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Wobbling excitations in odd-A nuclei with high-j aligned particles

Ikuko Hamamoto
Department of Mathematical Physics, Lund Institute of Technology at the University of Lund, Lund, Sweden

~Received 27 November 2001; published 12 March 2002!

Using the particle-rotor model in which one high-j quasiparticle is coupled to the core of triaxial shape,
wobbling excitations are studied. The family of wobbling phonon excitations can be characterized by:~a! very
similar intrinsic structure while collective rotation shows the wobbling feature;~b! strong B(E2;I→I 21)
values forDnw51 transitions wherenw expresses the number of wobbling phonons. For the Fermi level lying
below the high-j shell with the most favorable triaxialityg'120°, the wobbling phonon excitations may be
more easily identified close to the yrast line, compared with the Fermi level lying around the middle of the
shell with g'230°. The spectroscopic study of the yrast states for the triaxial shape with260°,g,0 are
illustrated by taking a representative example withg5230°, in which a quantum number related with the
special symmetry is introduced to help the physics understanding.

DOI: 10.1103/PhysRevC.65.044305 PACS number~s!: 21.10.Re, 23.20.2g
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I. INTRODUCTION

The nuclear wobbling mode, which is uniquely related
triaxiality of nuclear shape@1#, has been experimentall
searched for years without success. Very recently@2#, a firm
evidence for the wobbling excitation has been obtained in
high-spin states of the nucleus71

163Lu92. In the wobbling mo-
tion described in the text book, for example, in Ref.@1#, the
only angular momentum in the system is the total angu
momentum. In contrast, the possible presence of the ang
momentum coming from the intrinsic motion can in ma
ways make the nuclear wobbling mode much richer in
structure. A microscopic description of the nuclear wobbli
motion was attempted first in Ref.@3#. The presence of high
j aligned particles favors a particular~triaxial! shape@4# and
produces a unique pattern of electromagnetic transitions
tween bands@5#. The states with high-j aligned particles can
lie in the neighborhood of the yrast line, because of the re
tively small rotational energy needed for constructing a giv
angular momentum due to the aligned particles.

In Ref. @2# the electromagnetic properties of several co
necting transitions between two presumably triaxial, stron
deformed~TSD! bands in71

163Lu92 have been studied in de
tail. The intrinsic structure of those TSD bands is understo
as containing aligned high-j ( i 13/2) protons. The assignmen
of the excited TSD2 band as a wobbling mode built on
yrast TSD1 band is established based on, among others
observed largeB(E2) values of the transitions from theI
11 state in TSD2 to theI state in TSD1, which are in goo
agreement with the result of the particle-rotor calculations
Ref. @6# the observation of two other TSD bands, TSD3 a
TSD4, is reported and the possibility of TSD3 being t
two-phonon wobbling excitations is suggested. The sugg
tion is based, at the moment, on the agreement of obse
B(E2) values of theI→I 22 transitions from TSD3 to
TSD1 with the values calculated in the particle-rotor mod
in addition to the observed moments of inertia and alig
ments of very similar magnitudes in those TSD bands
further confirmation of largeB(E2) values of the transitions
from the I 11 state in TSD3 to theI state in TSD2 is abso
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lutely needed for establishing TSD3 as the two-phonon w
bling mode. The analysis of experimental data to extract
B(E2) values is at present under way@7#.

In Ref. @5# it is pointed out that the wobblinglike mode o
the collective angular momentum of the core, which is bu
on the yrast favored-signature (a f) band, may appear as th
yrast unfavored-signature (au) band in odd-A nuclei when
the high-j shell is half-filled with the triaxial shape o
g5230°. ~We use the Lund convention@8# of g values in
rotating nuclei.! The negative-parity yrast states at relative
low spins of odd-Z rare-earth nuclei, of which the configu
rations consist of one alignedh11/2 proton coupled to the
even-even core, satisfy the necessary condition for the
pearance of the wobbling mode, if the triaxial shape w
g'230° is supported also by the core. A characteristic f
ture of the level scheme along the yrast line in connect
with the appearance of the wobbling mode or a triaxial sh
is that the yrareau state may appear energetically lower th
the yrarea f state@5,9#. To our knowledge, the trace of th
wobbling mode was never experimentally identified in t
rare-earth odd-Z nuclei. On the other hand, recent expe
mental data on the negative-parity states in proton-rich o
N Xe isotopes@10# exhibit the characteristic level scheme f
a triaxial shape at relatively low spins. Those negative-pa
states are supposed to be consisting of one alignedh11/2 neu-
tron coupled to the triaxial even-even core, in which theh11/2
shell is nearly half-filled. Thus, a question naturally aris
whether the wobbling mode can be identified in those
isotopes. In Ref.@11# the microscopic model of nuclear wob
bling motion of Ref.@3# is further developed and, then, nu
merical calculations are performed for several even-even
clei including 54

