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Deformation effect on the double Gamow-Teller matrix element
of 100Mo for the 0¿\0¿ transition
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The two neutrino double beta decay of100Mo for the 01→01 transition is studied in the Hartree-Fock-
Bogoliubov~HFB! framework. Prior to the calculation of the double Gamow-Teller matrix elementMGT

2n , the
reliability of the intrinsic wave functions has been established by obtaining an overall agreement between a
number of theoretically calculated spectroscopic properties and the available experimental data for100Mo and
100Ru. It has been further noticed that there is a necessity of an appropriate amount of deformation in the HFB
intrinsic state to obtain a realisticMGT

2n .
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I. INTRODUCTION
The nuclear double beta decay is expected to proc

through two different modes, namely, the two neutri
double beta~2nbb! decay and the neutrinoless double be
~0nbb! decay. Historically the former was studied by May
in 1935@1# to account for the stability of some evenZ-even
N nuclei which are otherwise candidates for beta decay
the latter was conjectured by Fury@2# assuming the electron
neutrino to be a Majorana particle@3#. The implications of
present studies about nuclearbb decay are far reaching in
nature. The nuclearbb decay in general and 0nbb decay in
particular is a convenient tool to test the physics beyond
standard model~SM! @4#. These aspects of nuclearbb decay
have been excellently reviewed in detail over the past ye
@5–16#.

The 2nbb decay, which is a second order process of we
interaction and conserves the lepton number exactly, is
lowed in the SM. The half-life of 2nbb decay is a product o
an accurately known phase space factor and an approp
nuclear transition matrix elementM2n . As the half-lives of
2nbb decay have been already measured for about ten
clei, the values of theM2n matrix element can be extracte
directly. Consequently, the validity of different models em
ployed for nuclear structure calculations can be tested
calculating theM2n . The 0nbb decay is not observed so fa
Hence the models predict the half-lives assuming a cer
value for the neutrino mass or conversely extract vari
parameters from the observed limits of the half-lives of 0nbb
decay. The reliability of predictions can be judgeda priori
only from the success of a nuclear model in explaining va
ous observed physical properties of nuclei. The comm
practice is to calculate theM2n to start with and compare
with the experimentally observed value as the two de
modes involve the same set of initial and final nuclear wa
functions.

It is observed that in all cases the 2nbb decay matrix
elementsM2n are sufficiently quenched. The main motiv
for all theoretical calculations is to understand the phys
mechanism responsible for the suppression of theM2n . Over
the past few years, several nuclear models have been
0556-2813/2002/65~3!/034311~10!/$20.00 65 0343
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ployed to calculate the 2nbb decay transition matrix ele
ments in a two-nucleon (2n) mechanism. TheM2n is calcu-
lated mainly in three types of models. One is the shell mo
and its variants. The second is the quasiparticle rand
phase approximation~QRPA! and extensions thereof. Th
third type of model is classified as alternative models. T
details about these models—their advantages as wel
shortcomings—have been discussed excellently by Suho
and Civitarese@14# and Faessler and Simkovic@15# in the
recent past. For the sake of completeness, we briefly dis
below the relative applicability, success, and failure of va
ous models used so far to study thebb decay process.

The shell model, which attempts to solve the nucle
many-body problem as exactly as possible, is the best ch
for the calculation of theM2n . Beyond thep f shell, the
number of basis states increases so drastically that a
years back it was not possible to perform a conventio
shell model calculation without imposing a certain truncati
scheme. On the other hand, most of thebb decay emitters
are medium or heavy mass nuclei. As a reliable shell mo
calculation was difficult to perform, Haxton and Stephens
@7# and Vergados@9# have studied thebb decay of 76Ge,
82Se, and128,130Te nuclei in the weak coupling limit. Recen
large scale shell model calculations are more promising
nature@17–20#. The calculations by Caurieret al. @19# are
more realistic in nature; theM2n of 82Se is calculated exactly
and those of76Ge and136Xe are dealt with in a nearly exac
manner. The conventional shell model and Monte Carlo s
model ~MCSM! @21,22# have been tested against each oth
for the case of48Ca and76Ge and the agreement is interes
ingly good. Hence the MCSM could be a good alternative
conventional shell model calculations in the near future.

Vogel and Zirnbauer were the first to provide an und
standing of the observed suppression ofM2n in the QRPA
model @23#. In bb decay, the initial nucleus decays into th
final nucleus through the virtual excitation of all possib
states of the intermediate odd-odd nucleus. The prot
neutron particle-hole (p-h) or proton-neutron particle-
particle (p-p) interaction matrix elements are required
calculate the excited states of the intermediate nucleus.
©2002 The American Physical Society11-1
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p-h and p-p interactions are responsible for the concent
tion of the Gamow-Teller~GT! strength in the giant GT reso
nance and the reduction of totalb1 strength, respectively
The p-p interaction has negligible effect on the strength
the giant GT resonance and was usually neglected. It
observed that the quenching ofM2n can be achieved by a
proper inclusion of ground state correlations through thep-p
interaction in theS51, T50 channel and the calculate
half-lives are in close agreement with all the experimen
data @23#. The QRPA frequently overestimates the grou
state correlations as a result of an increase in the streng
attractive proton-neutron interaction leading to the colla
of QRPA solutions. The physical value of this force is us
ally close to the point at which the QRPA solutions collap
To cure the strong suppression ofM2n , several extensions o
the QRPA have been proposed. The most important pro
als are inclusion of proton-neutron pairing, higher QRP
particle number projection, the multiple commutator meth
~MCM!, and renormalized QRPA. However none of t
above methods is free from ambiguities@15#. Similarly under
alternative models, the operator expansion method~OEM!,
the broken SU~4! symmetry, the pseudo-SU~3!, and the
single state dominance model have their own problems@14#.

