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Surface effects in nuclear Cooper pair formation
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The formation of Cooper pairs resulting from the exchange of vibrations between pairs of fermions moving
in time reversal states close to the Fermi surface in a semi-infinite system of nuclear(siattenodel with
parameters adjusted so as to mimic real nuclei, leads to pairing gaps which account for a substantial fraction of
the experimental value throughout the mass table. The predictions are in qualitative agreement with detailed
calculations carried out for finite nuclei and testify to the central role the surface of nuclei plays in the
phenomenon of nuclear superfluidity.

DOI: 10.1103/PhysRevC.65.041304 PACS nunif)er21.30.Fe, 21.66:n, 21.65:+f

It is well established that nuclear superfluidity is mainly a O (r)=e*wpg (2), 2)
surface effect, as demonstrated by the behavior of'thg
phase shift of nucleons which is lardattractive at low  the corresponding energy eigenvalues and momentum paral-
densitieqrelative kinetic energiggypical of the nuclear sur- lel to the surface beingev=ﬁ2k§p/2m+ €,, and Kk,,
face, becoming zero and eventually negativepulsive at = (k,,k,,,0), respectively. The vectar, lies also on the
saturation densities. It is equally well known that nucleonsplane parallel to that of the surface of the slay(0). The
moving close to the Fermi energy display an effectivewave functions¢,(z) are solutions of the single-particle
o-masg m,=(1+A)m], due to the coupling of nucleons to Schralinger equation
surface vibrations, which is considerably larger than the bare
massm. Typical values of the mass enhancement faator -
for both spherical[1] and deformed2] nuclei lie in the (%d—zerV(z))cﬁ,,(z):eVzcﬁy(z), 3
range 0.4)\<0.8 and arise essentially from the coupling
of nucleons to low-lying collective surface vibrations of normalized so that, for— —,
multipolarity J<5. In keeping with the fact that the electron-
phonon induced pairing gap in Bardeen-Cooper-Schrieffer ¢V(z)=\/§co$kyzz+ 0,), 4)
(BCS) theory[3] is given by A=2Awpexp(—~1/A) and of
the fact thathwp in nuclei is of the order of few MeV, Wherek,, is the asymptotic wave number add a phase.
one expects the induced interaction arising from the The nextstep in the calculation of the induced interaction
exchange of surface vibrations between nucleons moving ifonsists in determining the vibrational modes of the system.
time reversal states lying close to the Fermi energy, td-or this purpose and following Reff4,5], we diagonalize,
be responsible for a conspicuous part of the nuclear pairin§) @ particle-hole basis and in the harmonic approximation
gap. This expectation has been confirmed by detailedRPA the surface-peaked separable interaction
calculationg 4]. , o L

To shed light on the universality of these results, we shall v(r,r")=keg(|rp=rsHV' (2)V'(2"), (5

study the induced pairing interaction in a system free of h '(7) is the derivati f th ial defined i
shell effects, but retaining the properties associated with thgL ereV’(z) is the derivative of the potential defined in Eq.

h? d?

confinement by an elastic surface. For this purpose, us _)' T_he finite range Yukawa interaction acting in they
will be made of the slab modéb,6], that is a semi-infinite  dI"ection,
system of nuclear matter. In it, nucleons are confined in

the half-spacez<0 by the one dimensional Fermi-like P
potential g(lrp—reh= 2ma,|r,—rj|’

'
- \rp—rp|/ar

(6)

V(Z)=Vn(1+e 231 1 with a,=1 fm, has been chosen so as to give a realistic
(2)=Vol ) @ value of the nuclear surface tension (1 MeV#jni5]. The

coupling strengttk, is determined by the relatidiY]
Here Vo=45 MeV is the depth of the potential ard

=0.75 fm is its diffusivity. The single-particle wave func- _1 . ,
tions can be written as ko™= | dzpo(2)V'(2), @)

which expresses the self-consistent condition existing be-
"Deceased. tween density and potential fluctuations associated with the

0556-2813/2002/68)/0413044)/$20.00 65041304-1 ©2002 The American Physical Society



GIOVANARDI, BARRANCO, BROGLIA, AND VIGEZZI

normal modes. Diagonalizing the interaction given in &.
in the random-phase approximati@RPA) one can construct
the linear response function

ROYK, A w)
1-kog(K)RY(K,Aw)

RRPAK hw)= (8)

It is written in terms of the unperturbed respo¥K 7 )

which, in the slab model, can be accurately parametrized by

the functions

ReR’(e,K)=—N K)( €~ Eo(K)
(el0= N Femg o T2
e+Eo(K)
_[5+E0(K)]2+F(K)2>' ©)
and
m (E. )_ T ( ) [G_Eo(K)]2+F(K)2
e
e E(KPHT(K)?) (10

in terms of the energy centroify(K), the widthI'(K) and
normalization strengtiN(K) [cf. Egs. (3.1)—(3.3) of Ref.
[5]]. The function