124Xe70. However, it is not clear that the
numerical solution presented in Ref.@11# can be interpreted
as a wobbling mode.

In Refs.@2,6# it is shown that the presently available da
on the TSD2 band of163Lu can be nicely interpreted in term
of wobbling excitation withnw51 built on the yrast TSD1
band, using the particle-rotor model in which onei 13/2 qua-
siproton is coupled to the core of triaxial shape w
g'120°. In the present work we further analyze the natu
©2002 The American Physical Society05-1
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IKUKO HAMAMOTO PHYSICAL REVIEW C 65 044305
of the states along the yrast line obtained from the parti
rotor model, taking the most favorable triaxial shape fo
given degree of high-j shell filling. We are interested in
the triaxial shape in three regions,2120°,g,260°, 260°
,g,0°, and 0°,g,160°. In contrast to the cranking ap
proximation, theg values in our case are defined in conne
tion with the axis of the largest moment of inertia. This
because in the particle-rotor model the components of
lective rotation about other axes are not vanishing for a
axial shape so that the total angular momentum is a g
quantum number.

In Sec. II the model and formulas are briefly present
while numerical results and discussions are given in Sec.
Conclusions and further discussions are given in Sec. IV

II. MODEL AND FORMULAS

Our intrinsic Hamiltonian is written as

Hintr5(
n

~en2l!an
†an1

D

2 (
m,n

d~m̄,n!~am
† an

†1anam!,

~1!

where D is the pair-correlation parameter in the BCS a
proximation anden expresses the one-particle energies fo
potentialV. For a singlej shell we can write the triaxially
deformed quadrupole potential in the form

V5
k

j ~ j 11!
$@3 j z

22 j ~ j 11!#cos g1A3~ j y
22 j x

2!sing%,

~2!

wherek, which is proportional to the size of the quadrupo
deformationb2, is used as energy unit@12#. In order to ob-
tain the relation between the degree of high-j shell filling and
the favored intrinsic shape, we use for simplicity the cran
ing model. The cranking Hamiltonian is written as

HCR5Hintr2\v j x , ~3!

taking thex axis as the cranking axis. It is shown@4# that for
a given value of~l,D,v! the quasiparticle energy ofHCR is a
minimum for j x5 j and theg value determined by

22 cos~g260°!5l/k for 22,l/k,2, ~4!

wherel expresses the degree of shell filling. We note that
one-particle energy eigenvaluesen of the potential~2! for a
single-j shell lie well inside the region of22,(en /k),2.
~See, for example, Fig. 12.! Examples given by the relatio
~4! are

g55
280° for l/k511.532,

230° for l50,

0 for l/k521.0,

120° for l/k521.532.

~5!

The half-filled shell,l50, may approximate the case of e
ther h11/2 protons inb-stable rare-earth nuclei orh11/2 neu-
trons in proton-rich Xe isotopes. On the other hand,l/k
04430
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521.532 for g5120° expresses the Fermi level place
below the lowest one-particle energy eigenvalue in the hi
j shell, whilel/k511.532 forg5280° corresponds to the
Fermi level placed above the highest one-particle energy
genvalue. The former expresses the situation ofj 5 i 13/2 pro-
tons for the TSD bands of163Lu.