A large number of theoretical as well as experimen
studies of the 2nbb decay have been already done for100Mo
over the past few years. In Table III below, we have p
sented a summary of all the available experimental@24–30#
and theoretical@14,31–38# results. Experimental studies in
volving in-beam g-ray spectroscopy have yielded a va
amount of data concerning the level energies as well as e
tromagnetic properties over the past years. Thus thebb de-
cay is not an isolated nuclear process. Although the availa
ity of data permits a rigorous and detailed critique of t
ingredients of the microscopic framework that seeks to p
vide a description of these isotopes, most of the calculati
of bb decay matrix elements performed so far do not sat
this criterion.

The structure of nuclei in the mass regionA5100 involv-
ing Mo and Ru isotopes is quite complex. With the discove
of a new region of deformation aroundA5100 by Cheifetz
et al. @39#, a well developed rotational spectra was observ
in several neutron-rich Mo and Ru isotopes during a study
fission fragments of252Cf. The B(E2, 01→21) values
were observed to be as enhanced as in the rare-earth
actinide regions. This mass region offered a nice exampl
shape transition that is the sudden onset of deformatio
neutron numberN560. The nuclei are soft vibrators for neu
tron numberN,60 and quasirotors forN.60. The nuclei
with neutron numberN560 are transitional nuclei. All the
nuclei undergoingbb decay are even-even type, in which th
pairing degrees of freedom play an important role. Moreov
it has been already conjectured that the deformation can
a crucial role in the case ofbb decay of 100Mo and 150Nd
@35,36#. Hence it is desirable to have a model which inc
porates the pairing and deformation degrees of freedom
equal footing in its formalism. For this purpose, the projec
Hartree-Fock-Bogoliubov~PHFB! model is one of the mos
natural choices. However in the PHFB model, the dou
03431
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Gamow-Teller~DGT! matrix elementMGT
2n has to be calcu-

lated using the closure approximation. The closure appro
mation, which is used to simplify the numerical calculatio
avoiding the explicit construction of intermediate states,
timates some average excitation energy^EN& for the inter-
mediate states. The validity of this approximation for 2nbb
decay is ambiguous while for 0nbb decay it is quite good.
This approximation has been shown to work badly in t
case where theMGT

2n are predominantly of one sign for som
lower ^EN& and of opposite sign for a larger^EN&. It is
therefore better to avoid the closure approximation whene
possible @40,41#. Hence there is noa priori justification
against the closure approximation. The validity of the clos
approximation is to be decideda posterioriby comparing the
theoretically calculated and experimentally extractedM2n .

Over the past 15 years, extensive studies of shape tra
tion vis-à-vis electromagnetic properties of Zr and Mo is
topes @42–44# have been successfully carried out in t
PHFB framework using the pairing plus quadrupo
quadrupole~PPQQ! interaction. The success of the PHF
model in explaining the observed experimental trends in
mass regionA5100 has motivated us to apply the PHF
wave functions to study the nuclearbb decay transition
100Mo→100Ru. It is well known that the pairing part of th
two-body interaction is responsible for the reduction of c
lectivity whereas the quadrupole-quadrupole~QQ! interac-
tion enhances the collectivity in the nuclear intrinsic wa
functions. In other words the pairing interaction is respo
sible for the sphericity of the nucleus whereas the QQ in
action makes the nucleus deformed. Hence to examine
explicit role of deformation degrees of freedom vis-a`-vis the
suppression ofMGT

2n , the PPQQ interaction will be the mos
appropriate choice.

To summarize, our aim is to study the 2nbb decay not
isolatedly but together with other observed nuclear pheno
ena. This is in accordance with the basic philosophy
nuclear many-body theory, which is to explain all the o
served properties of nuclei in a coherent manner. Hence
test of the reliability of the wave functions, we have calc
lated the yrast spectra, reducedB(E2) transition probabili-
ties, static quadrupole moments, andg factors of 100Mo and
100Ru nuclei and compared these with the available exp
mental data. Subsequently the HFB wave functions of100Mo
and 100Ru are employed to calculate theMGT

2n . We have also
studied the role of deformation onMGT

2n through varying
single particle field and strength of the QQ interaction. T
paper is organized as follows. In Sec. II, we present
theoretical formalism briefly. The results are presented
discussed in Sec. III. The conclusions are finally given
Sec. IV.

