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Strength of the double-phonon state within an exactly solvable model
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The deviation of the energy-weight sum rédEENSR) and the energy shift for the two-phonon state from the
prediction of the independent-phonon pictytbe harmonic limix are studied within the exactly solvable
Lipkin-Meskov-Glick model. The exact results are used to compare with the estimations given within the
random-phase approximatidRPA) and the renormalized RPIRRPA). The analysis of the numerical results
shows that the source of the “enhancement” of the two-phonon ESWR compared to the value given by the
harmonic limit is the violation of the conditio[ﬁ,[v,lﬁ]]zo for the interaction pary of the model Hamil-
tonian and the operatdfl generating the electromagnetic transition. As a result, the EWSR for the two-phonon
excitation exceeds its value in the harmonic limit by a factor-df.8 atN=136 andy=0.8. It is also shown
that the energy shift of the two-phonon energy compared to its value in the harmonic limit decreases with
increasing the particle numbarfollowing a power law, which is more complicated than the simple approxi-
mation~N~*. The RPA and RRPA underestimate the exact EWSR of the two-phonon excitation by about 30%
at a given interaction in the region where the RPA is valid.
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[. INTRODUCTION resonancefs], however none of them can describe the “en-
hancement” of the DGDR cross section without artificially
The double giant dipole resonan@@GDR) has been ob- increasing the GDR integrated strength to a value much
served recently in the relativistic heavy-ion reactions viahigher than the experimental one. Recently, the phonon
Coulomb excitation [1-3] and pion-induced charge- damping mode{(PDM), proposed ir{6], has been applied to
exchange reactions. The results of these experiments are kig@lculate the multiple-phonon resonan¢és-9). The PDM
of controversial with respect to the conventional understand¢@n describe the EM cross sections of DGDR simultaneously
ing of multiphonon resonances within the independent0r both *Xe and ***Pb cases along with the DGDR width
phonon picture(IPP) (also called the harmonic limitAc- ~ and energy9]. Since the PDM uses two phenomenological
cording to the latter, a DGDR is assumed to be a two_dipmeparameters to reproduce the GDR, a question still remains on

phonon resonance, which is a giant dipole resondG&R) the reason why the other microscopic models strongly under-

built on top of another GDR. As such, the DGDR parameterseStimate the EM cross section of the DGDR. The aim of the

can be calculated by folding two independent GO 2SR LS B0 SR S0 RS 1 sovable
Hence, the DGDR energipgpr IS expected to be Bgpg P y

: . model, with which the results of well-established micro-
(Ecpr is the GDR energy and the DGDR full width at the g0, annroaches, such as the random-phase approximation
half-maximumI'pgpg is equal to 2" gpr (I'gpr is the GDR

. | ¢ : (RPA), can be compared with. A candidate is the Lipkin-

FWHM), if folding Lorentzian photoabsorption cross sec- peskov-Glick (LMG) [10] model, which has been widely

tions is used, or t0/2I'gpg, if Gaussians are folded. In ysed in literature to test the validity of various many-body

reality, because of the anharmonicities, the energy and Widtapproximation methods. The LMG model was used recently

of DGDR will differ Sl|ght|y from these values. This feature to Study the anharmonicity in the energy Of the Sing'e- and

has been observed in experimefs3], where it has been double-phonon states in R¢l1], where, however, the “en-

found that the energy shif E=2Egpr—Epgpr is few hun-  hancement” in the energy-weight sum rUEWSR of the

dred keV for 136)(6, while a relation \/EFGDRSFDGDR DGDR was not considered.

<2I'gpr holds. However, the controversy is seen in the The paper is organized as follow. Section Il discusses the

value of the experimentally extracted cross section of eleCEWSR of the double-phonon excitation and its application to

tromagnetic(EM) (or Coulomb) excitation for the DGDR,  the LMG model. Section Ill analyzes the results of numerical

which turns out to be much larger than that given by thecalculations. The last section summarizes the paper, where

folding model. The “enhancement” is found to be around conclusions are drawn.

