values ofr D(E) at E518.6 and 21.4 MeV agree well with
those determined by Mohr@16#.

For a tightly bound system such as the16O1208Pb sys-
tem, no such energy dependentr D was needed in order to
reproduce the observed data@22#; only a slowly varying
energy-dependentWD was enough to reproduce them. Th
reason whyr D needs to be energy-dependent may be du
the change in the relative importance between the Coulo
and nuclear interactions. At the lower incident energi
Coulomb contributions become relatively more importa
causingr D to be larger. A somewhat similar energy depe
dence of the imaginary parts of the potentials is reported
Ref. @17#.

Equations~7! and~8!, together with other parameters us
for WF(r ;E) andWD(r ;E) as mentioned above, complete
fix the imaginary parts of the potential in the energy ran
betweenE514.0 and 21.4 MeV. In order to display the e
ergy dependence of the potentials, we present in the lo
panel of Fig. 3 the values ofWF(r ;E), WD(r ;E), and the
sum W(r ;E)5WF(r ;E)1WD(r ;E) at a strong absorption
radius r 5Rsa513.0 fm. It is remarkable thatWF(Rsa ;E)
plotted as the dotted line exhibits a threshold anom
~strong energy variation! similar to that observed for tightly
bound projectiles. However,WD(Rsa ;E) plotted as the
dashed line is rather flat as a function ofE and has a mag
nitude much larger~by about a factor of 5! thanWF(Rsa ;E).
Therefore, the threshold anomaly inWF(Rsa ;E) does not
manifest itself in the totalW(Rsa ;E) plotted as the solid
line.

FIG. 2. The values ofWF(E) ~upper panel! and r D(E) ~lower
panel! extracted from thex2 analyses are plotted as the open a
solid circles, respectively. The solid lines represent Eqs.~7! and~8!.
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In order to generate the real part of the polarization p
tential by using dispersion relations, we need to know
imaginary potential in the entire range ofE. Equation~7!
with aF50.55 fm andr F51.40 fm is enough for calculat
ing WF(r ;E) in the entireE range. For the fusion potentia
since the geometrical parameters are energy independen
dispersion relation is reduced to that for the strength par
etersVF(E) andWF(E), and the closed form for the expres
sion has already been obtained@1# as

VF~E!5Vs~Es!1
1

p
WF~Eb!@eb lnuebu2ea lnueau#, ~9!

where

ea5
~E2Ea!

~Eb2Ea!
, eb5

~E2Eb!

~Eb2Ea!
, ~10!

with Ea515.4 MeV andEb518.5 MeV. The value chosen
for Vs(Es) is 3.0 MeV atEs518.5 MeV.

For WD(r ;E), some care must be taken with the mag
tude. To do the initialx2 analyses, we usedWD50.4 MeV
with aD51.25 fm in fixing ther D(E) values as given by Eq
~8!. The constant value ofWD(E)50.4 MeV, however, can-
not be used at very low energies, since the DR cross sect
are expected to be extremely small in that energy region.
systematics of the data suggests thatsD may become essen
tially zero for E<10 MeV. We thus assume thatWD(E) in-
creases linearly from zero at 10 MeV to the value of 0
MeV at E514.0 MeV. The strengthWD(E) and the radius
r D(E) parameters in the entire energy rangeE can then be
rewritten as

FIG. 3. The real~upper panel! and the imaginary~lower panel!
parts of fusion~dotted line! and DR ~dashed line! potentials as
functions ofE at the strong absorption radiusr 5Rsa513.0 fm. The
sums of fusion and DR potentials are plotted as the solid lines.
real parts of the potentials are calculated by using Eq.~9! for VF(E)
and Eq.~12! for VD(E).
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WD~E!55
0.0,

0.1~E210.0!,

0.40,

0.40,

r D~E!55
1.730 forE<10.0,

1.730 for 10.0<E<14.0,

1.73020.03~E214.0! for 14.0<E<21.4,

1.508 for 21.4<E.
~11!

Together withaD51.25 fm, Eq.~11! now definesWD(r ;E)
in the whole range ofE.

In generating the real part of the DR potential,VD(r ;E),
by using the dispersion relation, we introduce an additio
simplification of approximating the energy dependence
WD(r ;E) betweenE514.0 and 21.4 MeV, wherer D(E)
changes withE. We assumeWD(r ;E) to be a quadratic func
tion of E at each radial pointr: WD(r ;E)5a1b(E2Eb)
1c(E2Eb)2. Note thata, b, and c depend onr. We have
confirmed that the approximation is accurate. Once this
done, the integration overE involved in Eq.~4! can be car-
ried out analytically and one can get a closed form
VD(r ;E),

VD~r ;E!5Vs~r ;Es!1
1

p
WD~r ;Eb!@eb lnuebu2ea lnueau#

1
1

p
@WD~r ;Ec!2WD~r ;Eb!#@ec8 lnuec8u2eb8 lnueb8u#

1
2

p
@WD~r ;Ec!1WD~r ;Eb!22WD~r ;Em!#

3@ec8eb8~ lnuec8u2 lnueb8u!1eb8#, ~12!

whereea andeb have the same form as defined in Eq.~10!
with Ea510.0 MeV andEb514.0 MeV and

eb85
~E2Eb!

