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Empirical analysis for differential cross section measurements ofp¢ p¢\ppp0
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We show that it is possible to empirically partition the differential cross section forpp→ppp0 into initial
singlet and triplet differential cross sections in a model independent way which can be implemented using the
existing technological capabilities at the PINTEX facility. We also show that the differential cross section for

pW pW→ppp0 can be expressed as a weighted sum of a set of initial singlet and triplet differential cross sections
together with a contribution arising from the initial singlet-triplet correlations for any arbitrary beam polariza-
tion P(b) and target polarizationP(t) either collinear or noncollinear.
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Considerable interest has been evinced recently in the

perimental study@1–4# of pW pW→ppp0 near threshold leading
to model independent partitioning of the total cross sect
s, following @5#, into cross sections2s11sm in terms of ini-
tial channel spins and its projectionm along the beam di-
rection. The reaction involves only a few lowest-order par
waves in the final state at threshold, which in turn limit t
initial partial waves through parity and total angular mome
tum conservation. The transition is mainly from the initi
3P0 state to the finalSs state, in the notation of@1–4#, for
energies below 300 MeV. In spite of this simplicity, the ea
total cross section measurements@6–9# differed by a factor
of 5 from calculations based on@10#. This catalyzed a variety
of theoretical approaches@11–39#. In the introduction to
their paper reporting first calculations for spin dependent
servables inNN→NNp near threshold employing the Ju¨lich
model, Hanhartet al. @39# have observed, ‘‘As far as micro
scopic model calculations of the reactionNN→NNp are
concerned one has to concede that theory is definitely
ging behind the development on the experimental sector . . .
Furthermore they take into account only the lowest par
wave~s!. Therefore it is not possible to confront those mod
with the wealth of experimental information available now
days, specifically with differential cross sections and w
spin-dependent observables.’’

More interestingly, the reaction is characterized by la
values of momentum transfer, which is expected to rev
facets of short-range spin-dependent interactions involv
the nucleons. Clearly, an empirical study of spin depende
of the interaction at short distances necessitates experim
study of the differential cross section forpW pW→ppp0 as a
function of the momentum transfer at higher energies. W
advances in storage ring technology@40#, capabilities have
also been reached presently@3# at the PINTEX facility to
study pp collisions with beam polarizationP(b) as well as
target polarizationP(t) along6x,6y,6z with respect to a
right-handed Cartesian coordinate system, withz axis along
the beam. Out of the 36 combinations ofP(b) and P(t) so
generated, only 12 are collinear which have been use
measure@1–4# total cross section differencesDsT andDsL .
Out of the 12 collinear combinations, six correspond toP(b)
being parallel toP(t).
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The purpose of this Rapid Communication is to explo
the possibility of utilizing this advanced PINTEX facility to
effect a model independent partitioning of the cross sec
for pp→ppp0 at the differential level itself into cross sec
tions (2s11d2sm)/(d3pfdV), wherem denotes the projection
of the initial channel spins50,1 along the beam direction,pf
denotes the relative momentum between the nucleons in
final state anddV denotes the infinitesimal solid angle su
rounding the direction of the pion emission in c.m. We a
examine here how the measured differential cross section
pW pW→ppp0 with arbitrary P(b) and P(t) could be parti-
tioned in terms of a set of singlet and triplet differential cro
sections. We demonstrate how a set of suitable meas
ments of the differential cross sections (d2s)/(d3pfdV) in
addition to the unpolarized differential cross secti
(d2s

0
)/(d3pfdV) are sufficient to determine individually

the differential cross sections (2s11d2sm)/(d3pfdV). We
derive a general result expressing (d2s)/(d3pfdV), for ar-
bitrary P(b) andP(t) as a weighted sum which derives co
tributions not only from the singlets50 state and threes
51 states, but also from an additional ter
(d2sc)/(d

3pfdV) generated by the initial singlet-triplet cor
relations. We also outline how these contributions could
dividually be estimated through appropriate measureme
A brief summary of all the results obtained is presented.

Following @38#, the matrix M in spin space forpp
→ppp0 may be expressed in the form

M5 (
s8,s50

1

(
l5us82su

s81s

„Sl~s8,s!•Ml~s8,s!…, ~1!

where s and s8 denote, respectively, the initial and fina
channel spins, the irreducible tensor operatorsSm

l (s8,s) of
rank l are given by

Sm
l ~s8,s!5@s8#(

m
~21!s2mC~s8sl;m82mm!us8m8&^smu

~2!
©2001 The American Physical Society01-1
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following @41# and the irreducible tensor amplitude
Mm

l (s8,s) are given by Eqs.~2! and ~3! of @38#.

