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We study the electric and magnetic polarizability coefficients to subleading order in the inverse number of
colors NC’l by constructing Compton scattering amplitudes derived from a bosonized version of the Nambu—
Jona-LasinioNJL) chiral Lagrangian with finite pion size effects included. We confirm the leadirg_ih
mean-field results of Bajet al. [Nucl. Phys.A604, 406 (1996] to O(m?) in the pion massn, . The sub-
leading corrections arise from a gauge invariant sum of meson one-loop diagrams which is nonanaﬁ(tic in
but free of any chiral or ultraviolet divergences. These corrections leaét8086 reduction in the mean-field
values for the polarizability coefficients of the charged pion. Use of the sum rule estimate for the NJL quark
mass renders these calculations parameter free, and dependent only on the physical observables of the pion.
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I. INTRODUCTION According to Eq.(1), a knowledge of the Compton scat-

tering amplitude near threshold is sufficient for computing

The electric and magnetic polarizability coefficients  polarizability coefficients. Classically this corresponds to ex-
and B, of the pion characterize the long-wavelength behav-amining the response of the system to electromagnetic fields
ior of the photon-pion Compton scattering amplitude. Nearhat are practically constant over the dimensions of the tar-
threshold this takes the forfi] get. The construction of Compton scattering amplitudes can-
not be done exactly. Some form of perturbation approach has
to be employed. In the case of CHPT a loop expansion that
corresponds to a series of increasing powers of momenta is
R, used to express the Compton scattering amplitude in terms of
+Br(€1X0d1) - (€2X02)+ - - (1) the empirical coupling constants of CHPT that can then be
inferred from independent experimental data. Calculations

Here (w;,q;) (i=2,1) are the energy and momentum for Up to two loops for both neutrg®] and charged piof22,23
incoming and outgoing photons of polarizatiofiwg(o,gi) in p_olanzablllty coefﬂqents are ava_ulable. As two-loop expan-
the transverse gaugl . and T are the pions’ mass and SIONS alrgady require an gvaluatlon of a large number of ad-
isospin projection, an@?= a~1/137. As has become cus- ditional diagrams £100 diagrams for the charged channel,
tomary, these coefficients will be given (@aussianunits of ~ for example, an extension to higher-order loops is limited by
104 fm3. the technical feasibility.

The polarizability coefficients are fundamental parameters Alternatively, model Lagrangians have been constructed
in pion physics. Their measurement and calculation providéhat attempt to mimic the breaking of the underlying chiral
important tests for pionic structure as studied in QCD, orsymmetry of QCD, with the accompanying generation of is-
from various effective models of the pion. These coefficientsovector pseudoscalar Goldstone bosons. These bosons are
have been extracted from radiative pion photoprodudi®n then identified with physical pions that are allowed to inter-
radiative pion nucleus scatterig,4], and from the crossed act with a photon gauge field. In this regard the Nambu—
channel ofyy— o experimenty5-7]. The actual experi- Jona-LasiniaNJL) [32,33 model has been studied in some
mental values are still very uncertain, howe{@)9]. On the  detail in both its minimal S(2) [16] and SU3) [12] ver-
theoretical side, their calculation has been attempted using$ions, as well as an extended @V version (ENJL) that
variety of approaches, viz., various quark modé&B-1§ of  includes vector and axial vector meson mofEs]. While it
the pion, chiral perturbation theof€HPT) [19-23, disper- was recently shown that it is possible to carry out calcula-
sion sum ruleg24,25, and the Das-Mathur-Okub@MO)  tions of the Compton amplitude for the minimal NJL model
sum rule[26] combined with either moddtl,27], empirical  to all orders of external momenf{d 6], these calculations
[28], experimenta[29], QCD sum rulg30], or QCD lattice  have been limited to a mean-field approach, characterized by
determinations of spectral densitig¥l]. Due to its method keeping only leading irli\lc’l contributions in a series expan-
of derivation from current algebra the DMO sum rule optionsion in the inverse number of colors. But these calculations
is, however, restricted to yielding charged pion polarizabil-are already technically very complicated, requiring the use of
ities in the chiral limit only. computer-assisted validation of the Dirac traces. This in turn

eZ

fo=— (€1 €) 01, c1F azwi0;(€r- €2)
a

0556-2813/2002/63)/03520613)/$20.00 65 035206-1 ©2002 The American Physical Society



C. A. WILMOT AND R. H. LEMMER PHYSICAL REVIEW C 65 035206

suggests that the computation of terms involving single [36] m~\2/3f_, and use the Goldberger-Treiman relation
and o meson loops generated self-consistently by the NJIf .g,=m for g,. Then both divergences are formally ac-
model(these give the subleading rm;l contributiong to all ~ counted for in the bosonized Lagrangian in terms of the
orders in momenta will become prohibitive, and one has tdveak decay constarit, of the Goldstone mode. Employing
resort to some approximate way for including such addithis Lagrangian, the subleading My * contributions to the
tional terms. In Ref[16], for example, the authors argued for Compton amplitude are obtained in Sec. V. These contribu-
an ad hoc incorporation of the lowest ord®(p*) meson tions are given by a gauge-invariant sum of meson one-loop
loop correction taken from CHP[IL1] in the neutral channel diagrams. Although subsets of these diagrams contain ultra-

scattering amplitude, but not in the charged channel, the rediolet divergences, their sum converges, so no ultraviolet
son being that the leading iN_ 1 NJL model contribution cutoff has to be introduced. In addition, individual diagrams
C

only starts atO(p®) in the former channel, but already at display chiral limit divergences due td.angacker-Pagels
O(p% in the latter [37]) chiral logarithms, and the poles in? that they contain.