II. CALCULATIONAL FRAMEWORK

The theoretical formalism to calculate the half-life of th
2nbb decay mode has been given by Haxton and Stephen
@7#, Doi et al. @8#, and Tomoda@11#. Hence in Sec. II A, we
briefly outline steps of the above derivations for clarity
notations used in the present paper. We have gi
1-2
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DEFORMATION EFFECT ON THE DOUBLE GAMOW- . . . PHYSICAL REVIEW C 65 034311
expressions to calculate the nuclear spectroscopic prope
namely, yrast spectra, reducedB(E2) transition probabili-
ties, static quadrupole moments@44#, and g factors @45# in
Sec. II B. Further, in Sec. II C, we have presented formula
calculate the nuclear transition matrix elements of thebb
decay in the PHFB model@46#.

A. The 0¿\0¿ transition of the 2nbb decay mode

The effective weak interaction Hamiltonian density f
beta decay due toW-boson exchange is assumed to be

HW5
G

A2
~ j LmJL

m†1k j LmJR
m†1h j RmJL

m†1l j RmJR
m†!1H.c.

~2.1!

We useG51.166 3731025 GeV22. The coupling constants
k, h, and l are small parameters~!1!. The left and right
handed weak leptonic charged currents are given byV6A
forms,

j L
m5ēgm~12g5!neL , j R

m5ēgm~11g5!neR8 , ~2.2!

where

neL5(
i 51

2n

UeiNiL , neR8 5(
i 51

2n

VeiNiR . ~2.3!

Here Ni is a Majorana neutrino field with massmi . In Eq.
~2.3!, a Dirac neutrino is expressed as a superposition o
pair of mass degenerate Majorana neutrinos in the most
eral form. Further the mixing parameters are constrained
the following orthonormality conditions:

(
j

uUe ju25(
j

uVe ju251, (
j

Ue jVe j50. ~2.4!

In the nonrelativistic impulse approximation, the left a
right handed hadronic currents for nuclear beta decay iV
6A forms are given by

JL
m†

~x!5 (
n51

A

tn
1d~x2rn!@~gV2gACn!gm0

1~gAsn
k2gVDn

k!gmk#, ~2.5a!

JR
m†

~x!5 (
n51

A

tn
1d~x2rn!@~gV1gACn!gm0

1~2gAsn
k2gVDn

k!gmk#. ~2.5b!

The nuclear recoil termsCn andDn are defined as follows:

Cn5@~Pn1Pn8!•sn2~gp /gA!~En2En8!sn•Qn#/2M ,
~2.6!

Dn5@~Pn1Pn8!2 i @122M ~gW /gV!#sn3Qn#/2M ,
~2.7!
03431
es,

to

a
n-
y

whereQn5Pn2Pn8 . gV , gA , gP , andgW are vector, axial
vector, pseudoscalar, and weak magnetism terms. Atq250,
gV(0)51, gA(0)51.254, andgP /gA52M p /mp

2 , whereM P

and mp are the proton and pion masses. By the conser
vector current hypothesisgW(0)5kb/2M and kb53.70,
whereM andkb are the mass and isovector anomalous m
netic moment of nucleons, respectively. In the case of 2nbb
decay, the recoil terms are usually neglected.

The 2nbb decay is a second order process in the effect
weak interaction and takes place within the standard mo
of electroweak unification. Therefore the processes, wh
involve left handed currents only, give the dominant con
bution. The following assumptions are made in deriving t
2nbb decay rate formula.

~i! Only light neutrino species are considered. Hence
normalization condition for the left handed neutrinos giv
by Eq. ~2.4! can be rewritten as

( 8
i , j

uUeiUe ju2'1. ~2.8!

Again we assume that masses of these light neutrinos
much smaller thanQbb , where

Qbb5MI2MF22me . ~2.9!

~ii ! The S-wave state of the electron and the neutri
wave functions are retained. The total angular momentum
four S-wave leptons can be 0, 1, or 2 and is equal to the to
angular momentum transferred from the nucleus. Howe
we restrict ourselves to the 01→01 transition only and
hence retain the dominant terms1 ands in the nuclear cur-
rents.

~iii ! The final nucleus and the initial nucleus differ by tw
units of isospin for anybb decay of practical interest. Th
contributions of the successive Fermi transitions can
safely neglected as they come from isospin mixing effec
The half-life of the 2nbb decay for the 01→01 transition is
given by

@T1/2
2n ~01→01!#215G2nuM2nu2, ~2.10!

where

M2n5(
N

^01uust1uu1N
1&^1N

1uust1uu01&
EN2~MI1MF!/2

~2.11!

and the integrated kinematical factorG2n can be calculated
with good accuracy@8#.

~iv! If the EN of Eq. ~2.11! is replaced by an averag
^EN&, the summation over intermediate states can be c
pleted using the closure approximation and one obtains

M2n52
2MGT

2n

^EN&2~MI1MF!/2
52

2MGT
2n

Ed
, ~2.12!

where the DGT matrix elementMGT
2n is defined as follows:

MGT
2n 5

1

2
^01u(

n,m
sn•smtn

1tm
1u01& ~2.13!

and
1-3
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Ed5^EN&2~MI1MF!/25
1

2
W01^EN&2MI .

~2.14!

Here W0 is the total released energy and is given byW0
5MI2MF5Qbb12me .

