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Systematics ofbb decay sensitive medium mass nuclei using quadrupole-quadrupole
plus pairing interactions
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We present a microscopic variational model calculation to study the systematics of promisingbb decaying
medium mass nuclei of100Mo, 104Ru, 110Pd, 114Cd, 116Cd, 124Sn, 128Te, and130Te along with their daughters.
The calculations have been attempted in thes-d-g-hshell using the pairing plus quadrupole-quadrupole (P
1QQ) interaction. This framework is found to be quite successful in describing the yrast 01 and 21 states of
most of these nuclei when appropriate changes in the neutron-proton interaction component are taken into
account. We also present 2n bb decay half-lives for100Mo and 116Cd.
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Nuclear structure studies have recently acquired so
special importance, apart from other reasons, due to
strong theoretical as well as experimental interest@1–11# in
the problem ofbb decay. The neutrinoless decay mode pla
a unique role@1–6# in investigating the basic nature of th
neutrino. In this context, there are many open questions f
the nuclear structure point of view. The most important is
reliability of the models and their ingredients. Specifical
the choice of the effective two-body interaction for the c
culation of the double-beta~bb! decay nuclear matrix ele
ments is crucial.

The mass regionA5100 has been of considerable intere
for nuclear structure studies@12,13# as it shows the interplay
of many interesting features. These nuclei have been fo
to display backbending at high spins and shape transit
@12#. Many attempts have been made in the past to exp
these structural changes. The gradual structural change
this region have been attributed to the exceptional strengt
n-p interactions @14#. Inelastic electron scattering studie
have acted as a very sensitive probe for dynamic change
nuclei at the microscopic level@15#. This has been demon
strated through transition charge density studies for Pd
Cd nuclei@16,17#. These studies lead to a clear discrimin
tion of the isoscalar~through the neutron-proton! and isovec-
tor ~through the proton-proton and neutron-neutron! parts of
the interaction. It has been shown explicitly thatn-p interac-
tion strengths have a deformation producing tendency.

For more than a decade, this region has also become
teresting from the point of view of sensitivity tobb decay as
most of the potential nuclei fall within it. bb decay half-
life measurements for many of these nuclei have been d
for ground state~g.s.! to g.s. transitions with a high level o
confidence, and attempts are being made for others. In
case of nuclei like100Mo and 116Cd, the transition rates to
excited states of the daughter nuclei have also been meas
experimentally@7,9#. Theoretical results@2–6,18,19# for the
bb decay nuclear matrix elements and half-lives for tran
tions from the g.s. of the initial nucleus to the g.s. and1

state of the final nucleus have also been reported in diffe
versions of the quasirandom phase approximation~QRPA!.
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Still, a systematic and more reliable theoretical study in t
region is lacking. Here we do not go into a detailed inves
gation of the models being currently used but focus our
tention on the effective interaction aspect only.

In order to develop understanding of two-body effecti
interaction changes while moving toward the drip line, r
cently, shell model studies have been undertaken@20# for
somef-p shell nuclei using a modified KB realistic interac
tion. This shell has the advantage that the best possible c
parison @21# among different nuclear microscopic mode
~especially with the recent large scale shell model! along
with different tested effective interactions is possible. A r
markable observation about the success of extended pa
plus quadrupole-quadrupole (P1QQ) interaction has been
made in a series of very recent papers@21–24#. It is shown
that P1QQ interaction gets very close to the realistic effe
tive interaction with the singlet part of the interaction playin
a very sensitive role.

It was observed@18,19# that, independent of the mode
used, the effective two-body interactions play a crucial r
in the calculation ofbb decay nuclear matrix elements. I
fact, the role of two-body effective interactions can be
vided into two parts; one associated with the pairing inter
tion aspect and another taking care of deformation. In
mass regionA5100 the strong dependence of nuclear pro
erties on the neutron-proton component of theQQ interac-
tion, augmented by the success of the extendedP1QQ in-
teraction in thef-p region, has motivated us to look into
study of systematics ofbb decay sensitive nuclei in the mas
A5100– 130 region withP1QQ interactions.