. owever, these chiral divergencakso all cancel out in the
In the present study we adopt a complementary point of,. . . ) :
. . L S ; diagram sum, and one is left with subleading amplitudes that,
view by using the minimal NJL model in its bosonized ver-

sion from the start to generate both leading and subleading iaBIthough nonanalytlc im, , have a well def_m(_ad chiral limit.
ne thus obtains no-free-parameter predictions for the elec-

Ne * contributions to the Compton_scattenng amplitude frommc and magnetic polarizability coefficients to subleading or-

a common Lagrangian. A particular advantage of theyer that depend only on the physical observables of the pion.
bosonized, or effective, NJL model Lagrangian of Ebert and - e giscussion of results and conclusions is presented in
Volkov [34,35 is that it explicitly puts into evidence the role gec v where a comparison is made with other theoretical

of the inverse number of colors as a coupling parameter beyynraches, and experiment. Some calculational details will
tween bosonic modes with which to classify a perturbation,s tound in the Appendix.

scheme. However, this comes at a price. The leadingin
piece of this Lagrangian now involves a series expansion in

space-time derivatives of these boson fields. In the language ll. EFFECTIVE LAGRANGIAN
of Ref.[16] this regenerates their closed-form Compton scat-
tering amplitudes in the form of power series expansions iqar
momenta, that consequently become quite laborious whe
high-order powers of momenta are important. On the othe
hand, the subleading iINC’l corrections arise from one-loop
meson diagrams that are well defined by the interacting piec

of the bosonized NJL LagrangidB4]. They do not involve X ) .
'z grangid@d] y VoV ting details of dynamical symmetry breaking, we assume that

any further parameters, and will be shown to lead to correc h ke h readv b d d with .
tions to the leading order results which turn out to be Iarge:[ € quarks have already been endowed with a constituent

causing on the order of a 30% reduction of the mean—fielcfn"jlssm:mOJrg‘T<‘7.> in terms O.f a current qua_rk massy
values for the polarizability coefficients. and the nonvanishing expectation value of théield in the

The paper is organized as follows. A brief recollecting 0finteracting ground state. Then, shifting to new primed fields

the effective action for the bosonized NJL Lagrangian mini-? =@ —(¢) and ' =, since(m)=0, one has
mally coupled to a photon gauge field is given in Sec. Il. In

The starting point for discussing the electromagnetic po-
izability of pions is taken as the bosonized version of the
pv(l)xSU,_(Z)xSUR(Z) invariant two-flavor Nambu-—
Jona-Lasinio Lagrangian that only contains pseudoscalar and
scalar fieldst= - 7 ando. In addition, the quarks are mini-
mally coupled to an electromagnetic gauge fialg. Omit-

the originallderivatior[34] only thg most divergent parts of ‘CNJL:Z[iﬂ_m_ga(U,—’—i7577,)_qu)] W
quark-loop integrals are kept. This leads to an effective La- )

grangian that describes a system of scalar and pseudoscalar 95 1p, 1 1,

point mesons in interaction with each other in the presence - ﬁ[" ta ]_ZF : 2

of a gauge field. However, since point particles cannot be
polarized, one has to go one step further, and also include the

finite parts of quark-loop integrals in an expansion of theThe meson fields in this expression thus represent fluctua-

effective action to higher orders in momentum. This is de-tions in ther ando fields with vanishing expectation values

scribed in Sec. III. in the chirally broken ground state of the system, dfd
In Sec. IV we recall the basic form of the relativistic = Fu/F"” is the electromagnetic field tensor. Furthermore,
Compton scattering amplitude and the relation to the electri€,= 3€(3 + 73) andg,~N_ " are the quark electric charge
and magnetic polarizability coefficients in the nonrelativisticand coupling constant to the’ and ¢’ fields. The four
limit. Using the effective Lagrangian approach we also con-component Dirac spinorg additionally include theN. col-
firm to ©O(m?) the leading i\ * results already obtained in ors and two flavorsrs==1 of the quark.G is a strong
Ref.[16]. interaction strength parameter that must scale ﬁl{e1 in
The effective Lagrangian still contains the logarithmic order to preserve proper QCD mass scaling.
and quadratic divergences of the original NJL model that Performing a functional integration over the quark fields
appear in the coupling constagt and in the gap equation in Eqg. (2) now allows one to identify an equivalent action
for the quark massn [34]. However, instead of solving the A= fdx. in terms of a LagrangianC=L(o,m,A,) that
gap equation fom, we will rely on the sum-rule estimate only involves meson and photon fields. The full details of
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this approach were given in Ref84, 35. Here we summa- o
rize only those aspects that are relevant for implementing z>m” M
pion polarizability calculations. One can expreds(now @ ®)
dropping the primesas

TrY, l[(iﬁ—m)*l
n=2 N

92
_ _Jo 2. o\,
A—fdx[ 4G(0' +7T)+|<X

©
x>}+de|——F2], _ _ _ _
4 FIG. 1. Typical quark triangle and box diagrams that determine
3 Ly andL,, ... The double and wavy lines indicate entering or
exiting pions and photons. The propagator in(b), connecting
where the trace runs over all quark intrinsic indices. AsAuark triangles with (p)hotons and pions attached, generates the
shown in Ref[34], by calculating the two-, three-, and four- a-(;;gl)e contribution£ 7, . The box diagram in(c) determines
point quark loop diagrams generated by the{2,3,4} terms Ly
in the expansion of the fermionic determinant in E8), and , . o
then keeping only their divergent parts, one obtains an actiofvo Wa)E:(') from the intrinsic structure of the pion itself as
A= A,+ Az+ A+ - - - that involves quadratic, cubic, quar- @ boundgq pair; and(ii) at higher order irNc’l, from virtual
tic, etc. combinations of the bosonic field amplitudes frompion clouds created by;,;. Technically, the inclusion of
which one identifies the Ebert-Volkov Lagrangian for the lo-intrinsic size effects amounts to including higher-order de-
cal part of a field theory of extended mesons in interactiorrivatives of the pion and photon fields that accompany the
with photons: finite parts of the quark loop diagrams in evaluating the ac-
tion A. We start with the finite-size contributions to an action
L=Lireet LingT Lomt -+ (4)  thatis quadratic in ther field. The quadratic parts i come
from the first term plus a contribution from time=2 piece of
the fermionic determinant in E¢3). One can combine these
two terms as

X[go(o+iysm)+ehl]"

The noninteracting piece is

Liree= % (‘977)2+ % (‘90')2_ % mi’ﬂz_ % m¢270'2_ %1 F2,
(5
wherem?=mog;/(2mG) and m;=4m?+m? are the pion

and sigma field masses squared of the model, as generated by
dynamical symmetry breaking. The meson-meson interactiolm a momentum representation. The inverse propagator

d*k
(2m)*

1 - -
=502 [ 0D KA -R] @

terms are given by 92D *(k?) for the pion is found from
Line=—2mg,0(0?+ %)~ 3g%(a?+ %)% (6) D1 (k?)=—(2G) 1+ TT,(K?), 9)
Finally,

