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Degeneracies whenTÄ0 two body matrix elements are set equal to zero
and Regge’s 6j symmetry relations
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The effects of setting allT50 two body interaction matrix elements equal to a constant~or zero! in shell
model calculations~designated aŝT50&50) are investigated. Despite the apparent severity of such a proce-
dure, one gets fairly reasonable spectra. We find that using^T50&50 in single-j shell calculations degenera-
cies appear, e.g., theI 5

1
2

2 and 13
2

2 states in 43Sc are at the same excitation energies; likewise theI
532

1, 72
1, 91

1 , and 101
1 states in44Ti. The above degeneracies involve the vanishing of certain 6j and 9j

symbols. The symmetry relations of Regge are used to explain why these vanishings are not accidental. Thus
for these states the actual deviation from degeneracy are good indicators of the effects of theT50 matrix
elements. A further indicator of the effects of theT50 interaction in an even-even nucleus is to compare the
energies of states with odd angular momentum with those that are even.
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I. INTRODUCTION

In the early 1960’s single-j shell calculations in thef 7/2
region were performed by McCullen, Bayman, and Zam
~MBZ! @1,2# and Ginocchio and French@3#. In these calcu-
lations the two body matrix elements were taken from
periment. However theT50 neutron proton spectrum i
42Sc was not well determined. Calculations with correctT
50 matrix elements were later performed by Kutsche
Brown, and Ogawa@4#.

In order to see how neutron-proton two body matrix e
ments with isospinT50 affect the low lying spectra of nu
clei, we have set them to a constant in a single-j shell calcu-
lation in the f 7/2 region. We can then writeVT505c(1/4
2t1•t2) wherec is a constant. Hence( i , jVi j

T505c/8„n(n
21)16…2c/2T(T11). This means that the spectrum
states of a given isospin, e.g.,T50 in 44Ti is independent of
what the constant is. It might as well bezero. What the
constant is will affect only the energy splittings of states w
different isospin. We shall denote this matrix element inp
as ^T50&50.

Although setting allT50 matrix elements to a constan
may seem like a severe approximation, it will be seen t
one gets a fairly good representation of the spectrum. W
theT50 matrix elements are reintroduced, there is some
tuning which improves the spectrum.

While the problem ofT51 pairing is better understoo
and studied, there exists a very extensive literature on
possibility of T50 pairing, both pro and con. We here in
clude some of the relevant references@5–13#.

In a shell model calculation the effects of bothT50 and
T51 pairing are automatically included. The problem then
to sort out as much as possible the individual effects.

In the next sections we will consider calculations in t
f 7/2 shell and in the fullf -p space.

II. RESULTS OF SINGLE- j SHELL CALCULATIONS

In the following tables we showT5Tmin calculated yrast
spectra for43Ti ~Table I! and 44Ti ~Table II! where we use
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two different sets of matrix elements. Following the idea fi
championed by Talmi@14# and others we take our matri
elements from experiment. In the first two columns we sh
^T50&50 for the 42Sc matrix elements. The last two co
umns consist of matrix elements from42Sc with theT50
matrix elements now included. Also to gain some insig
into how configuration mixing affects our results, we prese
full f -p space results for43Ti and 44Ti in Tables III and IV,
respectively.

In the single-j shell calculation for which the matrix ele
ments were taken from the spectrum of42Sc the values of
these matrix elements forJ50 to J57 were 0.000 MeV,
0.6110 MeV, 1.5863 MeV, 1.4904 MeV, 2.8153 MeV
1.5101 MeV, 3.242 MeV, and 0.6163 MeV, respective
The yrast spectrum is also shown in Fig. 1. Note that wit
j 2 configuration the evenJ states haveT equal to one and the
odd J T equal to zero. This is also true experimentally f
these levels. Note that theJ511 and 71 are nearly degen-
erate near 0.6 MeV and theJ531 and 51 are nearly degen-
erate near 1.5 MeV. Thus the act of settingT50 matrix

TABLE I. Spectra of43Ti.

42Sc ^T50&50 interaction 42Sc interaction
I E ~MeV! I E ~MeV!