178-200% in the reactions witf®®Xe projectiles at 700-

MeV/nucleon kinetic energy3], and around 133% using || ENERGY-WEIGHT SUM RULE OF DOUBLE-PHONON

208h projectiles at 640-MeV/nucleon kinetic energy, bom- EXCITATION WITHIN THE LMG MODEL

barding 2°Pb target[2]. Several microscopic approaches

have been recently developed to study the multiphonon giant The quantity that is directly related to the integrated cross
section of any resonance is its EWSR. If the resonance
states are generated by Hermitian operafbin a system

*Electronic address: dang@rikaxp.riken.go.jp described by a Hamiltoniald with a two-body interactiony,
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the EWSR is defined by the indentit§2,13 which reaches the value 1 in the harmonic limit, at which
AS{? vanishes.

- 1 “ A i i i
3152 (E,,—Eo)l(v|O|O)|2=§(O|[O,[H,(’)]]|0), ) The Hamiltonian of the LMG moddl10] is

H=T+V, T=eK,, V=-3:V(KZ+K2), (7
where {|v)} is the complete set of exact eigenstates with
energiesE, of H. In the case of the GDRY is the dipole
operatorO= D, so if the potential’ in the Hamiltonian com-

muted withD, the right-hand sidéRHS) of Eq. (1) would be
equal toNz/(2MA) independently of models and of the
structure of the ground staf@) [14]. One then obtains from N

Eq. (1) the well-known Thomas-Reich-KuhHiRK) sum rule K,=> al mdom, K_o=(K)T (8)
for the GDR,S{"=NZ/(2MA). Proceeding in the same way m=1

for DGDR by puttingD=D?, and evaluating the RHS of Eq. are the usual S(2) generators, satisfying the commutation

where the operators

N
21 (a-rkmaer_ a-r—mafm);
m=

N[ =

KOZ

(1), itis easy to ShOWlS] that re'ations[l?]
= =+
8(12)24%(&f)2|O>E4S(11)Sgl), @ [Ki K_]=2Kg, [Kg,K:i]=%K.. 9
The exact energy eigenvalu&s and eigenvectors of the
provided the following condition holds: Hamiltonian (7) are found by diagonalizing the tridiagonal
matrix, whose nonvanishing elements in the space of states
DZ[b,[V,b]]ZO. 3) |3,M) with —J<sM=<J (J=N/2) are

Since the EWSRS{") and non-EWSRS{" of the GDR are (I MIH[J,M)=eM,

known, the unknown EWSE of the DGDR on the LHS 5 \; + 2|H|3.M)
of Eg. (2) cannot exceed the value in its RHS. Hence, there ié T '
no way to get any enhancement of the DGDR strength com-
pared to the results of the IPP obtained by folding two
GDRs, as the latter satisfies the RHS of E2).[15]. How-

ever, in reality, as has been pointed out by us previoush{io
[8,16], the condition(3) does not hold within a general

=—VJUIFM)[IP=(M=1)?](I=M+2). (10

The one-body operat(fb, which can generate the transi-
n between the particlép) and hole (h) levels in this

many-body Hamiltonian. Therefore, instead of Ef), the model, is
EWSRS{? for the double-phonon state is calculated as B=F(K.+K_) (11
- + -/
SP=sP)+as?, (4 whereF is the matrix element of the electromagnetic transi-

tion, which corresponds t®. The general form of is F

=elr [ Yim(0,¢)+(—1)MY, _y1/(1+ Sy0). In the case

of the dipole operatorl(=1), e{y)=eN/A for protons, and

—eZ/ A for neutrons. Using the commutata®), it is obvi-

(5 ous thatD does not commute with the two-body interaction
partV of the Hamiltonian(7), because

which is obtained as a result of the exact calculation of the .

RHS of Eq.(1) whenD=[D,[V,D]]#0. It is important to [V.D]=—FV(KoK. +KiKo=KoK_—K_Kyo), (12

point out that, because of the complete set of the IntermEd\ivhich iS never zero at a given nonzero interaction parameter

ate single-phonon ;tates, the _enhancgme(rﬂji does not V. The double commutatd? (3) is not zero either. Instead, it
depend on the reaction mechanism, which forms the double-