The differential cross section forpW pW→ppp0 is then
given, using the same notations as in@38#, by

d2s5Tr~MrM†!d3pfdV5Tr~Br!, ~3!

where

B5M†M d3pfdV ~4!

is Hermitian and the initial spin density matrix

r5
1

4
@11„s~b!•P~b!…#@11„s~ t !•P~ t !…# ~5!

5
1

4 (
a,b50,x,y,z

sa~b!sb~ t !Pa~b!Pb~ t !, ~6!

whereP0(b)5P0(t)51 ands0 denote 232 unit matrices.
Using Eq.~6! in Eq. ~3!, the differential cross section ma
readily be expressed as

d2s5(
a,b

Pa~b!Pb~ t !Bab , ~7!

where

Bab5
1

4
Tr@Bsa~b!sb~ t !#. ~8!

If both the beam and target are unpolarized, we readily id
tify the unpolarized differential cross section as

d2s
0
5B005

1

4
Tr~MM †!d3pfdV, ~9!

whereas

d2s5B001Pz~b!Bz0 ~10!

if the beam alone is polarized longitudinally,

d2s5B001Pz~ t !B0z ~11!

if the target alone is polarized along thez axis, and

d2Sa5
1

2
@d2sa~↑↑ !1d2sa~↓↓ !#

5B001Pa~b!Pa~ t !Baa , a5x,y,z ~12!
05100
n-

if d2sa(↑↑) andd2sa(↓↓) denote, respectively, the differ
ential cross sections whenP(b) andP(t) are polarized par-
allel to each other along6a. Expressing@41#

Sm
l ~s8,s!5

1

2
@s8#2@s# (

l1 ,l250

1

@l1#@l2#

35
1
2

1
2 s8

1
2

1
2 s

l1 l2 l
6 „sl1~b! ^ sl2~ t !…m

l ,

~13!

where s0
05s0 ; s0

15sz ; s61
1 571/A2(sx6 isy) and in-

verting ~2!, using the unitarity of Clebsch-Gordan coeffi
cients, we obtain projection operatorsp(s,m)5usm&^smu
which are given explicitly by

p~1,1!5
1

4
@11sz~b!1sz~ t !1sz~b!sz~ t !#, ~14!

p~1,0!5
1

4
@122sz~b!sz~ t !1„s~b!•s~ t !…#, ~15!

p~1,21!5
1

4
@12sz~b!2sz~ t !1sz~b!sz~ t !#. ~16!

The above add up together to give the well-known trip
projection operator

T5(
m

p~1,m!5
1

4
@31„s~b!•s~ t !…#, ~17!

while

S5p~0,0!5
1

4
@12„s~b!•s~ t !…# ~18!

denotes the well-known singlet projection operator. Noti
that (s,mp(s,m)51 and inserting the same betweenM and
M† in Eq. ~9!, we readily obtain the partitioning ofd2s0 into
singlet and triplet differential cross sections2s11d2sm which
are given explicitly by

3d2s115
1

4
~B001Bz01B0z1Bzz!, ~19!

3d2s05
1

4
~B001Bxx1Byy2Bzz!, ~20!
1-2
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3d2s215
1

4
~B002Bz02B0z1Bzz!, ~21!

1d2s05
1

4
~B002Bxx2Byy2Bzz!, ~22!

in terms of the six entitiesB00, Bz0 , B0z , Bxx , Byy , and
Bzz which are measurable experimentally using the exist
technological capabilities at the PINTEX facility.

Comparison of Eqs.~9! and~7! with Eqs.~20! and~21! of
@38# enables us readily to expressBab in terms of the irre-
ducible tensorsBn

k(k1 ,k2) of rank k which are in turn given
explicitly in terms of the irreducible tensor amplitude
Mm

l (sf ,si) by Eq. ~17! of @38#. ThusB005
1
4 B0

0(0,0) and all
the other Bab are related to the analyzing powe
An

k(k1 ,k2)5Bn
k(k1 ,k2)/B0

0(0,0). In particular, it may then be
noted thatBz0 and B0z represent the longitudinal analyzin
powers with respect to the polarized beam and polarized
get, respectively. Moreover,Bz0 goes intoB0z if we change
p̂i to 2p̂i or equivalentlyp̂f , q̂ are changed to2p̂f , 2q̂,
keeping p̂i unchanged. At energies close to threshold,
leading irreducible tensor amplitudeM0

1(0,1) given by Eq.
~35! of @38# alone cannot generateBz0 or B0z , but the am-
plitudesMm

1 (1,0) andMm
l (1,1) given by Eqs.~36! and ~37!

of @38# can obviously generate nonzeroBz0 andB0z . More
importantly,Mm

l (1,1) can generate nonzero contributions
interfering with the leading amplitudeM0

1(0,1). It may also
be seen that these longitudinal analyzing powers which
not necessarily zero at the double differential level, van
on integration with respect tod3pf due to parity conserva
tion. Integrating further with respect todV leads to the total
cross sections, when Eqs.~19! to ~22! relate to formulas al-
ready in use@1–5# to effect analysis of the measurements
the total cross sections.