In order to understand the wobbling motion that cannot
described by the simple cranking model, we use the parti
rotor model, in which one high-j quasiparticle is coupled to
the rotor. The particle-rotor Hamiltonian is written as

HPR5Hintr1 (
k5x,y,z

\2

2Ik
Rk , ~6!

where RW 5 IW2 jW expresses the collective rotational angu
momentum of the core. Employment of the hydrodynami
moments of inertia

Ik5
4

3
I0 sin2S g1

2

3
pkD , ~7!

where the suffixk ~51,2,3! on the right-hand side should b
understood ask (5x,y,z) on the left-hand side, automat
cally restricts ourselves to the rotation with260°,g,0°.
Namely, the largest moment of inertia and, consequently,
largest component of collective rotational angular mom
tum is the one along the intermediate axis of the triax
nuclear shape. In order to get a rotation withg.0 in the
particle-rotor model, we exchange@13# the moments of iner-
tia, Ix andIy , obtained from the hydrodynamical model. F
example, kI0590 with g5120° meanskIx5116, kIy
550, andkIz514, so that the system rotates mainly abo
the x axis, which is the shortest axis of theugu520° triaxial
shape@1#. In order to get a rotation withg,260° in the
particle-rotor model, we also make a proper exchange of
components of moments of inertia so that the system rot
mainly about the longest axis of the triaxial shape.

Using the wave functions obtained from the particle-ro
model, we calculateR, Rx , and j x defined by

R~R11![^Rx
2&1^Ry

2&1^Rz
2&,

Rx[A^Rx
2&,

j x[A^ j x
2&, ~8!

where^ & expresses the expectation values. BothI and j are
good quantum numbers in the present model, whileR is not.

The magnetic dipole (M1) operator is written as@1#

M ~M1,m!5A 3

4p

e\

2Mc
~gRRm1gl l m1gssm!

5A 3

4p

e\

2Mc
@gRI m1~gl2gR!l m1~gs2gR!sm#.

~9!

SincegR is taken to be a constant, the contributions toM1
transitions come from the second and third terms in Eq.~9!.
We note that in the wobbling mode described in the t
5-2
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WOBBLING EXCITATIONS IN ODD-A NUCLEI WITH . . . PHYSICAL REVIEW C 65 044305
book @1#, in which the intrinsic angular momenta are abse
the anisotropy of theg factor is needed in order to obtai
nonvanishingM1 transitions. The expressions ofB(M1)
values in the presence of the anisotropy of theg factor can be
found in Ref. @11#, in which the theoretical formulation o
rotating triaxial nuclei is taken from Ref.@14#.

For l50.0 andg5230° together with hydrodynamica
moments of inertia the Hamiltonian~6! for one quasiparticle
coupled to the rotor is invariant under a rotation ofp/2 about
the x axis @5#. That means, the wave function of each st
has components with eitherRx50,64,68, . . . or Rx5
62,66,610, . . . .Thus, we define the quantum number

r H[expS i

2
pRxD5H 1 for Rx50, 64, 68, . . . ,

21 for Rx562, 66, 610, . . . .
~10!

Due to the presence of ther H quantum number,E2 transi-
tions occur either by the quadrupole operatorQ̂0 or by Q̂2
where the quantization axis is thex axis of the intrinsic
system. Using the quadrupole moment defined in the int
sic system@1#, Q0[^(k(2z22x22y2)k&5(4/5)ZR2b cosg
and Q2[^A3/2(k(x

22y2)k&5(4/5A2)ZR2b sing where
0°<g<60°, we write

Q̂m5Dm0
2 Q01~Dm2

2 1Dm22
2 !Q2, ~11!

which leads toQ̂0}sin(g130°) andQ̂2}cos(g130°) when
we use the Lund convention@8# of g values defined for
2120°<g<160°. The M1 transitions between the state
with different r H quantum numbers are strictly forbidde
while theE2 transitions between the states with the samer H

quantum number are performed by the operatorQ̂0 and thus
vanish sinceQ̂050 for g5230°.

III. NUMERICAL RESULTS AND DISCUSSIONS

In the following we restrict the presentation of our n
merical results mostly to the two sets of parameters:~g
5120° andl/k521.532! and ~g5230° andl50.0!. The
intrinsic shape has the largest triaxiality forugu530°. The
result for the parameter set,~g5280° and l/k511.532!,
can be obtained from that for the set,~g5120° and l/k
521.532!, using the symmetry relation between the
Moreover, the states with2120°,g,260° seldom appea
around the yrast line. The case of~g5230° andl/k50.0!
is taken as a representative for the triaxial shape with260°
,g,0°, since the result for the shape with large triaxiality
the region of240°&g&220° remains qualitatively the sam
as that forg5230°.