7/2 0.0000 7/2 0.000
9/2 1.640 9/2 1.680
3/2 1.831 11/2 2.335
11/2 2.061 3/2 2.888
5/2 2.832 5/2 3.449
1/2 3.279 13/2 3.500
13/2 3.279 15/2 3.511
15/2 3.425 19/2 3.644
17/2 3.919 17/2 4.298
19/2 3.919 1/2 4.316
©2001 The American Physical Society16-1
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TABLE II. Spectra of 44Ti.

42Sc ^T50&50 interaction 42Sc interaction
I E ~MeV! I E ~MeV!

0 0.000 0 0.000
2 1.303 2 1.163
4 2.741 4 2.790
6 3.500 6 4.062
3 4.716 3 5.786
5 4.998 5 5.871
7 5.356 7 6.043
8 5.656 8 6.084
9 7.200 10 7.384
10 7.200 12 7.702
12 7.840 9 7.984

TABLE III. 43Ti full f -p calculation.

FPD6 ^T50&50 FPD6
I E ~MeV! I E ~MeV!

7/2 0.000 7/2 0.000
3/2 1.668 3/2 0.871
9/2 1.970 1/2 1.805
11/2 2.000 11/2 1.889
5/2 2.638 5/2 2.305
1/2 2.940 9/2 2.633
15/2 3.065 15/2 2.948
13/2 3.070 19/2 3.401
17/2 3.325 13/2 3.718
19/2 3.417 17/2 4.429

TABLE IV. 44Ti full f -p calculation.

FPD6 ^T50&50 FPD6
I E ~MeV! I E ~MeV!

0 0.000 0 0.000
2 1.515 2 1.317
4 2.587 4 2.536
6 3.223 6 3.843
3 4.717 3 6.241
5 4.932 8 6.383
8 5.292 5 7.579
7 5.391 10 7.790
10 6.476 7 7.921
9 6.574 12 8.574
1 7.070 9 9.030
12 7.192 1 9.681
11 9.914 11 11.028
06431
elements to a constant is equivalent to moving theJ511 and
71 together up about 0.9 MeV. Or putting it another way, t
act of removing the degeneracy is to lower the energies
the J511 and 71 by about the same amount. This is
contrast to most studies in which only the effects of loweri
the J511 state are studied.

We will point out several features to be found in th
tables. We observe many levels that were considerably s
rated in the ‘‘normal’’ interaction become degenerate wh
we go to ^T50&50. We explore this further in the nex
section. We find that in general with few exceptions that
odd I levels of 44Ti are at a lower excitation energy when w
go to the^T50&50 version of the interactions and that th
43Ti spectra is lowered in total.

III. THE DEGENERACIES THAT OCCUR IN ŠTÄ0‹Ä0
AND EXPLANATIONS

As can be seen from Tables I and II some energy lev
are degenerate when theT50 matrix elements are set equ
to a constant. The degenerate pairs (I 1 ,I 2) include

FIG. 1. Spectrum of42Sc.
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DEGENERACIES WHENT50 TWO BODY MATRIX . . . PHYSICAL REVIEW C 63 064316
43Ti ( 1
2

2, 13
2

2)( 17
2

2, 19
2

2),
44Ti (91,101).
The wave functions for the titanium isotopes are writt

as

c5SDIa~Jp ,Jn!@~ j 2!Jp~ j n!Jn# Ia, ~1!

whereD6(Jp ,Jn) is the probability amplitude that in a sta
of total angular momentumI the protons couple toJp and the
neutrons toJn . The elementsDI(Jp ,Jn) form a column vec-
tor.

Let us first consider (12
2, 13

2
2) in 43Ti. The

basis states can be written as@Jp ,Jn# I where Jp is
the angular momentum of the two protons. The int
action matrix element ^@Jp8 ,Jn# IV@Jp ,Jn# I&5dJ

p8Jp
EJp

12SJU( j j I j ,Jp8J)U( j j I j ,JpJ)EJ whereEJ is the two par-
ticle matrix element̂ @ j j #JV@ j j #J&. For evenJ, T is equal to
one while for oddJ, T is equal to zero.