B. Spectroscopic properties of yrast states

The procedure for obtaining the HFB intrinsic states h
been discussed by Goodman@47#. The axially symmetric
HFB intrinsic state withK50 can be written as

uF0&5P im~Uim1Vimbim
† bim̄

†
!u0&, ~2.15!

where the creation operatorsbim
† andbim̄

† are given by

bim
† 5(

a
cia,maam

† , bim̄
†

5(
a

~21! l 1 j 2mcia,maa,2m
† .

~2.16!

Using the standard projection technique@48#, a state with
good angular momentum is obtained from the HFB intrin
state through the following relation:

uCMK
J &5PMK

J uFK&5F ~2J11!

8p2 G E DMK
J ~V!R~V!uFK&dV,

~2.17!

whereR(V) andDMK
J (V) are the rotation operator and th

rotation matrix, respectively. Expressions used to calcu
~1! yrast spectra,~2! reduced transition probabilitiesBE(2)
and static quadrupole momentsQ(Jp) @44#, and~3! g factors
@45# are given in the following subsections.

1. Yrast spectra

The energyEJ of a state with angular momentumJ can be
written as

EJ5
^F0uHP00

J uF0&

^F0uP00
J uF0&

5

E
0

p

h~u!n~u!d00
J ~u!sinudu

E
0

p

n~u!d00
J ~u!sinudu

,

~2.18!

where the two-body HamiltonianH is given by

H5(
a

eaaa
†aa1

1

4 (
abgd

^abuVugd&aa
†ab

†adag

~2.19!

and
03431
s

c

te

h~u!5(
a

eaS M

11M D
aa

1
1

4 (
abgd

^abuVugd&

3H 2S M

11M D
ga

S M

11M D
db

1(
nr

S M

11M D
gr

FrdS M

11M D
na

f nbJ , ~2.20!

n~u!5Adet@11M ~u!#, ~2.21!

M ~u!5Fab~u! f ab
† , ~2.22!

Fab~u!5 (
ma8mb8

d
ma ,m

a8

j a ~u!d
mb ,m

b8

j b ~u! f j am
a8 , j bm

b8
,

~2.23!

f ab5(
i

ci j a ,ma
ci j b ,mb

~Vima
/Uima

!dma ,2mb
.

~2.24!

2. Transition probabilities BE„2… and static quadrupole
moments Q„Jp

…

Employing the angular momentum projected wave fun
tion uCK

J &, one obtains the following expression for reduc
transition probabilityB(E2):

B~E2:Ji→Jf !5S 5

16p D ~ep^Q0
2&p1en^Q0

2&n!2,

~2.25!

where

^Q0
2&t3

5^CK
JiuQ0

2uCK
Jf&

5@nJinJf#21/2E
0

p

(
m

S Ji 2 Jf

2m m 0 D d
2m0
Ji ~u!n~u!

3Fb2 (
t3ab

et3
^auQm

2 ub&rab
t3 ~u!Gsinudu, ~2.26!

nJ5E
0

p

n~u!d00
J ~u!sinudu, ~2.27!

rab
t3 ~u!5$M ~u!/@11M ~u!#%ab

t3 , ~2.28!

and

Qm
2 5A16p

5

r 2

b2
Ym

2 ~u,f!. ~2.29!

Similarly the static quadrupole momentsQ(Jp) are evalu-
ated using the expression
1-4
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Q~Jp!5^CK
J uQ0

2uCK
J &

5@nJ#21S J 2 J

J 0 JD E0

p

(
m

S J 2 J

2m m 0D
3d2m0

J ~u!n~u!

3Fb2 (
t3ab

et3
^auQm

2 ub&rab
t3 ~u!Gsinudu.

~2.30!

3. g factors

The expression for obtainingg factors of yrast states i
given by

g~Jp!5
^C00

J umzuC00
J &

J

5~nJJ!21E
0

p

n~u!(
m

S J 1 J

2m m 0D
3d2m0

J ~u! (
t3ab

^aummub&rab
t3 ~u!sinudu,

~2.31!

where in general

m5gl8l1gs8s1gp~Y(2)3S(2)!(1). ~2.32!

Heregl8 ,(gs8) are the effective orbital~spin! g factors andgp

provides a measure of the spin-polarization effects. In
present calculation we have neglected the contributions
spin-polarization effects.

C. Nuclear transition matrix elements in the PHFB
framework

In the closure approximation, the relevant transition o
erators responsible for thebb decay are two-body operator
and in general are given by

Oabgd5
1

4 (
abgd

^abuVugd&aa
†ab

†adag . ~2.33!

Employing the HFB wave functions, one obtains the follo
ing expression for the double beta decay nuclear transi
matrix elements@46#:

^O&5@nJf50nJi50#21/2E
0

p

n(N,Z),(N22,Z12)

3~u!
1

4 (
abgd

^Oabgd&(
eh

@~11FN,Z
(p) ~u! f N22,Z12

(p) !#ea
21

3~ f N22,Z12
(p) !eb@~11FN,Z

(n) ~u! f N22,Z12
(n) !#gh

21

3~FN,Z
(n) !hd

21 sinudu, ~2.34!

where
03431
e
of

-

-
n

nJ5E
0

p

@det~11F (p) f (p)†
!#1/2

3@det~11F (n) f (n)†
!#1/2d00

J ~u!sin~u!du ~2.35!

and

n(N,Z),(N22,Z12)~u!5@det~11FN,Z
(n) f N22,Z12

(n)†
!#1/2

3@det~11FN,Z
(p) f N22,Z12

(p)†
!#1/2.