In order to obtain a simplified intuitive picture, in numer
cal calculations of the present work we use a pairing par
eter and moments of inertia, both of which are independ
of angular momentumI: D/k50.3 andkI0590. Those val-
ues are chosen so that the observed level scheme of
TSD1 and TSD2 in163Lu is, on the average, reproduce
using a proper value ofk @2,6#. Though numerical results in
the present work are given forj 5 i 13/2, it is straightforward
04430
t,

e

-

.

-
nt

oth

to convert them into the case of, for examplej 5h11/2, since
we express the results in terms of signature quantum n
bers,a f and au . We designate the yrast, yrare, . . . , states
with favored ~unfavored! signature bya f 1 , a f 2 , . . . (au1 ,
au2 , . . . ).

A. The case ofgÄ¿20° and lÕkÄÀ1.532

In Fig. 1 the energies calculated in our particle-rot
model are shown as a function ofI. The figure should be
taken as a qualitative one, since the constant parametersD
andI0 are used and sincêHintr& may in practice obtain an
appreciable contribution by particles in shells other than
high-j shell.

In Fig. 2 we compare calculated values ofR, Rx , and j x
of the a f 1 , au1, anda f 2 bands, respectively. It is seen th
the values ofR for a givenI (.23/2) are not so different in
those three bands, while the average angle betweenRW and the
x axis is nearly zero in thea f 1 band, appreciable in theau1
band, and larger in thea f 2 band. In theau3 band the angle is
even larger than that of thea f 2 band, while in Ref.@6# it is

FIG. 1. Energies calculated usingg5120°, l/k521.532,D/k
50.3, andkI0590 are plotted as a function ofI. The favored
signature (a f) bands are connected by solid lines, while the un
vored signature (a f) bands by dotted lines.

FIG. 2. Calculated values ofR, Rx , and j x , which are defined
by Eq.~8!, are plotted for thea f 1 , au1, anda f 2 bands, of which the
properties show approximately those of the wobbling phonon e
tations withnw50, 1, and 2.
5-3
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IKUKO HAMAMOTO PHYSICAL REVIEW C 65 044305
shown that the angle is nearly zero for theau2 band. It is
observed thatj x values decrease only slightly, as we go fro
the a f 1 band to theau1 anda f 2 bands. In Fig. 3 the expec
tation value ofHintr as a function ofI is shown for thea f 1 ,
a f 2 , a f 3 , au1 , au2, andau3 bands. It is seen that thea f 1 ,
au1 , a f 2, andau3 bands have clearly the lower expectati
values ofHintr for high spins,I .19/2.

As explained in Refs.@5,2,6#, the coupling scheme of th
quasiparticle and core angular-momenta in thea f 1 and au1
bands is understood by the schematic illustration in Fig
where the collective rotation about thex axis is energetically
cheapest. In the lowest favored-signature band (a f 1) with
the fully aligned particle the rotation of the core about t
axis of the largest moment of inertia is energetically che
est. If the triaxial shape is strongly favored in energy by
fully aligned high-j particle, theau state, which consists o
the fully aligned particle and a wobbling motion of the co
lective rotational angular momentum of the core, may
come very low in energy. When the gain in the intrins

FIG. 3. Calculated expectation values ofHintr in Eq. ~1! in the
lowest three bands witha f and those withau are shown for
g5120°, l/k521.532,D/k50.3, andkI0590.

