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Wobbling motion in atomic nuclei with positive-y shapes
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The three moments of inertia associated with the wobbling mode built on the superdeformed stitas in
are investigated by means of the cranked shell model plus random phase approximation to the configuration
with an aligned quasiparticle. The result indicates that it is crucial to take into account the direct contribution
to the moments of inertia from the aligned quasiparticle so as to redlize7, in positive-y shapes. Quench-
ing of the pairing gap cooperates with the alignment effect. The peculiarity of the recently obs&tuedata
is discussed by calculating not only the electromagnetic properties but also the excitation spectra.
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Rotation is one of the specific collective motions in finite Mikhailov and Janssef#] and Marshalek5] described this
many-body systems. Most of the nuclear rotational spectraode in terms of the random phase approximatRRA) in
can be understood as the outcome of one-dimensid@)l  the rotating frame. In these works it was shown thatyat
rotations of axially symmetric nuclei. Two representative=0 this mode turns into the odd-spin members of the
models—the moment of inertia of the irrotational flui@,",  vibrational band while aty=60° or —120° it becomes the
and that of the rigid rotor7"9, both specified by an appro- precession mode built on the top of the highisomeric
priate axially symmetric deformation parametgr—could stated6]. Here we note that, according to the direction of the
not reproduce the experimental ones given B§® 7"  rotational axis relative to the three principal axes of the
< J®P< 7", From a microscopic viewpoint, the moment of shape,y runs from—120° to 60°.
inertia can be calculated as the response of the many-body Recently, electromagneti&M) properties of the second
system to an externally forced rotation—the cranking modetriaxial superdeformedTSD2) band in **3_u were reported
[1]. This reproduces7®*P well by taking into account the and it was concluded that the TSD2 is a wobbling band ex-
pairing correlation. Triaxial nuclei can rotate about theircited on the previously known yrast TSD1 band, on the basis
three principal axes and the three corresponding moments of comparisons to a particle-rotor mod&RM) calculation
inertia depend on their shapes in general. In spite of a lot of7,8]. In conventional PRM calculations an irrotational mo-
theoretical studies, their shagim particular the triaxiality —ment of inertia,
parametery) dependence has not been understood well be- A 5
cause of the lack of decisive experimental data. Recently, im_ " 7 £
some evidences of 3D rotations have been observed, such as Tk 3josm2( [ 3 Wk)’ @
the shears bands and the so-called chiral-twin b&Rfdn o )
addition to these fully 3D motions, from the general argu-Wherek=1-3 denote the, y, andz principal axes, is as-
ment of symmetry breaking, there must be a low-lying col-Sumed. The magnitudé, is treated as an adjustable param-
lective mode associated with the symmetry reduction from £ter although it can be identified a§=3B,3°, whereB; is
1D rotating axially symmetric mean field to a 3D rotating the inertia parameter in the Bohr Hamiltonig@i. This re-
triaxial one. This is called the wobbling mode. Notice thatduces to7™ in the first paragraph by substituting=0 and
the collective mode associated with the “phase transition’k=1, and satisfies such a required property that collective
from an axially symmetric to a triaxial mean field in the rotations about the symmetry axes are forbidden. Sizige
nonrotating case is the well-known vibration. Therefore, is largest for 6<y<<60° and the main rotation occurs about
the wobbling mode can be said to be produced by an interthe axis of the largest inertia, the PRM witR" cannot de-
play of triaxiality and rotation. The wobbling mode is de- scribe the positivey rotation, that is, the rotation about the
scribed as a small amplitude fluctuation of the rotational axishortest axis X axis). Then in Refs.[7,8] the so-called
away from the principal axis with the largest moment of y-reversed moment of inertid 0], 7', defined by invert-
inertia. Bohr and Mottelson first discussed this md8¢  ing the sign ofy in Eq. (1), was adopted. Although this
reproduced the measured EM properties well, this does not
satisfy the required property mentioned above and its physi-
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means of the cranked shell model plus RPA. This framework In the following, we present some numerical results. Here
does not divide the system into a valence particle and a rotothe parameters, (alternative tog), y, A,, andA, were
and therefore, can calculate the three moments of inertia athosen so as to reproduce the available experimental data,
the whole system microscopically. We believe that this is theand kept constant as functions @f,;. We have confirmed
first step toward understanding the fully 3D nuclear rota-that qualitative features of the result are robust and the de-
tions. tails of the parameter dependence will be given in a separate
We have developed a computer code for the RPA to excipublication[14]. It is nontrivial to obtain the wobbling solu-
tation modes built on configurations with arbitrary number oftion in the RPA for positivey nuclei and the QP alignment is
aligned quasiparticlesQPS. In this paper, we present the indispensable for its appearance. In order to show this, we
results for the 4—6 QP configurations in Gd isotopes and théirst discuss a theoretical calculation for a precession mode
1 QP one in*®3Lu. In particular, this is the first RPA calcu- that might be built on top of the”=49/2" isomeric state in
lation for the rotating oddk configurations, to our knowl- #’Gd, where the whole angular momentum is built up by the
edge. Note that this approach is different from the convenalignment of the five QPs[(h;1/)2(vhes,f72)%]1g+ N
tional particle-vibration coupling calculations where the RPA148Gd plus| vi3/5]13/+, SO that ay=60° shapgaxially sym-
itself is performed for the even-even “core” configurations. metric about thex axis) is realized. This state is obtained by
Since the details of the formulation have already been givegranking with% w,,=0.3 MeV. We choses,=0.19 andA ,
in Refs.[11,12, here we describe only the outline. The QP =A =0.6 MeV, and reproduced the observed static quad-
states were obtained by diagonalizing the cranked trlaX|a|}upo|e moment and thg factor[15,16. In order to see the
Nilsson plus BCS Hamiltonian at each rotational frequencybehavior of the three moments of inertia, we calculated the
oo by adjusting chemical potentials to give correct averagavobbling mode by changing the parametefrom 60°. The
particle numbers. The doubly stretchBdand|- s potentials  result is presented in Fig(d). Although at a first glance their
were adopted, and their strengths were taken from [R&. v dependence resembles that of the rigid rotor,
The RPA calculation was performed by adopting the pairing
plus doubly stretched)-Q interaction. The existence of
aligned QPs is taken into account by exchanging the defini- i /S
tio?]s of the QP creation and anni%lation ogergtors in an jkg: 15 ( BCOS( vty Wk)) @)
appropriate manner. Actual calculations were done in five
major shells N{**9=3-7 andNé"SC):Z—G) by using the