. : | t
phonon excitation. Hereafter, we will call the EWSE (2) 'S equatio
the harmonic limit ofS‘f’ (4) because the EWSR of two- p=[p [V,D]]=2F2V(K2 +K2 —K,K_—K_K, +4K2).
phonon excitation within the IPP obtained by folding two (13
GDRs satisfies this sum rule val®?. A good quantity
showing the deviation of the EWSR from the harmonic limit The nonzero value of the commutatdr2) also leads to the

where the “enhancementAS{?) [compared with the case
when Eq.(3) holdg| is

ASP=1((0|D?D|0)+2(0|DDD|0)+ (0| DD?|0)),

is the ratio violation of the TRK sum rule. However, under a certain
approximation, the expectation value of this commutator in
EQ ASP the ground state can be considered to be equal to zero, con-
R= EzlﬂL <2 (6)  serving the TRK sum rule, while it is not the case for the
Sy Sy double commutatof13) (see Sec. 3 ofg]).
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It is worth noticing that a nonlocal interaction is used in of V(). It is obvious that the harmonic limit is reached only
the LMG model. In realistic nuclei, it is well known that, if at zero interaction (=0), where AS{?) from Eq. (15)
the GDR strength is integrated up to the meson thresholds &anishes.
~140 MeV, the EWSR exceeds the TRK sum rule by up to
0.4.—0.5 TRK sum rule_uni_ts. This enhancement is usually B. EWSR within the renormalized RPA
attributed to the contribution of the meson-exchange or
velocity-dependent forcgd2,14). These forces also violate ~ The foundation of most microscopic approaches to
condition (3). However, the photoabsorption cross sectionghuclear collective excitations is the RPA. The coherght
of GDR are usually measured up to 30 MeV, where the TRkconfigurations across the Fermi surface are treated within the
sum rule is well exhausted for nuclei with mass numbrs RPA as a collective phonon excitation. The conventional
=100, while the electromagnetic cross sections for DGDRRPA equation is usually obtained within the quasiboson ap-
have been obtained within the energy interval up to 40 MeVProximation, which violates the _Paul| prlnqples between the_
In this region of excitation energy the contribution of the Phonons, as the latter are con_S|der_ed_ as ideal _bosons. In this
exchange or velocity-dependent forces is expected to bway, only a part ofph correlations is included in the RPA
small. On the other hand, the problem about the ratio beground states. This leads to the collapse of the RPA at a
tween the nonlocal and explicit velocity-dependent element§ritical point, where it yields an imaginary solution. Several
in nucleonic potentials has been known for several decade¥Proaches were developed taking into account the ground-
[18]. Recent calculations of the triton binding energy with astate correlations beyond the RPA to correct for this incon-
high-precision nonlocallN potential, which is derived from Sistency[21-25. One of them is the renormalized RPA
relativistic meson field theory, significantly reduces the dis-(RRPA), proposed in[21], and improved recently i25],
crepancy between theory and experiment established froifithin which a set of RPA-like equations is solved self-
local potential[19]. Other insights into the reaction mecha- consistently with the equation for the single-particle occupa-

nisms underlying the nuclear forces also suggest a nonlocdPn number.

we introduce the phonon operatd® andQ as

A. Exact EWSR QTIXK+—YK_ , Q:[QT]T. (17)
The harmonic limitS{?) and the “enhancementA S{*) at
the RHS of Eq.4) are calculated exactly using the RHS of Using the exact commutators from Eg), we can evaluate
Eq. (1), and can be expressed in terms of the exact eigenvedbe average value of the commutator betweeand Q" in
torsa}) as the correlated ground state) as

8(12)=;<0|[I52,[T,I52]]|0) (0[[Q,Q"1/0) = — 2(X2—Y2)(0|K|0) = DN(X?~ YZ)(,18)

_ E E af\?)af\f?(J,M '|[|52,[T.|52]]|J,M>, (14) where the GSC factdD is defined as the differenpe between
AVIVE occupation numbers for holesi(#1) and particles rf,
#0) in the correlated ground state,
and

D=n_—n,, n.=(0Jala.|0). (19)

1 .
ASPI=5 > afay)((3.M'[D*D|3,M)

IvE Therefore, if the phonon amplitud&sandY satisfy the usual

o . orthonormalization condition as that of the RPA, i.e.,
+2(J,M’|DDD|J,M)+(J,M'|DD?|J,M)).