FIG. 4. Schematic illustration of the coupling scheme of t

angular momenta of the high-j particle jW and the coreRW in the yrast
favored~I! state and the yrast unfavored (I 61) states of the wob-
bling excitation (nw51). Thex axis is the axis of the largest mo
ment of inertia of the core, about which collective rotation is en

getically cheapest. The total angular momentum isIW5RW 1 jW.
04430
,

-
e
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energy of the high-j particle wins against the loss in th
collective rotation energy of the core, the wobbling mod
which is sketched in Fig. 4, becomes the lowestau state
(au1). We note that in the simple cranking picture the ang
lar momentum of collective rotationRW is parallel to thex axis
~similar to the situation in theau2 band@6#!, while the par-
ticle angular momentumjW in theau bands is always tilted. It
should also be remarked that for an axially symmetric sh
the collective rotation can occur only about the axis perp
dicular to the symmetry axis. Then, the wobbling motion
RW illustrated for theau bands in Fig. 4 is not possible.

The au states in Fig. 4 illustrate the one-phonon (nw
51) wobbling mode built upon the yrasta f state. If the
triaxial shape is energetically strongly favored by the fu
aligned high-j particle, one may expect that the two-phon
(nw52) wobbling excitation may appear as a low-lyinga f

band, in which jW is almost fully aligned whileRW is tilted
from thex axis more than in theau (nw51) band. Examin-
ing Fig. 2 we may interpret thea f 2 band as thenw52 wob-
bling excitation. Furthermore, evaluating the average an
betweenRW and thex axis indicates that theau3 band may be
regarded as a candidate for the three-phonon (nw53) wob-
bling mode. The nature of many-phonon wobbling exci
tions should further appear in the electromagnetic de
properties, which in the absence of anharmonicity can
estimated by using those of one-phonon wobbling excitati

In Refs.@2,6# we compare theDI 51, E2/M1 transitions
in the wobbling regime, from the (au , nw51) band to the
yrast (a f , nw50) band, with those in the case of theau
band being in the cranking regime. It is found that the s
nature dependence~or the zigzag pattern! of bothB(E2) and
B(M1) values in the wobbling regime is out of phase co
pared with that in the cranking regime. In the wobbling r
gime theDI 51 transition is dominated byE2 and not by
M1. Namely, theB(E2;I→I 21) values are the order of 1/I
in the limit of high I values@1#, since the wobbling ampli-
tude is the order of 1/AI . The B(E2;a f ,nw50,I→au ,nw
51,I 21) values are reduced because the contributions f
Q0 andQ2 for g5120° almost cancel with each other, whi
B(M1;a f ,nw50,I→au ,nw51,I 21) values are reduced
because ofDRx'2\ as seen in Fig. 4.

In Fig. 5 we show the calculatedB(E2;nw ,I→nw21,I
21)/B(E2;nw ,I→nw ,I 22) values between all pairs
which are the candidates forDnw51 pairs in the presen
calculation. Though theseB(E2) values have a zigzag pa
tern as a function ofI ~as shown in Fig. 9!, we have here
plotted and connected only the largerB(E2) values. For
g5120° those plotted in Fig. 5 are always for theE2 tran-
sitions with larger transition energies between the signa
partners and thus can be more easily measured. In Ref@2#
it is shown that the values ofB(E2;au1 ,I→a f 1 ,I 21)/
B(E2;au1 ,I→au1 ,I 22) in Fig. 5 plotted by filled circles
with solid lines are in good agreement with th
measured B(E2;TSD2,I→ TSD1,I 21)/B(E2;TSD2,I ,
→TSD2,I 22) values in163Lu. In the absence of anharmo
nicity one expects the relationB(E2;nw ,I→nw21,I 21)
'nwB(E2;nw51,I→nw50,I 21) due to the boson natur
of the wobbling phonon. Taking the ratio of the values e

-
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WOBBLING EXCITATIONS IN ODD-A NUCLEI WITH . . . PHYSICAL REVIEW C 65 044305
pressed by the solid, dashed, and dotted curves in Fig. 5
find that anharmonicity inB(E2) values is considerable
Nevertheless, the nature of many-phonon wobbling exc
tions with nw51, 2, and 3 in theau1 , a f 2, andau3 bands,
respectively, can be traced by the unusually largeB(E2;I
→I 21) values at those high spins.

