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Extended M1 sum rule for excited symmetric and mixed-symmetry states in nuclei
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A generalizedM1 sum rule for orbital magnetic dipole strength from excited symmetric states to mixed-
symmetry states is considered within the proton-neutron interacting boson model of even-even nuclei. Analytic
expressions for the dominant terms in theB(M1) transition rates from the 21,2

1 states are derived in the U~5!
and SO~6! dynamic symmetry limits of the model, and the applicability of a sum rule approach is examined at
and between these limits. Lastly, the sum rule is applied to the new data on mixed-symmetry states of94Mo
and a quadrupoled-boson rationd(01

1)/nd(22
1)'0.6 is obtained in a largely parameter-independent way.
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I. INTRODUCTION

Heavy atomic nuclei exhibit both single-particle and c
lective excitations. However, the coupling between these
grees of freedom can lead to strong fragmentation of
collective modes. Under such circumstances sum rules
useful, since they do not depend on the exact details of
fragmentation and remain applicable in cases where the
lective modes are not exact eigenstates of the Hamilton
Sum rules generally express direct observables in term
basic control parameters~e.g., deformation! which dominate
the formation of the collective mode. In cases where
relevant control parameter has natural boundaries, one
obtain quantitative limits for observables in a largely mod
independent way. Accordingly, sum rules are used both
judge what fraction of a collective mode is present in a giv
ensemble of quantum states and as a tool to exploit the
between direct observables and properties of a given ex
tion mode.

One particular collective mode which has been stud
extensively in recent years is the orbital magnetic dip
scissors mode@1#, which has by now been established e
perimentally as a general phenomenon in nuclei@2#. The
systematics ofM1 strength from the ground state to the sc
sors state and its deformation dependence have been e
sively measured and corroborated with a variety of sum ru
both in even-mass@3–7# and odd-mass nuclei@8#. Within the
proton-neutron version of the interacting boson mo
~IBM-2! @9–11#, a sum rule@3# has related this strength t
the number of quadrupoled bosons in the ground state wav
function. For deformed nuclei the latter can be expresse
terms of the quadrupole deformation determined fr
B(E2) values, and the measuredM1 strength was shown to
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be in good agreement with this sum rule@12# as well as with
its counterpart@8# in odd-mass nuclei@13#.

Initially, most of the experimental and theoretical effo
has focused on properties of theJp511 scissors state in
even-even nuclei. However, the latter is only one particu
example of mixed-symmetry states predicted by the IBM
@14–17#, which possess a lower symmetry with respect
the interchange of proton and neutron bosons (F spin! @9#.
Observations of other mixed-symmetry states with total
gular momentumJÞ1 were subsequently claimed in the li
erature, e.g., Refs.@18–21#, but in some of these cases life
time information was lacking, leaving the mixed-symmet
assignments without the knowledge of absolute transit
strengths less persuasive. Later on, a few mixed-symm
Jp521 states in near vibrational nuclei could be identifi
on the basis of measured absoluteE2 and M1 transition
matrix elements@22–28#. Very recently the investigation o
mixed-symmetry states was pushed a step forward by ex
sive data@29–32# on mixed-symmetry states in the nucle
94Mo, which were obtained by the application of a variety
classical but state-of-the-artg-spectroscopic measurement
The measurement of the large transition rate between
mixed-symmetry~ms! 11,ms

1 and 21, ms
1 states@29# represents

the first direct evidence for the similar character of th
wave functions. The discovery of the 31,ms

1 mixed-symmetry
state@30# and of the 22,ms

1 state@31# on the basis of electro
magnetic transition matrix elements added confidence to
general existence of mixed-symmetry states~even off-yrast!
and allowed for the first time to judge the energy splitting
the mixed-symmetry two-phonon quintuplet@33#. This new
data provides knowledge aboutM1 transition strengths from
a set of mixed-symmetry states

M5$11,ms
1 ,21,ms

1 ,22,ms
1 ,31,ms

1 % ~1!

to the symmetricJ501
1 ground stateand to the symmetric

J521
1,22

1 excited states in94Mo. This data can now be ex
a
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ploited in a new way, namely, the totalM1 strengths be-
tween mixed-symmetry states and different low-lying sy
metric states of the same nucleus can be compared.

The empirical identification of the states in Eq.~1! relied
on specific signatures as predicted by the IBM-2. Th
IBM-2 predictions and assignments for mixed-symme
states were found to be in an impressive agreement with
data@29–32# and are further supported by microscopic c
culations @34,35#. This motivates us to use the IBM-2 t
extract structure information out of this extensive set of m
suredM1 decay strengths in94Mo. In the present paper w
investigate how far a sum rule approach in the IBM-2 m
be used for that purpose, relying on the mixed-symme
interpretation for the states in Eq.~1!. In Sec. II we present a
sum rule for theM1 excitation strength from an arbitrar
symmetric state which generalizes an earlier expression
the total M1 ground state excitation strength within th
IBM-2. Section III discusses the applicability of the sum ru
in the U~5! and SO~6! dynamic symmetry~DS! limits of the
model as well as in transitional cases preserving the SO~5!
symmetry. In Sec. IV we apply the sum rule to the new d
on 94Mo and extract the relative quadrupoled-boson content
of the J501

1 and J522
1 states. The sum rule analysis

critically examined in Sec. V and the paper is summarized
Sec. VI.

