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Surface effects in nuclear Cooper pair formation
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The formation of Cooper pairs resulting from the exchange of vibrations between pairs of fermions moving
in time reversal states close to the Fermi surface in a semi-infinite system of nuclear matter~slab model! with
parameters adjusted so as to mimic real nuclei, leads to pairing gaps which account for a substantial fraction of
the experimental value throughout the mass table. The predictions are in qualitative agreement with detailed
calculations carried out for finite nuclei and testify to the central role the surface of nuclei plays in the
phenomenon of nuclear superfluidity.
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It is well established that nuclear superfluidity is mainly
surface effect, as demonstrated by the behavior of the1S0
phase shift of nucleons which is large~attractive! at low
densities~relative kinetic energies! typical of the nuclear sur-
face, becoming zero and eventually negative~repulsive! at
saturation densities. It is equally well known that nucleo
moving close to the Fermi energy display an effect
v-mass@mv5(11l)m#, due to the coupling of nucleons t
surface vibrations, which is considerably larger than the b
massm. Typical values of the mass enhancement factol
for both spherical@1# and deformed@2# nuclei lie in the
range 0.4<l<0.8 and arise essentially from the couplin
of nucleons to low-lying collective surface vibrations
multipolarity J<5. In keeping with the fact that the electron
phonon induced pairing gap in Bardeen-Cooper-Schrie
~BCS! theory @3# is given by D52\vDexp(21/l) and of
the fact that\vD in nuclei is of the order of few MeV,
one expects the induced interaction arising from
exchange of surface vibrations between nucleons movin
time reversal states lying close to the Fermi energy,
be responsible for a conspicuous part of the nuclear pai
gap. This expectation has been confirmed by deta
calculations@4#.

To shed light on the universality of these results, we sh
study the induced pairing interaction in a system free
shell effects, but retaining the properties associated with
confinement by an elastic surface. For this purpose,
will be made of the slab model@5,6#, that is a semi-infinite
system of nuclear matter. In it, nucleons are confined
the half-spacez,0 by the one dimensional Fermi-lik
potential

V~z!5V0~11e2z/a!21. ~1!

Here V0545 MeV is the depth of the potential anda
50.75 fm is its diffusivity. The single-particle wave func
tions can be written as

†Deceased.
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Fn~r!5eiknp•rpfn~z!, ~2!

the corresponding energy eigenvalues and momentum p
lel to the surface beingen5\2knp

2 /2m1enz and knp

5(knx ,kny,0), respectively. The vectorrp lies also on the
plane parallel to that of the surface of the slab (x,y,0). The
wave functionsfn(z) are solutions of the single-particl
Schrödinger equation

S 2\2

2m

d2

dz2 1V~z! Dfn~z!5enzfn~z!, ~3!

normalized so that, forz→2`,

fn~z!5A2cos~knzz1un!, ~4!

whereknz is the asymptotic wave number andun a phase.
The next step in the calculation of the induced interact

consists in determining the vibrational modes of the syste
For this purpose and following Refs.@4,5#, we diagonalize,
in a particle-hole basis and in the harmonic approximat
~RPA! the surface-peaked separable interaction

v~r,r8!5k0g~ urp2rp8u!V8~z!V8~z8!, ~5!

whereV8(z) is the derivative of the potential defined in E
~1!. The finite range Yukawa interaction acting in thex,y
direction,

g~ urp2rp8u!5
e

2 urp2rp8u/ar

2par urp2rp8u
, ~6!

with ar51 fm, has been chosen so as to give a realis
value of the nuclear surface tension (1 MeV/fm2) @5#. The
coupling strengthk0 is determined by the relation@7#

k0
215E dzr08~z!V8~z!, ~7!

which expresses the self-consistent condition existing
tween density and potential fluctuations associated with
©2002 The American Physical Society04-1
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normal modes. Diagonalizing the interaction given in Eq.~5!
in the random-phase approximation~RPA! one can construc
the linear response function

RRPA~K,\v!5
R0~K,\v!

12k0g̃~K !R0~K,\v!
. ~8!

It is written in terms of the unperturbed responseR0(K,\v)
which, in the slab model, can be accurately parametrized
the functions

ReR0~e,K !52N~K !S e2E0~K !

@e2E0~K !#21G~K !2

2
e1E0~K !

@e1E0~K !#21G~K !2D , ~9!

and

ImR0~e,K !5
N~K !

p
G~K !S 1

@e2E0~K !#21G~K !2

2
1

@e1E0~K !#21G~K !2D , ~10!

in terms of the energy centroidE0(K), the widthG(K) and
normalization strengthN(K) @cf. Eqs. ~3.1!–~3.3! of Ref.
@5##. The function

g̃~K !5
1

A11~arK !2
, ~11!

is the kernel of the two-dimensional Fourier transform

g~ urp2rp8u!5E d2K

~2p!2 eiK(rp2rp8)g̃~K !. ~12!