~2.36!

The p(n) represents the proton~neutron! of nuclei involved
in the double beta decay process. The matrices
@FN,Z(u)#ab and @ f N,Z(u)#ab are given by Eqs.~2.23! and
~2.24! The required nuclear transition matrix elements a
calculated in the following manner. We use the results
PHFB calculations which are summarized by the amplitu
(Uim ,Vim) and the expansion coefficientci j ,m . In the first
step matricesF (p,n) and f (p,n) are set up for the nuclei in
volved in the double beta decay making use of 20 Gaus
quadrature points in the range~0,p!. Finally using Eq.~2.34!,
the required nuclear transition matrix elements can be ca
lated in a straightforward manner.

III. RESULTS AND DISCUSSIONS

A. The one- and two-body parts of the Hamiltonian

In the present calculations we have treated the dou
even shell nucleus76Sr (Z5N538) as an inert core, with
the valence space spanned by the orbits 1p1/2, 2s1/2, 1d3/2,
1d5/2, 0g7/2, 0g9/2, and 0h11/2 for protons and neutrons. Th
orbit 1p1/2 has been included in the valence space to exam
the role of theZ540 proton core vis-a`-vis the onset of de-
formation in the highly neutron-rich isotopes. The set
single particle energies~SPE’s! used here are~in MeV!
e(1p1/2)520.8, e(0g9/2)50.0, e(1d5/2)55.4, e(2s1/2)
56.4, e(1d3/2)57.9, e(0g7/2)58.4, and e(0h11/2)58.6.
This set of SPE’s, but for thee(0h11/2) which is slightly
lowered, has been employed in a number of successful s
model@49,50# as well as variational model@42–44# calcula-
tions for nuclear properties in the mass regionA5100.

The effective two-body interaction that has been used
the present calculation is the PPQQ type@51#. Explicitly the
Hamiltonian can be written as

H5Hsp1V~P!1xqqV~QQ!. ~3.1!

Thexqq is an arbitrary parameter and it has been introdu
to study the role of deformation by varying the strength
QQ interaction. The final results are obtained by setting
xqq51 in the Hamiltonian given by Eq.~3.1!. The pairing
part of the effective interaction is written as

V~P!52S G

4 D(
ab

SaSbaa
†aā

†
ab̄ab , ~3.2!
1-5
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TABLE I. Variation in excitation energies~in MeV! of Jp521, 41, and 61 yrast states of100Mo and
100Ru nuclei with change inxpn , keeping fixedGP520.30 MeV, Gn520.20 MeV, ande(0h11/2)
58.6 MeV.

xpn

Nucleus 20.0178 20.0182 20.0186 20.0190 20.0194 Experimenta

100Mo ^Q0
2& 43.28 45.08 46.78 48.92 50.34

E21 0.8406 0.6967 0.5904 0.5434 0.4565 0.5355
E41 1.9356 1.7104 1.5416 1.4843 1.3175 1.1359
E61 3.2101 2.9355 2.7314 2.6876 2.4645

100Ru ^Q0
2& 44.76 45.40 46.00 46.69 47.39

E21 0.6152 0.5628 0.5138 0.4823 0.3172 0.5396
E41 1.7223 1.6087 1.5006 1.4306 1.0167 1.2265
E61 3.1337 2.9654 2.8049 2.7015 2.0398 2.0777

aReference@56#.
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wherea denotes the quantum numbers (nl jm). The stateā
is same asa but with the sign ofm reversed andSi is the
phase factor (21) j i2mi. The QQ part of the effective inter
action is given by

V~QQ!52S x

2D (
abgd

(
m

~21!m^auqm
2 ug&

3^buq2m
2 ud&aa

†ab
†adag , ~3.3!

where

qm
2 5S 16p

5 D 1/2

r 2Ym
2 ~u,f!. ~3.4!

The strength of the pairing interaction was fixed through
relation Gp5230/A MeV and Gn5220/A MeV. These
03431
e

values ofGp andGn have been used by Heestandet al. @52#
to successfully explain the experimentalg(21) data of some
even-even Ge, Se, Mo, Ru, Pd, Cd, and Te isotopes in Gr
er’s collective model@53#. The strengths of the like-particle
components of the QQ interaction are taken asxpp5xnn5
20.0105 MeVb24. The strength of the proton-neutro
(pn) component of the QQ interactionxpn has been fixed to
be 20.0190 and20.0186 MeVb24 for 100Mo and 100Ru,
respectively, whereb is an oscillator parameter. These valu
for the strength of the QQ interaction are comparable
those suggested by Arima on the basis of an empirical an
sis of the effective two-body interactions@54#.