II. GENERALIZED M1 SUM RULE

The standard one-body magnetic dipole (M1) operator in
the IBM-2 has the form@11#

T̂~M1!5A 3

4p
~gpĴp1gnĴn!

5A 3

4p F ~gp1gn!

2
Ĵ1

~gp2gn!

2
~ Ĵp2 Ĵn!G , ~2!

whereĴr are the individual boson angular momentum ope
tors for protons (r5p) or neutrons (r5n), gr the respec-
tive bosong factors, andĴ5 Ĵp1 Ĵn the total angular mo-
mentum operator. We are interested in a sum rule for theM1
strength from an excited state in an even-even nucleus
angular momentumJ and maximalF spin, Fmax5N/25(Np

1Nn)/2. The integersNr denote the total number of proto
or neutron bosons of monopole~s! or quadrupole~d! type.
These IBM-2 bosons represent correlated monopole
quadrupole pairs of identical valence nucleons in the s
model @9,10#. The derivation of the sum rule follows th
same steps as for the ground state~which hasJ501) given
in Ref. @3#, except that the terms proportional to the to
angular momentum are not dropped. The derivation has b
sketched already in Ref.@8# in which a sum rule forM1
ground state excitation strength of odd-mass nuclei is
rived. The sum rule we are interested in here correspond
the part due to the core in Eq.~6! of Ref. @8#. It is given by

SJ5(
f Þ i

B~M1;i ,J→ f ,Jf !56CF ^Jun̂duJ&2
J~J11!

6N G ,
~3!
02431
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where

C5
3

4p
~gp2gn!2

NpNn

N~N21!
. ~4!

Here J(Jf) is the angular momentum of the initial~final!
state and the labelsi ( f ) indicate all quantum numbers tha
may be needed to specify uniquely the states. In generJ
Þ0 and, therefore, there can be a magnetic dipole transi
to the initial state proportional to the magnetic moment. T
elastic transition is not measured in the reported experim
on 94Mo @29–32#, hence, it is subtracted out in Eq.~3!. Since
the IBM-2 states are assumed to have pureF spin and the
initial stateJ hasF5Fmax, then only the (Ĵp2 Ĵn) term in
Eq. ~2! ~which is anF-spin vector! can contribute toM1
transitions, and the sum in Eq.~3! involves all final states
subject toF spin and angular momentum selection rule
Fmax→Fmax21 and Jf5J21, J, J11 (M1 transitions be-
tween states withF5Fmax are forbidden due to the symme
try of their wave functions@36#!. The totalM1 strengthSJ in
Eq. ~3! depends on the boson numbers,Nr , the boson effec-
tive g factors,gr , and involves the expectation value of th
d-boson number operator,n̂d5n̂dp

1n̂dn
in the initial stateJ.

The dependence onNr reflects the local shell structure an
their values are fixed to be half the number of valence p
ticles or holes with respect to the nearest closed shell.
boson g factors defining theM1 operator of Eq.~2! are
model parameters which are needed in order to extract f
the sum rule information onnd(J)5^Jun̂duJ&, the average
number ofd bosons in the IBM-2 wave function. For theJ
501

1 ground state, the sum rule in Eq.~3! reduces to that of
Ref. @3#. This special case was used earlier@12# to extract the
d-boson content of the ground state from the measuredM1
excitation strengths. In that analysis the parametersgr were
assumed to have the values of bare orbitalg factors, namely,
gp51mN andgn50. The recent extensive measurements
M1 strengths in94Mo @29–32# provide a way to avoid the
assumption of effective-bosong factors by considering ratios
of M1 excitation strengths from different symmetric state
RJ0

(J)5SJ /SJ0
. Such ratios are independent ofgr and are

pure functions of the average numbers ofd bosons in the
statesJ0 andJ. For example, ifJ0521 andJ501

1 it follows
from Eq. ~3! that

R21~01
1!5

S0
1
1

S21

5
nd~01

1!

nd~21!21/N
,

'
nd~01

1!

nd~21!
@nd~21!@1/N#. ~5!

Thus, forN sufficiently large, one can directly extract from
the measuredM1 strengths the relatived-boson contents of
the corresponding states in a largely parameter-indepen
way. The relatived-boson content contains important info
mation on the structure of wave functions and is sensitive
the Hamiltonian parameters, i.e., to the residual interactio
9-2
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EXTENDED M1 SUM RULE FOR EXCITED SYMMETRIC . . . PHYSICAL REVIEW C 65 024319
Before a sum rule approach can be applied to the
servedM1 strength from low-lying symmetric states, it
crucial to assess to what extent the mixed-symmetry st
identified in 94Mo can be expected to exhaust the sum ru
For that purpose we need to examine the following par
strengthsSJ ,

SJ5 (
f PM

B~M1;i ,J,Fmax→ f ,Jf ,Fmax21!, ~6!

to the set of mixed-symmetry statesM of Eq. ~1!, and com-
pare to the full strengthsSJ in Eq. ~3!. The analysis will be
done first for the dynamic symmetries of the IBM-2 and f
transitional cases which are of relevance to94Mo. In the next
section we consider specific types of Hamiltonians in or
to study the relative contributions to the sum rule of differe
M1 branches from some low-lying states.