~ 1
RS

is the kernel of the two-dimensional Fourier transform

g(|rp_r;,)|):f (

(11)

2eiK(rp—rF’))Z](K)_

d?K
5 (12)

Let us now consider the process in which pairs of nucleon§"
moving in time reversal states exchange the eigenmodes

Eq. (8). We shall denoté,, andk,, the momentum of the

v'p

single-particle states in the initial and in the final channel
respectively, in a plane parallel to the surface. We shall de-

note withk,, andk,, the asymptotic momentum along the
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h2K2
EVEGVD+€VZ: 2n:p+6VZ! (15)
— hz 2
GV’ZEV’p—’_EV’Z:ﬁ(kVP_K) +EV’Z’ (16)
and
Mvv’:f dz (}S:U,Z(Z)V’(Z)qskuz(z)' (17)

To be noted that the finite range Yukawa interaction, acting
in a plane parallel to the surface, suppresses the contributions
to v,,(K) associated with the short wavelength
surface phononghigh K, corresponding to the high multipo-
larity surface vibrations in finite nuclgi as compared to
a zero-range interactiofcf. Egs. (11) and (14), setting
a,=0].

Within the framework of Bloch-Horowitz perturbation
theory, the BCS number and gap equatiphls

d3k

szvf ——v2(Kk),

2 Kk, 2
A(kv)_;d f(zT)3[kOg(K)MVV’:| u(kv')v(kv’)

oc IMRRPAK A w)
XfO dhwEO_(|eV|+|ev’|+ﬁw), (19)
where
V[ dk
EO——EJWu(k)U(k)A(k), (20)

is the pairing energy, are self-consistently solved.

To be able to relate the corresponding results to the prop-
es of finite nuclei of mass numbek and radiusR
= 1.2A' fm, the single-particle wave functions,(z) have

%een normalized within a slice of thicknedq6]. Making
Jse of the relation

V=8.d, (21

direction. The wave numbef of the exchanged phonon is whereV= 2 7R® and S=47R?, one obtains
fixed by the relation expressing the parallel momentum con-

servation, that is

K=k,,—k (13

Vp_ V/p'

The induced pairing matrix element can be writter{ 4ls
2 . or 2
04 (K)= —[ke(K)12M?

fwdﬁ IMRRPAK L w)
*Jo U E=(e |+ e, [t hw)

14

Here ej=¢j—e€g, (j=v,v"), € being the Fermi energy

while

d=0.4A3, (22)

In Fig. 1(a) we show the state dependent pairing ge(k,),
solution of Egs. (18)—(20), as a function of e—eg
=(hk,)?/2m—e-, averaged over all the single-particle
states with the same value & and for R=6 fm (A
~120). It is seen that these results provide an overall ac-
count of the outcome of detailed microscopic calculations
carried out for the nucleus?’sn (cf. Fig. 1, Ref.[4]), also
shown in Fig. 1a). As expected, the pairing gap is peaked at
the Fermi surface, the associated FWHM reflecting the fre-
quency distribution of the linear response of the systefn
Fig. 2, Ref.[10)). In Fig. Ab) we display the pairing gap
associated with a particle at the Fermi energy as a function of
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FIG. 1. (a) Pairing gap of particles as a function of the particle ‘ _éo ‘ _1I5 _1|0 ‘ I5 (I, é | 1‘0 |

energye=(%k,)%/(2m), for R=6 fm. For each energy value, the
pairing gapA has been calculated as an average over the gaps of
particles having the samé. Detailed results for the nucledgSn
are also displayefpen dots, cf. Fig. 1, Ref4]). (b) The pairing
gap of a particle at the Fermi energy as a function of the momentu
component parallel to the surface of the slab. The gap goes to ze
whenk,,=kg=1.337 fm 1, corresponding to the case of particles
moving parallel to the surface of the slak,€0).

2, (fm)

FIG. 3. Plot of ¢ [Eq. (25)], for R=6 fm and for particles
rM\/ith zero relative parallel coordinatdR(=0), obtained fixing the
rccgsnordinate of one particlez(, solid do}, as a function of the coor-

inate of the second particle4). The surface of the slab is located
atz=0. Also shown is the value af? averaged over an interval of
~5 fm (dashed curve

the momentum componekt, lying in the (x,y) plane(pgr- numerical factor is uncertain. In fact, one can envisage a
allel to the'gurfac)e The marked errease Affis a funct|o.n' variety of prescriptions to work out a single numkeput of
.Of Kip t_estlfles to the surface origin of the induced pairing oq it jike those displayed in Fig(d: (a) take the value of
Interactionv,, [E_q. (14)]' ) the lowest quasiparticle ener§(eg)], (b) averageA(k,)
While the re_'?“"” given in Eq22) may be a reasonable over a given energy interval around the Fermi energy, etc.
way of determining theé dependence oh(k,), the precise Following the prescription adopted in Ré#], we take an
average ofA(k,) over single-particle states with enerf,