It is also very interesting to note that the intrinsic a
rotational structure of thea f 3 band atI .25/2 can be under
stood as the one-phonon (nw51) wobbling excitation built
on theau2 band, which belongs to the cranking regime@6#.
First of all, theB(E2;a f 3 ,I→au2 ,I 21) values are found to
be large and of the same order of magnitude of
B(E2;au1 ,I→a f 1 ,I 21) values. Second, the average an

betweenRW and thex axis in thea f 3 band atI .25/2 indicates
the characteristic feature of one-phonon wobbling excitati
Third, the expectation values of the intrinsic Hamiltonian
the au2 anda f 3 bands are indeed very similar, as shown
Fig. 3.

FIG. 5. Calculated B(E2;nw ,I→nw21,I 21)/B(E2;nw ,I
→nw ,I 22) values between the bands, (nw50,a f 1), (nw

51,au1), (nw52,a f 2), and (nw53,au3), are shown forg5120°,
l/k521.532. Though theB(E2;nw ,I→nw21,I 21) values have a
signature dependence~zigzag pattern! as a function ofI, only the
largerB(E2) values are plotted.

FIG. 6. Energies calculated usingg5230°, l/k50.0,D/k50.3,
and kI0590 are plotted as a function ofI. The favored signature
(a f) bands are connected by solid lines, while the unfavored
nature (a f) bands by dotted lines.
04430
e
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B. The case ofgÄÀ30° and lÕkÄ0.0

In Fig. 6 the calculated energies are shown as a func
of I. The au1 andau2 bands cross with each other betwe
I 531/2 andI 535/2. The interaction between theau1 and
au2 bands is vanishing, since the states with the sameI in the
two bands have differentr H quantum numbers.

In Fig. 7 we compare calculated values ofR, Rx , andj x in
the a f 1 andau1 bands, while in Fig. 8 those in thea f 2 and
au2 bands. Examining both the relative magnitudes ofR and
Rx and the absolute magnitude ofj x , it is clearly seen that
the au1 band forI<31/2 and theau2 band forI>35/2 have
the nature of one-phonon wobbling excitation built on t
yrasta f 1 band. In contrast, in theau1 band forI>35/2 and
theau2 band forI<31/2 we find the relationR'Rx , which
indicates the structure in the cranking regime. At low sp
of the a f 2 band we findR.Rx , while at higher spins the
relation gradually changes intoR'Rx . The nature of the
bands close to the yrast line calculated for the present se
parameters seems to be much more complicated than th
the preceding subsection. Correspondingly, it is not eas
identify the candidates for thenw52 and 3 excitations in the
case ofg5230°, even when the most favorable degree
the high-j shell filling is chosen.

The coupling scheme of the quasiparticle and core ang
momenta in the (a f , nw50) and (au , nw51) bands, which

-

FIG. 7. Calculated values ofR, Rx , and j x , which are defined
by Eq. ~8!, are plotted for thea f 1 andau1 bands.

FIG. 8. Calculated values ofR, Rx , and j x , which are defined
by Eq. ~8!, are plotted for thea f 2 andau2 bands.
5-5
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IKUKO HAMAMOTO PHYSICAL REVIEW C 65 044305
is sketched in Fig. 4, is valid also forg5230°. However, the
zigzag pattern ofB(E2;I→I 21) values for the wobbling
excitations as a function ofI is out of phase compared wit
the case of the previous subsection. Namely, in the cas
g5230° the B(E2;a f ,nw50,I→au ,nw51,I 21) values
are large because the contributions fromQ0 and Q2 coher-
ently contribute to theE2 transitions, whileB(E2;au ,nw

51,I 11→a f ,nw50,I ) values are proportional to (Q̂0)2,
which vanishes forg5230°.

