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Constrained molecular dynamics approach to fermionic systems
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We propose a constrained molecular dynamics model for a fermionic system. In this approach the equations
of motion of the centroids related to the single-particle phase-space distributions are solved by imposing that
the one-body occupation probabil@, evaluated for each particle, can assume only values less than or equal
to 1. This condition reflects the fermionic nature of the studied systems, and it is implemented with a fast
algorithm which allows also the study of the heaviest colliding system. The parameters of the model have been
chosen to reproduce the average binding energy and radii of nuclei in the mass Aeg8f-208. Some
comparison to the data is given.
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I. INTRODUCTION eter coordinate exists. This condition is understood as a sto-
chastic change of state from a single Slater determinant into

Heavy ion collisions in the medium-energy region haveanother. As a result of the four-dimensional matrix element
been described in a large variety of semiclassical approach@¥ the two-body interaction, the CPU time necessary to work
to the many-body problem. As is well known the one-bodyout calculations for systems with total mass larger than 200
semiclassical transport models like the Boltzmann-is very large for practical studies.

Nordheim-Vlasov (BNV) [1] and Vlasov-Uehling- On the other hand, the QMD calculations are much easier
Uhlenbeck(VUU) [2] models are not suited to describe pro-to carry out because they need in general only double-fold
cesses in which a large number of final fragments ardoops to calculate two-body interactions. But it is obvious
produced. This is due to the fact that the correlations treatethat the fermionic feature is lacking in the QMD model.
in the one-body approach are not able to describe the largBvo-body collisions are also introduced phenomenologi-
fluctuations which develop in a multifragmentation process.cally. The Pauli blocking of the final state is usually checked

This difficulty can be solved by adopting more suitablein a similar manner to the collision term in the BNV model.
treatments of thé\-body problem like molecular dynamics. The two-body collisions with Pauli blocking have some ef-
Several molecular dynamics models have been developed d@cts to maintain the fermionic feature of the system. How-
to now[3]. In the quantum molecular dynami¢®@MD) [4]  ever, in the ground states or in low-energy reaction phenom-
model theN-body wave function is expressed through a di-€na, two-body collisions are absent or very rare. Even if the
rect product of wave packets, each of which satisfies thénitial state is in agreement with the phase-space distribution
minimum uncertainty relatiow, o,=%/2, whereo, andg,, ~ ©of a fermionic system, the time evolution by classical equa-
represent the dispersion of the corresponding Wigner trangions of motion surely breaks the initial distribution which
form in configuration and momentum space, respectively. evolves into a classical Boltzmann one.

The fermionic nature of the nuclear many-body problem To compensate this shortcoming, the Pauli potential is in-
has been considered in the fermionic molecular dynamicgoduced by several authors to mimic the fermionic features
[5,6] model and more recently in the antisymmetrized mo-[8—10. This phenomenological potential forbids nucleons of
lecular dynamic¥AMD) [6,7] model. In these models, the the same spin and isospin from coming close to each other in
wave function of the system is expressed as a single Slat@hase space. Although the Pauli potential gives some good
determinant ofN wave packets. In this way the fermionic results such as stable ground states, with energies in agree-
nature of the system is preserved. In particular in the AMDMent with experiments and saturation properties of nuclear
approach two-body collisions are introduced in the “physicalmatter, it also gave some undesirable byproducts: for in-
coordinates” which are obtained by a canonical transformastance, spurious repulsion in the collision problem.
tion from the parameter coordinates of wave packgtsThe In the present work we propose a new molecular dynam-
nucleon-nucleon collision is only allowed when an inverseics model: the constrained molecular dynami€oMD)
transformation from a newly chosen “physical coordinate” model, which aims to overcome the above-mentioned limi-

(the final state of the collisigrinto the corresponding param- tations. In particular we want
(i) to describe the fermionic nature of thebody system

with the more general condition that the occupation probabil-
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TElectronic address: maru@hadron02.tokai.jaeri.go.jp (ii) to realize a model for which the computational time is
*Electronic address: bonasera@Ins.infn.it short enough to allow the study of the heaviest systems.
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Il. MODEL (P.)2

H-3 0

A—+V (6)

A. Theoretical framework 2m

In QMD, each nucleon state is represented by a Gaussi

wave function of widthor, , a‘Phe second term arises from the Gaussian width space.