ST —eg|<4 MeV, an energy interval which is of the order of
e protons 4 that spanned by the valence orbits in finite nuclei. As can be

d neutrons 8 estimated from Fig. (), this average reduces the pairing gap
4R, e 12A77 2 h by about 20% from its peak value. Because of these differ-

T osaNe ences, the comparison carried out below betw&esnd the

experimental data, can only be qualitative.
The results of the average are well fitted by the power law
(cf. inset in Fig. 2

A (MeV)

9.5

where the exponent of the mass numBeis quite close to

2/3. This is a consequence of thel ependence of Eq19),

due to the surface character of the phonons exchanged by the
nucleons, and of the nonlinear character of the pairing gap
equation. Because the experimental values are reproduced, in
average, by the parametrizati¢ef. Fig. 2

0% 60 110 160 210 260
A

FIG. 2. The experimental pairing gap of neutrdiepen dots
and protondfull dots) as a function of the mass numb#&r calcu-
lated from the nuclear binding energies reported in R&fthrough Aexp™ a05 Mev, (29)
Egs.(2-92 and (2-93 of Ref.[8], are well described, in average,
by the functionAe,~12A"2 MeV (dashed curve, Eq(2-94) 012
of Ref.[8]). The solid squares show the results of the self-consistenP€ concludes thak/A.,;~0.8/A™* MeV. In other words,
solution of Egs.(18)—(20), results which are well fitted by the the induced pairing interaction leads to pairing gaps which
expressionA=9.5A"9%2 MeV. In the inset, the same results represent a substantial fraction of those experimentally
are displayed as a function of the nuclear radiiin a log-log ~ observed, a result which is similar to that obtained in the
scale, to emphasize the different behavior of the two powercase of detailed calculations in finite nuclef] [cf. also
laws. Fig. 1(@)].
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0.03 lefm dk, dk,
002 | @ =t W(Zl-zz,Rp):JEkao(kpRp)j z¢kz(zl)¢kz(22)
U oo X u(ky kv (kp,ky), (25)
; 0.00 .
- -3 -2 -1 0 1 2- 3 ) ) )
S 0.06 is shown as a function qf the coordinatge of one of t.he
- (b) z,=0fm particles, fixing the coordinate,(=0) of the other particle
- 0o on the surface. In the above equatidpjs a Bessel function
T ooz andR;, is the distance between particles in the direction par-
IV ~ allel to the slab. The mean square radiys?)/?
& 00 T 0 1 5 3 =(Sd%rr?|y|?fd3|¢?)Y? of the Cooper pair is closely
. 003 connected with the coherence lendgth7vg /7 A of the pair
N ooz | © z;= 1.6fm [11]. In keeping with the fact thaég~36 MeV, and that
< e A~0.6 MeV at the Fermi enerdgf. Fig. 1(@)], one obtains,
0.01 from this simple estimateg=28 fm.
000 /\ The  pairing  gap A(z,2,R))=v(21,25,R))
. P A 0 1 2 3 X (z2,,2,,R,) is obtained multiplying the anomalous den-
sity by the induced interaction, defined in Ef4), a quantity
z, (fm) which depends o, ande, . For single-particle levels ly-

ing close to the Fermi energy we can neglect this dependence
FIG. 4. Pairing gap calculated, f&#=6 fm, as the product of gnd write
the anomalous density and the induced interactian, as a func-
tion of thez coordinate of one of the two particles,], giving the

coordinate of the other particle4) fixed values. 2

U(ZleZ-Rp):;f kgé(K)V'(Zl)V/(Zz) e'kRp

. - 21)?
To account for the experimental pairing gap, one needs to (2m)

add to the interactiow,,, [Eq. (14)] an extra contribution IMRRPAK, w)
which we shall parametrize a&y/A. We find that Gg X f wEo——hw
~(0.5+0.1)G, whereG/A is the strength of the pairing in-
teraction which reproduces the experimental data Eqg.
(24) and Fig. 2, dotted cunjelIn particular, in the case of In Fig. 4, the Fourier transform (z,,z,,k,) of the quantity
R=7 fm, i.e.,A=200, one obtain&=27 MeV, whileG,  A(z;,2,,R;), in a direction parallel to the surface, and set-
=17 MeV. ting k,=0, is shown as a function of tt® coordinate of one

The results shown in Figs. 3 and 4 provide further insightof the two particles, given to the other coordinaiea fixed
into the role the surface of a confined Fermi liquid has in thevalue. As expected, the probability that the two partners of a
formation of Cooper pairs. In Fig. 3, the modulus squared ofCooper pair are close together, and thus that the associated
the anomalous densitfclosely connected with the Cooper pairing gap is large, is higher at the surface of the slab than
pair wave function elsewhere.
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