We next consider44Ti The interaction matrix elemen
^@Jp8Jn8# IV@JpJn# I& is given by

EJp
dJpJ

p8
dJnJ

n8
1EJn

dJpJ
p8
dJnJ

n8
14SJJA

3^~ j j !Jp8~ j j !Jn8u~ j j !J~ j j !JA& I^~ j j !Jp~ j j !Jnu~ j j !J~ j j !JA&

3 IEJ ,

where the unitary recouping coefficients are related to
Wigner 9j symbols

^~ab!c~de! f u~ad!x~be!y& I

5A~2c11!~2 f 11!~2x11!~2y11!H a b c

d e f

x y I
J . ~2!

For symmetry relations the 9j symbols are more convenien
than the unitary coefficients.

It is instructive to look at the energies and wave functio
~i.e., column vectors! for the I 5 1

2
2 and I 5 13

2
2 states that

appear in the NYO Technical reports~which includedT50
matrix elements!
06431
-

e

s

I 5 1
2 I 5 13

2

Energy~MeV! 5.4809 3.8477 5.8122

Jp j n

4 7/2 1.000 0.9942 -0.1076

6 7/2 0.000 0.1076 0.9942

In the f 7/2 model theI 5 1
2

2 configuration is unique@Jp
54 Jn5 7

2 ] 1/22. There are two configurations for theI

5 13
2

2 state@4 7
2 # and @6 7

2 #.
When we go tô T50&50 what basically happens is tha

the eigenvalues and eigenfunctions become

I 5 1
2 I 5 13

2

E1 E1 E2

Jp j n

4 7/2 1.000 1.000 0.000

6 7/2 0.000 0.000 1.000

In order for this to happen the matrix element^@Jp
54, j n5 7

2 # I 513/2V@Jp56, j n5 7
2 # I 513/2& must vanish. This

vanishing is carried by the Racah coefficien

U( 7
2

7
2

13
2

7
2 ;4J)U( 7

2
7
2

13
2

7
2 ;6J) whereJ is the angular momen

tum of a neutron-proton pair.
In generalJ can be 4,5,6, or 7. However in̂T50&50,

only the evenJ’s contribute, i.e.,J54 or J56. In either

case one of the Racah coefficients will beU( 7
2

7
2

13
2

7
2 ;46).

This Racah coefficient is zero. This guarantees a decoup

of @4 7
2 # from @6 7

2 # but does not in itself lead to a degenera
of the I 5 1

2
2 andI 5 13

2
2 states. That happens because of t

additional condition

US 7

2

7

2

13

2

7

2
;44D5US 7

2

7

2

1

2

7

2
;44D5

1

2
. ~3!

We next consider the degeneracy ofI 591
1 and 101

1 in
44Ti in ^T50&50. It is again instructive to write down the
eigenfunctions as they appear in the NYO report
110

1

71

0

I 59 I 510
Energy 8.7799 8.8590 11.5951 7.8429 9.8814 10.5

isospin T51 T51 T51

Jp j n

4 6 -0.7071 0.5636 -0.4270 0.7037 -0.0696 0.707

6 4 0.7071 0.5636 -0.4270 0.7037 -0.0696 -0.70

6 6 0.0000 0.6039 0.7971 0.0984 0.9951 0.000
6-3
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SHADOW J. Q. ROBINSON AND LARRY ZAMICK PHYSICAL REVIEW C63 064316
Before proceeding, we remind the reader of a general
that can clearly be seen in the wave functions above.
even total angular momentumI the wave functions of evenT
states ofN5Z nuclei do not change sign under the inte
change of neutrons and protons but theT51 wave functions
do change sign. For oddI it is the opposite. This can b
summarized byDIT(Jp ,Jn)5(21)I 1TDIT(Jn ,Jp).

We focus on theT50 states. This makes life much sim
pler. Instead of three states each we need only worry ab
one I 591 and two I 5101 states. Note that forI 591 T
50 the state has the simple wave function

S 21

A2

1

A2

0

D .