~Ec2Eb!
, ec85

~E2Ec!

~Ec2Eb!
, ~13!

with Ec521.4 MeV andEm5(Eb1Ec)/2.
Using the polarization potentials thus generated we p

form the final calculations for elastic scattering, total D
and fusion cross sections and present the results in Fig
and 5 in comparison with the data. The data are fairly w
reproduced by the calculations. The final calculated cr
sections are essentially the same as those obtained in
initial x2 analysis, implying that the calculated cross sectio
do not sensitively depend on the real polarization poten
as we assumed in carrying out thex2 analysis. We note tha
the fits to the elastic scattering and reaction cross sect
~sum of the DR and fusion cross sections! are essentially the
same as those obtained in Ref.@3#. The fit to the elastic
scattering data at the lowest energyE514.3 MeV is the
worst among those shown in Fig. 4, but can be improve
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we carry out ax2 analysis including only the elastic scatte
ing data as the data to be reproduced. We made suc
analysis, finding that the data were very well reproduc
with r D51.93 fm, much larger thanr D51.72 fm obtained
earlier. The DR cross section calculated with thisr D
51.93 fm, however, turned out to besD5540 mb, about 3
times larger than the experimental value. This implies t
one cannot improve the simultaneous fit to both the ela
and DR data any further.

Much interest has been drawn recently to the question
whether a large breakup of loosely bound projectile enhan
or reduces the fusion cross section@23#. There are two com-
peting physical effects involved: one is the coupling with t
breakup channel which lowers the fusion barrier and th
enhances the fusion cross section. The other is the rem
of the flux from the elastic into the breakup channel whi
should reduce the fusion cross section.

FIG. 4. The ratios of the elastic scattering cross sections
Rutherford cross sections, calculated with our final optical poten
for the 6He1209Bi system in comparison with the experiment
data. The data are taken from Ref.@3#.

FIG. 5. The calculated DR and fusion cross sections with
final optical potential for the6He1209Bi system in comparison with
the experimental data. The data are taken from Refs.@3,15#.
6-4
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In the present treatment, the above two competing effe
are described by means of the real@VD(r ;E)# and imaginary
@WD(r ;E)# parts of the DR potential. The effects can thus
quantitatively estimated by carrying out the calculations
the fusion cross sections excluding either one ofVD andWD
or both, and by comparing the resultant fusion cross sect
to the full calculation results. Indeed, we calculatedsF by
setting onlyVD equal to 0, onlyWD equal to 0, and bothVD
andWD equal to 0 and took the ratios of thus calculatedsF
to the final theoreticalsF shown in Fig. 5. Such ratios ar
given in Table I. As seen, when we setVD50, the resultant
ratios become smaller than unity, showing thatVD indeed
enhancessF . The magnitude of the enhancement factor
however, rather small, at most 20%. As expected, when
setWD50, the ratios become larger than unity, which mea
that the flux loss due toWD reduces the fusion cross sectio
The reduction factor amounts up to 50%, larger than
enhancement factor due toVD . Therefore, the net effect is
reduction in the fusion cross section. This is seen in
numbers listed in the last column of Table I, which are
larger than unity. An interesting feature here is that the

TABLE I. Various ratios of fusion cross sections.

Ec.m.

~MeV! sF(VD50)/sF sF(WD50)/sF sF(VD5WD50)/sF

14.3 0.97 1.10 1.06
15.8 0.86 1.22 1.04
17.3 0.82 1.41 1.13
18.6 0.83 1.51 1.23
21.4 0.91 1.50 1.38
e

C

n-
l.

r-
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duction factor increases as the incident energy increa
This tendency may be understood from what we have
cussed earlier that breakup takes place more inside
nucleus with increasingE and thus the region where the flu
is lost in the elastic channel overlaps more with the reg
where fusion takes place. At extremely low energy ofE
514.3 MeV, though the breakup cross section is still ve
large, the effect on the fusion cross section is small. Thi
due to the fact that at this energy breakup is dominated
the Coulomb interaction and thus causes very little effects
fusion.

In summary, we have carried out simultaneousx2 analy-
ses of elastic scattering, DR~breakup!, and fusion cross sec
tions for the6He1209Bi system at near-Coulomb-barrier en
ergies within the framework of an optical model th
introduces two types of imaginary potentials, for DR a
fusion, and determined the parameters of these potent
The results indicate that the fusion potential exhibits
threshold anomaly very similar to that observed for tigh
bound projectiles, but the magnitude of the fusion poten
at around the strong absorption radius is much smaller t
the imaginary DR potential that does not show such
anomaly. Therefore, the resulting total imaginary poten
does not show the anomaly.
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