If we replacex,y,z by y,z,x, respectively, in Eqs.~19!–
~21!, we readily obtain the formulas for3d2sm , wherem
refers to the projection of the initial channel spins along the
x axis. Likewise, replacement ofx,y,z by z,x,y in Eqs.
~19!–~21! leads to formulas for3d2sm , wherem refers to
the projection of the initial channel spins along they axis.
These additional formulas involve the transverse analyz
powers Bx0 ,B0x or By0 ,B0y instead of the longitudina
analyzing powers Bz0 ,B0z . Thus by measuring
B00,Bx0 ,B0x ,By0 ,B0y ,Bz0 ,B0z ,Bxx ,Byy ,Bzz, it is possible
to determine the triplet differential cross sections3d2sm ,
wherem denotes the projection quantum number either w
respect to the beam direction or with respect to thex or y
axis. The above measurements involve only the collin
combinations ofP(b) andP(t).

We have discussed the partitioning of the unpolarized
ferential cross section into2s11d2sm through

d2s05(
s50

1

(
m52s

s

2s11d2sm ~23!
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and how the 2s11d2sm can be determined individually
through appropriate experimental measurements using
~19!–~22!. We next examine here the possibility of factorin
the differential cross sectiond2s given by Eq.~3! for pW pW
→ppp0 for arbitraryP(b) andP(t). To do this, we express
r given by Eq.~5! in channel spin representation. Using th
converse of Eq.~13! we may writer as

r5
1

4
@12P~b!•P~ t !#S1rTT1rC, ~24!

where S and T denote, respectively, the singlet and tripl
projection operators given by Eqs.~18! and~17!. The density
matrix rT, describing the state of triplet polarization, is give
by

rT5
1

4
@11 1

3 „P~b!•P~ t !…#T1
1

8
~„s~b!1s~ t !…•„P~b!

1P~ t !…!1
1

4
~„s1~b! ^ s1~ t !…2•„P1~b! ^ P1~ t !…2!

~25!

using the notationsP0
15Pz ; P61

1 571/A2(Px6 iPy). Fur-
ther

rC5
1

8
@~„s~b!2s~ t !…•„P~b!2P~ t !…!

1~„s~b!3s~ t !…•„P~b!3P~ t !…!# ~26!

represents singlet-triplet correlations. Clearly, the probab
ties for the initialpW pW system to exist in the singlet and triple
states are given by

wS5
1

4
@12P~b!•P~ t !#; wT5Tr rT5

1

4
@31P~b!•P~ t !#.

~27!

Comparison ofrT with the standard form@42# of the density
matrix for spin 1 systems shows that the Fano statist
tensorstq

k of rank k51,2 representing, respectively, vect
and tensor polarizations are given by

wTtq
15

1

2
A3

2
„Pq

1~b!1Pq
1~ t !…;

wTtq
25A3

2
„P1~b! ^ P1~ t !…q

2 , ~28!

if we note that the standard@42# irreducible tensor operator
tq

k for spin 1 are identical toSq
k(1,1). We next note that the

triplet density matrixrT given by Eq.~25! is Hermitian. As
such one can identify its real eigenvalueswe1

,we2
,we3

to-
1-3
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gether with the corresponding eigenstatesue1&,ue2&,ue3& by
solving the characteristic equation so that one may use
~24! in Eq. ~3! to lead to the form

d2s5wS
1d2s01(

i 51

3

wei

3d2sei
1d2sc , ~29!

where 1d2s0 is given by Eq.~22! and

3d2sei
5Tr~M uei&^ei uM†!; i 51,2,3 ~30!

represents the cross section for the process when the in
pp system is in the triplet stateuei&. We also note thatd2sc
may be expressed in terms of theBab through

d2sc5Tr~BrC!5
1

8 F (
a5x,y,z

„Pa~b!2Pa~ t !…~Ba02B0a!

1„Py~b!Pz~ t !2Pz~b!Py~ t !…~Byz2Bzy!

1„Pz~b!Px~ t !2Px~b!Pz~ t !…~Bzx2Bxz!