However, in the following considerations we omit such a
1 (r—(r)? i constant term. This_ is a crucial _assumption. In fact, if one
oi(r)= ——— 26X — —2+%r.(pi> , (D k_eep_s such atermin E¢p) and tries to _repro_duce_the right
(2may) 4oy binding energies, pator all) of the Fermi motion will come
from it. In particular when 32/2m 20 MeV, the particle

where(r;) and(p;) are the centers of position and momen- || pe essentially at rest; i.e., " the system will correspond to
tum of ith nucleon, respectively. The total wave function is 5 sglid.

assumed to be a direct product of these wave functions.
Similarly theN-body distribution function is a direct product

. . S . B. Effective interaction
of the single-particle distribution function§. The f; are

obtained by the Wigner transform of the wave functiafs In this preliminary work we use a simple local Skyrme
and we can express the one-body distribution functignp) parametrization with a 200 MeV incompressibility as de-
as scribed in many review articldd—6]. The symmetry term is

also included. We recall in an explicit way an expression of
several terms:

f(r,p)=2 fi(r.p), 2)
i V:Vvol+V(3)+Vsym+vsurf+VCouI. (7)
1 (r—(r)? ZUZ(D—(Pi>)2 By defining the superimposition integraj; as
fi(r,p)= exg — AAdnd .
323 20_2 ﬁ2
r
€) PijEf d3rid3;pi(ri)p;(ry) 8(ri—r)), €3)

We note that sincer, is a real number in the QMD ap-
proach, the distribution functiof; produces the minimum pizf d3pfi(rp), 9)
uncertainty relationr,o,=%/2 in one-body phase space.

In this paper we take the dispersion in momentwigies @  the terms in Eq(7) can be written as
parameter as well as that in coordinate space. Therefore we

write the distribution function of each nucleon as - to
V= 2po |2¢| Pii» (10
(=) (p=(p))? J
fi(r,p)= ——-expg — >
(2770'r0p)3 207 20' t3
(4) VE=——=—— X ptt, (11)
(m+1)(po) iT#i "
This distribution function can be in principle interpreted as a
generalization of the exact classical orfe(r,p)=4(r o Asym E [25. .—1]p: (12)
—(r;))8(p—(p;)) describing pointlike particles. 2p0 iTFi T I

The fi(r,p) and f(r,p) are the physical quantities of in-
terest from which we calculate all the relevant observables, surf__ V2
such as densities, energies, mass distributions, etc. In this v ZPo |%| <ri>(Pij)v (13
respect we could writd(r,p) as a sum of other functions,
such as triangular or theta functions. The use of Gaussians 2
allows us to have simple differentiable expressions. The use VCOUlZE 2 f< |<ri>_<rj>|) _
of free parameters;, , helps in easily reproducing the basic 2 iTFi |<ri>_<rj>| Zarz
ground state properties of nuclei, i.e., binding energies, radii, (1.J < protons) (14)
and Fermi motion of the nucleons.
The equations of motion df;) and(p;) are derived using In the above relations; indicates the isospin degree of
the time-dependent variational principle which gives freedom andw has been fixed to 7/6. THé"*' and theV(®)
terms represent the two-body and the so-called three-body
(= oH ()= oH (5  (or density-dependencontributions. The values a andts
Yap)’ ' ari)’ have been fixed te-356 MeV and 303 MeV. These values
reproduce the saturation densjty and binding energy for
In our approach the total energy/for A particles with mass symmetric nuclear matter with a compressibility of 200
m consists of the kinetic energy and the effective interacMeV. The third term represents the symmetry term with
tions: agym=32 MeV.
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Of particular importance is the surfad&"". We do not stricted to a series of two-body scatterings. A sufficiently
use the canonical valu€,=—22.77 MeVinf [1-3,6, small time step ensures that the constraint is reasonably re-
since a large part of the surface energy comes fwfhand  alized as we will show in some numerical examples below
V@) by using the Gaussian distribution function. Thus we(see Fig. 2
leaveC, as a free parameter to reproduce the nuclear radii. To handle the Pauli blocking in the collision term is

straightforward from the constraint. In fact for eadiN col-
C. Numerical methods and the constraint lision we evaluate the occupation probabilisee Eqgs(15)
) ) and (16)] after the elastic scattering. If such functions are

The set of equations expressed in E3).has been solved poh |ess than 1, the collision is accepted, and rejected oth-
using a fourth-order Runge-Kutta method coupled with tWogpyise. We notice that this procedure, dictated by the mo-
numerical algorjthms_which gim to take into apcgunt the ef-ecular dynamics approach, is in the same spirit as in AMD
fects of the residual interaction and the fermionic nature otﬂ where the collision is accepted if the final state is again a
the many-body problem we are studying. Slater determinant.