Let us now consider the process in which pairs of nucle
moving in time reversal states exchange the eigenmode
Eq. ~8!. We shall denoteknp andkn8p the momentum of the
single-particle states in the initial and in the final chann
respectively, in a plane parallel to the surface. We shall
note withknz andkn8z the asymptotic momentum along thez
direction. The wave numberK of the exchanged phonon i
fixed by the relation expressing the parallel momentum c
servation, that is

K5knp2kn8p . ~13!

The induced pairing matrix element can be written as@4#

vnn8~K !5
2

p
@k0g̃~K !#2M nn8

2

3E
0

`

d\v
ImRRPA~K,\v!

E02~ uenu1uen8u1\v!
. ~14!

Here ej[e j2eF , ( j 5n,n8), eF being the Fermi energy
while
04130
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en[enp1enz5
\2knp

2

2m
1enz , ~15!

en8[en8p1en8z5
\2

2m
~knp2K!21en8z , ~16!

and

M nn85E dz fkn8z
* ~z!V8~z!fknz

~z!. ~17!

To be noted that the finite range Yukawa interaction, act
in a plane parallel to the surface, suppresses the contribut
to vnn8(K) associated with the short waveleng
surface phonons~high K, corresponding to the high multipo
larity surface vibrations in finite nuclei!, as compared to
a zero-range interaction@cf. Eqs. ~11! and ~14!, setting
ar50].

Within the framework of Bloch-Horowitz perturbatio
theory, the BCS number and gap equations@4#

N52VE d3k

~2p!3 v2~k!, ~18!

D~kn!5
2

p
d21E d3kn8

~2p!3 @k0g̃~K !M nn8#
2u~kn8!v~kn8!

3E
0

`

d\v
ImRRPA~K,\v!

E02~ uenu1uen8u1\v!
, ~19!

where

E052
V

2E d3k

~2p!3 u~k!v~k!D~k!, ~20!

is the pairing energy, are self-consistently solved.
To be able to relate the corresponding results to the pr

erties of finite nuclei of mass numberA and radiusR
51.2A1/3 fm, the single-particle wave functionsfn(z) have
been normalized within a slice of thicknessd @6#. Making
use of the relation

V5S•d, ~21!

whereV5 4
3 pR3 andS54pR2, one obtains

d50.4A1/3. ~22!

In Fig. 1~a! we show the state dependent pairing gapD(kn),
solution of Eqs. ~18!–~20!, as a function of e2eF
5(\kn)2/2m2eF , averaged over all the single-partic
states with the same value ofkn

2 and for R56 fm (A
'120). It is seen that these results provide an overall
count of the outcome of detailed microscopic calculatio
carried out for the nucleus120Sn ~cf. Fig. 1, Ref.@4#!, also
shown in Fig. 1~a!. As expected, the pairing gap is peaked
the Fermi surface, the associated FWHM reflecting the
quency distribution of the linear response of the system~cf.
Fig. 2, Ref. @10#!. In Fig. 1~b! we display the pairing gap
associated with a particle at the Fermi energy as a functio
4-2
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the momentum componentknp lying in the (x,y) plane~par-
allel to the surface!. The marked decrease ofD as a function
of knp testifies to the surface origin of the induced pairi
interactionvnn8 @Eq. ~14!#.

While the relation given in Eq.~22! may be a reasonabl
way of determining theA dependence ofD(kn), the precise

FIG. 1. ~a! Pairing gap of particles as a function of the partic
energye5(\kn)2/(2m), for R56 fm. For each energy value, th
pairing gapD has been calculated as an average over the gap
particles having the samekn

2 . Detailed results for the nucleus120Sn
are also displayed~open dots, cf. Fig. 1, Ref.@4#!. ~b! The pairing
gap of a particle at the Fermi energy as a function of the momen
component parallel to the surface of the slab. The gap goes to
whenknp5kF51.337 fm21, corresponding to the case of particle
moving parallel to the surface of the slab (kz50).