where the quark one-loop pseudoscalar polarization function
Lom=—ie(md,m" W+&MW,)AM+627T,W+A2 ) is given explicitly by[33]
describes the electromagnetic interaction of point pions with ,(k?) = m—Mo 2 2KEF (kD). (10)
the gauge field.Here £, has been written in terms of pion 2Gm
fields carrying good isospin. The above form 6f,, also .
exhibits theN,, dependence of the theory explicitly through The function
the behaviog,~ NC_”2 of the coupling constant between the
meson modes. In th.— - limit, the interact_ion 'germCim F.(9?) =1+ 1q2<ri>+ o (12)
falls away, and Eq(4) reduces to a Lagrangian field theory 6
of free point mesons interacting with photons.
is identical to the leading ihlc_1 electromagnetic form factor
IIl. PION STRUCTURE CORRECTIONS of the pion as given by the Simple Single quark |00p approxi—
mation to theyw = vertex shown in Fig. (). The value of
A point charge cannot be polarized. Therefore, to be relthis vertex at lowq? is given in Eq.(36) of Sec. IV, and
evant for discussing pion polarizabilitie§,also has to con-  allows one to identify the modébr Tarrach radius squared

tain elements that reflect the intrinsic nonpointlike nature of3g] parameter(rf,) of the NJL Goldstone pion in this ap-
a polarizable pion. A nonvanishing pion radius can arise irproximation as

after charge and field renormalizationg34], e—e(1 (r2)= . (12

T

262
+ 25_7629;2)1/2 andAﬂ—>(1+%ezg;2)’l’2Aﬂ. 4arefe
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Being the square of a length, this parameter combinatiomvolve two pion fields and one or two photon fields, respec-
serves as a convenient abbreviation by which to express thevely. The relevant diagrams are shown in Fig. 1. For
scattering amplitudes generated by the bosonized NJE3,

model. The symbolf . for the pion weak decay constant
enters Eq.(12) via the Goldberger-TreimafGT) relation

f .0,=m that is strictly only applicable in the chiral limit
m— 0 of vanishing current quark mass. Thus(andm,,), . . _
that enter the bosonized Lagrangian, can differ in value from Xiysm(id—m)~te A][x), (17

following, m will mean the value of the constituent quark Eyaluating this up to and including cubic derivatives in the

f dxcmzigf,zj dx(x|Tr{ (i6—m) tiysm(id—m)~*

mass for vanishingn,. s . _ field amplitudes(combinations of second-order field deriva-
Returning to the propagatdd, ~(k°) and inserting the tives cannot contribute due to the pseudoscalar and vector
result given in Eq(10) for Il s, one obtains nature of the pion and photon, respectyglyne has
92D, (k%) =k?F ,(k?) —m2F .(m2) Loyn=—i1€Z(m d,m =79, m )AH
=(k2—m2)[1+ 3(r2)(k2+m2)]+- - - (13 +ie(r2){§(m~ d%d,m" —wtPd,m)

. 4 . ~3(9,m Pat—d,m Pm)
after using the conditio® . ~(m:)=0 to eliminate the quark

masses and coupling constaatin terms of the pion mass. +%(ﬁpw_ﬂpaﬂrr*—&pwwpaﬂw‘)}A“. (18)
The residue og;zDW(kz) at the pion pole is thus reduced,

. There are two types of contributions to the effective four-
below unity, to

point interaction Lagrangiaif,,,,. These arise from the
o-pole and quark box diagrams depicted in Fig&) land
Z=[1+3im2(r2)] t=1—im%(r?). (14 1(c). The o-pole contribution is obtained by contracting the
o vertex in Eq.(6) with the oyy vertex that is given by
anothern=3 fragment.,,, that describes a quark-loop-
induced coupling of photons to thefield. This latter vertex
is determined by

The factorZ serves to renormalize the pion field— \Z .
Carrying over this renormalization into E(8), and at the
same time inserting the result fg¢D . *(k?), one obtains

_i =1 ip ey —1
A= [ dx[(aw)z—miwz+%<ri>%.(a2+mi)2%] | @xcor,ia, | axtio-moto-m)

(15 X egA(id—m) e Allx) (19

after moving back to a coordinate representation again. Thu@r

the noninteracting part of in Eq. (5) picks up an additional

term in the pion sector due to size effects that involve quartic Loyyy= %e2<ri>fwg{(5pAo)(apA0) —(9,A%)(3,A)}
field derivatives. These give rise to a revised Feynman (20)
propagatot

after again using the abbreviation of E@.2) for brevity.
, i Carrying out the contraction on the intermediat@ropaga-
—i1A (k)= (16)  tor between the two quark triangles in Figblthen yields
7T 2 2 2 2 2
(K2=mO)[1+5(ro)(k*—mp)] the separately gauge invariant contribution

for the pion mode. Both the pion field renormalization as - - -
well as Phe ensuing structural F():hange in the pion propagator £(W)W=%%e2<rfr>{(apA )(dA") = (9pA J(3°A,)
are essential elements of the retention of gauge invariance in —
the scattering amplitudes.

Turning now to the structure modifications of the electro- .
magnetic part of the interaction with pions we isolate theS'Nc€
Ly.randL,, .. fragments of the renormalized electromag-
netic Lagrangian from the=3 and 4 terms in Eq(3) that (0,A)(3,A")—(3,A")(A,)=— 1p2 (22)

—i%eXr2)m?F?, (21)

Then=4 term in Eq.(3) includes the box diagram of Fig.
2The ghost pole in this propagator at spaceke-—1 Ge\is  1(c). Since one is taking the trace of the fourth power of a
an artifact of the low momentum expansion. It plays no role in thesum of field operators, the question of operator order is im-
physics. portant. With due regard to this aspect, one has
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i With this upgrade, the Ebert-Volkov Lagrangian in E4). is
f dxL (ybygfxzrzzgiz[4f dx(X|Tr[(i6—m)~* taken as the starting point for the polarizability calculations
reported on here.
XeqA(id—m) te A(id—m) !
IV. COMPTON SCATTERING BY PIONS

. - _ 71.
Xiysm(io—m) '757T]|X>] The Compton scattering amplitude may be written as

| 2 ih_ -1 "W, e)
+7952|2 dx{X| Tr[(i#—m) fom — L mr2 28)

2\s
XeqA(id—m) tiysm(id—m)~t
if the photons and pions are described by plane waves of unit

% S h oy~ L amplitude. The tensddV,, consists of gThompson scatter-

CqAid—m) WSW]|X>]’ 23 ing amplitude off the t%tal charge, plus a contribution that

arises from the intrinsic structure of the tar¢j&8]:
the factors 4 and the 2 giving the number of identical terms , '
of each type. . ' ' . W, = WRon wetueture= — ge2hoint_f, (D4 £,T(2)].
Evaluation of this expression up to and including second (29)
order derivatives of the photon and pion fields in order to
identify £ (%9 to that order is straightforward but cumber- The amplituded; = f(s,t) andf,=f,(s,t) are functions of