15 N(X2-Y?)=1, (20)

The matrix elements at the RHS of Eq44) and (15) are fthe average valu€l8) of the commutator between phonons
calculated exactly making use of the commutat@s The N the correlated ground state becomes
coefficientsa®’ are the components of the exact eigenvector

of the ground statex(=0), which is the state with the lowest (0[[Q.Q"]|0)=D. (21
energyE, from the set of the exact eigenstate$ found by o
diagonalizing the Hamiltoniafv) This means that the renormalized phonon opera®fs
=Q'/yD andQ=Q//D satisfy the same commutation re-
Ivy=">, al|3,M). (16)  lation as that of the QBA, namel{0|[Q,Q"]|0)= 1. Thisis
M the essence of the RRPA method. The RPA is recovered

whenD=1 (i.e.,n_=1 andn, =0).
Varying the interaction parametdf (or y=NV/€), one can The energy of the one-phonon state found as the solution
see the behavior of the rati® from Eq. (6) as a function of the RRPA equation within the LMG model is given[2§]
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1
wRRpAIie\/l—D?X?, x=NV/e, D= 5 @
1+2Y s
(22 &
The phononX andY amplitudes are
X etw v E—w 23 @ @
“V2No' ' V2No @3 ol uf
w C)
Expressing the operatoB (11) andD (13) in terms of pho-
non operator$17) using the inverse transformation
L @
K.=N(XQ'+YQ), K_=N(YQ'+XQ), (29 7 =
- I
we can calculate the EWSR for the two-phonon state, dis-= \ <
cussed in the preceding section, within the RRPA by replac- i 0 A
1

ing the exact ground stal@) with the RRPA one|0), for o1 05(5 2 34 01 05 1 234

which Q|0)=0. After some algebra, we obtain for the “en-

hancement”AS(lz) the following expression: FIG. 1. Energie€'=E,;— E, (normalized toe) of the first (

=1) and secondi& 2) excited states relative to the ground state as

1D 1-D a function of the interactiory=NV/e at several values dfl. The
AS(lZ)=4F4N Dye lliD;{ 1+ND2=D /1;D))§ solid lines, which start from 1 and 2 at=0, denote the exact

energieE()/ e andE/ ¢, respectively. The dotted lines denote the
RPA one-phonon energy and double-phonon energy®=2w.
The corresponding RRPA energies are shown by the dashed lines.

+————[(1+Dx)?—Dxy1-D?x?
N(l—Dz)(z) X X X
increasing y. It is around 1.1 forN=6, 1.5 for N
=8-24, 1.25 folN=50, and 1.2 foN=100. At y> y the
2 1 1 crit
X(1+ND )]]‘ @9 Vale w@.,, which becomes rather small and continues to

decrease with increasing, fails short to match the exact
The EWSRS{" and non-EWSRS{! for the one-phonon eigenvalueE®), which increases sharply. Defining the en-

excitation|1) = Q'|0) within the RRPA are ergy shift between the exact solution and that of the RPA
(RRPA) asAEM=EM— 0 we s(%e that(tlr;is shift is signifi-
L) 1/010DI0N2— £2 2 cantly reduced at largd with AE'“/>AE'".
S17=0l(0|QDI0)"=F*NeD*(1+Dx), The energy shifAE®@=E® — ) which corresponds
- - 11Dy to the two-phonon excitation, is plotted as a functionycedt
SE,”=|(O|QI5|O>|2:F2ND2w/ ) (26)  various values oiN in Fig. 2. The double-phonon energy
1-Dx 0'?=2w is calculated within RPAthin line) and RRPA

Using Eqgs(25) and(26), we can easily calculate the rati@)
within the RRPA to be compared with the exact result of Sec.
Il A'in the following section.

15
IIl. ANALYSIS OF NUMERICAL RESULTS

The exact excitation energi€)=E;—E, fori=1 and 2
are plotted as a function of in Fig. 1 in comparison with
the one-phonon energies')= w and the double-phonon en-
ergy in the harmonic limitw®=2w, found within RPA
(dotted line$ and RRPA(dashed linesat variousN. The s
RPA breaks down ag=1, while the RRPA has solution at 0 e
all y. However, being the renormalization of the harmonic 002040608 112141618 2
RPA, the RRPA still cannot include all the anharmonicities of X
the exact eigenstates, which include excitations higher than FIG. 2. Energy shifAE@=E®— 24 (normalized toe) as a
the first and the second ones as well as the mutual COUpIInchtion of the interaction parametgr at various values oN. A
between them. Therefore, the harmonic double-phonon efpick Jine denotes the result obtained within RRPA, while the thin
ergy, w$Aea= 2wrrea Within RRPA, starts to deviate signifi- jine adjacent to it stands for the corresponding result within RPA.

cantly fromE®) at y>1, and especially at= x., where  The number on each thick line indicates the valudlait which the
Xerit denotes the point at whicE(?) starts to increase with RRPA and RPA results are obtained.