dispersion equatiofs], the physical content qf changes withy; the fraction of the
collective contribution decreases @dncreases and reaches
_ 7(eff) _ (eff) 0 at y=60°. Accordingly, it can be conjectured that the
(ﬁw)Zz(ﬁwmt)Z[j (w)][jxﬁ Jz (w)], 2) dependence of the “rotor” contribution is approximately ir-
J§,em(w)J§e (o) rotational and the QP contribution is superimposed on top of

the former by aligning its angular momentum to thexis.
obtained by decoupling the Nambu-Goldstone mode analytiOur previous calculatiofi12,17 for a negativey nucleus,
cally assumingy#0. This equation is independent of the ¥0s, also supports this and consequently it is thought that
strengths of the interaction. Not only the collective wobblingthe wobbling mode can appear relatively easily in superfluid
mode (= w,,p) but also many noncollective modes are ob-negativey nuclei. To see if this conjecture is meaningful,
tained from this equation. The effective ineri#®¥(w)  starting from **%d we add the 15/, quasineutrons sequen-
—J(PA)(w)/Qy’Z(w) defined in the principal-axi®A) frame  tially. The result shows thay, increases as the number of
(their concrete expressions were given in Rég]), depend aligned QPs increases. Since the |ncreas§(f‘§> is rather
on the eigenmode while the kinematicgh=(J,)/w,,  Moderate, the increase if, leads to that of the wobbling
where the expectation value taken with respect to the wholérequencyw,,q,. Thus, the change fron¥,<J, in j'k” to
system is common to all the modes. It should be noted thay,>.7, in 7, may be related qualitatively to the increase in
Eq. (2) coincides with the original expression fex,q, [3]if 7, stemming from the alignment that is not accounted for in
Jx and jﬁ”(w) are replaced with constant moments of in- the PRM, considering the fact that the alignment of particle
ertia. states leads te>0.
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FIG. 2. () Wobbling frequencyleft scalé and wobbling angléright) and(b) moments of inertia in the TSD2 band 1Lu as functions
of hw,y. Here the latter were given by normalized (31/2)=99.2:.2/MeV. The protonBC crossing occurs dt w,,;=0.55 MeV in the
calculation. Experimental values were calculated from the energy levels in [Redk.

At y~30°, whereJ, reaches its maximum as in the irro- dence. Its decrease is a consequence of thaj pthe partial
ta}tlonal model, we could not qbtam a wobbling solution. In contribution to.7, from the protoni g, iy/w, decreases
Fig. 1(b), fiwyop and the wobbling angle aswy increases since this orbital is already fully aligned and

G PR 5 therefore the aligned angular momentuyms approximately
Byop=tan * w‘ly (@won)|*+ |95 (@wop)| constant. Thus, our result fop,,, Stays almost constant
" (3w

againstw,y;, and even decreases slightly at higher frequen-
) ] . cies approaching the experimentally observed one. This
are graphed. This shows that,,, becomes imaginary and
Owob blows up in this region. Comparing Figsial and Xb),

clearly shows that microscopic calculation of the three mo-
_ _ ! i _ ments of inertia is crucial to understand thg,; dependence

it may be inferred that the wobbling motion excitation on a

mean field rotating about the axis becomes unstable &t

of wyep in *%3Lu. Let us compare this result with that for
~30° due toZ,< 7™ , and that a tilted-axis rotation would

YGd above. In *Gd, g% 7=~1, 7%~0, and
()0 < ° i
be realized. Putting this unstable region in between, the sd-Ql /Q3 °|<1 at y=20°. The last quantity measures the
lution in the largery side is like a precession of an axially

rotationalK-mixing. This indicates that this solution is essen-
symmetric body about theaxis, whereas that in the smaller-

tially similar to the y vibration in an axially symmetric
y side is like ay vibration around an axially symmetric nucleus as mentioned above. In contrast, the result that
shape about the axis.