What clearly happens forI 5101 in ^T50&50 is that
there is a decoupling of@6,4# and@4,6# from @6,6# so that the
wave functions of the twoT50 states become

S 1

A2

1

A2

0

D
and

S 0

0

1
D

and the eigenvalue of the first one becomes the same as
of the uniqueI 59 state.

We further note that aside from the yrast degenera
there are other degeneracies. For example, the 72

1 and 32
1 are

degenerate with theI 591
1,101

1 pair in 44Ti. At first this is
puzzling because the dimensions are different. There
seven basis states forI 531 and six forI 571, whereas for
I 591 and 101 there are only three basis states. However
the sevenI 531 states, five have isospinone, and only two
have isospinT50. Of the sixI 571 states, four have isospi
one and only two have isospin zero. Since we are focus
on T50 we only show only these wave functions in Tab
V. When theT50 two particle matrix elements are set equ
to zero the wave functions simplify as shown in the table

We now begin to see a connection betweenI
532

1, 72
1, 91

1 , and 101
1 . For the 91

1 and 101
1 the only non-

zero components of the wave function in the^T50&50 are
D~4,6! andD~6,4! both having magnitude 1/A2. The 31

1 state
has nonzero componentsD~2,4! andD~4,2!. There is no con-
nection with the 91

1 and 101
1 states. However for the 32

1 state
06431
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the only nonvanishing matrix elements areD~4,6! andD~6,4!
each with magnitude 1/A2. This is the same as what occu
for the 91

1 and 101
1 states.

A similar story is written byI 571. The nonvanishing
components for the 71

1 state in the^T50&50 case are
D~2,6! andD~6,2! however for the 72

1 state they areD~4,6!
andD~6,4! each with magnitude 1/A2.

Thus a common theme emerges forI 532
1, 72

1, 91
1 , and

101
1 ~all T50) in that for thê T50&50 case the only non-

vanishing components of the wave functions areD~4,6! and
D~6,4!. Visually, the column vectors look the same. And it
precisely these states that are degenerate.

Let us now show why in the case of^T50&50 the matrix
element ^@Jp854JN8 56# I 510V@Jp56JN56# I 510& vanishes.
This is a necessary condition for the wave functions to h
the simple form discussed in this section.

From the expression for the neutron-proton interact
previously given the above matrix element is (j 5 7

2 )

~c!~13!~9!H j j 4

j j 6

4 6 10
J H j j 6

j j 6

4 6 10
J E4

1~c!~13!SJA
~2JA11!H j j 4

j j 6

6 JA 10
J

3H j j 6

j j 6

6 JA 10
J E6, ~4!

where the proportionality constantc is 156A13. ~Note that
E5 andE7 are equal to zero because all oddJ haveT50.)
Because the last 9j above has two rows identical it is nece
sary forJA to be even ieJA54 or 6. Thus the coefficient o
E6 is

~c!~13!~9!H j j 4

j j 6

6 4 10
J H j j 6

j j 6

6 4 10
J

1~c!~13!~13!H j j 4

j j 6

6 6 10
J H j j 6

j j 6

6 6 10
J . ~5!

Using symmetry properties of 9j symbols we note tha
every term in the above expression~both for E4 and E6)
contains the 9j symbol

H j j 6

j j 6

6 4 10
J .

This 9j symbol is zero and hence we have shown why
above neutron-proton matrix element vanishes. It is by
means obvious why this 9j vanishes. There will be consid
6-4
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TABLE V. Comparison of wave functions of MBZ~from Tech-
nical Report No. NYO 9801@2#! with those for whicĥ T50&50
matrix elements are set equal to zero.