Yymm ) ) X . . - 2 2 _ 2
some. After some calculation, one finds that there is no rethe invariantss=(k; +gy)"=(k,+0,)" and t=(k,~kj)
sultant interaction at all in the neutral channel, =(d1—0y)*". The three tensor coefficients in EQ9) have

been explicitly constructed out of combinations of the pion
ijmzc(ybxgwﬁﬁ(;fy)wowozoy (24) and photon four-momenta in R€fL3] to ensure gauge in-

variance separately for both the point charge and structure

in agreement with thétree—level result established previ- contributions. We will only require the explicit form of

ously in CHPT[11], while in the charged channel the result
is y [ ] g Tg:gw(quz)_%ﬂq“: (30)
” plus the relations
£7')’7T7T: L (yb):()’ ot +L (yy)ﬂr’ 7t
=eZn w12\ w Pat +awtoPw ]1A? ETTZ?/Imf;—) —(€1-€),
+5eX(r2{[§(a,m ) (9,7 )ALAY AT es— — (€1 €)(w10y),

o tTAAR 2 2 )2 - - N N > -
™o AR ALE 5 (0,AN T el — (1- €0) (@102 + (61X Gy) - (€,X )

+ 2w [(9,A)(3,AR)— 3 A" (3HA,)]}. (25) (32)

2
For real photons and pions this expression is equivalent tothat hold near thresholds—~M?~. andt—0. Then

Loyyrn=€m w" A%+ §92<r2>(aﬂw—)(ayw+)AuAv GTWWEZ’“ZGZ(L%' 22)5T3,i1_{(g1' €2)010[ f1~ 5]

—LeA(rdym mtF?, (26) +(€,X01) - (€2X02) f,]} (32

after introducing the explicit form of the pion field renormal- i the transverse gauge. This leadsf¢oin Eq. (1), with
ization Z. This restores the contact term to its correct value.
The term involving pion field derivatives ensures the gauge o :[fl_fZ] _ f2
invariance of the scattering amplitudes but does not other- T 2M, T 2M,’
wise contribute to the pion polarizability. This is determined
solely by the last term. Since this term involves the electroafter division by—2/s— —2M2.
magnetic field strengths in the gauge-invariant combination We very briefly retrieve some previously known leading
—31F2=E2-B?, thea,= — 8,, degeneracy characteristic of in NC’l results using the bosonized Lagrangian, before taking
chiral invariance[1] will be maintained by this interaction up the main task of subleading corrections. The Compton
Lagrangian. scattering amplitude for charged point pions is given at tree
The electromagnetic interactiofi,, in Eq. (7) that in-  |evel by the sum of contadseagull and pion pole diagrams
cludes pion structure contributions is thus upgraded to read39]. Let us regenerate these contributions using the up-
graded version of,, in Eg. (27), that includes a finite pion
Lem=Lyrrt Lyymm- (27 size.

. (33

(%

1
7T+B7T:W
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We label the contribution to the scattering tensor fromThis value ofsz sets the overall model—-independent scale

L in Eq. (25) as the quark box plus-pole contribution.

YYTT

for the pion Compton scattering amplitudes. The same scale

This term reduces to the standard seagull diagram in théactor appears in CHP[i22,23. There is no scattering at all

point charge limit. One has
WO (kg ko) = —2€°[ 2+ 5m%(r2)1g,,,

- §ez<rw>{(q1+ qz)gMV_ ql,quV
+2[Kg, K, + Ko kp, I} + 36Xr2)

X[(d1°92)9,»— 92,91, ]- (34

The contribution from ther-pole diagram plus its crossed

in the neutral channel at this order of approximatid
=ng=0. All of these amplitudes are independent of the
pion mass, and thus describe the scattering in the chiral limit,
meHO; hence the subscripjgs Furthermore, a vanishinty
indicates that the chiral conditioa,+ 3,=0 is also satis-
fied. Hence

T _ _ pE _ @ 0 — 0 _0 (41)
Cmx™ WX_Sﬂ_szfi' Cmx ™ Bﬂx_ !

counterpart with the incoming and outgoing photons inter-

changed is
(ﬂ)(kl,kz = {777 (K1 ,K1+d1) A (K +03)
XTI (kg ka+d2) + 1 )77 (Ka ko= 0d1)
kKo=) )7 (ke ki—d2)}, (39

where thel“;””(kl,kz) vertex is generated by, .. of Eq.
(18). This vertex is given by

XA (

177k, ko) =eZ(ky+ k), + e("i)“{%kmkg*' %kzﬂki
+50%(ky+ K2) .t (36)

for the incoming photon four-momentum squared= (k;
—ky)2. The sum ofWP2* 7 andW(?) is gauge invariant.
The on-shell version of }""(ky,k;) with Ki=k5=

w

with M .—m_, the pion mass of the model. We refer to
these values as the polarizability coefficients of a chiral
(Goldstong pion.

The degeneracy in the magnitude of the chiral electric and
magnetic polarizabilities is lifted in the next order of ap-
proximation when higher-order momentum contributions are
considered inC,,,... This involves expanding the-pole
and quark box diagrams in Fig. 1 ©6(p®). Omitting the
details, one finds that

2
2<rﬁ>(9 )

2
f8=—5e2<rw>( me (s >——ﬂ;) 42

determines the electromagnetic form factor of the chargedpq

pion from
szw(kl,kz):er(qz)(M*' K2) (37)
to be

FAa)=Z+3mi(r2)+3aXr2)=1+3q%r2) (39

at smallg®. This was already used in E¢L1). The pion field
renormalization ensures that therm vertex carries the cor-

rect total chargef- .(0)=1.

2
ol

5 1m
1+ < m(r )———2
m

(433

1
fy=- §ez<fi>

for the neutral and charged channels, respectively. As before,
the tacit assumption has been made that the GT relation

Contracting on the photon polarization vectors in thef_g _=m is unaltered by the presence of a current quark

transverse gauge again, one finds tegWV) e}

vanishes

mass in the NJL gap equation. This is not strictly true once

near threshold, so that the Compton scatterlng in the charged(m?2) contributions are included. Considering a finite cur-

channel is fully determined by the quark box plaspole
amplitude alone:

WO ) b =227+ 1m2(r2)](€;- ;)

+1e?(r2) (et (2)65 (39)

The first term gives the correct point charge scattering since

the coefficient of 22 is actually unity because of Eql4).

