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Caloric curve for finite nuclei in relativistic models
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In this work we calculate the caloric curve~excitation energy per particle as a function of temperature! for
finite nuclei within the nonlinear Walecka model for different proton fractions. It is shown that the caloric
curve is sensitive to the proton fraction. Freeze-out volume effects in the caloric curve are also studied.
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The production of several intermediate mass fragment
a short time scale during heavy-ion collisions is known
nuclear multifragmentation. At several hundred Me
nucleon, the multifragment decay follows the formation
an equilibrated projectile remnant. The existence of equ
bration is consistent with different experimental obser
tions, such as the symmetry of the measured rapidity dis
butions of fragments withZ>3 @1#. The spectator matte
has, therefore, been used to investigate a thermally dr
liquid-gas phase transition@1–3#. One of the evidences o
this transition in infinite systems is the fact that the h
capacity exhibits a peak at a given temperature. Howeve
finite systems the situation is more complicated@2,4–6#. The
caloric equation of state, which is given by the excitati
energy per nucleon in terms of the thermodynamic temp
ture is an important quantity to be investigated in the sea
for a signal of a phase transition. Nevertheless, it was
cently pointed out that the identification of the existence o
phase transition cannot be based only on the behavior o
caloric curve and a more detailed knowledge of the therm
dynamic phase diagram is also required@7#. In particular it
was shown that the interpretation of the data is sensitive
the use of a variable free volume in the calculation.

Recently there has been a big development in the des
tion of nuclei and nuclear matter in terms of the relativis
many-body theory. In particular, the phenomenological m
els developed using the relativistic mean-field theory
scribe well the ground state of both stable and unstable
clei @8,9#. These same models are used to describe
properties of neutron stars and supernovae@10#. Therefore, it
is important to test these models at finite temperature
different densities. In particular, it would be interesting
compare the caloric curve obtained within a relativis
Thomas-Fermi calculation with the recent experimental d
and verify whether the proton-neutron asymmetry of the
source gives information on the symmetry energy term
these models.

Within the framework of relativistic models, the liquid
gas phase transition in nuclear matter has been investig
at zero and finite temperatures for symmetric and asymm
ric semi-infinite systems@10–14#. With the help of the Tho-
mas Fermi approximation, we have investigated droplet
mation in the liquid-gas phase transition in cold@15,16# and
hot @17# asymmetric nuclear matters using the nonline
~NL! Walecka model@8,18#. As shown in Refs.@15,17#, the
optimal nuclear size of a droplet in a neutron gas is de
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mined by a delicate balance between nuclear Coulomb
surface energies. The surface energy favors nuclei wit
large number of nucleonsA, while the nuclear Coulomb self
energy favors small nuclei.

In the present work we calculate the caloric curve, giv
by the temperature dependent excitation energy per part
for the nuclei obtained with the approach mentioned abo
In particular, we will study the influence of the proton
neutron asymmetry. We chose the systems150Sm and166Sm
because they lie in the mass and charge range of interes
the experiments we are analyzing@1,2,21#. In the first two
references the caloric curve presented is obtained with
fragments in the mass range from 50–100 to 200. In Ref.@3#
the data were obtained for a compound nucleus of m
;160. We took two isotopes with quite different number
neutrons in order to study the effect of proton-neutron asy
metry. In the framework of the Thomas-Fermi theory the
are no shell effects. Hence, we are calculating average p
erties. We expect that the caloric curve of a given syst
may depend quantitatively on the system mass but the qu
tative features, namely, the dependence of proton-neu
asymmetry and the effect of freeze-out volume, will be sim
lar. In multifragmentation calculations an input parame
called the freeze-out radius is normally used@4#, so that a
phase transition at constant volume is simulated. We inv
tigate the consequences on the caloric curve when therm
zation in a freeze-out volume is imposed in the pres
framework.

We start from the Lagrangian density of the relativis
nonlinear Walecka model@18,19#

L5c̄FgmH i ]m2gvVm2
gr

2
tW•bW m2eAm

~11t3!

2 J
2~M2gsf!Gc1

1

2
~]mf]mf2ms

2f2!2
1

3!
kf3

2
1

4!
lf42

1

4
VmnVmn1

1

2
mv

2VmVm2
1

4
BW mn•BW mn

1
1

2
mr

2bW m•bW m2
1

4
FmnFmn, ~1!

where f, Vm, bW m, and Am are, respectively, the scala
isoscalar, vector-isoscalar, vector-isovector meson fields,
the electromagnetic field;Vmn5]mVn2]nVm , BW mn5]mbW n
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2]nbWm2gr(bWm3bWn), andFmn5]mAn2]nAm with the follow-
ing parameters: the nucleon massM5938 MeV, the masses
of the mesonsms5492.25 MeV, mv5795.36 MeV, mr

5763.0 MeV, the electromagnetic coupling constante
5A4p/137, and the self-interacting coupling constantsk
andl. The set of constants we use is normally identified
NL1 @8#, with Ci

25gi
2M2/mi

2 , i 5s, v, r, where Cs
2

5373.176, Cv
25245.458, Cr

25149.67, k/M3102352gs
3

32.4578, andl31023526gs
433.4334. This parametriza

tion gives a good description of the ground-state proper
of all stable nuclei.