AE®e
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AE@ /e
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002040608 1 121416 %5002 04 06 o.z)‘aC 1 121416
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FIG. 4. Energy shifE®?=E® —2wgps (normalized toe) as a
function of particle numbeN at severajy<1 (a), and aty=0.8(b).
In (a), the(thick) solid, long dashed, short dashed, dotted, and dash-
otted lines represent the results obtainedyat0.8, 0.7, 0.55,
.4, and 0.3, respectively. ki), the thick solid line is the same as
that of () but plotted in the linear scale. The thin solid, dashed, and
dotted lines are obtained using the dependehte with x
=1, 4/3, and 5/3, respectivelgee the text

FIG. 3. RatioR denoting the deviation of the EWSR for the
two-phonon excitation from its value in the harmonic IImR (
=1) as a function ofy at various values dfl. The solid line is the
exact result, the dashed line shows the RRPA result, while the dot=
ted line denotes the RPA result.

(thick line). It is seen in this figure that E(?) increases with
increasing the interactiogp but decrease&t y<1.2) as the
particle numbeN increases. From this figure it is also clear  There has been a number of discussions in literature about
that the shift of DGDR energy from the value given by thethe dependence of the energy siifE(?) and the “enhance-
harmonic limit for 2°%Pb should be smaller than fdf®e,  ment” of the cross section for DGDR as a function of the
because?®®Pb has a larger mass number and weaker interagnass numberA (particle numberN in the present LMG
tion given the smaller width for GDRabout 4 MeVf in this ~ mode). For AE?), this dependence has been assumed to be
nucleus. This feature has been experimentally confirfgd ~ of the order of AEY~N"*. Several values fok, such as
However, it should be noted that the sh¥E®® is always X=1, 4/3, or 5/3, have been proposed within different ap-
positive within the LMG model, while data from heavy-ion proaches, and the final answer has not yet been reached
experiments show a negati\E(Z) for the DGDR peak in [11,2@ To shed I|ght on this issue we show in F|g 4 the
136xe, and nearly a zero shift for the DGDR energy?fiPb.  energy shiftAE(®)=E®)—2wgp, plotted as a function ol
The two-phonon energy shifAE(?) obtained in pion- as several values of the interaction parameterl. At a
exchange reactions is mostly positive within the error bars.given interactiony the decrease akE® with increasingN
Already in Refs.[8,16] we have predicted that a small is rather weak for heavy systemd % 80). We found that the
energy shiftAE® may correspond to a large deviation of the dependence oAE®) on N can be precisely fitted with a
EWSR of the DGDR from the value given by the harmonicpolynomial curve using least squarg,=pgo+ BN~
picture. This deviation is represented by the r&isom Eq.  + 82N~ 23+ BaN"1+ g,N~*3+ BN ~55, The values of the
(6) shown in Fig. 3 as a function of at variousN. The coefficientsg; vary with varyingy, e.g., aty=0.8, we found
harmonic limit corresponds to the vale=1, which can be Bo=1.88x10"%, pB;=-0.43, B,=3.01, B3=9.57, B,
reached only ag=0 as seen in the figure. At g{l#0, this ~=—25.53, andBs=16.40. Neitherx=1,—-4/3, nor —5/3
ratio R is greater than 1, showing the “enhancement” of thealone can fit the result at aN. This is shown in Fig. %)
two-phonon strength relative to its value given by the IPPwhere the energy shifk E( obtained aty=0.8 is shown as
This “enhancement” increases with increasing the interaca thick solid line together with the dependenedN™* ob-
tion parametely. For light systems<8), the predictions tained withx=1 (thin solid line), 4/3 (dashed ling and 5/2
by both of the RPA and RRPA are very close to the exactdotted ling. The curves given by-N"* are fitted to the
result in the region where the RPA is valice., aty<1). At  value of AE® at N=250. It is seen from Fig. #) that the
largerN the RPA and RRPA start to underestimate the exactlependencé ™ with x=1, 4/3, and 5/3 becomes a good
result, and the discrepancy increases with increabingt approximation only at larggN=180-200. This analysis,
N=100, e.g., the “enhancement” given by the exact result ishowever, is made at a given interaction paramgtehs has
1.77 times afy~0.8, while the one obtained within the RPA, been mentioned previously, the interaction decreases toward
which nearly coincides with that of the RRPA, is only 1.45 heavier systems. Therefore, it is expected that the depen-
times. Beyond the region of validity of RP@t y>1) the  dence ofAE® on N will be steeper.
RRPA, which gives a sharp increase in the EWSR, fails to In order to obtain a calibration of the dependence of
match the exact result. AE® on bothN andy, we study the exact result for the ratio
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- L — RPA and RRPA, taking into account two-, three-, or more-
18l | phonon configurations, in order to include anharmonicities
I ] properly. However, if the approximation is such thie${?