III. M1 SUM RULES FOR F-SPIN INVARIANT
HAMILTONIANS

In order to clarify the discussion we analyze in this se
tion the contribution to theM1 sum rule from the two
,

es

02431
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lowest-lying 21 states. Since we aim at the application of t
sum rule to theg-soft nucleus94Mo, we pay particular at-
tention toF-scalar Hamiltonians with SO~5! symmetry. We
consider first the U~5! and SO~6! DS limits of the IBM-2
which contain the SO~5! subgroup, and derive analytic ex
pressions for the relevantM1 excitation strengths~total
strengthsSJ and partial strengthsSJ) on top of the excited
21

1 and 22
1 states. Next we address the evolution

B(M1;21,2
1 →Jf) values in a SO~5!-preserving transition path

between the U~5! and SO~6! DS limits. The results from this
section will serve as a guideline for judging whether t
currently available experimental data in94Mo contains suf-
ficient information to qualify for a sum rule analysis.

A. U„5… and SO„6… DS limits

In the U~5! and SO~6! DS limits, the eigenstates of th
Hamiltonian have quantum numbers which are the labels
irreducible representations~irreps! of the groups in the
chains@11#,
Up~6! ^ Un~6! . Upn~6! . Upn~5! . SOpn~5! . SOpn~3!

↓ ↓ ↓ ↓ ↓ ↓
@Np# @Nn# @N1 ,N2# ~n1 ,n2! ~t1 ,t2! $a i% J ~7!

and

Up~6! ^ Un~6! . Upn~6! . SOpn~6! . SOpn~5! . SOpn~3!

↓ ↓ ↓ ↓ ↓ ↓
@Np# @Nn# @N1 ,N2# ^s1 ,s2& ~t1 ,t2! $a i% J ~8!
respectively. HereN11N25N, and F5(N12N2)/25N/2
2k (k50,1, . . . ), while a i ( i 51,2) are missing labels
necessary to completely classify the SO(5).SO(3) reduc-
tion. Within these DS limits the average number ofd bosons
in any F-spin symmetric state is given by

U~5!: nd@F5Fmax,~nd,0!,~t,0!,J#5nd ,

SO~6!: nd@F5Fmax,^s5N,0&,~t,0!,J#

5
N~N21!

2~N11!
1

t~t13!

2~N11!
. ~9!

For the lowest symmetric states withJ501
1, 21

1 , and 22
1 and

t50, 1, and 2, respectively, which are of particular inter
to the present discussion, we have
t

U~5! SO~6!

nd~01
1! 0

N~N21!

2~N11!

nd~21
1! 1

N~N21!

2~N11!
1

2

N11

nd~22
1! 2

N~N21!

2~N11!
1

5

N11
. ~10!

As can be seen,nd(21) is of order unity in the U~5! limit
and is of orderN in the SO~6! limit. Therefore, the condition
nd(21)@1/N, mentioned in Eq.~5!, is satisfied already for
N>4 within 16% for J521

1 and 11% forJ522
1 near the

SO~6! limit. Substituting the values ofnd(J) into Eq. ~3! we
obtain the following expressions for the totalM1 strength,
SJ , from these states
9-3
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U~5! SO~6!,

S0
1
1 0 C

3N~N21!

N11

S2
1
1 C

6~N21!

N
C

3~N212!~N21!

N~N11!

S2
2
1 C

6~2N21!

N
C

3~N32N218N22!

N~N11!
~11!

whereC is given in Eq.~4!. The states which contribute to theseM1 strengths have the following classification in the U~5! or
SO~6! limits:

U~6! F U~5! ~n1 ,n2! SO~6! ^s1 ,s2& SO~5! ~t1 ,t2!

01
1 Fmax ~0,0! ^N,0& ~0,0!

21
1 Fmax ~1,0! ^N,0& ~1,0!

22
1 Fmax ~2,0! ^N,0& ~2,0!

21,ms
1 Fmax21 ~1,0! ^N21,1& ~1,0!

11,ms
1 ,31,ms

1 Fmax21 ~1,1! ^N21,1& ~1,1!

22,ms
1 Fmax21 ~2,0! ^N21,1& ~2,0!

12,ms
1 ,23,ms

1 ,32,ms
1 Fmax21 ~2,1! ^N21,1& ~2,1!

13,ms
1 ,24,ms

1 ,33,ms
1 ,34,ms

1 Fmax21 ~3,1! ^N21,1& ~3,1!. ~12!
-
.
or

d in

,
t

he
The M1 operator of Eq.~2! transforms as aT[2,14] $2,13%(1,1)1

tensor under the U~5! chain, Eq.~7!, and as aT[2,14] ^1,1&(1,1)1

tensor under the SO~6! chain, Eq.~8!. Using standard tech
niques for coupling irreps@37# it is possible to show that Eq
~12! lists all mixed-symmetry states which are relevant f
M1 transitions from the chosen initial states,J501

1, 21
1 ,

and 22
1 . The conservation ofd parity @26,38# further restricts

the allowedM1 transitions. For SO~5! symmetry each state
can be characterized by a definite value ofd parity, pd
5(21)t11t2, and theM1 operator haspd511. Altogether
the only allowedM1 transitionsJ(t,0)→Jf(t1 ,t2) in the
U~5! or SO~6! DS limits are

U~5!,

21
1~1,0!→21,ms

1 ~1,0!,

22
1~2,0!→22,ms

1 ~2,0!; 11,ms
1 ,31,ms

1 ~1,1!,
~13a!