I 53 MBZ ^T50&50 MBZ ^T50&50

Energy~MeV! 6.533 10.493

JP JN

2 2 0.0000 0 0.0000 0

2 4 0.6968 1

A2

-0.1202 0

4 2 -0.6968 21

A2

0.1202 0

4 4 0.0000 0 0.0000 0

4 6 0.1202 0 0.6968 1

A2

6 4 -0.1202 0 -0.6968 21

A2

6 6 0.0000 0 0.0000 0

I 57 MBZ ^T50&50 MBZ ^T50&50

Energy~MeV! 6.5723 9.6570

JP JN

2 6 0.6965 1

A2

0.1220 0

4 4 0.0000 0 0.0000 0

4 6 0.1220 0 -0.6965 21

A2

6 2 -0.6965 21

A2

-0.1220 0

6 4 -0.1220 0 0.6965 1

A2

6 6 0.0000 0 0.0000 0

I 59 MBZ ^T50&50 MBZ ^T50&50

Energy~MeV! 8.7799

JP JN

4 6 -0.7071 21

A2

6 4 0.7071 1

A2

6 6 0.0000 0

I 510 MBZ ^T50&50 MBZ ^T50&50

Energy~MeV! 7.8429 9.8814

JP JN

4 6 0.7037 1

A2

-0.0696 0

6 4 0.7037 1

A2

-0.0696 0

6 6 0.0084 0 0.9951 1
06431
erable discussion in the next section of why some of the 6j ’s
and 9j ’s we encounter vanish.

Although in Table V we have only shownT50 wave
functions there are severalT51 states interspaced among
the T50 states. For example, in the Technical Report N
NYO-9891@2# for I 531 the lowest state calculated to be
6.2357 MeV hasT51. The calculated energy for this state
about 300 keV lower than the lowestT50 state shown in
Table V. OtherT51 states are calculated to be at 9.233
10.0321, and 10.9022 MeV. ForI 571 the lowestT51 state
is calculated to be at 6.7094 MeV, just above the other
lowestT50 state shown in Table V. The otherT51 states
for I 571 are calculated to be at 9.0744, 9.5141, a
12.1535 MeV. The closeness ofT50 andT51 states was
previously discussed by Goode and Zamick@15#.

IV. WHY SOME RACAH COEFFICIENTS VANISH —
REGGE SYMMETRIES

Thus far we have explained how degeneracies arise
matrices that certain Racah or 9j symbols vanish. In this
section we look for a deeper meaning. We were aided in
by many insightful articles collected in Biedenharn and V
Dam @16#.

For convenience we shall switch from unitary Racah c
efficients to Wigner 6j symbols

U~abcd;e f!5~21!a1b1c1dA~2e11!~2 f 11!

3H a b c

d e fJ . ~6!

In the previous section we noted that the 6j symbol

H 7

2

7

2
4

7

2

13

2
6
J

vanished. We note that this is a particular case of a wi
class of 6j ’s that vanish. All 6j ’s of the form

H j j ~2 j 23!

j ~3 j 24! ~2 j 21!
J

vanish for allj, both half integer and integer. Besides the s
j above other examples are

H 5

2

5

2
2

5

2

7

2
4
J , H 9

2

9

2
6

9

2

19

2
8
J , and H 4 4 5

4 8 7J .
6-5
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We find we can relate the above 6j symbol to a simpler
one using one of the six remarkable relations discovered
Regge in 1959@17#. We follow the notation of Rotenberg
et al. @18#

H j 1 j 2 j 3

l 1 l 2 l 3
J 5H A B C

D E FJ ,
-
m

u-
14
t
uc

g

o
,

tr
y
-
y
m

06431
y A5
1

2
~ j 11 j 21 l 12 l 2!, B5

1

2
~ j 21 j 31 l 22 l 3!,

C5
1

2
~ j 11 j 32 l 11 l 3!, D5

1

2
~ j 12 j 21 l 11 l 2!,

E5
1

2
~ j 22 j 31 l 21 l 3!, F5

1

2
~2 j 11 j 31 l 11 l 3!.

From this Regge symmetry relation we find that
H j j ~2 j 23!

j ~3 j 24! ~2 j 21!
J 5H 2 ~2 j 23! ~2 j 22!

~2 j 22! ~2 j 21! ~2 j 22!
J

5H ~2 j 22! ~2 j 23! 2

~2 j 22! ~2 j 21! ~2 j 22!
J . ~7!
We note that 6j symbols with a ‘‘two’’ in them have been
worked out by Biedenharn, Blatt, and Rose@19#. Using their
notation we find from their results that

H l 1 J1 2

J2 l 2 LJ
for l 25J111 andl 15J111 is proportional toX where

X5@~J111!~J12J2!2L~L11!1J2~J212!#. ~8!

