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Collectivity of double giant resonances in extended RPA theories

Mitsuru Tohyama
Kyorin University School of Medicine, Mitaka, Tokyo 181-8611, Japan

~Received 31 July 2001; published 16 November 2001!

A comparison among extended random phase approximation~RPA! theories is made by calculating the
strength functions of double phonon states of isovector dipole and isoscalar quadrupole giant resonances in
40Ca using the small amplitude limit of the time-dependent density-matrix theory~STDDM!. STDDM includes
all the elements of one-body and two-body amplitudes and provides us with a quite general framework of
extended RPA theories which consider the coupling of one-body amplitudes to two-body amplitudes. The
results are compared with those obtained by using time-dependent versions of the second RPA~SRPA! and
other extended RPA theories. It is found that SRPA overestimates collectivity of the isovector mode and
underestimates that of the isoscalar mode. From a comparison between STDDM and other extended RPA
theories, it is concluded that the inclusion of particle-hole–particle-hole amplitudes is necessary to obtain
appropriate collectivity of double phonon states of giant resonances.
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The double phonon states of giant resonances have
come the subject of a number of recent experimental
theoretical investigations@1#. In the case of giant resonance
the random phase approximation~RPA! has extensively been
used as a standard microscopic theory to study basic pro
ties of giant resonances@2#. The second RPA~SRPA! @3–6#
in which RPA is extended to include two-body amplitud
may be such a microscopic theory for double phonon st
of giant resonances as RPA for giant resonances. Altho
SRPA has frequently been used to study the damping of g
resonances@5,6#, numerical application of SRPA to doubl
giant resonances has been rare: Only a work based
schematic model has been reported@7#. Therefore, the appli-
cability of SRPA and other extended RPA theories to
problem of double giant resonances has not been thorou
investigated yet. The aim of this paper is to make a comp
son among extended RPA theories including SRPA by ca
lating the strength functions of a double giant dipole re
nance~DGDR! and a double quadrupole resonance~DGQR!
in 40Ca. We use the small amplitude limit of the tim
dependent density-matrix theory as a basic extended
theory. The time-dependent density-matrix theory~TDDM!
is an extended version of the time-dependent Hartree-F
theory formulated by truncating the well-known Bogoliubo
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Born-Green-Kirkwood-Yvon ~BBGKY! hierarchy for re-
duced density matrices@8,9#. TDDM has been applied to the
two phonon states of giant resonances@10,11#, and it has
been shown that both DGDR and DGQR in TDDM a
highly harmonic. The small amplitude limit of TDDM
~STDDM! @12# is a quite general framework as compar
with other extended RPA theories in the sense that all
elements of one-body and two-body amplitudes are con
ered. We first calculate the strength functions of DGDR a
DGQR using STDDM and then compare them with tho
obtained by using time-dependent versions of SRPA
other extended RPA theories@13,14#. We will point out that a
problem of collectivity inherent to SRPA which has be
known for low-lying two-phonon states@13,15# also exists in
the double phonon states of giant resonances and dem
strate that the inclusion of particle-hole–particle-hole amp
tudes is necessary to obtain appropriate collectivity of
double giant resonances.

We begin with presenting the equations of motion
STDDM. When the Hartree-Fock~HF! ground state is as
sumed in the formulation of STDDM, it consists of the fo
lowing coupled equations for a one-body amplitudexaa8 and
a two-body amplitudeXaba8b8 @12#,
ty
i\ ẋaa85(
ll8

@^aluvua8l8&Af a8-^aluvua8l8&Af a#xl8l1 (
ll8l9

@Xll8a8l9^al9uvull8&2Xal8ll9^ll9uvua8l8&#, ~1!

i\Ẋaba8b852(
l

@~ f̄ b f a8 f b81 f b f̄ a8 f̄ b8!^lbuvua8b8&Axal1~ f̄ a f a8 f b81 f a f̄ a8 f̄ b8!^aluvua8b8&Axbl2~ f̄ a f̄ b f b8

1 f a f b f̄ b8!^abuvulb8&Axla82~ f̄ a f̄ b f a81 f a f b f̄ a8!^abuvua8l&Axlb8#1(
ll8

@~12 f a2 f b!