The thermodynamic potential is obtained within t
Thomas-Fermi approximation. After it is minimized in term
of the meson and electromagnetic fields, the followi
coupled differential equations have to be solved:

¹2f5ms
2f1

1

2
kf21

1

3!
lf32gsrs , ~2!

¹2V05mv
2V02gvrB , ~3!

¹2b05mr
2b02

gr

2
r3 , ~4!

¹2A052erp , ~5!

where

rs52 (
i 5p,n

E d3p

~2p!3

M*

e
~ f i 11 f i 2!

with

f i 6~r ,p,t !5
1

11exp@~e7n i !/T#
, i 5p,n, ~6!

wheren i5m i2Vi0 are the effective chemical potentials wi
m i being the chemical potentials for particles of typei and

Vp05gvV01
gr

2
b01eA0 , Vn05gvV02

gr

2
b0 ;

e5Ap21M* 2, M* 5M2gsf is the effective nucleon, mas
and T is the temperature. Moreover,rB5rp1rn , r35rp
2rn with

r i52E d3p

~2p!3
~ f i 12 f i 2!, i 5p,n ~7!

and the energy density, obtained from the thermodyna
potential reads
04430
s
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E~r !52(
i
E d3p

~2p!3
@e~ f i 11 f i 2!1Vi0~ f i 12 f i 2!#

1
1

2
@~“f!22~“V0!22~“b0!22~“A0!2#

1
1

2 S ms
2f21

2

3!
kf31

2

4!
lf42mv

2V0
22mr

2b0
2D .

~8!

The coupled differential equations are solved numerica
For more details on the analytical and numerical procedu
please refer to@15,17#. Three kinds of instabilities can occu
in this system. The condition for mechanical stability r
quires that (]P/]rB)Yp

>0, whereP is the pressure andYp

5rp /rB is the proton fraction. The condition for diffusiv
stability implies the inequalities (]mp /]Yp)P,T>0 and
(]mn /]Yp)P,T<0. Finally, the thermodynamical stability i
expressed byCv5(d«* /dT)v,Yp

.0, whereCv is the spe-

cific heat and«* 5«(T)2«(T50) is the excitation energy
per particle, with the total energy per particle at any tempe
ture given by@20# «(T)5*(E(r )/A)d3r , whereA5Z1N.
The two-phase liquid-gas coexistence is governed by
Gibbs condition.

We have first solved the equations of motion for an in
nite system in order to obtain appropriate boundary con
tions for the program which integrates the set of coup
nonlinear differential equations~2!–~5! in the Thomas-Fermi
approximation. Once the fields are obtained, all thermo
namic quantities of interest can be easily calculated. T
binding energy per nucleon isB/A5«(T)2938 MeV.

In Table I, we show the binding energy per nucleon a
the excitation energy per particle for the62

150Sm88, which has
a proton fraction equal to 0.41. In Table II, the same qua
ties are shown for the62

166Sm104 with a proton fraction of
0.37. Notice that, independently of the proton fraction, t
excitation energy per particle increases with temperature
the range of temperatures shown. For higher temperature
were not able to obtain convergence for a droplet of the s
considered.

In Tables III and IV, we give the binding and the excit
tion energies per particle when a freeze-out volume of,
spectively, 6V0 and 9V0 is used withV0, the volume atT

TABLE I. Output results given by the solution of the couple
differential equations for different temperatures for62

150Sm88 (Yp

50.41).

T B/A «* (T)
~MeV! ~MeV/nucleon! ~MeV/nucleon!

0 28.2 0.0
3 27.6 0.7
4 27.1 1.2
5 26.4 1.8
6 25.4 2.8
6.5 24.8 3.4
6-2
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50. We have considered a freeze-out radius of 2.2A1/3 fm for
6V0 and 2.5A1/3 fm for 9V0 with A5166. In this case the
solutions obtained consist of a droplet immersed in a ga
evaporated particles in such a way that they mimic a sou
of changing mass. As temperature increases more part
evaporate, mainly neutrons, and the fraction of protons in
droplet increases. This can be seen in Tables III and
where the number of particles that remain inside the drop
as well as the droplet proton fractionYd are given. We con-
clude that the larger the freeze-out volume, the faster
excitation energy increases with temperature and the larg
the proton fraction in the droplet. This picture is consiste
with the discussion presented in@6#.

The results for the excitation energies shown in all tab
are displayed in Fig. 1. Also shown are the experimental d
of Refs. @1,2#, and the Fermi-gas law«* 51/kT2 with k
510.0 ~thin dashed line! and 13.0~thin full line!. We have
considered that the measured temperatureTHeLi (THeTD), ob-
tained from the isotope yield ratios3He/4He and 6Li/ 7Li
(3He/4He and2H/3H), satisfy, in the range of densities co
sidered,Texp/T;0.85 and have scaled the experimental d
accordingly@2#.

