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Separation and characterization of phases in bond percolation and implications for studies
of nuclear multifragmentation
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We demonstrate that, in bond percolation of a small system, two phases can be visually identified by
displaying the probability distribution of the ejected mass as a function of the number of broken bonds. The
phases can be separated using the ratio of the masses of the second largest and largest fragments. The nature
of the transition and application to studies of nuclear multifragmentation are discussed.
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Several works have demonstrated the similarity betweeihave, accordingly, performed simulations using @%x5
the bond or site percolation processes and nuclear fragmenubic system for which the total number of bondsnding
tation [1-3]. The bond percolation studies suggest that it isenergy is Nt=3x52x (5—1)=300.
possible to define a temperaturg, in the nuclear system The fundamental quantities issuing from the simulations
which corresponds approximately to the bond breaking probare the partition probabilitie$){n}, where the vecton, sym-
ability, p, in percolation. At smalp or T the “parent” system  bolizes a partition of the total mash)+ (which, in bond
breaks into a few small particles together with a heavy resipercolation is the total number of sijesExplictly, n
due (percolating cluster In the nuclear case this process is =N1,Ny,...Nny...Ny_ Wheren,, is the number of fragments

well known and successfully described using statisticalf massm, Quantities of physical interest are easily obtained
(evaporatioh models[4,5]. As p or T increases, the size of fom the set of partition probabilities. For example, if the

the residue diminishes and, at a point which is often likened,;m over partitions is representedss, the mean multiplic-
to a phase transitiof6], can no longer be clearly identified. ity of fragments of mass (i.e., with m sites is
Beyond this point, the use of evaporation modelgen those

which allow for sequential emission of large fragments ‘
difficult to justify. The fragmented system is composed of <nm>:; Np(n) P{n}, (2.1)
light and intermediate size fragments which appear to be

produced by an explosive multifragmentation mechanismpe mean multiplicity irrespective of mass  i€N)

[4,6-1Q. <My .

We believe, with Gros$7], that small systems can be =2 ly(m) gnd the mean value of the ejected métw
studied as specific problems in statistical mechanics rathéf;’taI mass minus the mass of the largest fragment observed
than as scaled down analogs of “large” systems which ma))n a given eventis
be conveniently approached using conventional thermody- o
namics. In this context we showed [2&] hovy to build a (M)=2 2 mnm(n)P{n}:z [M1—wq(n)]P{n},
rather complete analogy between percolation and nuclear n m=1 n
fragmentation by associating the excitation energy of the (2.2
nuclear system with the number of broken bordg, in the . ,
percolation system. An important feature of this work wasWhere the upper limitu;, is the mass of the second largest
the equivalence of the effective thresholds Q value fragment in the event and, is the mass of the largest frag-
+Coulomb barrierin fragmentation with the values(ex-  ment. Obviously=/"  m n,(n)=M+ for all partitions.
pressed as a number of broken bonidspercolation. We now turn to the results of the simulations and begin by

This analogy notwithstanding, it is impossible to establishshowing, in Fig. 1(left-hand pang| the probability distribu-
an exact correspondence between the probability distributiotions of the ejected mass. A double peak structure is clearly
of broken bonds expected for a system in contact with a heatisible in the transition regioriwe will discuss the decom-
reservoir and the binomial distribution obtained using a fixedposition below. As shown in the upper part of Fig. 2, which
bond breaking probabilitythis problem disappears for large refers to simulations witt,=206 (N,/Nt=0.687) the left-
systems We further observe that such a reservoir cannot bdand side of this distributioriejected mass<60) corre-
identified in nuclear fragmentation except in the restrictedsponds to events which include a large residue and for which
sense that the contribution to the statistical weight of anythere are very few fragments of intermediate més4rs,
given macrostate due to tiieelatively few) degrees of free- 10-50 whereas the region at the right-hand si@gected
dom corresponding to fragment kinetic energies can be apnass>95) is composed of events in which the residue has
proximately estimated in this wdy,9]. disappeared and the probability of observation of IMFs is

It thus appears interesting to investigate the region of théncreased by several orders of magnitude. These characteris-
percolation phase transition in small systems using a fixedics are very similar to those observed recently in the decay
number of broken bonds in each simulation @or an in-  of projectile-like fragmentgproduced in Au-Au systejrby
troduction to percolation, see Stauffer and Aharptif). We  the MULTICS-MINIBALL Collaboration[12].
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f)Np=225 FIG. 2. Log, plots of results of simulations for theX85X5

0.02 f)Nb=225A 002+ cube withN,=206. Filled circles: mean partial multipliciti€s,,).
0.00 =L\ 0,00 ! Solid line: (n,,) values calculated for the same events but with the
0 20 40 60 80 100 120 140 00 02 04 06 08 10 largest fragment removed from each event. Open circles joined by

Ejected mass (M) Sp thin continuous line: probability distributions?(N) of the total

S _ multiplicity, N. (a) with gate on the ejected mabt<60: (b) as(a)
FIG. 1. Left panel: probablllty distributions of ejected mads, but with M =95: (C) no gate on ejected mass but W%<04 (d)

for six values of the number of broken bonds in the%x5 cube.  a5(c) but with S,=0.4.[The cutoffs in(a) and (b) are due to the
Each distribution is divided into two peaks by classing events withrestrictions in the range d¥l value.