B. The yrast spectra and electromagnetic properties

Thexpn is varied so as to obtain the spectra of100Mo and
100Ru in optimum agreement with the experimental resu
ilities
TABLE II. Comparison of the calculated and experimentally observed reduced transition probab
B(E2:01→21), static quadrupole momentsQ(21), and g factors g(21). Here B(E2) and Q(21) are
calculated in units of 10250 e2 cm4 and e fm2, respectively, for effective chargeep511ee f f and en

5ee f f . Theg(21) has been calculated in units of nanometers forgl
p51.0, gl

n50.0, andgs
p5gs

n50.60.

Nucleus B(E2:01→21) Q(21) g(21)
Theory Experiment Theory Experimenta Theory Experiment

ee f f ee f f

0.55 0.60 0.65 0.55 0.60 0.65

100Mo 45.7 50.9 56.5 47.062.4b 20.61 20.65 20.68 20.4260.09 0.471 0.3460.18a

51.160.9c 20.3960.08
34.0d

51.661.0e

100Ru 44.7 49.7 54.9 53.1d 20.61 20.64 20.67 20.4360.07 0.357 0.4260.03a

50.161.0e 20.4060.12 0.4760.06f

48.262.6g 20.5460.07
49.360.3h

aReference@63#. eReference@60#.
bReference@57#. fReference@64#.
cReference@58#. gReference@61#.
dReference@59#. hReference@62#.
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TABLE III. Experimental half-lives and corresponding matrix elementM2n along with the theoretically calculatedM2n in different
models. The numbers corresponding to~a! and ~b! are calculated forgA51.25 and 1.0, respectively.

Experiment Theory

Reference Projects Half-life uM2nu Reference Models uM2nu Half-life

T1/2
2n (1018 yr) T1/2

2n (1018 yr)

@24# UC Irvine (6.8220.53
10.3860.68) ~a! 0.12520.009

10.012 PHFB 0.143 ~a! 5.18

~b! 0.19520.020
10.014 ~b! 12.7

@25# LBL1MHC1 (7.621.4
12.2) ~a! 0.11820.014

10.013 @31# SSDH ~a! ~8.97–7.15!

UNM1INEL ~b! 0.18520.022
10.020 @14# MCM 19.0

@26# NEMO (9.560.460.9) ~a! 0.10620.007
10.008 @32# SRPA~WS! 0.059 ~a! 30.4

~b! 0.16520.010
10.013 ~b! 74.3

@27# LBL (9.764.9) ~a! 0.10520.020
10.044 @33# SU~3!~SPH! 0.152 ~a! 4.59

~b! 0.16320.030
10.069 ~b! 11.2

@28# ELEGANTS V (11.522.0
13.0) ~a! 0.09620.010

10.010 @33# SU~3!~DEF! 0.108 ~a! 9.09

~b! 0.15020.016
10.015 ~b! 22.2

@29# UC Irvine (11.620.8
13.4) ~a! 0.09620.012

10.003 @34# OEM 0.054 ~a! 36.4

~b! 0.14920.018
10.005 ~b! 88.8

@30# INS Baksan (3.321.0
12.0) ~a! 0.17920.038

10.036 @35# QRPA~EMP! 0.197 ~a! 2.73

~b! 0.28020.059
10.055 ~b! 6.67

@36# QRPA~EMP! 0.256 ~a! 1.62

~b! 3.95

@37# QRPA 1.10

@38# QRPA 0.211 ~a! 2.38

~b! 5.81
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To be more specific while comparing with the experimen
results, we have taken the theoretical spectra to be the
mum if the excitation energy of the 21 stateE21 is repro-
duced as closely as possible. In Table I, we have prese
the theoretically calculated intrinsic quadrupole mome
^Q0

2& and yrast energies for theE21 to E61 levels of 100Mo
and 100Ru for different values ofxpn as experimental data
are available only for these levels@56#. It is clearly observed
that as thexpn is varied from20.0178 to20.0194 MeV
b24, the intrinsic quadrupole moment^Q0

2& increases by 7.06
units in the case of100Mo and 2.63 units in the case o
100Ru. At the same time theE21 decreases by 0.384 MeV i
the case of100Mo and 0.298 MeV in the case of100Ru,
respectively. This observed inverse correlation between^Q0

2&
and E21, well known from Grodzins’ rule@55#, is under-
standable as there is an enhancement in the collectivity o
intrinsic state with the increase ofuxpnu, hence theE21 de-
creases. Further, it is also noticed that the same increas
^Q0

2& is responsible for the compression of the yrast spec
To be more specific, the excitation energy of the 61 state
E61 is lowered from 3.2101 to 2.4645 MeV in the case
100Mo and from 3.1337 to 2.0398 MeV in the case of100Ru
as theuxpnu is increased from 0.0178 to 0.0194 MeVb24.
The theoretically calculatedE21 is 0.5434 MeV in compari-
son to the experimentally observed value 0.5355 MeV
100Mo corresponding toxpn520.0190 MeVb24. In the
case of100Ru, the observed and theoretically calculatedE21

are 0.5396 and 0.5138 MeV, respectively, forxpn5
20.0186 MeVb24. Thus for a given model space, SPE
03431
l
ti-

ed
s

he

of
a.

f

r

Gp , Gn , and xpp , we have fixedxpn through the experi-
mentally available energy spectra.