1.6 /:_j ______________ ] vanishes, i.e., the conditiof8) still holds, the inclusion of
T, 7,2""" l _______ more complex configurations can change only the spreading
B R ) (the width and may slightly shift the energy centroid of the
1277 I . resonance distribution, but not the EWSR significantly be-

N cause of Eq(2). For instance, it is easy to see that the con-

0 40 80 120 160 200 240 dit_io_n 3) doe_s nc_)t hold for the infteraqtion part in the
N original Hamiltonian of the quasiparticle-phonon model
_ (QPM) [27] because of the Fermion structure of the scatter-
- FIG. 5_. T_he exact result for the _ratl@ as a function oiN a'_[X ing quasiparticle pair$a}r®aj,]w and the phonon opera-
=0.8 (solid line), 0.7 (long dashed ling 0.55 (short dashed line 4o ‘However, in the calculations of the coupling to two- and
0.4 (dotted ling, and 0.3(dash-dotted ling The full circle with 00 ohonon configurations within the QPM, an approxima-
error b‘f’” Zaotggzzos IS the. experimental value 61 Ot?ta'ggf f.or tion has been made, which is equivalent to, expressing the
DGDR in ' Pb. Th? expe“men_tal value Bffor DGDR in _ els scattering quasiparticle pairs in terms of the sum of the prod-
shown by the vertical line a=136, whose center &=2.4 is t . .
beyond the scale. ucts_of tyvo phonor_1 _operators Qm_ime- While t_h|s ap-
proximation is sufficient for studying the spreading of the
) o o GDR preserving its EWSR, it makes the average of the
Ras a functlor_l oﬂ\l, which is plotted in Fig. 5 for several youple commutator at the LHS of E¢) over the ground
valu‘fas ofy. This f|gure shows a rather weak dependence ofiate vanish, because the number of phonon operators in the
the enhancementR of the two-phonon EWSR on the par- average is always odd, just losing the stren‘gfﬁﬁz) of the
ticle numberN at each value of the interaction parame¥er  pGpR. Therefore, the calculations within the QPM failed to
except for the region of light systemsl&20). Also shown  jaqcripe the experimental cross section of the DGDR despite
in this f!gulr?? are thezgxperlmental valuesRbbtained for  he inclusion of a large basis with one-, two-, and even three-
DGDR in **Xe and ***Pb[1-3,5,26. From here we con- ynonon components in the wave functiteee the review in

clude that the main reason for the large “enhancement” ofgg. 5 3 of5]). At the same time, we can see why the PDM
the DGDR cross section fd*’Xe (more than 1.7 times com- [6] can describe well the cross section of the DGDR for both

pared to the harmonic limitis that the anharmonicities in 136ya and 29pp in good agreement with the experimental

this nucleus must be large, which are _C%Jsed’ in part, by 8ata[9]. The PDM uses a phenomenological dipole phonon

Iargg |.n_teract|or1>(>0.8. For the DGD_R i°%b the anhar- (not RPA phonol whose unperturbed energy and coupling

monicities are much weaker, which correspond {0 narameter tgh configurations are adjusted to describe well

:0-370-4- ) o . the GDR. In the process of calculating the DGDR using the
Going back to Fig. ¢, we now see that, with increasing gsame set of parameters for GDR within the PDM, the aver-

the particle number froi~130 toN~200, the real depen- 46 value of the LHS of Eq3) remains finite8].