$,<0.4 andS,=0.4. Right panel: filled circles: probability distri-
butions of the phase separation paramesgt, In the spectrunid) . ) ) . ) .
(Np=206) the crosses and stars represent, respectively, the spec4lich have assigned following,. This being said the

with gates on the ejected mass of 0—60 and 95—125. “best” value of S, for separating phases should, of course,
be considered as open to some discussion. Changes of the
The left-hand panel of Fig. 1 constitutes a direct demon-order of 10% do not significantly alter the qualitative char-
stration of phase coexistence. We further interpret the disagcteristics displayed in Figs. 1 and 2.
pearance of the lower peak and the growth of the second The two phase decomposition allows us to characterize
component as striking visual proof of the existence of athe individual components of the ejected mass distribution.
phase transition in a small system. Thus in Fig. 3a) we show the first few moments of each
We have also carried out simulations in which the bondpeak displayed as a function of the number of broken bonds
breaking probabilities rather than the number of brokenN,. The most striking feature is the “speeding up” of the
bonds were fixed. The results are qualitatively similar todisplacement of the centroid of the “residue” phaghase
those displayed in Fig. 1 but the spreading introduced in thd) in the region of the phase transition. The curve is, in fact,
ejected mass distributions makes the phase transition mosmost symmetric and may be considered to play the role of
difficult to recognize. an order parameter. We also observe that the residue phase
In the region where the two peaks overlap we have atpersists(albeit in rapidly decreasing proportipreven at
tempted to separate the phases by defining a phase separatipsite high values oN,/N+, a behavior which contrasts with
parametersS, , as the ratio of the masses of the second largthe rapid disappearance of the fragment pHasase 2 be-
est and largest fragmeri,=u,/uq, right-hand panel of low N,/N=0.5. The lower panel of Fig. @ig. 3(b)] shows
Fig. 1). This choice is based on the fact that, for evaporativethe strong correlation of the total multiplicity with the num-
like events S, is almost always less than (gee right panel ber of broken bonds. It will be clear from this figure that the
Figs. Xa) and(d)]. The division of the ejected mass spectramultiplicity can be used as @onlineaj analog ofN .
into groups withS,, greater than or less than 0.4 is indicated ~ The double peak structure in the ejected mass spectrum is
in the left-hand panel. The grouping of events followig ~ gradually lost as we move to smaller systems. It is not ob-
does indeed separate the ejected mass spectrum into lowggrved in the X 3X 3 cube. However, we have checked that
and upper peaks. Furthermore, as seen in the lower part of broad(flat-topped structure(rather than a double pepis
Fig. 2 the qualitative characteristics of the partial multiplicity observed in a A4X4 cube near the transition.
distributions (which are quite different for the two phages  We now show that it is possible to obtain a strikingly
are not affected by including events in the overlap regiorsimple characterization of the two phases discussed above.
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FIG. 3. (a) Probability of phase 1 and mean values and standard Q. ’
deviations of the ejected mass distributioR§¢M), for each of the ]
two phasegsee left-hand panel of Fig).IThe moments are plotted 0.02 4
as a function of the fraction of broken bonds, /N;. The mean i
values and standard deviations have been resddlemied by the 0.00 T l
total number of siteés The second phase disappears beloy/N o 20 40 &0 80 100 120 140
=0.5. (b) Variation of the mean valu€illed circles and standard
deviations(open circles: values shown multiplied by)df the total 0.04 Np=225 £
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Phase 1 is, of course, rather simple in structure. There is <. Ejected mass (light particles)

large _reSIdue left after the dislocation of light partlcle_s. A FIG. 4. Mass distributions for several values Wf,. Filled
r_nore_lm_portant observation concerns phas_e 2. Qur SImmac"lrcles: distribution of ejected mas$/¢-wu,) for phase 1 events.
tions indicate that the second phase is obtained simply Wheg,osses: the distribution of massi¢-s;-j) for phase 2 events
the residue itself is broken into two pieces. The evidence fOLsee text after Eq2.2)]. The continuous line which represents the
this statement is presented in Fig. 4 in which, for severajjsyribution of mass N-u;-uy-us) for phase 2 events is not
values ofNy in the region of the transition, we show the compatible with the W1-u,) distribution. In all three cases the
ejected mass spectra for phase 1 together with a particul@fstributions have been renormalized to unity.
phase 2 mass spectrum constructed by removing both the
largest and the second largest fragments. The spectra are able. While it is certainly true that investigation of specific
most identical so that the figure strongly suggests that phaseffects associated with the isospin degree of freedom are
2 corresponds to fission of the residue. Furthermore the cowell worth undertakind13] it seems unlikely that the pres-
responding light particle partial multiplicity distributions are ence of more than one isotope will greatly affect the spectra
very similar except for the heaviest fragments which haveof ejected charge. This is all the more true when we consider
very small multiplicities(Fig. 5). that relatively few isotopes of light and intermediate mass