We haveL52 j 22, J152 j 23, l 152 j 22, J252 j 22,
and l 252 j 21. With these values we see thatX vanishes.

In Regge’s paper@17# he states ‘‘although no direct con
nection has been established between these wider sym
tries it seems very probably that it will be found in the f
ture.’’ He also states ‘‘We see therefore that there are
identical Racah’s coefficients . . . . It should be pointed ou
that this wider 144-group is isomorphic to the direct prod
of the permutation group of 3 and 4 objects.’’

Following Regge’s work Bargmann presented, amon
other things, his derivation of the Regge symmetries@20#. He
there stated ‘‘While the following analysis does not lead t
deeper understanding of the Regge symmetries it yields
least a fairly transparent derivation of the symmetries.’’

In Sec. III we pointed out that a certain 9j symbol ‘‘un-
expectedly’’ vanished. Perhaps there are some symme
involving the 9j symbols as well. The only comment b
Bargmann on this@20# is ‘‘Schwinger has computed the gen
erating function for the 9j symbol. This does not reveal an
new symmetries — at least none to be obtained by a per
tation of the relevant quantities kab . ’’

Nevertheless the Regge symmetries for 6j symbols do
have some implications for 9j ’s. The 9j mentioned in the
previous section
e-

4

t

st

a
at

ies

u-

5
7

2

7

2
6

7

2

7

2
6

4 6 10
6

is part of a wider class of identically zero 9j symbols. These
are of the form

H j j ~2 j 21!

j j ~2 j 21!

~2 j 21! ~2 j 23! ~4 j 24!
J .

Other examples are

5
9

2

9

2
8

9

2

9

2
8

8 6 14
6 and H 4 4 7

4 4 7

7 5 12
J .

Following the notation of Rotenberget al. @18# we first
use the well-known expression for a 9j as a sum over three
6 j symbols:

H j j ~2 j 21!

j j ~2 j 21!

~2 j 21! ~2 j 23! ~4 j 24!
J 5Sb~21!2b~2b11!

3H j j ~2 j 21!

~2 j 23! ~4 j 24! b J H j j ~2 j 23!

j b ~2 j 21!
J

3H ~2 j 21! ~2 j 21! ~4 j 24!

b j j J . ~9!
6-6
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The parameterb is constrained by triangle relations i
each of the 6j symbols. In particular first 6j symbol con-
strainsb as follows:

b>~3 j 24!, ~10!

b<~3 j 23!. ~11!

From these constraintsb5(3 j 23) or (3j 24) or the first
6 j symbol is zero. Ifb5(3 j 24) the second 6j symbol
becomes the one previously discussed above in Eq.~6! and
was there shown to be zero. This leavesb5(3 j 23).

In this case the last 6j symbol becomes

H ~2 j 21! ~2 j 21! ~4 j 24!

~3 j 23! j j
J

which we now show vanishes.
We will use the Regge symmetry@18#

H j 1 j 2 j 3

l 1 l 2 l 3
J 5H A B C

D E FJ ,

A5 j 1 , B5
1

2
~ j 21 j 32 l 21 l 3!,

C5
1

2
~ j 21 j 31 l 22 l 3!, D5 l 1 ,

E5
1

2
~2 j 21 j 31 l 21 l 3!, F5

1

2
~ j 22 j 31 l 21 l 3!,

so that we can now write

H ~2 j 21! ~2 j 21! ~4 j 24!

~3 j 23! j j J
5H ~2 j 21! S 3 j 2

5

2D S 3 j 2
5

2D
~3 j 23! S 2 j 2

3

2D 3

2

J
5H S 3 j 2

5

2D S 3 j 2
5

2D ~2 j 21!

3

2 S 2 j 2
3

2D ~3 j 23!
J . ~12!