SO~6!,

01
1~0,0!→11,ms

1 ~1,1!,

21
1~1,0!→21,ms

1 ~1,0!; 12,ms
1 ,23,ms

1 ,32,ms
1 ~2,1!,

22
1~2,0!→22,ms

1 ~2,0!; 11,ms
1 ,31,ms

1 ~1,1!;

13,ms
1 ,24,ms

1 ,33,4,ms
1 ~3,1!. ~13b!
02431
In the U~5! DS limit there are fewer allowedM1 transitions
due to an additional selection rule, namely, thatM1 transi-
tions can only connect U~5! states (n1 ,n2) such thatnd
5n11n2 is preserved. Analytic expressions ofB(M1) val-
ues for M1 transitions in the U~5! and SO~6! DS limits,
which are relevant for the present discussion, are collecte
Table I.

In general, we see from Eq.~13! that the total strengths
SJ , of Eq. ~11! are sums of contributions involving differen
SO~5! multiplets. Specifically, if we denote bySJ

(t1 ,t2) the
summedM1 strength from the initial stateJ to all final states
with Jf5J, J61 in a given SO~5! irrep (t1 ,t2), we then
find

S0
1
15S0

1
1

(1,1)
, ~14a!

S2
1
15S2

1
1

(1,0)
1S2

1
1

(2,1)
, ~14b!

S2
2
15S2

2
1

(1,1)
1S2

2
1

(2,0)
1S2

2
1

(3,1)
. ~14c!

From Table I we deduce the following expressions for t
separate SO~5! contributions to these strengths:
9-4
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TABLE I. Some relevant analytic expressions forB(M1) values in the U~5! and SO~6! DS limits for M1
transitions from symmetric states (F5Fmax) to mixed-symmetry states (F5Fmax21) and SO~5! quantum
numbers (t1 ,t2) as indicated. The factorC is given in Eq.~4!.

Transition U~5! a SO~6!

01
1(0,0)→11,ms

1 (1,1) 0 C
3N(N21)

N11
b

21
1(1,0)→21,ms

1 (1,0) C
6(N21)

N
C

3(N14)(N12)(N21)
4N(N11)

b

21
1(1,0)→12,ms

1 (2,1) 0 C
3(N21)(N22)

10(N11)

21
1(1,0)→23,ms

1 (2,1) 0 C
3(N21)(N22)

4(N11)

21
1(1,0)→32,ms

1 (2,1) 0 C
6(N21)(N22)

5(N11)

22
1(2,0)→11,ms

1 (1,1) C
21
5

C
3(N15)(N14)

10(N11)
b

22
1(2,0)→31,ms

1 (1,1) C
24
5

C
12(N15)(N14)

35(N11)

22
1(2,0)→22,ms

1 (2,0) C
3(N22)

N
C

3(N15)(N12)(N22)
10N(N11)

aFrom Ref.@39#.
bFrom Ref.@36#.
r

ly

n

tal

on

the
U~5! SO~6!,

S0
1
1

(1,1)
0 C

3N~N21!

N11

S2
1
1

(1,0)
C

6~N21!

N
C

3~N21!~N12!~N14!

4N~N11!

S2
1
1

(2,1)
0 C

9~N22!~N21!

4~N11!

S2
2
1

(1,1)
9C C

9~N14!~N15!

14~N11!

S2
2
1

(2,0)
C

3~N22!

N
C

3~N15!~N12!~N22!

10N~N11!

S2
2
1

(3,1)
0 C

72~N22!~N23!

35~N11!
~15!

whereC is given in Eq.~4!. As mentioned in Sec. I, so fa
only the mixed-symmetry states shown in Eq.~1! have been
identified in 94Mo. Using their SO~5! classification given in
Eq. ~12!, we see that empirical information is available on
for M1 strengths to SO~5! multiplets with (t1 ,t2)
5(1,1), (1,0), and (2,0). No comparable firm informatio
exists at present on the multiplets with SO~5! quantum num-
bers (2,1) and (3,1). Considering theM1 strengths that have
been measured, the partial~yet observed! strengths,SJ , of
Eq. ~6! can be transcribed as
02431
S0
1
15S0

1
1

(1,1)
, ~16a!

S2
1
15S2

1
1

(1,0)
, ~16b!

S2
2
15S2

2
1

(1,1)
1S2

2
1

(2,0)
. ~16c!

Comparing with the corresponding expressions for to
strengths in Eq.~14!, we see that theM1 strength from the
J501

1 ground state arises entirely from the transiti
01

1(0,0)→11,ms
1 (1,1), i.e.,S0

1
15S0

1
1 in Eq. ~16a!. However,

theM1 transitions from the symmetric excited states, 21
1 and

22
1 , to the mixed-symmetry states of Eq.~1! exhaust only

part of the total strengths. Using Eq.~15! these partial
strengths in the U~5! and SO~6! DS limits are found to be

U~5! SO~6!,

S2
1
1 C

6~N21!