A theoretical study of the electromagnetic properties fo
large number of nuclei, and their comparison with expe
mental results, provides a broader base for testing the in
action and the model. Detailed studies ofbb decay nuclear
matrix elements have also been taken up by us and prel
nary investigations are showing encouraging results. To h
an idea about the 2n bb decay half-lives that we get with thi
interaction, their values for100Mo and116Cd nuclei are given
at the end of this paper. Now we provide a brief outline
the theoretical framework used in the present calculati
©2001 The American Physical Society10-1
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and then compare our results with available experime
data.

The ground and excited states of the even-even nu
involved in the bb decay transition are generated with
Hartree-Fock-Bogoliubov theory in conjunction with th
variation after angular momentum projection techniq
~hereafter denoted by VAP-HFB!. The procedure adopted t
calculate the axially symmetric wave function for the intri
sic state is the same as used in Ref.@16#. The expression for
the matrix elements of the quadrupole operator between
different intrinsic states is

^CK
J8~b!uQ0

2uCK
J ~b!&

5A 1
2 @nJ~b!nJ8~b!#21/21

2 ~2J11!

3E
0

p/2

(
m

F J 2 J8

2m m 0 Gdm0
J ~u!n~b8,b,u!

3Fb2 (
t3ab

et3
^auQm

2 ub&rab
t3 ~b8,b,u!Gsinu du,

where

nJ~b!5E
0

p

$det@11F~b,u! f †~b!#%1/2d00
J ~u!sinu du,

n~b,b8,u!5$det@11F~b,u! f †~b8!#%1/2.

The density matrices are given by

rab
t3 ~b,b8,u!5F M ~b,b8,u!

11M ~b,b8,u!G .
Here

M ~b,b8,u!5F~b,u! f †~b8!.

Reduced electric quadrupole transition rates and elec
quadrupole moments are computed from

B~E2;01→21!5
1

16p
z^C0

2uuQ2uuC0
2& z2 and

Q~21!5^C22
2 uQ0

2uC22
2 &

with

Qm
2 5A 16

3 p~r 2/b2!Ym
2 ~V!,

whereb is the oscillator length parameter.
The matricesf (b,u) andF(b,u) are built from the coef-

ficients Cj a i
ma, the expansion coefficients computed from t

Hartree-Fock solutions, andUi
ma andVi

ma, the pairing prob-
abilities computed from BCS equations. These matrices c
the information about two-body and pairing interactio
among the proton-proton, neutron-neutron, and prot
neutron pairs.
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In the present calculations we treat the doubly closed s
nucleus 76Sr as an inert core and the valence space
spanned by 1p1/2, 0g9/2, 1f 5/2, 2s1/2, 1d3/2, 0g7/2, and
0h11/2 proton and neutron orbits. The set of single partic
energies used here, given~in MeV! by e(1p1/2)520.8,
e(0g9/2)50.0, e(1d5/2)55.4, e(2s1/2)56.4, e(1d3/2)57.9,
e(0g7/2)58.4, ande(0h11/2)58.8, has been employed in
number of successful shell model as well as variatio
model calculations of nuclear properties in theA5100 mass
region @25–29#.

The pairing part of theP1QQ effective interaction can
be defined by the equation

VP52
G

4 (
m,m8

SmSm8am
† am8

† amam8 .

m8 corresponds to the time reversed state ofm, G is the
pairing interaction strength, andSm is the phase factor
(21)l 21. The strength of pairing forces is fixed through th
approximate relationG5218 MeV/A. The quadrupole-
quadrupole part of the effective interaction is given by

VQ-Q52~x/2! (
mm8,nn8

^muqm
2 un&^m8uqm

2 un8&

3~21!mam
† am8

† anan8 .

Here qm
2 is the quadrupole operator andx is the Q-Q

strength parameter.
We know that the spin-isospin correlations are very i

portant in weak interaction studies and here these corr
tions are reflected throughx. The strength of thex has been
fixed @16,17,25# through very sensitive electromagnet
probes~transition densities! for many of the systems unde
study. Its values for the proton-proton and neutron-neut
components~both corresponding to the triplet isospin cha
nel! are taken asxpp5(xnn)520.0105 MeVb24 for all
nuclei involved inbb decay processes. The magnitude of t
strength parameter for the proton-neutron component~which
corresponds to the singlet isospin channel! is taken asxp,n
520.0265 MeVb24 for Mo and Ru nuclei, xp,n
520.023 MeVb24 for Pd,xp,n520.020 MeVb24 for Cd,
andxp,n520.0300 MeVb24 for Sn and Te nuclei. Hereb
is the oscillator parameter. These values for the strength
theQ•Q interaction parameters are comparable to those s
gested by Arima@26#.