The second term identifies the leadingNi * values of the

amplitudesf, andf, for charged pions as

f£,=0, fZ,

1
— - Ser=- (@0)

47T2f§T.

rent quark mass chang40] the values ofm>—m?, g, ?
—>§;2 that causes these scattering amplitudes to be multi-
plied by a global factor Zf2gZ/m?~1+£m3(r2)

— tm2/m?. To order®(m2), this only affects the amplitude
f, because of thed(p*) tree level term it contains. It is
replaced by

5m
m2/

~ 1
T3~ 5| 1+ Tame(r) -

6
(43b

These expressions correspond exactly to keeping at most
O(p® contributions in external momenta in terms of the
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ELECTRIC AND MAGNETIC POLARIZABILITY OF . ..

classification scheme adopted in Réf6]. The amplitudes,

tend to a finite constant or vanish respectively in the charged g~ =—
or neutral channel am?—0; f, vanishes in both channels.

The null valued for f{ and f5 as m?—0 just reflect the

pointlike nature of the neutral Goldstone pion of zero charge

radius in the chiral limif12]. Such a point object cannot be

polarized. Here this result comes about as a consequence of

an exact cancellation between the scattering amplitudes aris- ( 2

>~—5.37 [-4.57],
(46)

a’=0 [-0.09],

ing from the quark box and--pole diagrams in this limit. 0 @ m

a2 )%1.35 [1.54).

The associated leading M_ * polarizabilities can be read 6m2f2
off to O(m2) from Egs.(33). Note, however, that the pion
massM ,~m_(1+ tm2(r2)—m?/8m?) that enters into that
equation also differs fronm, by (’)(mi) nonchiral correc-

tions[40]. Then

Note thate,~ — 8, come to within 80—90 % of their com-
mon chiral vaIuenf,X%GAZ in Eq.(41), while a?T:O returns
to its chiral value. Onl)ﬁ?T has been changed appreciably by

5 (’)(mf,) contributions. Actually solving the gap equation for
0., 0 a 5 m; reasonable input parameters plad&€8] m in the range
a+pE——| = (449 put p P! , 9
0T 8wPm 2\ 9 m? ~200-240 MeV that does not differ substantially from the

corresponding sum-rule estimate forgiven above. Conse-
quently to (’)(m,ZT), the values of the leading order electric
and magnetic polarizabilities will still mainly be determined
by the chiral properties of the Goldstone pion.

These leading-order estimates differ somewhat from the
corresponding?(p*+ p®) values given in Ref[16] (shown
in square bracketdecause of our slightly different choice of
the effectivef ., m_, andm, but more especially because
their (convergentintegrals that determine the polarizability
are cut off with the samaA ~1 GeV that is necessary for an
actual calculation ofn. In the present approach this would
correspond to introducing an additional parametém? by
cutting off all quark loop integrals, convergent or not, that
determine the structure of the interaction Lagrangian.

2
sm.

o
8m?m, 2\ 12722

6 m?

(44b)

5m2
Bo=- )

for #°, and

7 m

45 12

2
a ™

a +B,=

: (453

2m £2
8m°m,f,

m

1+
1272f2

et BC

. 5m2  17m2
Bz=—

a
8772m77fi

for 7*, after making the replacemenf —, for calculat-
ing B . These results are identical up (@(mi) with the
exact leading ir1\|gl computations in Ref[16] for the NJL
model electric and magnetic polarizability coefficients, after

letting their cutoffA —cc. If in addition the quark massiis  jhg the subleading iMN_* corrections due to meson-meson
taken equal to its sum rule valy86], this set of equations jniaraction terms described b, in Eq. (6). Intermediate
makes predictions for these coefficients that only involve thgneson 100ps are introduced by this interaction, that generate
known ~physical constants of the pion. Usingl.  neson clouds which make a contribution of their own to the
=140.2 MeV and f,=88.8 MeV as appropriate NJL pion charge radius.

model input values(see Sec. VI after inserting m The set of direct Compton scattering diagrams that are
~\2/3rf ,~228 MeV, one has, in units of 10 fm?, subleading is shown in Fig. 2. Not shown are the crossed
diagrams with the initial and final photon states inter-
changed, that must accompany each direct diagram. Neither
are the three “seagull” diagrams shown that match Figs.
2(c)—2(e) in structure, but have the two photons attached at a
common point instead of sequentially. The complete set, di-

3As an aside we point out that the vanishing of the neutral ampli-rﬁgtsﬂgfe;;?ﬁsg& P l;lscrgritcgzgszzgg::: dlaar?qra}irgjsdegicr)lﬁ_rate
tudes in the chiral limit can also be understood in terms of Dashen’é c P 9 P

theorem. This theorerfd1] shows that a neutral Goldstone pion tribution thqt is gauge invariant. Singe these contributipns are
remains a Goldstone piofi.e., cannot develop electromagnetic &/l subleading, we may use the point-charge form given by
mass in the presence of electromagnetic interactions as a consd=d- () to describe the photon-pion interactions for this stage
quence of chiral symmetry. The electromagnetic self-mass square®f the calculation. The introduction of the transverse gauge
can be obtainef42] from the Compton scattering tensor by simply for the photon polarization after moving to the long-wave

V. SUBLEADING IN Ngl CORRECTIONS

We next set up the main task of identifying and comput-

2

a ™

ju
A,

) ~5.75 [4.98],

=\ 1—
8m?m, 2 80m2f2

contracting the photon lines in Figs(b)l and Xc). A vanishing
scattering amplitude in the neutral channel is thus suffidiemt not

limit results in an essential simplification at this point. For
then only the subset of diagranis), (d), and(e) of Fig. 2

necessary; see Sec.  Bo make the electromagnetic self-energy need to be considered, since only these will survive contrac-

also vanish in the chiral limit, in line with this theorem.

tion with the transverse polarization vectors.
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wheret=(qg;—q,)?. The integrald andJ,,, which are in-
. dividually divergent, are defined in Eq#1) and(A3). They
determine the contributions of the seagull and sequentially

scattered photons, respectively. However, the difference

T . . [,/ (Mm%, m2;t)—J,,(d1,02)] is convergent, and behaves
+ j@i + + H@H like ~1/m? for on-shell photons as—0. Thus the scattering
hgf p amplitudeW(*>® becomes independent of the pion mass,
© @ /(‘} and consequentlfinite in the chiral limit.