N
C

3~N21!~N12!~N14!

4N~N11!

S2
2
1 C

6~2N21!

N
C

3~N15!~11N2130N214!

35N~N11!

~17!

whereC is given in Eq.~4!. In order to be able to apply the
sum rule of Eq.~3! to the existing data, we need to assess
goodness of the approximation in replacing the totalM1
9-5
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N. A. SMIRNOVA et al. PHYSICAL REVIEW C 65 024319
strengthsSJ by the partial strengthsSJ . From Eqs.~11! and
~17! we get the following expressions for the ratiosY(J)
5SJ /SJ :

U~5! SO~6!,

Y~21
1!5S2

1
1 /S2

1
1 1

~N12!~N14!

4~N212!

Y~22
1!5S2

2
1 /S2

2
1 1

~N15!~11N2130N214!

35~N32N218N22!
.

~18!

We see that in the U~5! limit Y(J)51 for J521
1, 22

1 and
hence the setM of mixed-symmetry states in Eq.~1! ex-
hausts the totalM1 strength. This is not the case in the SO~6!
limit in which Y(J),1. In this case, the fractionY(J) of
exhausted strength depends onN and is seen to be a mono
tonic decreasing function of the boson number. For exam
from Eq. ~18! we haveY(21

1)50.58, 0.41, and 0.35 an
Y(22

1)50.85, 0.61, and 0.51 forN55, 10, and 15, respec
tively. For largeN the asymptotic values areY(21

1)→0.25
and Y(22

1)→0.31. We conclude that for nuclei near th
SO~6! DS limit, the approximation involved in the substitu
tion SJ↔SJ is better for smallN and becomes less justifie
for large values ofN. To exhaust at least 75% of the tot
strength requiresN<3 for J521

1 andN<6 for J522
1 . Fur-

thermore, for a givenN,S2
2
1 is seen to provide a better ap

proximation to the total strengthS2
2
1, thanS2

1
1 to S2

1
1. This

suggests that near the SO~6! limit, a sum rule approach
based on the currently available data, is likely to be relia
for moderate values ofN when applied to theJ501

1 andJ
522

1 states but not for theJ521
1 state.

B. U„5… to SO„6… transition

The majority of transitionalg-soft nuclei lie between the
U~5! and SO~6! limits and retain good SO~5! symmetry. The
main features of the evolution in structure accompanying
transition between these two DS limits can be studied
considering the following schematicF-scalar Hamiltonian:

Ĥ5aF ~12z!n̂d2
z

4N
~Q̂p1Q̂n!•~Q̂p1Q̂n!1lM̂ G .

~19!

Here Q̂r5@dr
†3sr1sr

†3d̃r# (2) (r5p,n) is the quadrupole

operator relevant for this transition region andM̂ is the Ma-
jorana operator in Casimir form@11#. The Majorana term is
diagonal and determines the energy shift~proportional tol)
between eigenstates in accord with theirF spin quantum
numbers. Neither the parameterl nor the parametera in Eq.
~19!, which sets the overall energy scale, affects the struc
of wave functions. The latter are completely determined
the parameterz of Ĥ. For z50 the Hamiltonian possesse
the U~5! DS, while for z51 it attains the SO~6! DS. By
varying z from 0 to 1 we can study in a simple way th
transition between the two limits. The calculations presen
02431
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below are done withNp54 andNn51(N55) which are the
appropriate boson numbers for94Mo.

The top part of Fig. 1 shows thed-boson content,nd(J),
of the symmetricJ501

1 , 21
1 , and 22

1 states withF5Fmax
as a function ofz. The curves shown interpolate between t
U~5! and SO~6! values of Eq.~10! for N55. The lower part
of Fig. 1 shows the corresponding ratios of strengt
R2

1
1(J)5SJ /S2

1
1, evaluated as in Eq.~3!. For given boson

numbers these ratios depend only on the structural par
eters of the Hamiltonian~in this case only onz) and not on
parameters of theM1 operator in Eq.~2!. The sensitivity of
such ratios to the transition path between the U~5! and the
SO~6! DS limits can be used to determine the location o
given g-soft nucleus along the transition leg between the
two DS limits.

The Hamiltonian of Eq.~19! is F scalar and although i
does not have dynamic symmetry for an arbitrary value oz,
it still always has SO~5! symmetry. Away from the U~5! and
SO~6! DS limits, the eigenstates are no longer pure w
respect to U~5! and SO~6!. However, they do retain good
SO~5! quantum numbers and, consequently, the pattern
allowed M1 transitions shown in Eq.~13b! persists also in
the transition region. In particular, the SO~5! and d-parity
selection rules forM1 transitions are still in effect and th
total strengths,SJ , maintain the same SO~5! decomposition
as in Eq.~14!. Figure 2 displays the ratios of partial to tot
strengths,Y(J)5SJ /SJ , as a function ofz for J501

1, 21
1 ,

and 22
1 . As shown, the partial strengthsSJ , to the setM of

mixed-symmetry states of Eq.~1! exhaust the sum rulesS0
1
1

completely andS2
2
1 to a large extent~more than 85%)

throughout the transition region. Less than 15% of theM1
strength from theJ522

1 state goes into the SO~5! irrep (3,1)
which is not included in the partial strengthS21 of Eq.