3^abuvull8&Xll8a8b82~12 f a82 f b8!^ll8uvua8b8&Xabll8#1(
ll8

@~ f a82 f a!^aluvua8l8&AXl8blb82~ f b8

2 f a!^aluvul8b8&AXl8ba8l1~ f b82 f b!^lbuvul8b8&AXal8a8l2~ f a82 f b!^lbuvua8l8&AXal8lb8#, ~2!
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where f a51 (0) for occupied~unoccupied! single-particle
states andf̄ a512 f a , and the subscriptA indicates that the
matrix with it is antisymmetrized. The amplitudesxaa8 and
Xaba8b8 in Eqs. ~1! and ~2! have no restriction on single
particle indices and consist of all possible components:
example,xaa8 have one-particle (p) –one-hole (h), 1h-1p,
1p-1p, and 1h-1h components. Therefore, Eqs.~1! and ~2!
give a quite general coupling scheme between the one-b
and two-body amplitudes. In the following, we point o
some relation of STDDM with other extended RPA theori
SRPA has been formulated by using only the 1p-1h and
1h-1p components of the one-body amplitudes and
2p-2h and 2h-2p components of the two-body amplitude
@3–6#. When only these components are kept in Eqs.~1! and
~2!, STDDM is equivalent to the time-dependent version
SRPA. It is well-known that in SRPA the 2p-2h amplitudes
cannot couple to the 2h-2p ones@3–6#. It is necessary to
include the 1p1h-1p1h components ofXaba8b8 in addition
to the 2p-2h and 2h-2p ones to make the 2p-2h compo-
nents couple to the 2h-2p ones. This version of extende
RPA has been proposed by Kanesakiet al. @13# for low-lying
two-phonon states. It has been discussed@13,15# that the
1p1h-1p1h components ofXaba8b8 are important to give
appropriate collectivity to low-lying double-phonon state
Lauritsch and Reinhard@7# considered the coupling of th
2p-2h amplitudes to the 2h-2p ones in their application o
SRPA to double giant resonances not by explicitly using
1p1h-1p1h amplitudes but by renormalizing the residu
interaction using a correlated RPA ground state. If the c
pling to the one-body amplitudexaa8 is neglected in Eq.~2!,
Eq. ~2! describes correlations in two-body space with all t
two-body amplitudes. Equation~2! without xaa8 is equiva-
lent to an extended RPA equation presented by Danielew
and Schuck@14#. As will be discussed below, the coupling o
Xaba8b8 to xaa8 is negligible in the case of the double gia
resonances considered here.

To solve Eqs.~1! and ~2! as an initial value problem, we
assume that the motion of a double giant resonance is
erated by a two-body operatorV̂2 as

uC~ t50!&5eikV̂2
uF0&, ~3!

whereV̂ is either a one-body dipole operator or a quadrup
operator,k is a boosting parameter, anduF0& the ground-
state wave function. The initial conditions forxaa8 and
Xaba8b8 are determined by using the above boosted w
function. Assuming thatuF0& is the HF ground-state wav
function, we evaluate

xaa8~ t50!5^C~ t50!uaa8
1 aauC~ t50!&, ~4!

Xaba8b8~ t50!5^C~ t50!uaa8
1 ab8

1 abaauC~ t50!&. ~5!

At first order ofk, the initial values forXaba8b8 are given by
06730
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Xmnrs5^Cuar
1as

1anamuC&

52ik$^muVur&^nuVus&2^muVus&^nuVur&%, ~6!

Xrsmn5^Cuam
1an

1asaruC&

522ik$^ruVum&^suVun&2^ruVun&^suVum&%,

~7!

wherer ands refer to unoccupied single-particle states, a
m and n refer to occupied ones. We chooseV5tzz for the
dipole operator andV5z22(x21y2)/2 for the quadrupole
operator. Other elements of the initialXaba8b8 vanish at first
order ofk. Similarly, nonvanishing initial values ofxaa8 are

xmr5^Cuar
1amuC&

52ik(
n

^muVun&^nuVur&, ~8!

xrm5^Cuam
1aruC&

522ik(
n

^ruVun&^nuVum&. ~9!

In numerical applications shown below, we found that t
coupling ofXaba8b8 to xaa8 are quite small both for DGDR
and DGQR. Therefore, the above initial values ofxaa8 can
practically be neglected in numerical calculations. T
strength function of the double phonon states, defined by

S2~E!5(
n

u^FnuV̂2uF0&u2d~E2En!, ~10!

is given by the Fourier transform of a time-dependent par
a two-body moment as

S2~E!5
1

pk\E0

`

V2~ t !sin
Et

\
dt, ~11!

whereV2 is given by

V2~ t !5^C~ t !uV̂2uC~ t !&2^F0uV̂2uF0&

5(
aa8

^auV2ua8&xa8a1 (
aba8b8

^auVua8&^buVub8&

3$Xa8b8ab22 f adab8xa8b%. ~12!

The terms withxaa8 in the above equation have negligib
contributions to the Fourier transformation in Eq.~11!. Thek
dependence ofS2(E) is negligible as long ask is sufficiently
small. The energy-weighted sum rule~EWSR! for DGDR is
given as@10#
4-2
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E
0

`

ES2~E!dE5
1

2
^F0u@V̂2,@H,V̂2#uF0&

5
2\2

m
^F0uV̂2uF0&14~ t11t2!

3^F0uR̂2V̂2uF0&, ~13!

whereH is the total Hamiltonian,m is the nucleon mass an
R̂2 is the following two-body operator:

R̂25 (
i Pprotons,j Pneutrons

d3~r i2r j !. ~14!