In Table II, we have presented the calculated as well
the experimentally observed values of the reduced transi
probabilities B(E2:01→21) @57–62#, static quadrupole
momentsQ(21) @63#, and the gyromagnetic factorsg(21)
@63,64#. We have givenB(E2) results for effective charge
ee f f50.55, 0.60, and 0.65 in columns 2 to 4, respective
The experimentally observed values are displayed in colu
5. It is noticed that the calculated values are in excell
agreement with the observedB(E2) for ee f f50.60. The
theoretically calculatedQ(21) are tabulated in columns 6 t
8 for the same effective charges as given above. The exp
mentalQ(21) results are given in column 9. It can be se
that for the same effective charge 0.60, the agreement
tween the calculated and experimental values is slightly
for 100Mo while in case of100Ru the calculated values diffe
by 6% only from the experimental limit 20.54
60.07e fm2.

The g(21) values are calculated withgl
p51.0, gl

n50.0,
and gs

p5gs
n50.60. The calculatedg(21) is 0.471 nm for

100Mo and 0.357 nm for100Ru. The theoretically calculated
and observedg(21) values are in good agreement for100Mo
and in case of100Ru they are off by about 0.03 nm only i
the case when we consider the lower limit given by Rag
van @63#. From the overall agreement between the calcula
and observed electromagnetic properties, it is clear that
PHFB wave functions of100Mo and 100Ru generated by fix-
ing xpn to reproduce the yrast spectra are quite reliab
1-7
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TABLE IV. Effect of variation in SPE of the 0h11/2 orbit on E21, ^Q0
2&, andMGT

2n .

SPE’s 100Mo 100Ru MGT
2n

e(0h11/2) E21 ^Q0
2&p ^Q0

2&n ^Q0
2& E21 ^Q0

2&p ^Q0
2&n ^Q0

2&

8.5 0.5268 17.11 32.48 49.59 0.6100 17.53 28.28 45.82 1.7
8.6 0.5434 16.87 32.05 48.92 0.5138 17.59 28.41 46.00 1.5
8.7 0.5238 16.46 31.30 47.76 0.4189 17.68 28.60 46.29 1.2
8.8 0.5191 16.20 30.74 46.94 0.3463 17.82 28.91 46.73 0.9
8.9 0.5359 15.98 30.29 46.27 0.3240 17.90 29.08 46.98 0.7
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22
31
56
49
18
15

214
720
863
215
203
Hence we proceed to calculate theM2n for the 01→01

transition which will provide a conclusive test regarding t
reliability of the 100Mo intrinsic wave function in relation to
that of 100Ru.

C. Results of the 2nbb decay mode

The double beta decay of100Mo→100Ru for the 01

→01 transition has been investigated by many experime
groups@24–30# as well as theoreticians by employing diffe
ent theoretical frameworks@14,31–38#. In Table III, we have
compiled all the available experimental and theoretical
sults along with our calculatedM2n and corresponding half
life T1/2

2n . We have used a phase space factorG2n59.434
310218 yr21 given by Doiet al. @8# and an energy denomi
nator Ed511.2 MeV using the relation̂EN&51.123A1/2

2W0/2 given by Haxton and Stephenson@7#. In column 4 of
Table III, we have presented theM2n extracted from the
experimentally observedT1/2

2n using the phase space fact
given above. The phase space integral has been evaluate
gA51.25 by Doi et al. @8#. However, in heavy nuclei it is
more justified to use the nuclear matter value ofgA around
1.0. Hence, the experimentalM2n as well as the theoretica
T1/2

2n are calculated forgA51.0 and 1.25. We have presente
only the theoreticalT1/2

2n for those models for which no direc
or indirect information aboutM2n is available to us.

In comparison to the experimentalM2n , the theoretically
calculated values given by Stoica using SRPA~WS! @32# and
Hirsh et al. in OEM @34# are too small. TheM2n calculated
by Griffiths and Vogel@36# using the QRPA model favors th
results of LBL@27# and INS Baksan@30# for gA51.0 due to
the large error bar in the experimentalT1/2

2n . On the other
hand theM2n predicted by Suhonen and Civitarese@35# and
Engel et al. @38# are in agreement with the results of LB
@27#, the LBL Collaboration@25#, and INS Baksan@30# for
gA51.0. The present calculation and that of Hirschet al.
using SU3~SPH! @33# give nearly identicalM2n values. They
are close to the experimental result given by De Silvaet al.
@24# for gA51.25 while forgA51.0, the above twoM2n are
in agreement with the results of NEMO, LBL, ELEGANTS
and UC Irvine. Further, the value ofM2n given by Hirsch
et al. using SU3~DEF! @33# favors the results of the NEMO
Collaboration@26#, LBL @27#, ELEGANT V @28#, and UC
Irvine ~the results of Elliotet al. @29#! for gA51.0. The
2nbb decay rate of100Mo calculated by Staudtet al. @37#
and Suhonen and Civitarese@14# are slightly off from the
experimentalT1/2

2n . The results of SSDH@31# are in agree-
03431
al

-

for

ment with the experimental half-lives of UC Irvine@24#,
LBL @27#, the LBL Collaboration@25#, and the NEMO Col-
laboration@26#.