The results of 6j symbols with a ‘‘32 ’’ are found in Var-
shalovich, Moskalev, and Khersonski@21#

H a b c

3

2
e fJ

for e5c2 1
2 and f 5b2 1

2 , as we have here, is proportional
06431
3@2a~a11!1b~b11!1c~c11!#22~b11!~c11!,
~13!

which for a5(3 j 2 5
2 ), b5(3 j 2 5

2 ), andc5(2 j 21) is zero.
Thus in the lone remaining case ofb5(3 j -3) the final 6j
symbol in the sum is zero. So for any allowed value ofb one
of the 6j symbols is zero implying that the 9j symbol above
is zero.

V. FULL f -p CALCULATION FOR 43Ti AND 44Ti

We have performed fullf -p calculations for44Ti and 43Ti
with the FPD6 interaction@22#. We shall show these and als
compare the44Ti calculations with single-j results using the
spectrum of42Sc as input. The latter is shown in Fig. 1.

We first discussT50 states in the even-even nucle
44Ti. In Table II and Fig. 2 we show the single-j results. The
first two columns show the results when theT50 two body
matrix elements are set to zero, i.e.,^T50&50. In Fig. 2 we
show the evenI states of44Ti in the first column and the odd
I in the second column. Note that theI 591

1 and I 5101
1

states are degenerate as has been previously discussed
In the last two columns we have the single-j shell results

when the full spectrum of42Sc is introduced including the
T50 matrix elements. We note that there is much mo
change in the oddI spectrum than in the evenI. The oddI
spectrum raises considerably. The evenI spectrum gets

FIG. 2. Single-j T50 44Ti with matrix elements from42Sc.
6-7
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spread out a bit but this is tame in comparison to the al
ation in the oddI spectrum.

In Table IV and Fig. 3 we show results for a fullf -p
calculation using FPD6. We use the same format as for Ta
II. When the two bodyT50 matrix elements are set equal
zero~first two columns!, we find surprisingly that there is no
much difference with the single-j shell calculation shown in
Table II and Fig. 2. TheI 591 and 101 state which were
exactly degenerate in the single-j shell calculation are still
nearly degenerate in the fullf -p calculation. The overall
spectra do not look very different~see first two columns in
Tables II and IV and Figs. 2 and 3!.

There is one difference however, the appearance in T
IV and Fig. 3 of I 511 and 111 T50 states. In a single-j
shell calculation theI 511 and 111 states all have isospin
T51.

We now come to the fullf -p calculation in which all the
two body matrix elements of the FPD6 interaction are
play— bothT50 andT51. Now we see major difference
for both the evenI and oddI states of44Ti. ~See Table IV
and Fig. 3 right hand columns.!

If we look at the low spin states,I 501, 21, and 41 they
are largely unaffected when theT50 two body matrix ele-
ments are put back in. The main difference comes from
higher spin states. With the full FPD6 the spectrum of

FIG. 3. Full f -p T50 44Ti with FPD6 interaction.
06431
r-

le

le

e
e

even I gets spread out more looking somewhat rotation
For example theI 5101 state increases in energy from 6.47
MeV to 7.790 MeV. In the corresponding single-j shell cal-
culation there was hardly any change in theI 5101 energy.
Likewise the I 5121 energy goes up from 7.192 MeV t
8.574 MeV when theT50 two body matrix elements are pu
back into FPD6.

The oddI states experience a substantial upward shift
the spectrum. Now theI 591 state is considerably highe
than theI 5101 state~9.030 vs 7.790 MeV!.

The full FPD6 fits, as it was designed to do, the eveI
levels quite well. The evenI levels 21, 41, 61, 81, 101,
and 121 are measured at 1.083 MeV, 2.454 MeV, 4.0
MeV, 6.509 MeV, 7.671 MeV, and 8.040 MeV, respective
What is missing from the experimental picture is oddI posi-
tive parity information. It would be useful for the purpose
clarifying the importance ofT50 matrix elements to have
more oddI, T50 positive parity states.

In the single-j shell calculation with matrix elements from
42Sc the evenI columns corresponding tôT50&50 and
full spectrum~the first and third columns of energy level!
are not that different. It appears that the reintroduction of
T50 two body matrix elements does not make much diff
ence. In Fig. 3 however the third column, again evenI, gets
more spread out relative to the first column going a bit in
direction of giving a more rotational spectrum. Thus it wou
appear that for evenI the T50 two body matrix elements
will affect the spectrum in a significant way only when co
figuration mixing is present.