One consists of the usual two-body elastic collisions  Eing|ly we stress that the constraint acts in a way comple-
which mimic the effect of the short-range repulsive res'dualmentary to the collision term. In fact particles of low mo-
interaction together with the stochastic change of the phasgnenta are strongly effected by the constraint in such a way to
space distribution with Pauli blocking in the final states. Theyygid the distribution becoming a classical one. On the con-

isospin-dependent parametrization of the nucleon-nucleogary the collision term is especially important for particles
elastic angular distribution together with the concept of thggcated at high relative momenta.

mean free path has been used to compute the collision prob-

ability per unit of time[1]. The Pauli blocking factor, which

is related to the constraint, is discussed later. IIl. CALCULATIONS AND COMPARISON WITH OTHER
The other algorithm constraints at each time step the fol- MODELS

lowing quantities: )
As an example we compare our results on the isotope

f,<1 (forall i), (15)  distribution in “°Ca+*°Ca at 35 MeV/nucleon with the ex-
periment{11] and to the result of QMD. Finally we compare

_ CoMD results to experimental data on centraltAu colli-
=2 6,105 f Sfirpydirdp. (16 sions[12].

The coordinates; represents the nucleon spin projection A. Initialization

guantum number. The integration is performed on an hyper- . . . .
cube of volumeh? in the phase space centered around the The ground state configuration of a nucleus is obtained by

point ((r;),(p;)) with SiZE\/ZWﬁO’,—/O'p and\/277ﬁap/0'r inr using a modified cooling procedure. The nucleons are first

) ) distributed in a sphere of radius XAY® fm in configura-
andp spaces, respectively. The quantitiesan therefore be

) ; . ) tion space and in a sphere of radi®g" (Fermi momentum
interpreted like an occupation density of the one-body phaneOr infinite nuclear mattérin momentum space. The equa-
space around the point of coordinatg;f.(p;)). In general

. ) i ~ tions of motion with friction terms are solved coupled with
bm(ire t?anf?gﬁ) of tt.hle .0_<t30UII?atOI<]fﬁ1 arises frorﬂ the ?Ontg' the constraint. At each time step, if the valuefpfs greater
utiont; ot the particiel 1tsett. course such a value de- w4 1 the momenta of the particles belonging to the en-
pends strongly on the choices of . To realize the con- —

straint expressed through the relatiéhs) the followin sembleK; are scaled by a factor o_f 1.0_2.ﬂf is less than 1,
procledur)t(aphas been usue%. 16E5) wing the scale factor is set to 0.98. With this procedure the total

At each time step and for each particlan ensemblé energy and the radiurR of the nuclei will reach some sta-

of nearest identical particlggncluding the particle) is de- t|onary values. If the de\.nafuonso of these va}lues from the
termined within the distanceso3 and 3r, in the phase experimental ones are within 7%, a check is done on the

— stability. At this stage the friction term for the “cooling” is
space. If the phase space occupatipmas a value greater g isched off and the time dependence of the nuclear raRlius

than 1, we change randomly the momenta of the particleg -necked. IR is stable at least for 1000 f/ this initial
belonging to the ensemblk; in such a way that for the o ition is accepted. In Fig. 1 we shdwvas a function of
newly generated sample the total momentum and the to“ﬂme for two typical “good events” representing th&Ca
kinetic energy is conserve@'many-body elastic scatter- and 2%Pb nuclei. The binding energies are8.2 and

ing”). The new sampl_e is accepted only if it reduces the_ 8.4 MeV, respectively. The reason of the stability in the
phase-space occupatién. The most general way to gener- CoMD is the constraint. In fact, without the constraint, the
ate these new samples is to change the momenta of all pafitial fermionic distribution will evolve into a classical one.
ticles inK; at a time. However, to reduce considerably theThis means that during the interaction several particles will
CPU time to generate new samples, we change, for eadignd to have low relative momenta trying to reach a stable
attempt, only the momenta of the partidle(the particle classical configuratiorfa classical ground state would be a
which gives the largest contribution f¢) and of a particlg solid) while some other particle@ue to energy conserva-
in K;. In this way the many-body scattering has been retion) will acquire momenta large enough to overcome the
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FIG. 1. Nuclear radiiR as function of time for typical ground