FIG. 1. d-boson content,nd(J), of the J501
1 , 21

1 , and 22
1

states~top! and the corresponding ratios of totalM1 excitation
strengthsS0

1
1 /S2

1
1 and S2

2
1 /S2

1
1 ~bottom! as a function ofz. Cal-

culations are done with the Hamiltonian of Eq.~19! with boson
numbersNp54 andNn51 (N55).
2
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~16c!. On the other hand, in most of the transition region
considerable fraction ofM1 strength from theJ521

1 state is
not concentrated in the above set of mixed-symmetry sta
About 40% of the total strengthS2

1
1 goes into the SO~5!

irrep (2,1) which is left out of the partial strengthS2
1
1 in Eq.

~16b!. We conclude that forN55 throughout the transition
region between the U~5! and SO~6! DS limits, the partial
strengthsSJ of Eq. ~6! provide an adequate approximation
the total strengthsSJ of Eq. ~3! for the J501

1 and J522
1

states but not for theJ521
1 state. This identifies the initia

statesJ in 94Mo which qualify for a sum rule analysis base
on the measuredM1 strengths to the mixed symmetr
states of Eq.~1!.

IV. APPLICATION TO 94MO

The primary goal of the present investigation is to extr
structure information, via a sum rule approach, out of
recent extensive data on mixed-symmetry states in94Mo.
Table II displays a compilation of the available data onM1
transitions from theJ501

1, 21
1 , and 22

1 states in94Mo @29–
32#. This data has been used to identify the setM of mixed-
symmetry states listed in Eq.~1!. The experimental summe
M1 strengths,S(J)expt, given in Table II correspond to th
calculated partial strengthsSJ of Eq. ~6! to these mixed-
symmetry states. In accord with the discussion of the pre
ous section~see in particular Fig. 2!, for a g-soft nucleus
such as94Mo with N55, these partial strengths exhaust to
large extent theM1 sum rule forJ501

1 and J522
1 . For

these states, it is therefore justified to compare the meas
ratio

R2
2
1~01

1!expt5
S~01

1!expt

S~22
1!expt

50.58214
111 ~20!

with the calculated ratioS01 /S2
2
1 of total strengthsSJ ob-

tained from the sum rule in Eq.~3!. Since between the U~5!
and SO~6! DS limits the value ofnd(22

1) varies in the range
222.5 for N55 @see Fig. 1 and Eq.~10!#, we can neglect

FIG. 2. Calculated ratiosY5SJ /SJ of partial to total M1
strengths as a function ofz for J501

1, 21
1 , and 22

1 andN55. The
partial strengthsSJ to the mixed-symmetry states of Eq.~1! exhaust
the sum rules of Eq.~3!, S0

1
1 completely, andS2

2
1 to more than 85%

in the whole U~5!-to-SO~6! transition path.
02431
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1/N50.2 with respect tond(22
1) and, as in Eq.~5!, extract

from the data a relatived-boson content ratio

Fnd~01
1!

nd~22
1!

G
94Mo

'0.58214
111. ~21!

We find that theJ501 ground state of94Mo contains more
than half as manyd bosons as theJ522

1 state. This number
is considerably higher than that for a spherical vibra
@nd(01

1)/nd(22
1)50 in the U~5! DS limit# and is in fact

closer to the value expected for ag-unstable rotor
@nd(01

1)/nd(22
1)52/3 in the SO~6! DS limit with N55#.

These findings are consistent with previous observations
the M1 andE2 strengths involving mixed-symmetry state
in 94Mo compare favorably with the SO~6! predictions@29–

TABLE II. MeasuredM1 transition strengths in94Mo in units
of mN

2 ~Refs.@29–32#!. The notation ‘‘n.o.’’ denotes cases where th
corresponding transitions were too weak to be observed, altho
other decay branches of the issuing level were detected. The s
11

1 , 32
1 , 23

1 , and 26
1 are the main fragments of the 11,ms

1 , 31,ms
1 ,

21,ms
1 , and 22,ms

1 mixed-symmetry states, respectively.S(J)expt is the
experimental summedM1 strength from the initial stateJ.

Observable Experiment

B(M1;01
1→11

1) 0.47~3!a

B(M1;01
1→12

1) 0.14~5!a

S(01
1)expt 0.61~7!a

B(M1;21
1→11

1) 0.00421
14a

B(M1;21
1→12

1) 0.007~4!a,d

B(M1;21
1→22

1) 0.06~2!a

B(M1;21
1→23

1) 0.48~6!a

B(M1;21
1→24

1) 0.07~2!a

B(M1;21
1→25

1) 0.03~1!a

B(M1;21
1→26

1) ,0.0077b

B(M1;21
1→32

1) 0.01428
117c

S(21
1)expt 0.67~7!