Given the correspondence between characteristics of pafragments are observed in experiments.
tition probabilities in percolation and nuclear multifragmen-  The results described earlier were obtained mainly with
tation (see Refs[1-3]) it seems worthwhile to apply the simulations involving 18 events at each value df, (al-
above results to the nuclear physics case. Indeed it would kiough check runs were performed with®18vents. The
most interesting to see how far the analogy can be pursuedbservation of the transition thus does not require great sta-
Here, we simply resume the difficulties and, where possibletistical accuracy. Acceptable spectra may be obtained with
suggest how they may be overcome. only 10* events at each value ®f,. This is due simply to

In nuclear physics it is nearly always the cdsgcept at the fact that we are dealing with macroscopic variables
low excitation energigshat only charge partitions are avail- which may be said to correspond to “gross structure.”
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7 n, by evaporative processes, a{n)=2>,w(n",n). Such
. a transformation does not take place in percolation. Frag-
o " Np=190 ments produced in simulations can be considered as possess-
n,“mx ing “frozen in” excitation in the sense that the number of
“m““n unbroken bonds is less than the maximum possthle bind-
T o ing energy for the given number of sitd?]. Thus it will be
important to investigate, for any particular system, the effect
5 . of evaporation corrections. It should be noted that a model
set up to calculate thev(n,n’) can be incorporated into a
backtracing procedurgl2,15 in order to estimate the pre-
7 evaporation partition probabilities and the corresponding ex-
x citation energies from the data.
0+ ™ N,= 206 As shown in Fig. 8) the total multiplicity is strongly
uxxx,x“x‘ correlated with the number of broken bonds. This correlation
Y was implicitly invoked by Campf1] in his analysis of ex-
% perimental dat@16]. It would be useful to check, using cur-
. rent simulation codef8,17,19, in the nuclear case, to what
.5 — 7 . extent the multiplicity can be used as a measure of intrinsic
0 10 20 30 40 (as opposed to collectiyexcitation energy.

In summary, we have presented, in this work, percolation
simulations which, via the probability distributions corre-
sponding to the ejected mass, permit the direct observation
of the phase transition. We further proposed to separate the
e, two phases using the ratio of the mass of second largest
¥ fragment to the mass of the largest fragmghe ratioS;) in
x any partition. The results obtained by dividing events into
. groups withS;<0.4 andS,=0.4 are consistent with the ob-

-5 L e servation of the transition and with the absence of the second
0 10 20 30 40 phase at low excitation energy.
mass (m) We have also shown that, over a large range of the num-
o ) S ) ber of broken bondd\l,, in the region of the transition, the
o o o o e e sy POpOsed hise sepataion implie hal he secon plase cor
' responds simply to fission of the residue which characterizes

refers to all fragments except the largest for phase 1 evéliesl . . .
circles and all fragments except the largest and second largest fotnhe first phase. It would be most interesting to check whether

phase 2 eventcrosses In each case the data have been multipliedOne can identify two phases in nuclear fragmentation which
by renormalization constants to compensate for the variation of th€Xhibit the same simple structural relation brought to light
relative probabilities of the two phases. above.
Finally we have discussed the possible application of the
It appears to be most important to identify a source whoseatudy to nuclear fragmentation. It seems likely that most of
size is essentially fixed. Modern multidetectors are capabléhe difficulties(in particular that of evaporative corrections
of measuring complete everj®,14] and reconstructing such can be overcome using appropriate nuclear fragmentation
sources so this is probably not a major difficulty especially insimulation codes associated with the backtracing technique
view of the preceding remark. [15]. A first approach would consist of isolating completely
Excited nuclei produced in multifragmentation can bejgentified events and displaying the ejected mass spectrum as
considered as metastable dynamical systems which necessgrfnction of multiplicity.
ily decay. If the excitation energies are not too high one pBoth from the percolation and nuclear fragmentation
speaks of evaporative corrections. In any case what is imgtandpoints it would be very interesting to extend this study
plled is a long time scale transition of the partition probabili- iy order to investigate the properties of the two components
ties in more detail. It would also be highly desirable to make a
comparative survey of both lighter and heavier systems.
P'/{n}=2>, w(n,n")P{n’}+[(1-W(n)]P{n}, (4.1)  These studies are underway and will be presented in forth-
n’ coming works[19].

logo(<Nm™)

where the transition probabilityy(n,n’) is the probability The author would like to thank P. Besquelles for a criti-
that the partitionn’, will be transformed into the partition, cal reading of the manuscript.
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