We contract with the photon polarization vectors as be-

- x o o fore, to find
+ i( )_é + +
[ 1 2

e
bW+ 2e) b — efTPely, (49
1%Wur 2 3(1+y) (477)21:727( 1 urv®2 ( )

FIG. 2. The complete set of Compton scattering diagrams that
are subleading ilN_ *. Wavy lines indicate photons, and solid lines after again employing the GT relatidi,.g,=m and the ab-
indicate mesons. Only direct diagrams are drawn. To these must Hereviationsy = mfrl,u2 with x=2m. It then follows that the
added another eight diagrams with incoming and outgoing photongubleading inN_* corrections tof, and f, in the neutral
interchanged, plus a further three seagull diagrams that ntatch  channel are
(d), and(e) in structure, but with the photons attached at a common

point instead of sequentially. 1

(1+y)°

1
519=0, o6f0=—_€*r2)

(50)
A. Neutral channel 236

In the neutral channel charge conservation removes Figl._ 0. _ . .0 -
2(c) from consideration too, so only Figs(d and Ze) are hus f7 is unchanged from its leading value, whrté is
relevant. Since the pion in the loop must be charged in ordeiePlaced by
to couple to a photon, the four-pion vertex for Figdponly
involves that piece of the four-pion interaction Lagrangian in 1 5 m
Eq. (6) where at least two of the pion fields are charged. On 9+ 6f5=— §ez<r,27) §mf,<rf, -——-=| (5]
the other hand, the two vertices at the ends ofdhmeson M
propagator in Fig. @) are determined by thel,,..
=—2mg, o term in i, . With the eventual limit—0 in  after only keeping subleading corrections@()mi) for con-
mind, it becomes convenient to generate the diagram sum @istency.

Figs. 2d) and 2e) from a common interaction Lagrangian  Since the sum‘2+ 5f2 no longer vanishes in the chiral
by contracting ther meson line, and adding the result to the limit, the question arises of what has become of Dashen’s
four-pion Lagrangian with due regard to differing symmetry theorem. However, this theorem concerns itself solely with

factors for charged and neutral channels. Then the vanishing electromagnetic mass correction of the chiral
) 72, not its polarizability, and continues to hold. This is seen
[ (20+26) _ _ Egz 4E[w°w°w*w+] as ;‘ollows. The eIectromagnet(cEM) mass shift squared,
T 277 'm? om’_o, due to these meson loops is again found by contract-
g

ing on the photons in the Compton tensor amplitudes in Fig.
ol L, 2 (and dividing by 2 to compensate for crossinghis intro-
1+ 2 [4m 7 7 7] (47 duces the photon propagateriD ,,(9%) = —ig,,/q% The
7 gauge choice is immaterial, sinaﬁnio is explicitly gauge
invariant. Then

2

"2

where the relatiom?2=4m?+m?2 has been used.
The first term in Eq(47) determines the scattering con-

4

tribution in the neutral channel. Upon coupling two photons oM o= EJ’ dq [—iD#*(g?) W29 (g q)

to the charged pion loop, either via a photon seagull or se- ™ 2} (2m)* r

guentially, one finds that both loops diverge logarithmically, 5

but that their sum is finite. The tensor scattering amplitude is 5 2 A? 1 m;

given by ~etm, F 1+§In P'ﬁ‘ , (52)

2

m:, with the help of Eq(48), after regulating the divergent inte-
WS 29)(q;,q,) = — Bie?g%—2{g,, ) (m2 ;1) G Clidean. ;
ma'

gral with a sharp cutoffA in Euclidean momentum space.
Thus theO(Ngl) EM mass correction continues to vanish in
—J,,(01,92)}, (48)  the chiral limit.
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B. Charged channel There is again no correction fg . However, there is now

The contributions of Figs. @) and 2e) in the charged @ Spurious correctioneto ;che point charge scattering, coming
channel follow from the last term of E¢47). This gives rise  from the first term~ (e, - €,) in Eq. (56) which is unphysi-
to the same expression as E4@), but with m2/m? replaced ~ cal. This is in turn removed by subleadidyN; ") correc-
by 1+m2/m?. One now has tions to the pion field renormalization. One sees this by cal-
culating the correction-i 5% (k) =igZ Il ,¢(k?) to the pion
wedr2e _ e? (i+ 1 )T(Z). 53 self-energy. This is given by the sum of d_iagranﬂ;) Dlus
wy (4m)2f2 13y " 3(1+y)| #* 2(g) plus Zh) of the last row in Fig. 2 W|th_ the photons
K removed. With the help of;,; in Eq. (6), one finds that the

. ) . . k’=0 value of Fig. 2f) just cancels out against the
This amplitude develops a chiral poleat-0. The remain- k?—independent cor?tributiojn from the sum of Figeg)Zand
ing contribution in the charged channel is given by Fig)2 2(h). Then

Translating the diagram, one finds that

2¢)= ie2g2 S p(k?) = — 16m3{1 (M7, mZ;k?) — 1 (m3 ,m2 ;0)}
W™ = — 8ie2g?(4m2){g,,,I(ky, ko)~ £ 1,,(q1 kg ,ky)

_% l V,u(_q21klik2)}' (54) ~ k?—0. (58)

The integralsi(ky,k,) andl,,(q,,Ky,k,) are given in Egs.
(A5) and (A6). We require theit— 0 limit after contraction
with the polarization vectors. Althoughl(k;,k;) and

| ,,(d1,K1,Kp) individually display chiral singularities-Iny
and ~1/y, the logarithmic terms cancel out in the combina-
tion required in Eq(54). Using they— 0 limiting forms for
these integrals, one obtains

The integrall (m?,m?2 ;k?) is given by Eq.(Al). The differ-
ence vanishes lik&?, confirming that the Goldstone nature
of the chiral pion is strictly preserved. We replace the pseu-
doscalar poIarizatioanS(kZ) in Eq. (99 by the sum

I ,5(k%) + 811,4(k?), and find that the residue at the pole
k?= me of the modified pion propagator is altered frarto

Z', where
mpf20)= v 2 gi 8 P 1 J -t
efW, )~ e;=2e 5.2 1+§y+2ylny+~-- (€1-€2) 7' = 1+§mi<ri)+g§ %51_[[)5) ]
m2
e? ( 1+1+119+1O| ,
——— | —aotlt oyt Zyiny 1 2 g
(4m)*f2 3y 18- 3 wl—gmﬂri)—% 1+zy+2ylny+-
T
+oo ](e’fTﬁfJeZ)- (55 (59)

o ) _ ) o after appealing to EqA2). The correct point-charge scatter-
The remaining simple pole w\ﬂtzryfzgipressmn IS In WMing js restored by replacing with Z' in the point scattering
canceled by an identical pole W, . Consequently term ~(21-22) in Eg. (39), and adding this to the corre-

the final scattering correction ©8(m7) andO(mZ In me) in sponding point scattering contribution that appears in Eq.
the charged channel is given by (56).