B(M1;22
1→11

1) 0.26~3!a

B(M1;22
1→12

1) n.o.d

B(M1;22
1→23

1) n.o.d

B(M1;22
1→24

1) ,0.02b

B(M1;22
1→25

1) 0.095~6!b

B(M1;22
1→26

1) 0.35~11!b

B(M1;22
1→27

1) 0.00923
17b

B(M1;22
1→28

1) n.o.d

B(M1;22
1→32

1) 0.34210
120c

S(22
1)expt 1.05215

123

aFrom Ref.@29#.
bFrom Ref.@31#.
cFrom Ref.@30#.
dFrom Ref.@32#.
9-7



fo

si

t o

be
-
al

.

u

be

e
te

le

e

g

n
s-

ari-
s
ns
dom
re-

e
-
m-
ion.
be
m-

e
cess

as

sts

cent
eus
e

rd

f 2.
for

-
or-

The
to
iate

so

n-
ual
of
he
sed

wn

cs
rare

l
he

N. A. SMIRNOVA et al. PHYSICAL REVIEW C 65 024319
31. However, that comparison relied on an assumption
the parameters of theM1 operator~boson effectiveg factors!
andE2 operator~boson effective quadrupole charges!. In the
present approach such an assumption is avoided by u
ratios ofM1 strengths. Thed-boson ratio of Eq.~21! is ex-
tracted directly from the data and its value is independen
any model parameters.

Thed-boson content is sensitive to the transition path
tween the U~5! and SO~6! limits, which are not easy to dis
tinguish otherwise@40#. We can therefore use its empiric
value to pin down the location of94Mo along the transition
leg between these limits. For that purpose we show in Fig
the calculated rationd(01

1)/nd(22
1) as a function ofz

~dashed line! and the value@nd(01
1)/nd(22

1)#94Mo
'0.6 of Eq.

~21! extracted from the data~solid line!. The comparison
between the calculated and empirical values strongly s
gests a structural parameterz.0.7 for the IBM-2 description
of 94Mo and unambiguously identifies this nucleus to
closer to the SO~6! g-unstable rotor rather than the U~5!
spherical vibrator.

Besides theM1 properties, one may attempt to consid
the knownE2 rates in order to determine the appropria
parameter space of the IBM-2 Hamiltonian for94Mo. An
observable which can distinguish between the U~5! and the
SO~6! DS limits is the shape invariantK4 @41,42# which can
be well approximated@41# by the experimentally accessib
B(E2) ratioK4

appr5(7/10)B(E2;41
1→21

1)/B(E2;21
1→01

1).
For large N,K451.4 in the U~5! limit and K451 in the
SO~6! limit, with small deviations for finiteN @42#. Unfortu-
nately, for 94Mo the measured value@43,44# is K4

appr

51.16(17) and hence the large error bars prohibit any d
nite conclusion about the symmetry character of94Mo from
E2 data. More precise lifetime experiments on low-lyin
symmetric states would be of interest for this issue.

V. CRITICAL EXAMINATION OF THE ANALYSIS

Some critical remarks on the implementation of theM1
sum rule are in order. While Eq.~3! is an exact relation in the

FIG. 3. The calculatedd-boson ratio of theJ501
1 and J522

1

states~dashed curve! as a function ofz compared with the empirica
value ~solid line with experimental uncertainties indicated by t
dotted lines! of Eq. ~21! extracted from the measuredM1 strengths
in 94Mo.
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IBM-2, the justification for applying it to the new data o
94Mo is less straightforward and relies on the following a
sumptions.~i! All strong M1 transitions between low-lying
states of94Mo can be modeled by the IBM-2.~ii ! F spin is a
good symmetry for the states considered in94Mo. ~iii ! The
structure of94Mo is consistent with a U~5!-to-SO~6! transi-
tion path.

The first assumption is necessary to justify the comp
son of the experimental summedM1 strengths to the sum
calculated in the IBM-2. Sizeable, hypothetical contributio
to the experimental sums from states and degrees of free
outside the IBM-2 space could potentially obscure the
sults. However, the fact thatM1 transitions in Table II with
strengths larger than'0.1mN

2 are understandable in th
IBM-2 suggests that for94Mo the excluded degrees of free
dom are not likely to have a significant impact on the e
pirical summed strengths in the considered energy reg
Futhermore, eventually existing, additional strength can
accounted for, to a large extent, by renormalizing the para
eters of theM1 operator in Eq.~2!. In the present analysis
we avoid any assumption on these effective-bosong factors
by considering ratios of strengths.

The primary motivation for the use of the IBM-2 in th
present sum rule analysis is the model’s impressive suc
in predicting the experimental data in94Mo @29–32#. The
IBM-2 interpretation of these low-energy structures
mixed-symmetry states implies that theM1 excitations in-
volved are predominantly of orbital character, and sugge
that in 94Mo the spin contribution to theM1 strength at low
energy is suppressed. This conjecture is supported by re
microscopic studies of mixed-symmetry states in this nucl
@34,35#. Results of a realistic calculation within th
quasiparticle-phonon model~QPM! @35# indicate that quan-
titatively, theM1 strengths resulting from using the standa
values for the spin quenching factor (gs50.620.7) are
larger than the experimental ones by at least a factor o
The best overall agreement with experiments is reached
gs50.3. Even forgs50.6 the spin contribution is consis
tently smaller than the orbital one and is about half the
bital strength in the transition 11,ms