state configurations of°Ca and?°®Pb nuclei. _ _ _ _ _
FIG. 2. Two-dimensional histograms showing the occupation

barrier and leave the system. This does not happen in CoMprobability f; as a function of the particle indeixand time for the
since the constraint maintains the fermionic nature of theystem under study. The upper panel refers to the QMD case while

system. o ) ) the lower one is relative to the CoMD model.
The results shown in Fig. 1 are obtained by setting

=1.3 fm, 0,/£=0.47 fm*, and C4=—-0.33 MeV fnf. _

The value of the surface term might be surprising at first, butlisplay the time dependence fffor all particle indices in

we must notice that part of the surface term comes automata typical event with zero impact parameter. The upper and
cally when using a Gaussian. We observe also that using thiswer parts show the results of the QMD and CoMD models,
procedure with the above set of parameters the effective avespectively, with exactly the same initial condition. The dif-
erage kinetic energy per nucleds, (the kinetic energy re- ference between the two cases is quite clear. In the QMD

garding the centroid of the Gaussian distribution functipns ase after a short tim@bout 50 fmé) the values off for

is very close to the value obtained in a Thomas-Fermi mode] . !

(about 20 MeV. This feature is instead lost in most of the most of the particles start to be greater than 1 and are larger
' than 2 after some hundreds of fo/This result is easily

molecular dynamics models while it is a peculiarity of the ) .
proposed one. understood. In the QMD case, which has no constraint re-

In fact in the present approach for a fixed average densit .a.rding the fermionic nature excgpt_for_the two-nucleon col-
and effective interaction, the ratio between the kinetic energy/Sion process, the momentum distribution tends to the clas-
and potential one depends og. In particular we have veri- sical limit. Obviously in the CoMD case, due to the
fied that for a small increase of, with respect to the value constraint, the phase-space occupatipiis on the average

/(20) the filling and especially the uniformity of phase |ess than 1 at each time step. We note a good uniformify of

space increase as a result of the larger overlap of the distrys g function of the particle indéxand timet. These results
bution function tails. This fact helps, during the cooling pro- obviously affect the collision rate, .

cedure, to maintain a relatively high value of the effective In Fig. 3 we showr as a function ot for central colli-
. . . Cc
total kinetic energy(near the one that can be deduced fromSionS for both the QMD and CoMD models. In the QMD

the ‘_I'homgs—Ferml modebnd to obtain more stable initial case the collision rate steeply increases and decreases around
configurations. . : ; )
d40 fm/c. This behavior can be explained as follows: al-

Therefore we are able, in the global fit procedure, to fin L s
a set of parameters which reproduce the nuclear binding efilough we use the same initial condition as the CoMD
model, there appears some fluctuation of the occupation

ergies, the radii, and the ratio betweknand the potential

energy close to the value of the Thomas-Fermi model. numberf; due to the classical nature of the QMD model.
Therefore two-nucleon collisions are easier to occur at the
B. Nucleus-nucleus collision beginning compared to the CoMD model. After about

In this section we show some results concerning the30 fm/c, however, when the two nuclei start to overldp,
40Ca+*°Ca collision atE,;,=35 MeV/nucleon. In Fig. 2 we increases spuriously above 1. This causes a rapid decrease of
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FIG. 3. Collision rater. as a function of time for the central FIG. 4. Comparison between the experimental isotope distribu-
collision “°Cat4%Ca at 35 MeV/nucleon in the QMD and CoMD tion measured for thé°Ca+%°Ca at 35 MeV/nucleofill] system
cases. and the theoretical prediction performed according to the QMD

approach. The calculations are shown at two different time intervals

the collision rate in QMD calculations because of Pauli2s indicated in the figure.

blocking. The behavior is completely different in the CoMD

case. The collision rate develops in about 200 drahd lack of two-body collisions due to the overcrowding of the