J401.7,=0.90, 7M1 7,=0.19, and Q| )/Q% )| =0.78 for
Now we turn to the TSD bands if®3Lu. We chosee, 3 u at iw,=0.3 MeV, for example, indicates that this
=0.43,y=20°, andA,=A,=0.3 MeV, and obtained tran- solution is more like a wobbling motion of a triaxial body.
sition quadrupole moment®;=10.9-11.3eb for Zw,r  The wobbling angle shown in Fig.(@ is 19°—13° for the
=0.20-0.57 MeV in accordance with the dat@,=10.7

A dale - calculated range. It is evident that the present small-
+0.7 eb [18]. We have obtained for the first tim@side  gmplitude approximation holds better at high spins. We con-
from the theoretical simulation abovéihe wobbling solution

. 1 . ¢ firmed that this wobbling solution disappeared qasde-

in the RPA for positivey nuclei. Here it should be stressed creased. Another feature distinct from thevibration is that
that the inclusion of the five major shells and the alignmentpe present solution exists even/st=A,=0, whereas it is
effect of the protori 3, quasiparticle is essential for obtain- \ye|l known that the pairing field is indispensable for the
ing this result. In Fig. £a) the measured excitation energy of existence of low-lying shape vibrations. This is related to
the TSD2 band relative to that of the TSD1 and the calcuxch g tendency that the moments of inertia approach the

lated # w0, are shown. The most peculiar point in the ex- rigid ones, >, for y>0, as the pairing gap decreases
perimental data is thab,,, decreases as a function of;. even without aligned QPs.

If w,rindependent moments of inertia such as the irrota- p significant point of the data in Ref§7,8] is that the
tional ones are adopted),, increases linearly withoro:,  interband EM transition rates connecting the stategSD2)

see the comment below E(®). The wobbling frequency is 9| —1 (TSD1) were precisely measured. In Fig. 3, we com-
sensitive to the difference among the three moments of inefare our numerical results with the measured ones in a form
tia, and the ratios7{*"/ 7, and 7*"/ 7, actually determine similar to those in Refd7,8]. Calculated values fdr(TSD2)
wwon- FOr example, they-reversed moments of inertia give —|+1 (TSD1) are also included in order to show the stag-
Ty 1T"=0.43 andJ; "1 J,7=0.12 for y=20° leading to  gering behavior characteristic to this kind of transiti¢hg].
wywon= 3w, Which is quite different from the experimental Figure 3a) presents the relativB(E2). The data indicate
data. In contrast, as shown in Figbp, the three moments of huge collectivity of the interbanB(E2), such as 170 Weis-
inertia calculated microscopically depend op, even when  skopf unit. Although the present RPA solution is extremely
the shape parameters are fixed, and the resuliggt can  collective, |c, o =0.9 in the sum rul€Eq. (4.30 in Ref.
either increase or decrease in general. In the present case[a]), in comparison to usual low-lying vibrations, the calcu-
%3 uin Fig. 2, 7~ 7™ mainly determines the depen-  lation accounts for 1/2—1/3 of the measured strength. Figure

(4)
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FIG. 3. Interband transition rates fbtTSD2 — 1+ 1 (TSDJ) transitions as functions of’2 spinl, (a) E2 and(b) M1. They are divided
by the in-bandE2(l — | —2) transition rates. Experimental values were taken from 8&fNoting that the statels+ 1 (TSD1) are slightly
higher in energy thaih (TSD2) at|>51/2 andB(T, ;|—1+1)=B(T, ;| +1—1) at high spins, we plotted those fbr1+1 at the places
with the abscissak+ 1 in order to show clearly their characteristic staggering behavior.

3(b) graphsB(M1)/B(E2);,. The smallness dB(M1) also this nucleus. The appearance of the wobbling mode requires
reflects collectivity, that is, the coherence with respect to the7,> J(yeﬁ)(aﬁjgeﬁ)), but the moments of inertia of the even-
E2 operator, indirectly. Having confirmed the insensitivity to even core exhibit irrotational-likes dependence and, there-
g™ we adopted 0g{™® conforming to Ref[8] and cal-  fore, cannot fulfill this condition for positive- shapes. Con-
culatedB(M1). The result is similar to that of the PRM. We sequently, the alignment effect that increaggss necessary.
confirmed that the sign of th&2/M1 mixing ratios was Quenching of the pairing correlation also cooperates with the
correct. alignment effect for making the dependence rigidlike.

To summarize, we have performed, for the first time, the
RPA calculation in the rotating frame to the triaxial superde- We acknowledge useful discussions with I. Hamamoto
formed oddA nucleus'®3_u and discussed the physical con- and H. Madokoro. This work was supported in part by the
ditions for the appearance of the wobbling solution in theGrant-in-Aid for scientific research from the Japan Ministry
RPA. We have confirmed that the protop, alignment is  of Education, Science and Cultur@os. 13640281 and
indispensable for the appearance of the wobbling mode i1264028].
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