1 →22
1 for which the larg-

est discrepancy between theory and experiment occurs.
low-lying spin transitions were found to be very sensitive
small components of the wave functions, yet the appropr
quenching mechanism in the QPM has not been identified
far. A shell model calculation for94Mo @34# shows the is-
ovector M1 ground state excitation strength to be conce
trated in the 11, ms

1 state and to be composed of almost eq
spin and orbital contributions. This considerable fraction
orbital M1 strength is to be regarded as a lower limit on t
actual orbital contribution, given the small model space u
in the calculation (88Sr core, employing large effectiveE2
charges!, neglect of important orbitals, e.g.,p(p3/2,g7/2),
and insistence on pure isovectorM1 transitions. Clearly,
large-scale shell model calculations are desirable to pin do
the relative orbital and spin contributions to theM1 strength
in 94Mo. Empirically, properties of theJ511, ms

1 state ob-
served in94Mo were found to be consistent with systemati
of the scissors mode extrapolated from the deformed
9-8
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earth nuclei@29#. For the latter, the predominantly orbita
character was empirically established by a comparison
(g,g8), (e,e8), and (p,p8) spectra@45#. It will be worth-
while in the future to verify experimentally to what exte
such dominance of orbital character for low-lyingM1
strengths persists also in transitional nuclei such as94Mo.
This can be investigated by a comparison with inelastic h
ronic scattering and by exploiting the fact that while t
orbital contribution is enhanced by deformation, the spin p
has anticorrelation with collectivity@46#.

The second assumption of goodF spin symmetry is the
basis for the derivation of the sum rule in Eq.~3!. Various
procedures have been proposed to estimate theF-spin purity
of low-lying states in nuclei@47#. These involve examining
M1 transitions ~which should vanish between pureF
5Fmax states@36#!, magnetic moments@48,49#, the differ-
ence in proton-neutron deformations@50#, and properties of
F spin multiplets@51,52#. In the majority of analyses theF-
spin admixtures in low-lying states are found to be a f
percent (,10%), typically 2%24% @47#. Although the em-
pirical M1 strengths shown in Table II are fragmented, t
pattern of dominant transitions to the mixed-symmetry sta
in 94Mo as well as their energy systematics agree favora
with the assignment ofF-spin quantum numbers. Th
smallness of the observedM1 rate, B(M1;22

1→21
1)

50.06(2)mN , which isF spin forbidden, is a benchmark fo
the anticipatedF-spin mixing in low-lying states of94Mo.

The last assumption is adequate forg-soft nuclei and en-
sures that the SO~5! symmetry is preserved. This addition
symmetry played a significant role in the current analysis
imposing further constraints on the allowedM1 transitions,
which in turn enabled the observed four mixed-symme
states of Eq.~1! to exhaust an appreciable fraction of the su
rules,SJ , for J501

1 , 22
1 .

VI. SUMMARY

The recent extensive data in94Mo @29–32# on the four
mixed-symmetry states listed in Eq.~1! has paved the way
for comparingM1 strengths between mixed-symmetry sta
and different low-lying symmetric states in the same nucle
Sum rules are the proper tool to study the systematics of t
strengths in the presence of fragmentation. The succes
the IBM-2 in reproducing the data has motivated us to c
sider a generalizedM1 sum rule from any symmetric state
the IBM-2 framework. The sum rule is a generalization
excited states of an earlier sum rule for the ground state
it relates the totalM1 excitation strength to the average num
ber of d bosons,nd(J), in the IBM-2 wave function of the
initial stateJ. The latter is an important quantity character
ing the state and is linked with its deformation. By applyi
the sum rule to different initial states and taking ratios of
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total strengths, one can avoid any assumption on
effective-bosong factors and thus eliminate to a large exte
a model dependence from the extracted ratios ofd boson
contents.

Before the sum rule can be applied, one needs, howe
to be sure that the experimental summedM1 strengths to the
mixed-symmetry states of Eq.~1! exhaust a significant frac
tion of the totalM1 strengths. This was verified to be th
case, analytically, for the U~5! and SO~6! DS limits and,
numerically, throughout the transition region, between th
limits. The analysis employedF-spin scalar and SO~5! in-
variant Hamiltonians relevant forg-soft nuclei. The presence
of an additional SO~5! symmetry restricts the allowedM1
transitions and forN55 enables the mixed-symmetry stat
of Eq. ~1! to exhaust more than 85% of the sum rule for t
J501

1 and 22
1 states. We have applied the sum rule to94Mo

and deduced from the data a relatived-boson content ratio
nd(01

1)/nd(22
1)'0.6. The extracted value is independent

any model parameters and suggests the structure of94Mo
being close to the SO~6! DS limit of the IBM-2. The results
obtained show that existing and future high-quality data
excited mixed-symmetry states in nuclei can qualify for
sum rule analysis from which one can extract valua
model-independent structure information. The present an
sis relies on the IBM-2 interpretation of mixed-symmet
states as predominantly orbitalM1 excitations. This interpre-
tation is consistent with presently available data in94Mo
@29–32# and with microscopic calculations@34,35#. Further
theoretical and experimental work on orbital and spin ex
tations is highly desirable to verify the character ofM1 ex-
citations in transitional nuclei such as94Mo.
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