dence of AE®/e should move from the top curvésolid)

downward to the bottom on@lash-dotted However, even IV. CONCLUSIONS

in this case, none of the values &1, 4/3, nor 5/3 can . )
reproduce this slope. For example, the dependence This work studies the EWSR and energy of the two-
(AE®?/€);=62N"43 (x=4/3) can fit the value of~8.8  Phonon excitation, including the DGDR as a special case,

X102 at N=136 obtained ay=0.8. However, it overesti- within the LMG model as a function of the interaction at

mates the value oAE®@)/e at N=200-210 obtained ay various particle numbers. The Hamiltonian of this exactly
=0.3 by a factor of 14. With the dependeneeN~! (x solvable model has such an interaction pgrthat neither

=1) only one of the curvedE® obtained aty=0.8 and [V,D] nor[D,[V,D]] is zero for the operatdD, which gen-
x=0.3 can be roughly fitted using a coefficient®—-13 or ~ erates the electromagnetic transition. The exact solutions for
(12-13)x 10" 1, respectively[see, e.g., the thin solid line the first and second excited states above the ground state,
from Fig. 4b)]. obtained within the LGM model, are used to estimate the
This analysis suggests that the interaction pawf the  deviation of the two-phonon EWSR from the prediction by
Hamiltonian, for which the conditiof8) does not hold, is the the IPP(the harmonic limit, and to compare with the pre-
source of the large “enhancement” of the observed DGDRdictions given within the RPA and RRPA.
cross section fot3%Xe (about 1.7—2.0 times compared to the ~ The analysis of the results obtained allows us to draw the
harmonic limib, and 2°%Pb (about 1.3 times as well as of following conclusions.
the energy shifAE(®). Based on this we can understand why (i) The source of the “enhancementS{*) of the two-
some microscopic models underestimate the experimentghonon ESWR compared to the predictiﬁﬁ) given by the
DGDR cross sections. First of all, we have seen that, even ifiarmonic limit is the violation of the conditiof3). At a
the interaction part’ were properly included, the use of the given particle numbeN, this “enhancement” increases with
RPA or RRPA phonon operators would still underestimateincreasing the interaction paramejerAs a result the EWSR
the DGDR strength in the region of validity of RPAy( 8(12) for the two-phonon excitation may exceed its value in
<1) (see Fig. %. Therefore, it is necessary to go beyond thethe harmonic limit by a factorR=1.8 at N=136 and

034325-6



STRENGTH OF THE DOUBLE-PHONON STATE WITHIN . .. PHYSICAL REVIEW 65 034325

x=0.8 (region of **%e), or R=1.3 atN=208 andy=0.3  structed of two RPA and RRPA one-phonon states within the
(region of 2°%Ph). Although these values agree with the ex-LMG model underestimate the exact EWSR of the two-
perimental findings of the “enhancement” of the DGDR Phonon excitation by about 30% at a given interaction pa-
cross section compared to the values given within the hatametery within the region of validity of the RPAX<1).
monic limit for 3%e and 2°%Pb, a rigorous comparison be-  (iv) In order to describe correctly the cross section for
tween the results obtained within the LMG and the experitwo-phonon exctations within a microscopic model, the ap-
mental data is not possible as a number of effects such ggoximation should be made in such a way as to include the
angular momentum, isospin, and parity, etc., are left out iranharmonicities beyond the RPA preserving the nonzero
such a simple model. On the other hand, it is clear that thiga|ye of the double commutatéd,[V,D1].

model can be used as a testing ground to check various the-
oretical approaches to the DGDR.

(i) The energy shiftAE(®) of the two-phonon energy
compared to its value in the harmonic limit is always posi-
tive within the LMG model. It decreases with increasing the  Sincere thanks are due to V. ZelevinsitySU) for care-
particle numberN following a power law, which is more fully reading the manuscript and valuable comments. The
complicated than the simple approximatienN ™ * with x ~ numerical calculations were carried out using HTRTRAN
=1, 4/3, or 5/3. IMSL Library by Visual Numerics on the Alpha server 800

(iii) The EWSR for the two-phonon state, which is con-5/500 at the RIKEN Division of Computer and Information.
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