mp/(2c+2d+2e) = v
61W;LV €2

2

9

=2e? —
(8772)

e? 4+113+1O| .
amz2 |37 1877 3T

VI. RESULTS AND CONCLUSIONS

We have seen that the subleadingNa® corrections to
the Compton scattering tensor appear in the amplifydsut
not f; in either channel. Thus these corrections influence the
@).» electric and magnetic polarizability coefficients individually,
(1T €2), but not the leading ifN_ * values of their sums which are
immune to the class of subleading corrections considered
(56) here. This finding is also in line with the results of CHFI.
To quantify the changes in the individual coefficients we
that is nonanalytic iry=m?2/u? but free of all chiral diver- ~ start with the magnetic polarizability and write
gences. The subleading scattering amplitude corrections are
thus

8 I
1+§y+2y|ny+ .. '](61'62)

o
ﬂ;?’:—mXB(X,y), x=m2/f2, y=mZ/u?,
l T

L L1 113 5
5ff=0, 5f5=§ez<rf,> §+ﬁy+gylny+~--). (60)

(570  whereTj is the third component of the channel isospin. Then
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TABLE I. Breakdown into leading and subleadingl‘ir;;’l contributions to the charged pion polarizability
coefficients for the bosonized NJL model. The input parametermarel140.2 MeV andf ,.=88.8 MeV at
a quark mass ofm=227.8 MeV, as given by the sum rule, so that m,~0.46 GeV. These parameters
reproduce the observed valuesFof~93 MeV for the weak decay constant and an average meson mass of

M ,~138 MeV. For a critical overview of data extr

action, see RETs9,24. Units are 10* fm°.

+ +

az+ By az—B; a; Bz
Leading 0.38 11.13 5.75 —5.37
Subleading 0 —3.80 —-1.90 1.90
Total 0.38 7.33 3.85 —3.47
Expt. 0.22+0.07(stat.)= 0.04(sys.)[5,7]
0.33+0.06+0.01[6,7]
1.4+3.1+2.5[4]
4.8+1.0[5,7] 25+05 —23+05
6.03+1.26[5]
15.6+6.4+4.4[4] 85+6.1 —7.1*+6.1
17.09+3.5[3]
5 10 1 1 their observed values. The relations for making these adjust-
X°(x,y)= ( 2X—3Y )+ 1—2+1—2y+ ments for the NJL model are given in R§40].
127 Using these input values in Eq$0), (459, and(44a, we
(61 obtain the breakdown into leading and subleading contribu-
tions given in Tables | and Il. The subleading corrections
and have a significant effect. While the sum.+ 3., is not af-
fected in either channel, there is more than a 30% reduction
N 17 in a«,—B,, and therefore in the values of the individual
X~ (xy)= 12W2x—€y+ " coefficients in the charged channel dug2¢N_ ') contribu-
tions. These corrections are much larger than#&% cor-
1 113 5 rections ofO(p*+ p°®), leading inNC_1 values of these coef-
- 3 Y+ yIn y+-- (62 ficients due to retainingll orders of external momenta as

reported i 16]. So neglecting?(p®) and higher momentum
contributions in the row labeled “leading” in Table I, as we

for the neutral and charged channels, respectwely, using Edgave done here, will not make much difference to our final

(50) and (57). The leading and subleading mc contribu-

results.

tions in these expressions have been bracketed separately.The polarization coefficients |n the neutral channel be-

Note thaty® and y= are reduced from zero and unity to

have differently. Although the surzm + ,6’ is again indepen-

—1/12 and 2/3, respectively, by the subleading contributiongjent of subleading contrlbutlona is determined almost

in the chiral limit.
Besides the order parametiy that sets the energy scale
for chiral symmetry restoration by external influen¢@&s],

the nonchiral terms in these expressions require an additiona

scale parameter against which to compane. For the
bosonized NJL model we have seen that 2m~m, pro-
vides such a scale in terms of the scalar field mass. This

the only place where the NJL model parameters enter into

totally by them, whileg® is almost independent of these
contributions. The reason for this is clear from the simple

apalytic expressions
( - 2) ’

2

1 m:,

—+
12 327%f

a

is _
20 £2
87 m {2,

the polarizability calculations. As already remarked, we can

circumvent even these by taking the sum rule valoe
~228 MeV for the quark mass instead of solving for
from the gap equation that depends on the NJL couplin
constantG plus a regulating cutoff\. This choice ofm cor-
responds to the scale pf~456 MeV. In obtaining numeri-
cal estimates we have used the “adjusted” values
=140.2 MeV andf_=88.8 MeV that reproduce the ob-
served average pion mass and decay constanMat
~138 MeV andF _~93 MeV respectively, after taking
into account, as in CHPT19], that the bare constants,,
and f . of the model, differ by nonchiral corrections from

TABLE Il. A repetition of the calculations described in Table I,
%ut for the neutral pion. Data from the Mark Il and Crystal Ball
ollaborationd’5].

antBy  ai— B g B
Leading 1.35 -1.35 0 1.35
Subleading 0 —-0.98 —0.49 0.49
Total 1.35 —2.33 —0.49 1.84
Expt. 1.25-0.06 —-14+1 —-0.080.50 1.33-0.50
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TABLE lll. Comparison of various estimates of the sum and differemge- 8. for charged and neutral

pions.
Charged pions a;+ 65 a;—Bo
From Table | 0.38 7.33
Bajc et al.[16] 0.33 10.0
CHPT, one lood22] 0 5.4+0.8
CHPT, two loopg 22] 0.3+0.1 4.4-1.0
Dispersion sum rulef24] 0.39+0.04 ~10.8
DMO sum rule, QCD estimate of spectral densifiag] 0 11.2+1.0
DMO sum rule, spectral densities on a latt[&4] 0 —4.0+3.6+3.2
DMO sum rule, empirical spectral densitigz8,27] 0 -6.0
DMO experimental spectral densities{3 Ge\?) [29] 0 ~16+2
DMO sum rule, NJL model spectral densitig7] 0 8.56
DMO sum rule, ENJL model spectral densit{&y] 0 3.2t010.4
Experimental range ~0.22t01.4 ~481to17.1
Neutral pions a2+ a?— B2
From Table Il 1.35 —2.33
Bajc et al.[16] 1.19 —2.16
CHPT, one lood9] 0 -1.01
CHPT, two loops plus chiral log$9] 1.15+0.30 —1.90+0.20
Dispersion sum rulef24] 1.04+0.07 ~10.0
Experimental range ~1.25 ~-14
1 77m? two orders of magnitude greater than that of the neutral pion,
0 a w -~ .
7=ﬁ(1—2+ 5 2). (63) and (_:onsequently of a similar magnitude as the refei]
8w m,f7 967 contribution aygqq;=a(r2)/(3M,)~15x10"* fm® from