In Eq. ~13!, we assumed thatH consists of a two-body inter
action of the Skyrme type. The second term on the rig
hand side of Eq.~13!, the enhancement term, is due to t
momentum dependence of the Skyrme force and has a
tribution of about 30% to the total EWSR value@10#. Simi-
larly, EWSR for DGQR is given as@11#

E
0

`

~ES2E!dE5
1

2
^F0u@V̂2 ,@H,V̂2#uF0&

5
2\2

m
^F0uV̂2R̂1uF0&, ~15!

whereR̂1 is a one-body operator associated with the funct
4z21x21y2. To be consistent with the derivation of Eqs.~1!
and ~2!, we use the HF wave function foruF0& to evaluate
the EWSR values. As in previous calculations@10,11#, we
use the Skyrme III force~SKIII ! @16# as the effective inter-
action for a mean-field potential and also as the residua
teraction. The spin-orbit force is neglected. To solve
coupled equations Eqs.~1! and ~2!, we use the 1s, 1p, 2s,
1d, 2p, and 1f states for DGDR and the 1s, 1p, 2s, 1d,
2p, 1f , 3s, 2d, and 1g orbits for DGQR. Although the
single-particle space is truncated, a giant dipole resona
~GDR! and a giant quadrupole resonance~GQR! have suffi-
cient strength: The RPA calculations with the trunca
single-particle space had shown that the fractions of
EWSR values depleted below 40 MeV are 93% for GD
@10# and 95% for GQR@11#. The integration in Eq.~11! is
performed for a finite time interval of 750 fm/c. As a result,
S2(E) has small fluctuations. To reduce the fluctuations
S2(E), we multiply V2(t) by a damping factore2Gt/2 before
performing the time integration. This corresponds to smoo
ing the strength function with a widthG. We chooseG
51 MeV. Other calculational details are explained in o
previous publications@10,11#.

In Fig. 1 the strength function of DGDR calculated
STDDM ~solid line! is compared with that in SRPA~dotted
line!. Since the coupling ofXaba8b8 to xaa8 is small, a time
dependent version of the extended RPA equation in Ref.@14#
would give a result similar to the STDDM one. The pe
energy in SRPA is 1.2 MeV higher than that in STDDM, a
the fractions of the EWSR value depleted below 60 MeV
87% in STDDM and 112% in SRPA, respectively. Th
06730
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EWSR value in STDDM seems reasonable as compared
the RPA value for GDR~93%!. Since the EWSR value in
SRPA exceeds 100%, DGDR in SRPA has too high coll
tivity. This problem originates in the fact that the coupling
the 2p-2h amplitudesXrsmn to the 2h-2p onesXmnrs is
missing in SRPA, though in RPA, the 1p-1h amplitudexrm
couples to the 1h-1p onexmr . In order to include such cou
pling of the two-body amplitudes, we should consider t
1p1h-1p1h amplitudesXrmsn in addition to Xrsmn and
Xmnrs as has been pointed out by Kanesakiet al. @13#. We
performed a calculation using such a modified version
SRPA ~MSRPA!. We found that the strength function i
MSRPA is almost identical to that in STDDM. Thus, th
coupling of the 2p-2h amplitudes to the 2h-2p amplitudes
which is bridged byXrmsn plays a role in reducing collec
tivity of DGDR. The little difference between the STDDM
and MSRPA results also indicates that no two-body am
tudes other thanXrsmn , Xmnrs, andXrmsn are important.

In Fig. 2 the strength function of DGQR calculated
STDDM ~solid line! is compared with that in SRPA~dotted
line!. The result in MSRPA differs little from that in STDDM
and is not shown in Fig. 2. The peak in SRPA is 0.6 Me
higher than that in STDDM, and the fractions of the EWS
value depleted below 60 MeV are 91% in STDDM and 79
in SRPA, respectively. The EWSR value in STDDM see
reasonable for the truncated single-particle space. Since
EWSR value in SRPA is much smaller than the RPA va
~95%!, the collectivity of DGQR in SRPA seems to be to

FIG. 1. Strength functionsS2(E) of DGDR in 40Ca calculated
in STDDM ~solid line! and SRPA~dotted line!.

FIG. 2. Strength functionsS2(E) of DGQR in 40Ca calculated
in STDDM ~solid line! and SRPA~dotted line!.
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low. In the case of DGQR, the comparison between
SRPA and MSRPA results indicates that the coupling of
2p-2h amplitudes to the 2h-2p amplitudes which is bridged
by the amplitudesXrmsm plays a role in enhancing collectiv
ity. The coupling of the 1p-1h amplitudes to the 1h-1p ones
has a similar effect in RPA. We calculated the strength fu
tions of the single giant resonances, i.e., GDR and G
using RPA and the Tamm-Dancoff approximation~TDA!. In
TDA, there is no coupling of the 1p-1h amplitudes to the
1h-1p ones. We found that TDA gives more collective GD
and less collective GQR than RPA does.
cl.

ys

ep
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In summary, the strength functions of DGDR and DGQ
in 40Ca were calculated using STDDM. The obtain
strength functions were compared with the results in
tended RPA theories including SRPA. It was found th
SRPA overestimates the collectivity of DGDR and under
timates that of DGQR and that the inclusion of th
1p1h-1p1h amplitudes is important to obtain appropria
collectivity of the double giant resonances. Thus, it is co
cluded that the 2p-2h, 2h-2p, and 1p1h-1p1h amplitudes
are the most important two-body amplitues to be conside
in the application of extended RPA theories to double gi
resonances.
og.
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