We now consider the odd-even spectrum43Ti( 43Sc). The
results are shown in Tables I and III and in Fig. 4. In t
figure we only show a full calculation with FPD6 and com
pare results when theT50 two body matrix elements are se
equal to zero~first column! with those where the full FPD6
interaction is included~second column!.

The results at first look a bit complicated but a care
examination shows systematic behavior.

For I less than7
2

2 the states come down in energy~rela-
tive to theI 5 7

2
2 ground state!. For I greater than7

2
2 there is

another systematic. When theT50 two body matrix ele-
ments are set to zero there are three nearly degenerate

blets (9
2

2, 11
2

2) ( 13
2

2, 15
2

2) and (17
2

2, 19
2

2). The effect of put-
ting T50 two body matrix elements back in is to cause t
lower spin member of each doublet to rise in energy by
substantial amount, while the higher spin member low

itself a small amount, i.e.,I 5 9
2

2, 13
2

2, and 17
2

2, rise notice-

ably but I 5 11
2

2, 15
2

2, and 19
2

2 drop slightly. The difference
in energy with and without the two bodyT50 matrix ele-
ments is shown in Fig. 5. This spectral staggering should
good evidence of the importance ofT50 two body matrix
elements. The results with FPD6 for the low spin states
not so good. Experientially the excitation energies of thI
5 3

2
2 and 5

2
2 are 472 and 845 keV while the calculated on

are 0.871 and 2.305 MeV. This is no fault of the interacti
and is expected due to the presence of intruder states in
lower part of thef -p shell. Further evidence for this come
from the fact that in the cross conjugate nucleus53Fe theI
5 3

2
2 and 5

2 excitation energies are higher than in43Sc. They
6-8
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are 741 and 1433 keV, respectively. Indeed the interac
was built with the assumption that the lowestI 5 3

2
2 and 5

2
2

states in43Sc are intruder influenced (5p2h). The full FPD6
interaction fits the higher levelsI 5 11

2
2 and 13

2
2 ~experimen-

tally at 1830 keV and 2987 keV, respectively! quite well.
Work on the effect ofL50, T51 andL51, T50 pair-

ing in the f -p shell has already been performed by Poves
Martinez-Pinedo@23#. They start with a realistic interaction
KB3, and study the effects of removing theT51 pairing
from the T50, S51 pairing. They focused on binding en
ergies and on the even spin states of48Cr. Relative to their
work, whose conclusions we certainly agree with, we ha
made a more severe approximation of setting allT50 matrix

FIG. 4. Full f -p 43Ti ( 43Sc) with FPD6 interaction.
tt

06431
n

d

e

elements equal to zero. The payoff for us is that certain
generacies appear between states, the deviation of whic
the physical spectrum can largely be attributed toT50 two
body matrix elements. Also, we focused on oddI excited
states. The deviation in the physical spectrum of the ener
of odd I states from evenI is also a good indication of the
effects of T50 matrix elements. We hope our work wi
provide stimulation and motivation for the study of odd sp
even parity states.

Let us end by addressing the question of why theT51
two body matrix elements are more important than theT
50 ones for the spectra of43,44Ti. First of all it should be
noted that we are not considering binding energies. Th
effects have been subtracted out by setting the ground s
to be at zero energy. TheT50 two body matrix elementsare
important for binding energies. Once however we limit ou
selves to the spectra, Fig. 1~the spectrum of42Sc from
which the empirical two body matrix reaction is deduced
a single-j shell calculation! provides us a partial answer t
our query. Note that the spread of theT51 states is much
greater than that of theT50 states. The energy difference o
the highest energyT50 state and the lowest one is 0.9 MeV
For T51 the corresponding difference is 3.24 MeV. Th
greater spread makes theT51 matrix elements much mor
important for setting up the general framework for the sp
tra.
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FIG. 5. E ~full !-E^T50&50 ~MeV! vs total angular momentum
(\) in 43Ti.
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