: . hase space as discussed above. At the bottom of Fig. 4 the
reaches a value about 3 times greater than the maximu sult at 300 fmé is shown. In this case we observe a simi-
V?"“e relat|ve. to _the QMD case, producing in turn more stopy, - pohavior as above, the only difference being a shift of the
ping. After this time the disassembled system, i.e., the fragfnain bump towards a higher value @fand a more pro-

ments, gradually apprqaches its ground state., which causesd \nced “U” shape. In Fig. 5 the same comparisons are
decrease of the collision rate. One may notice, however, a

large collision rate even after several hundreds ofcfrithe
reason for this large number is due to collisions with very 10
low relative momenta which on the other hand have no effect
on the dynamics. 1
In Figs. 4 and 5 we compare the isotope distribution given
by the QMD and CoMD approaches with the experimental 10
data on“°Ca+“°Ca[11]. About 2000 events have been gen- )
erated for an impact parameter rarige0—8 fm. The mini- 10
mum spanning tree methd®] in configuration space has
been applied to determine the fragments=aB800 fm/c and '%110_
at t=3000 fmfk. We have verified that within the time >
3000 fmfk all the fragments are stable. What we can also © 10
see from the figure is that the main features of the fragment
mass distribution are already determined at 300 cfrfter
that the process is dominated by the emission of particles
from the heavier fragments. —1
In the upper panel of Fig. 4 we compare the experimental
isotope distribution to QMD at 3000 fro/ We observe a -2
clear disagreement between the QMD calculation and the
experiment. The calculation shows essentially the binary -3 |
character of the reaction while the experimental data show & 0 5 10 15 20
significant production of the intermediate-mass fragment
(IMF, Z=3). The binary behavior shows some kind of trans-
parency in the calculation. This transparency is caused by the FIG. 5. Same as Fig. 4 but for the CoMD model.

° Experimental data
n CoMD t=3000 fm/c

[«
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-
o
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(1) CoMD gives too many protongot displayed in the
figure — out of scalg

(2) The theoretical distribution is slightly shallower than
the data. Notice, however, that the data show a jumpZfor
=20, due to the detectors used. If we slightly shift the data
yield up forZ>20 we get a better agreement with the CoMD
results. Therefore we can see from the comparison that the
model is working not too bad, especially if one recalls that
other dynamical model calculations give very steep distribu-
O tions.

-
e W¢ ﬁ&?cp?&) Qﬁipoﬁ IV. CONCLUSION

% % ? The CoMD model proposed in the present work is able to
- ? reproduce with the same set of parameters both the main
— o characteristic of stable nuclei in a wide region of maas (
3 o =30-208) and the experimental isotope distribution pro-
: duced in the collision“°Ca+4’Ca and AurAu at E,
r *## =35 MeV/nucleon. This possibility has a considerable rel-
T evance because the above-mentioned inclusi\{e information
10 0 10 20 20 40 50 60 cannot be reproduced by the QMD model. In this re_spect the
7 success of the CoMD model is due to the constraint repre-
sented by the relatiofl5). This constraint, introduced to
FIG. 6. Comparison between the experimental isotope distribudlescribe the fermionic nature of the nuclear many-body
tion (solid circles [12] and the calculated one according to the problem, affects the dynamics of the nucleus-nucleus colli-
CoMD model(open circleg for central collisions b=0-3.5 fm)  sjon for two main reasonga) the nucleon-nucleon collision
*¥’Au+1%7Au at 35 MeV/nucleon. The vertical bars indicate the rate is higher with respect to the QMD case aiwl the
errors as due to the statistics counting. constraint for low-momentum particles produces obviously

shown for the CoMD calculation. The calculations are now© the average a nonlocal repulsion effect. .

in satisfactory agreement with the experimental data. In par- BOth these effects play a determining role for the disas-
ticular we note that the theoretical prediction of tHe: 2 sembly of highly excited intermediate systems formed at the
yield is about a factor of 10 higher than the QMD case. ThidPeginning of a nuclear collision like that investigated in this
is clearly an effect brought by the constraiag) which fa- work. Finally we stress that for the model proposed the typi-
vors a particle states. However, the predicted yieldsZof cal CPU time needed to follow the time evolution of systems
—1 andZ=2 isotopes still show a marked difference with of mass number around 80 for 300 ftris quite short: about
the experimental one. 10 in a 600 MHz Unix machine.
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