The results for the energy spectra are given in Fig. 1 a
the reduced electric quadrupole transition ratesB(E2;01

1

→21
1) along with the electric quadrupole momentsQ(21

1)
are presented in Table I.

Yrast spectra. The energy spectra of100Mo, 100Ru, 110Pd,
110,114,116Cd, 114,116Sn, 128,130Te, and128,130Xe nuclei in Fig. 1
show that the theoretical results compare well with expe
mental ones for100Mo, 100Ru, 110Pd, and110Cd nuclei. The
calculation is seen to reproduce the observed energy le
with Jp<61. In the case of110Pd and 110Cd nuclei, Jp

581 and 61, respectively, are also reproduced with go
accuracy. The results for110Cd have also been compare
with a recently observed energy level scheme of the110Cd
0-2
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FIG. 1. Comparison of observed and calculated yrast spectra for100Mo, 100Ru, 110Pd, 110,114,116Cd, 114,116Sn, 128,130Te, and
128,130Xe nuclei.
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TABLE I. Comparison of computed and observed transition probabilitiesB(E2;01→21) and quadrupole
momentsQ(2) for some even-even nuclei in the mass 100–130 region. Effective charges areex511en and
en5eeff .

Nucleus

B(E2;01→21)310250 e2 cm4 Q(21)310224 cm2

Expt.a Theory
eeff

Expt.b Theory
eeff

0.2 0.3 0.4 0.1 0.2 0.3

100Mo 51.660.10 42.53 49.72 58.21 20.4260.09 20.34 20.39 20.42
100Ru 50.160.10 43.09 51.20 57.75 20.4360.07 20.36 20.42 20.47
104Ru 84.160.16 72.95 83.39 90.62 20.29 20.35 20.38
104Pd 53.560.35 45.00 55.78 68.3 20.4760.10 20.45 20.48 20.52
110Pd 87.060.40 75.72 88.10 94.57 20.5560.08 20.51 20.59 20.65
110Cd 45.060.20 44.23 47.36 51.06 20.4060.04 20.29 20.34 20.41
114Cd 55.060.20 53.07 59.00 62.54 20.3560.12 20.32 20.35 20.39
114Sn 23.560.50 18.42 20.49 24.58 20.36 20.33 20.37 20.38
116Cd 56.060.20 44.63 55.76 61.08 20.4260.08 20.35 20.42 20.44
116Sn 20.960.60 19.29 21.05 25.09 20.1760.04 20.12 20.13 20.16
124Sn 16.660.40 10.47 14.53 17.40 20.0160.17 20.24 20.26 20.29
124Te 61.060.20 62.05 64.81 67.57 20.4560.06 20.34 20.37 20.42
128Te 38.360.06 30.67 34.56 38.92 20.1460.12 20.20 20.23 20.25
128Xe 75.060.40 69.12 74.42 78.45 20.12 20.15 20.25
130Te 29.560.07 21.05 25.81 29.10 20.1560.10 20.19 20.23 20.25
130Xe 65.060.05 64.47 68.72 72.02 20.17 20.18 20.23

aReference@32#.
bReference@33#.
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nucleus obtained from the110Inm b decay @31#. The yrast
spectra for the nuclei100Mo and 100Ru are almost rotationa
with (E22E0)'0.5 MeV and the VAP-HFB results forJp

501 and 21 are in excellent agreement with experimen
But for Jp561 and beyond the levels in Mo and Ru nucl
show some discrepancy, possibly because of some dynam
changes at high spin. However, we are presently conce
with low J value states.

It is difficult to reproduce the energy spectrum for S
isotopes. Figure 1 shows that114Sn and116Sn are not rota-
tional nuclei and hence there is discrepancy for these
topes with the observed yrast spectra. In the case of114Cd
and 116Cd, the VAP-HFB theory works well in reproducin
observed yrast levels, especially for116Cd. The comparisons
for 128,130Te and128,130Xe nuclei show that the calculation
are able to reproduce the observed levels withJp<41 within
a fair amount of accuracy. In the case of114Cd, Sn, and Te
nuclei the calculatedJp521 levels matched the observe
values.