FIG. 2. The experimental pairing gap of neutrons~open dots!
and protons~full dots! as a function of the mass numberA, calcu-
lated from the nuclear binding energies reported in Ref.@9# through
Eqs. ~2-92! and ~2-93! of Ref. @8#, are well described, in average
by the functionDexp'12A21/2 MeV ~dashed curve, Eq.~2-94!
of Ref. @8#!. The solid squares show the results of the self-consis
solution of Eqs.~18!–~20!, results which are well fitted by the
expressionD59.5A20.62 MeV. In the inset, the same resul
are displayed as a function of the nuclear radiusR in a log-log
scale, to emphasize the different behavior of the two pow
laws.
04130
numerical factor is uncertain. In fact, one can envisag
variety of prescriptions to work out a single numberD out of
results like those displayed in Fig. 1~a!: ~a! take the value of
the lowest quasiparticle energy@D(eF)#, ~b! averageD(kn)
over a given energy interval around the Fermi energy,
Following the prescription adopted in Ref.@4#, we take an
average ofD(kn) over single-particle states with energyuen

2eFu<4 MeV, an energy interval which is of the order o
that spanned by the valence orbits in finite nuclei. As can
estimated from Fig. 1~a!, this average reduces the pairing g
by about 20% from its peak value. Because of these dif
ences, the comparison carried out below betweenD and the
experimental data, can only be qualitative.

The results of the average are well fitted by the power l
~cf. inset in Fig. 2!

D'
9.5

A0.62 MeV, ~23!

where the exponent of the mass numberA is quite close to
2/3. This is a consequence of the 1/d dependence of Eq.~19!,
due to the surface character of the phonons exchanged b
nucleons, and of the nonlinear character of the pairing
equation. Because the experimental values are reproduce
average, by the parametrization~cf. Fig. 2!

Dexp'
12

A0.5 MeV, ~24!

one concludes thatD/Dexp'0.8/A0.12 MeV. In other words,
the induced pairing interaction leads to pairing gaps wh
represent a substantial fraction of those experiment
observed, a result which is similar to that obtained in t
case of detailed calculations in finite nuclei@4# @cf. also
Fig. 1~a!#.
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FIG. 3. Plot of c2 @Eq. ~25!#, for R56 fm and for particles
with zero relative parallel coordinate (Rp50), obtained fixing the
coordinate of one particle (z1, solid dot!, as a function of the coor-
dinate of the second particle (z2). The surface of the slab is locate
at z50. Also shown is the value ofc2 averaged over an interval o
'5 fm ~dashed curve!.
4-3
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To account for the experimental pairing gap, one need
add to the interactionvnn8 @Eq. ~14!# an extra contribution
which we shall parametrize asG0 /A. We find that G0
'(0.560.1)G, whereG/A is the strength of the pairing in
teraction which reproduces the experimental data@cf. Eq.
~24! and Fig. 2, dotted curve#. In particular, in the case o
R57 fm, i.e.,A5200, one obtainsG527 MeV, while G0
517 MeV.

The results shown in Figs. 3 and 4 provide further insig
into the role the surface of a confined Fermi liquid has in
formation of Cooper pairs. In Fig. 3, the modulus squared
the anomalous density~closely connected with the Coope
pair wave function!

FIG. 4. Pairing gap calculated, forR56 fm, as the product of
the anomalous densityc and the induced interactionv, as a func-
tion of thez coordinate of one of the two particles (z2), giving the
coordinate of the other particle (z1) fixed values.
o

.
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c~z1 ,z2 ,Rp!5E dkp

2p
kpJ0~kpRp!E dkz

2p
fkz

~z1!fkz
~z2!

3u~kp ,kz!v~kp ,kz!, ~25!

is shown as a function of the coordinatez2 of one of the
particles, fixing the coordinatez1(50) of the other particle
on the surface. In the above equation,J0 is a Bessel function
andRp is the distance between particles in the direction p
allel to the slab. The mean square radius^r 2&1/2

5(*d3rr 2ucu2/*d3r uc2u)1/2 of the Cooper pair is closely
connected with the coherence lengthj5\vF /pD of the pair
@11#. In keeping with the fact thateF'36 MeV, and that
D'0.6 MeV at the Fermi energy@cf. Fig. 1~a!#, one obtains,
from this simple estimate,j528 fm.

The pairing gap D(z1 ,z2 ,Rp)5v(z1 ,z2 ,Rp)
3c(z1 ,z2 ,Rp) is obtained multiplying the anomalous de
sity by the induced interaction, defined in Eq.~14!, a quantity
which depends onen anden8 . For single-particle levels ly-
ing close to the Fermi energy we can neglect this depende
and write

v~z1 ,z2 ,Rp!5
2

pE d2K

~2p!2
ko

2g̃~K ! V8~z1!V8~z2! eiKRp

3E d\v
ImRRPA~K,v!

Eo2\v
. ~26!

In Fig. 4, the Fourier transformD(z1 ,z2 ,kp) of the quantity
D(z1 ,z2 ,Rp), in a direction parallel to the surface, and se
ting kp50, is shown as a function of thez2 coordinate of one
of the two particles, given to the other coordinatez1 a fixed
value. As expected, the probability that the two partners o
Cooper pair are close together, and thus that the assoc
pairing gap is large, is higher at the surface of the slab t
elsewhere.
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