) which it is subtracted.
that follow from Egs.(44a and (61). These expressions,  The role of vector meson excitatiof] ought to be con-

which reduce to the standard CHPT one-loop resdlt  sidered too, since their inclusion also gives rise to leading
= — 2= —al(96m*m,f2) for the neutral pion fom?—0,  order contributions to the Compton amplitude within the
show that the subleading chiral contribution-ef/12 domi- ~ N_* classification scheme. Such excitations have been mim-
nates the value o:fv?T but is overshadowed by the nonchiral icked in the extended NJL modg45] by including modes
term in B82.. As already pointed out, for reasonable values ofcarrying the quantum numbers of tpeanda; mesons in a
mthe leading contribution t@?, is always near zero. For the chirally invariant manner. Although some results in the form
sum rule value omused to derive Eq63) it is exactly zero.  of numerical fits to leading order calculations fory
Consequently the final value af. is determined almost en- — 7°«° are availablg15], a systematic investigation of the
tirely by subleading contributions. Finally we note that therole of vector modes on Compton scattering within the
disparity in7* and = intrinsic polarizability values simply bosonized ENJL model framework, including both leading
reflects the quasi-point-like nature of the neut@bldstone¢  and subleading chiral and nonchiral contributions, is still
pion. lacking. But in leading order, in the chiral limit at least, the
The O(N; 1) calculations of the pion polarizability re- main physical consequence of including h@lusa; chiral
ported here are contrasted in Table Ill with values obtainedp@rtner vector modes is the occurrence mfa; mixing
from other calculations. We have also included an inferred46.45. As discussed in Ref$27,47] this leads to an addi-
measurement of the polarization difference in the chargedional induced axial vector coupling characterized by the size
channel as deduced from the ALEPH data in conjunctiorPf the quark axial coupling constagh<1, that shrinks the
with the DMO sum rule. These data seem to saturate thigalculated pion rms radius by a factgg, while at the same
sum rule fors<3 Ge\?, when judged against the chiral time rescaling[48] both f —f = Voaf,, and g,—g.
predictions[43] for it. =g,/\/ga. The combined effect is to reduce the Tarrach ra-
From Table Il one sees that, except for the DMO sumdius parameter by, and thus to quench the chiral limit
rule which gives zero by construction, all the calculated val-values of the electric and magnetic polarizabilities by the
ues ofa, + 3. are consistent and in reasonable accord withsame factor. In combination with the DMO sum rule, this
the data. On the other hand there is a considerable spread gives the ENJL model range of values for charged pions
the values of the charged pion polarizability difference. Inlisted in Table Ill.
particular, the DMO values ok, — 8, =2« vary between In summary, the role of subleading M, * meson one-
—6.0 and 11.2. This spread of values reflects the uncertaintypop corrections on the pions’ polarizability coefficients has
in the DMO sum-rule estimate of the intrinsic polarizability been investigated within the bosonized version of the mini-
of the charged pion, which is always negat[\g, typically = mal Nambu—Jona-Lasio model. We have shown that, while
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leaving the leading order values of the polarizability sumsjJ, (qy,d,)

a,+ B, unaltered in both charged and uncharged channels’

in agreement with CHPT, such corrections lead to significant d4l (21=09) u(21=ay),

changes in the leading iNC’l values of the polarizability f (2m)* (1 —ql)z—mz][lz—mz][(l—q2)2—m2]'
coefficients themselves in the charged channel. These con- T T i
clusions are independent of any regulating cutoffs or model (A3)
parameters, since the final results have been expressed f5te that the *
tirely in terms of the physical observables of the pion.

crossed” version af ,,(q,,9;) with q;—
—0,, u—v is identical to itself. This integral diverges due
to external photon vertices atandv. However, the required
APPENDIX: EVALUATION OF LOOP INTEGRALS combination in the neutral channel,

The following loop integrals are required to evaluate the[g I(m fT;t)_JW(ql,qz)]
subleading Feynman diagrams for Compton scattering am-

plitudes. B i 1 1
(i) The integral —m ZQWL dalfo da,0(1—a;—ay)In(R/Ry)
d‘l 1 01— ay— ay)
|(m§,mi;k2)=f > > f d“lf day————[(2a, Da,
(2m)* [(1+k)2=mZ][12=mZ]
f J + 20,0, )[ 20101, + (20, 1)(3121/]] , (A4)

(477)2 RP

< e-iplm2(1—a) +m2 a—k2a(1- )] (A1) R=m’—(qfa;+q5a,)(1—ay— ay) —ta;a,,

. . . - Ro=m?—tay(1- ay),
together with a suitable gauge-preserving regularization pre-
scription {R}, gives the loop integral for two-point ampli- IS convergent.

tudes. However, the  difference 1(m?,m2;k?) (i) The subleading iN_* contribution in the charged

I(m o) 81,5, which determines the subleading in channel requires the additional combination of integrals in
N correctlon to the plon self-energy, is convergent. TheEQ. (54) that arises from Fig. @). They are given by the
derivative of 11,5 atk?=m? is reqwred for calculating the CONVvergent expressions
pion propagator renormal|zat|on ©O(N, 1. In view of Egs. 4
(58 and (A1), this is given by J(kl,kz)zf 2

(27)
Hps= +m? (11— a)? X 2_ 2 2 27112 2
m “« [(1+ky)*=mZ][(I+kz)“=mZ][1“—mg]
1 1+ 8y+2y|ny+ (A2) i jl !
' =— dxxf d
“eq?| 3 (4m)2Jo 0’
with y=m?/u? as before. 1

(i) The subleading ifN_* contribution to the neutral sz(l—x)+m2X2—tx2,8(1—,8) (A5)
channel depicted in Figs(® and Ze) is proportional to the 7 m
combination[g,,,| (mZ,mZ;t)—J,,,(d;,d2) ], where and

[2I+2k1+q1]#[2l+2k2+q2],,
[(|+k1)2 m21L( +kp) 2 =M J[(1+ kg +0g)°—m2][17—m(]

|W(Q11k1-k2):Jd

4

= H da.)a( 2

(477)2

Our 1
{ ’ _§[2a1k1+2a4q2+(2(a1+as)—l)chh

X[2a1k1+2(a1+a3)Q1+(2a4_1)Q2]V}v (AB)
whereR=mZa,+m3(1— a;)%— 2k Qi ap— tag(1— a;— ap— a3) for on-shell pions and photons.
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