Reduced electric quadrupole transition rates and elec
quadrupole moments. We next consider the reduced trans
tion probabilitiesB(E2;01

1→21
1) and electric quadrupole

momentsQ(2) in the case of100Mo, 100,104Ru, 104,110Pd,
110,114,116Cd, 114,116,124Sn, 124,128,130Te, and 128,130Xe nuclei.
In Table I we present the experimental results along with
computedB(E2) values. It is seen that the present micr
scopic description permits an adequate interpretation of
for the available electromagnetic properties in terms o
reasonable variation of the isoscalar effective charges.
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computedB(E2) andQ(2) estimates are in good agreeme
with the experiments foreeff variation within 0.20 to
0.40. Mo, Ru, Pd, and Cd nuclei are in excellent agreem
and have a consistent value aroundeeff50.30. Exceptions are
for Q(2) values in the case of116Sn and124Te nuclei. Ex-
perimental errors are too large for128,130Te to make any com-
parison.B(E2) values are not reproduced in the case of
nuclei within the chosen range ofeeff .

2nbb decay half-lives for100Mo and 116Cd. Experimental
and theoretical results for 2n bb decay half-lives of100Mo
and 116Cd nuclei are presented in Table II. We observe t
the second QRPA~SRPA! description, obtained by removin
the discrepancies of the empirical QRPA~EQRPA!, provides
results closer to experimental values. There has been a
tempt in the case of100Mo within the pseudo-SU~3! scheme,
for both axially deformed~def! and spherically limiting~sph!
cases, where the decay rates are found to be strongly de
dent on proton and neutron occupation numbers. In the c
of the 116Cd nucleus, SRPA with Woods-Saxon~WS! and
QRPA with adjusted Woods-Saxon~AWS! results are also
shown.

We note that our results are better than most version
the QRPA. The SRPA result, which is closer to the expe
mental value in the case of100Mo, fails for 116Cd. The HFB
results show more consistency. Of considerable interest is
case of100Mo where our result is closer to the successful o
coming from the SU~3! deformed model. This clearly indi
cates that the role of deformations is important in this regi
The finer details of the quantitative aspects of the role
0-4
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TABLE II. Half-lives for 2n bb decay in the case of100Mo and 116Cd. Experimental values along with
available theoretical values~taken from@30#! are also presented for comparison.

Nucleus

Experimental
half-lives
(1019 yr)

Theoretical values of half-lives in different models
(1019 yr)

100Mo 0.95 EQRPA
0.29

SRPA
3.2

SU~3! sph
0.49

SU~3! def
0.96

Present
1.14

116Cd 3.75 QRPA1AWS
5.1

SRPA1WS
10.0

Present
1.2
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deformation are under study. Once a proper understandin
the role of deformation is obtained in more detail and t
effects are studied on 0n bb decay matrix elements, we ex
pect to bring out results with good predictive power in t
case of otherbb decay nuclei in this region that have yet
be brought to a good confidence level. The nuclear ma
element evaluation has to be brought onto a better foo
before we compute weak interaction parameters and the
fective neutrino mass.

The present work makes use of the pairing p
quadrupole-quadrupole effective interaction for the calcu
tions of spectra, quadrupole transition probabilities, a
static moments forbb sensitive medium mass nuclei. Diffe
entn-p interaction strength parameters, fixed through stud
of sensitive electromagnetic properties like transition cha
densities, have been used for different sets of nuclei.
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motivation for such studies has been provided by the re
observation of the closeness of theP1QQ interaction to the
realistic interaction if then-p component is taken into ac
count carefully. The self-consistent HFB solutions prov
encouraging results for the first few excited states with
cellent matching for Mo, Ru, Cd, and Pd nuclei. The H
results for the half-lives of100Mo and 116Cd, the best known
2n bb decay cases in the medium mass region, are also
couraging. The role of deformations appears to be impor
and the HFB method is the best choice to handle this ef
In particular,100Mo can be used as a base candidate for
ploring the finer effects of deformation on nuclear ma
elements. Once the effect of deformations on nuclear m
elements is clearly identified, calculations for other case
well as the 0n mode will be more reliable and hence ha
better predictive power.
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