1„Px~b!Py~ t !2Py~b!Px~ t !…~Bxy2Byx!G , ~31!

using Eq.~26!. For example, whenP(b) andP(t) are collin-
ear with the beam direction, the triplet state isoriented@43#
and the eigenvalueswm corresponding to the eigenstat
u1m&, m511,0,21 are given by

w115
1

4
@11Pz~b!6Pz~ t !6Pz~b!Pz~ t !#;

w05
1

4
@17Pz~b!Pz~ t !#;

w215
1

4
@12Pz~b!7Pz~ t !6Pz~b!Pz~ t !#, ~32!

where the upper and lower signs in Eq.~32! correspond to
P(t) being parallel or antiparallel toP(b), if P(b) is chosen
as the axis of quantization. On the other hand, ifP(b) and
P(t) are noncollinear as for example,P(b) is alongx axis
andP(t) is alongy axis, the triplet state isnonoriented@44#
and is characterized by three distinct axes@45#, which are
alongP(b),P(t) and (P(b)1P(t)). In such a case, it is no
possible to identify an axis of orientation with respect
which one can defineu1m& states or identify all the eigen
statesuei& of rT asu1m& states. However, the eigenstatesuei&
are expressible as

uei&5(
m

cm
eiu1m& ~33!
05100
q.

ial

in terms of a convenient set of basis statesu1m& defined with
respect to, say, the beam direction and the complex exp
sion coefficientscm

ei5^1muei& which are known. Thus,
3d2sei

in Eq. ~29! may be expressed in terms ofBab through

3d2sei
5(

m
(
m8

cm
ei Tr~Bu1m&^1m8u!c

m8

ei !, ~34!

where Tr(Bu1m&^1m8u) for m5m8 are given by Eqs.~19!–
~21!. For mÞm8 Tr(Bu1m&^1m8u)5„Tr(Bu1m8&^1mu)…!

are given by

Tr~Bu11&^10u!5
1

4A2
@Bx01B0x1 i~By01B0y!1Bxz1Bzx

1 i~Byz1Bzy!#

Tr~Bu10&^121u!5
1

4A2
@Bx01B0x1 i~By01B0y!2Bxz2Bzx

2 i~Byz1Bzy!# ~35!

Tr~Bu11&^121u!5
1

4
@Bxx2Byy1 i~Bxy1Byx!#.

Thus one can also determine the triplet cross sections3d2sei

for an arbitrary triplet state such as given by Eq.~33! using
the PINTEX facilities.

We have shown that it is possible, with the existing tec
nological capabilities@3#, to determine the singlet and triple
contributions to the cross section at the differential level
self through experimental measurements of the unpolar
differential cross section (d2s

0
)/(d3pfdV) together with the

measurements of (d2s)/(d3pfdV) when~a! the beam alone
is polarized,~b! when the target alone is polarized, and~c!
both the beam and the target are polarized parallel to e
other. That is, the measurements of the differential cross
tions ~9!–~12! readily yield B00,Bz0 ,B0z ,Bxx ,Byy ,Bzz and
hence (2s11d2s)/(d3pfdV) through the use of Eqs.~19!–
~22!. If we replaceBz0 andB0z in the above set of measure
ments by the transverse analyzing powersBx0 and B0x and
changex,y,z by y,z,x in Eqs.~19!–~22!, we can determine
(2s11d2s)/(d3pfdV), wherem denotes the magnetic quan
tum number with respect to thex axis chosen as the axis o
quantization. Likewise, measurements ofBy0 and B0y in-
stead ofBz0 and B0z and changingx,y,z by z,x,y in Eqs.
~19!–~22! allows determination of (2s11d2s)/(d3pfdV),
wherem denotes the magnetic quantum number with resp
to the y axis. We have also shown that for any arbitra
geometry of the beam and target polarizationsP(b) and
P(t), either collinear or noncollinear, the differential cro
section derives contributions not only from the singlet st
and the triplet eigen statesuei&, i 51,2,3 of rT, but also
from the singlet-triplet correlations generated in a polariz
1-4
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beam and polarized target experiment. The singlet and tri
correlation contribution (d2sc)/(d

3pfdV) as well as the
triplet cross sections (3d2sei

)/(d3pfdV), corresponding to

any arbitrary initial triple stateuei& of the form ~33!, may
also be determined using Eqs.~31! and ~35!. Experimental
measurements of the differential cross sectio
(d2s)/(d3pfdV) readily yield all theBab , a,b50,x,y,z
by making full use of the PINTEX facility to studypW pW
→ppp0, employing the collinear as well as noncolline
combinations of the initial beam and target polarizatio
P(b) andP(t). Although@1–4# are concerned with the stud
of pW pW→ppp0 at near threshold energies, we may note t
ch

tt

K.

C

ev

05100
et

s

s

t

all the considerations reported in this Rapid Communicat
apply equally well at higher energies where measureme
can be carried out corresponding to comparatively larger
ues of momentum transfers. In fact, they may be app
even to analyze elastic NN scattering @where
(d2sc)/(d

3pfdV) is, however, zero due to conservation
channel spin, i.e.,s85s in Eq. ~1! itself# or any reaction
initiated by a polarized beam of nucleons on a polariz
nucleon target.
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