We conclude that the excitation energy for166Sm ~thick
long-dashed curve!, proton fraction 0.37, increases slight
slower with temperature than for150Sm ~thick full curve!,
proton fraction 0.41, although the difference is not larg
These two curves are consistent with data of@21# and a level
density parameterA/k, k513.0 in the Fermi-gas model re

TABLE II. Output results given by the solution of the couple
differential equations for different temperatures for62

166Sm104 (Yp

50.37).

T B/A «* (T)
~MeV! ~MeV/nucleon! ~MeV/nucleon!

0 27.9 0.0
2 27.7 0.3
2.5 27.5 0.4
3 27.3 0.7
4 26.8 1.1
5 26.1 1.8
6 25.2 2.7
6.5 24.8 3.1

TABLE III. Output results given by the solution of the couple
differential equations for different temperatures for62

166Sm104 in a
fixed volume 6V0.

T B/A «* (T) A Yd

~MeV! ~MeV/nucleon! ~MeV/nucleon!

0 27.9 0.0 166 0.37
3 27.1 0.8 163 0.38
4 26.3 1.6 158 0.39
5 25.4 2.5 154 0.40
6 23.9 4.0 148 0.40
6.5 23.0 4.9 143 0.40
04430
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lation. This agrees with the observed value at around 2 M
excitation energies@21#. Experimental results obtained a
higher bombarding energies@1,2# give higher excitation en-
ergies for the same temperatures. It can be seen from F
of Ref. @2# that the higher excitation energies correspond
smaller sources. The larger sources with an averageZbound
>60 have excitation energies«* <5 MeV. In the present
approach the solutions obtained in a fixed volume, cor
spond to droplets in a gas of free particles. These soluti
have higher excitation energies than the ones obtained
no a priori fixed volume. In average, this situation corr
sponds to smaller systems at higher energies. This could
plain the change of slope that is observed in the calcula
data both forV56V0 andV59V0, in such a way that they
come closer to the experimental data@1,2#. The same effect
was obtained in Ref.@23#, where an exact analytical solutio
of the statistical multifragmentation model was found in t
thermodynamic limit. For a fixed nucleon density, the calo
curve rises more slowly for lower densities and its leveli
occurs at lower temperatures. The leveling of the calo
curve is associated with the fast change of the configurat
from a state dominated by one liquid fragment to a gase

TABLE IV. The same as Table III for a fixed volume 9V0.

T B/A «* (T) A Yd

~MeV! ~MeV/nucleon! ~MeV/nucleon!

0 27.9 0.0 166 0.37
3 27.0 0.9 161 0.38
4 26.2 1.7 156 0.39
5 25.1 2.8 150 0.41
6 23.4 4.5 142 0.41
6.5 22.2 5.3 134 0.41

FIG. 1. The caloric curves are shown for62
166Sm104 (Yp50.37,

thick long-dashed line!, 62
150Sm88 (Yp50.41, thick full line!; at 6V0

~thick dash-dotted line! and 9V0 ~thick short-dashed line! fixed vol-
umes for 166Sm, and for the Fermi-gas law@21# (k510.0, thin
dashed line andk513.0, thin full line!. Experimental results from
@2# ~squares!, @1# ~triangles!, and@21# ~big stars! are also displayed.
6-3
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multifragment configuration. We can draw a similar conc
sion from Tables III, IV and Fig. 1: the leveling of the thic
dash-dotted and short-dashed curves occurs faster whe
droplet~liquid phase! becomes smaller. It would be interes
ing to study the effect of the symmetry energy on the lev
ing of the caloric curve in the statistical multifragmentati
model of Ref.@23#.

In summary, we have studied the excitation energies
arising droplets in a vapor system, up toT56.5 MeV. The
droplets are described in terms of a non-linear Walecka-t
model within the Thomas-Fermi approximation. We ha
used the NL1 parametrization, which is known to descr
well the ground-state properties of nuclei. The excitation
ergies of droplets either corresponding to150Sm or 166Sm,
for temperatures between 3 and 6.5 MeV, are consistent
the caloric curve in the Fermi-gas approximation with a le
density parameterA/13. This result agrees with experiment
data obtained in heavy-ion collisions at intermediate ener
@21#. We have shown that the caloric curve is sensitive to
proton fraction and therefore to the symmetry term of
model used. Experimentally the dependence on the pro
fraction could be studied by comparing data obtained fr
sources with different proton fractions. For the range of te
peratures studied, the NL1 parametrization of the nonlin
y
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Walecka model has shown to be adequate to describe nu
properties and therefore it is a good candidate to generat
equation of state for astrophysical purposes.

When a freeze-out radius is imposed, our procedure yie
caloric curves, which come closer to the experimental res
obtained in heavy-ion collisions at higher energies@1,2#. In
this case we have smaller droplets with a higher proton fr
tion immersed in a gas of particles, mainly neutrons. T
could be interpreted as an oversimplified picture of the s
ond regime in the statistical model prediction@22#, namely,
the coexistence phase with a multifragment mixture. T
interpretation is supported by the results of Ref.@23#.

Although the thermodynamical equilibrium analysis ove
simplifies the problem of high energy heavy-ion collisions
is useful for providing a concrete description of warm nuc
and for showing qualitative features that should be presen
more microscopic calculations.
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