C. Comparison between the cases of„gÄ¿20°
and lÕkÄÀ1.532… and „gÄÀ30° and lÕkÄ0.0…

In Fig. 9 the calculatedB(E2;I→I 21)/B(E2;I→I
22)in values between the lowest-lying bands are shown a
function of I. The largerB(E2;I→I 21) values in the zigzag
pattern expressed by the filled~open! squares forI ,35 (I
.35), of which the larger values vary from 0.22 to 0.09
are for theDnw521 transitions forg5230°. Those values
are about a factor of 2 smaller than filled circles, which a
for the Dnw521 transitions forg5120°, simply because
theB(E2;I→I 22)in values are about a factor of 2 larger f
g5230° than forg5120°. TheB(E2;I→I 21) values for
theDnw521 transitions are indeed about the same orde
magnitudes for bothg values. It is seen that the smalle
B(E2;I→I 21) values in the zigzag pattern are small f
g5120°, while those forg5230° are exactly zero due t
the r H quantum number. TheB(E2;I→I 21) values in the
zigzag pattern expressed by open~filled! squares forI ,35
(I .35) are for the transitions in the cranking regime f
g5230°, in which the zigzag pattern is out of phase co
pared with wobblingDnw521 transitions for the same
value ofg5230°. It is also noted that the zigzag pattern
the B(E2;nw51,I→nw50,I 21) values in the wobbling re
gime is out of phase betweeng5120° andg5230°

When theau1 band belongs to the cranking regime, t
characteristic features in theDI 51 electromagnetic transi
tions between theau1 and a f 1 bands, which are valid irre
spective ofg values, are summarized as follows@2,6#: ~a! the
B(E2;I→I 21) values are the order of 1/I 2 in the limit of

FIG. 9. CalculatedB(E2;I→I 21)/B(E2;I→I 22)in values
between the lowest-lying bands as a function ofI. For g5230° the
au1 andau2 bands cross with each other betweenI 531/2 and 35/2.
See the text for details.
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largeI values;~b! B(M1;a f 1 ,I→au1 , I 21) values are rela-
tively large being of the order of 1mN

2 , while B(M1;au1 ,I
11→a f 1I ) values are reduced.

In Fig. 10 theB(M1;I→I 21) values calculated using
gs

e f f50.6gs
f ree are plotted for the transitions between th

lowest-lying bands as a function ofI. The largerB(M1;I
→I 21) values in the zigzag pattern expressed by op
~filled! squares forI ,35 (I .35), which reach 0.86 atI
553/2 are for the transitions in the cranking regime. It
seen that the smallerB(M1;I→I 21) values in the zigzag
pattern are small forg5120°, while those forg5230° are
exactly zero due to ther H quantum number. Forg5230° the
B(M1;I→I 21) values between the yrast and wobbling e
citation bands are very small in any case.

In Fig. 11 we schematically illustrate theDI 51 E2/M1
transitions between lowest-lying bands forg5120° and
230°, taking the most favorable degree of the high-j shell
filling in respective cases. Since the intrinsic configuration
the maximally aligned particle is realized in the yrast spec
the signature splitting in energy between thea f 1 and au1
band is qualitatively the same for the twog values and is
independent of whether theau1 band belongs to the wob
bling or cranking regimes. In the wobbling (Dnw51) tran-
sitions forg5120° the signature dependence~or the zigzag
pattern as a function ofI ) of the B(E2) andB(M1) values
are in phase. Moreover, largerB(E2) and B(M1) values
occur for the transitions with larger transition energies,
which the E2 transitions are dominant. In contrast, in th
wobbling (Dnw51) transitions forg5230° the zigzag pat-
tern of theB(E2) andB(M1) values is out of phase. For th
transitions with larger transition energies theB(E2) values
vanish and theB(M1) values are very small, while for th
transitions with smaller transition energies theB(E2) values
are large and theB(M1) values vanish. On the other hand,
the au1 band belongs to the cranking regime in the case
g5230°, for the transitions with larger transition energi
the B(E2) values are small and theB(M1) values vanish,
while for the transitions with smaller transition energies t
B(E2) values vanish and theB(M1) values are large.

In order to understand the dependence of the possible
pearance of wobbling excitations ong values, in Fig. 12 we

FIG. 10. B(M1;I→I 21) values calculated usinggs
e f f

50.6gs
f ree are plotted for the transitions between the lowest-lyi

bands as a function ofI.
5-6
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plot the one-particle energy eigenvalues and the expecta
values ofj x in the high-j (5 i 13/2) shell for the favored sig-
nature and variousg values before rotation sets in. Instead
writing the scale of they axis, numerical values of̂j x& are
indicated in two places. The eigenstates, which have ei
vanishing or negligiblê j x& values, are denoted by ope
circles. By thin arrows the position ofl value, which is
given by Eq.~4! for respectiveg values, is indicated. As
rotation sets in, it is easy for the lowest-lying quasiparticle
get a full alignment forg5120° and280° with respective
Fermi levels indicated by arrows, ifD/k is the order of 0.3.
In contrast, a faster rotation is needed in the case
g5230°. Since at high spins the rotational energy domina
over the intrinsic energy, the wobbling regime will becom
energetically more expensive than the cranking regime
certain spin. Thus, forg5230° it is more difficult to obtain
wobbling mode in a clean form near the yrast line, even
the triaxial shape is equally supported by the core.