It is clear from the above discussion that the valid
of nuclear models presently employed to calculate theM2n

cannot be uniquely established due to large error bars
experimental results as well as uncertainty ingA . Further
work is necessary both in the experimental as well as
theoretical front to judge the relative applicability, succe
and failure of various models used so far for the study
double beta decay processes.

To understand the role of deformation on the DGTMGT
2n ,

we have investigated the variation of the latter with resp
to the change in SPE and strength of the QQ interac
uxqqu. In Table IV, we have presented the quadrupole m
ment of the intrinsic statêQ0

2& and the DGTMGT
2n for dif-

ferent SPE’s of 0h11/2. It is observed that thêQ0
2& decreases

by 3.32 units and increases by 1.16 units in100Mo and
100Ru, respectively, with the increase ofe(0h11/2) from 8.5
to 8.9 MeV. Further, the value ofMGT

2n decreases from 1.749
to 0.7365 for the same variation in SPE of 0h11/2. It is quite
clear from the above discussions that an increase in the
of 0h11/2 orbit produces corresponding changes in the de
mation of HFB intrinsic states which results in the suppr
sion of MGT

2n by a factor of 2.5, approximately.
The variation of̂ Q0

2& andMGT
2n with respect to the chang

in xqq is presented in Table V. ThêQ0
2& of 100Mo and 100Ru

remain almost constant as the strength of the QQ interac
is varied from 5% to 60% while theMGT

2n increases from

TABLE V. Effect of the variation inxqq on ^Q0
2& andMGT

2n .

xqq
100Mo 100Ru MGT

2n

^Q0
2&p ^Q0

2&n ^Q0
2& ^Q0

2&p ^Q0
2&n ^Q0

2&

0.05 0.002 0.005 0.007 0.008 0.016 0.024 1.70
0.20 0.011 0.023 0.035 0.068 0.128 0.196 1.79
0.40 0.040 0.086 0.126 0.037 0.083 0.119 1.81
0.60 0.113 0.241 0.354 0.436 0.777 1.213 1.89
0.80 1.219 2.546 3.785 5.495 8.980 14.475 2.13
0.90 9.327 20.207 29.534 14.649 24.645 39.294 2.28
0.95 13.786 27.885 41.671 16.414 27.109 43.523 2.1
1.00 16.875 32.047 48.922 17.594 28.409 46.003 1.5
1.05 18.812 34.299 53.109 18.756 29.553 48.309 1.0
1.10 19.488 35.585 55.072 19.073 30.407 50.110 1.4
1.20 20.438 37.392 57.830 21.419 31.802 53.221 2.4
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1.7022 to 1.8949. With a further rise inxqq up to 90% the
^Q0

2& as well as theMGT
2n increase largely. ThêQ0

2& increases
both in 100Mo and 100Ru and theMGT

2n decreases to 1.086
while the xqq is changed to 1.05. However, both the^Q0

2&
and MGT

2n increase monotonically as thexqq is further in-
creased to 1.20. Thus a change ofxqq triggers deformation in
the HFB intrinsic states of100Mo and 100Ru which is respon-
sible for the variation ofMGT

2n by a factor of 1.5, approxi-
mately. In Fig. 1, we have displayed the dependence ofM2n

on thexqq . The M2n is increased as thexqq is varied from
0.05 to 0.90 and 1.05 to 1.20. It is interesting to observe
M2n decreases and gets tuned towards the realistic valu
thexqq acquires a physical value around 1.0. To summar
we have shown that the deformations of the HFB intrin

FIG. 1. The dependence ofM2n on the strength of the
quadrupole-quadrupole interactionxqq .
lm

hy

p
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states play an important role in reproducing a realisticMGT
2n .

IV. CONCLUSIONS

In the first step, we have tested the quality of HFB wa
functions by comparing the theoretically calculated resu
for a number of spectroscopic properties of100Mo and 100Ru
nuclei with the available experimental data. To be more s
cific we have computed the yrast spectra, reducedB(E2)
transition probabilities, quadrupole moments, andg factors.
Further, reliability of the intrinsic wave functions have be
tested by calculating theM2n . The values ofM2n calculated
in the PHFB model and SU3~SPH! model @33# are quite
close and the calculated 2nbb decay rateT1/2

2n is in close
agreement with the experimentally observed value of
Silva et al. @24# for gA51.25. ForgA51.0 they are in agree
ment with the results of the NEMO Collaboration@26#, LBL
@27#, ELEGANT V @28#, and UC Irvine~the results of Elliot
et al. @29#!. Further, we have shown that the deformations
the intrinsic ground states of100Mo and 100Ru play a crucial
role in reproducing a realistic DGT matrix element. A re
sonable agreement between the calculated and obse
spectroscopic properties of100Mo and 100Ru as well as the
2nbb decay rate of100Mo makes us confident to employ th
same PHFB wave functions to study the 0nbb decay of
100Mo which will be communicated soon.
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