IV. CONCLUSIONS AND DISCUSSIONS

Using the particle-rotor model in which one quasipartic
in the high-j (5 i 13/2) shell is coupled to the core of triaxia
shape, possible wobbling phonon excitations, which may
pear close to the yrast line, are studied. Choosing the m
favorable degree of high-j shell filling, in which aligned par-
ticles appear in the yrast line at spins as low as possible
structure of the yrast bands with triaxial shape is analyze

The wobbling phonon excitations are characterized by
intrinsic structure very similar to that of the basis band,

FIG. 11. Schematic illustration of theDI 51E2/M1 transitions
between the lowest-lying bands forg5120° ~the wobbling regime
with the yrast,nw51 andnw52 bands! and forg5230° ~at the left
the wobbling regime for theau1 band, while at the right the crank
ing regime!, taking the most favorable degree of the high-j -shell
filling in respective cases. Stronger transitions are expressed
solid lines, while weaker transitions are denoted by dotted lin
The type of the dominant transition,E2 or M1, is indicated for
respective transitions. In the case ofg5230° the other type (E2 or
M1) of the transition, which is not written, exactly vanishes due
the presence of ther H quantum number. The signature splitting
energy may happen to be such that the (au1 ,I ) state lies below the
(a f 1 ,I 11) state, however, the energy difference between
(au1 ,I ) and (a f 1 ,I 11) states is always smaller than the one b
tween the (au1 ,I ) and (a f 1 ,I 21) states.
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which the wobbling excitations are built, while the angul
momenta of collective rotation show the wobbling featur
Thus, the wobbling bands built on the yrast band may
experimentally identified by:~a! very similar moments of
inertia and spin alignments;~b! strongB(E2;I→I 21) val-
ues forDnw51 transitions, which may dominate overM1
components. The signature dependence of theB(E2;I→I
21) values as a function ofI ~or the zigzag pattern! depends
on the region ofg values,2120°,g,260° or260°,g,0°
or 0°,g,160°.

We have found that the wobbling phonon excitatio
along the yrast line can be more easily observed for
Fermi level lying below the high-j shell with most favorable
triaxiality g'120° than that lying around the middle of th
shell with g'230°.

The wobbling motion described in the present paper
strongly related to the shell structure of the nucleus and
appear at relatively low angular momenta. The nuclear s
structure favors a particular~triaxial! shape depending on
angular momenta as well as the neutron and proton numb
In order to realize the wobbling mode studied in the pres
work, it is absolutely necessary that the core partic
strongly favor approximately the same triaxial shape as
favored by aligned particles. In such a case the total sys
can keep almost the same triaxial shape in the wider reg
of angular momentum, and the wobbling phonon excitat
bands may be easily realized.

by
s.

e
-

FIG. 12. One-particle energy eigenvalues and the positive
negative expectation values ofj x in the i 13/2 shell for the favored
signature and variousg values, before rotation sets in. Instead
writing the scale of the vertical axis, the value of^ j x& is indicated in
two places as 6.40 and 2.08. The eigenvalues of the states, w
have either vanishing or negligible^ j x& values, are denoted by ope
circles. The position of thel value, which is given by Eq.~4! for
the respectiveg values, is indicated by thin arrows.
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Comparing our numerical result presented in Sec. II
with the fact that in163Lu the crankinglikeau2 band has not
been experimentally observed in the neighborhood of
yrast line, it is likely that our present simple model does n
give a very quantitative estimate of the intrinsic-energy d
ference between the crankinglike and wobblinglike regim
The dependence of both the pair correlation and momen
inertia onI must be also included in the model calculation,
04430
e
t
-
s.
of

order to make a further quantitative comparison with expe
mental data.
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