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Topological susceptibility at zero temperature and finite temperature
in the Nambu–Jona-Lasinio model

K. Fukushima,* K. Ohnishi,† and K. Ohta‡

Institute of Physics, University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo 153-8902, Japan
~Received 10 October 2000; published 19 March 2001!

We consider the three flavor Nambu–Jona-Lasinio model with the ’t Hooft interaction incorporating the
U(1)A anomaly. In order to set the coupling strength of the ’t Hooft term, we employ the topological suscep-
tibility x instead of theh8 meson mass. The value forx is taken from lattice simulations. We also calculatex
at finite temperature within the model. Comparing it with the lattice data, we extract information about the
behavior of the U(1)A anomaly at finite temperature. We conclude that within the present framework, the
effective restoration of the U(1)A symmetry does not necessarily take place even at high temperature where the
chiral symmetry is restored.
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I. INTRODUCTION

The U(1)A anomaly of QCD plays an essential role
hadron physics. One of its most striking manifestatio
would probably be theh8 meson mass. Since the U(1)A
symmetry is broken not spontaneously but explicitly by t
anomaly, h8 cannot be regarded as a nearly massl
Nambu-Goldstone boson like the other psuedoscalar mes
In fact, the mass ofh8 is as large as the nucleon mass, i.
mh85958 MeV. This is the so-called U(1)A problem.

The topological susceptibilityx is an essential quantity in
considering the U(1)A problem because it is related tomh8
through the Witten-Veneziano mass formula@1,2#,

2Nf

f p
2

x5mh
21mh8

2
22mK

2 , ~1!

whereNf53 is the number of the flavors andf p is the pion
decay constant. This formula has been confirmed by ca
lating x directly on the lattice@3#: The calculations givex
;(180 MeV)4, which is consistent with the value obtaine
by plunging into the formula~1! experimental values of the
pion decay constant and the meson masses. Thus, the
logical susceptibility could tell us as much information abo
the U(1)A anomaly as doesmh8 .

The tool we will employ in this work for the investigatio
of the U(1)A problem is the three flavor Nambu–Jon
Lasinio~NJL! model@4–7# which can be used as an effectiv
theory of QCD. The NJL Lagrangian we adopt here is

L5L01L41L6 , ~2!

L05q̄~ igm]m2m!q, ~3!

L45G(
a50

8

@~ q̄laq!21~ q̄ig5laq!2#, ~4!
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L652K@detq̄~11g5!q1detq̄~12g5!q#, ~5!

where the quark fieldq is a column vector in the color
flavor, and spinor spaces, andla is the Gell-Mann matrix in
the flavor space withl05A2/3 diag(1,1,1). The determi
nants in Eq.~5! are with respect to the flavor indices.

The free quark LagrangianL0 contains the current quar
mass term withm5diag(mu ,md ,ms), breaking the U(3)L
^ U(3)R symmetry explicitly. Throughout this paper we a
sume the exact isospin symmetry, i.e.,mu5md . The termL4
generates the four-point couplings and is invariant under
U(3)L ^ U(3)R transformation. The six-point determinan
termL6 is what is called the ’t Hooft interaction and brea
the U(1)A symmetry. This interaction simulates the U(1A
anomaly in our scheme, and the effective coupling cons
K measures its strength.

Let us review the status of the parameter settings in
NJL model. The parameters to be fixed are the current qu
masses (mu5md ,ms), the three-momentum cutoff (L), and
the effective coupling constants (G and K). The physical
quantities usually taken as inputs aremp , f p , mK , andmh8 .
The question we bring out here is as tomh8 , which has been
used for the determination ofK. As is well known, the NJL
model lacks in confinement, and in fact in this modelh8

decays into asymptoticqq̄ states due to its large mass. Th
mh8 in the NJL model is not a well-defined quantity. Th
alternative quantity for the determination ofK that we will
use here is the topological susceptibility, which contains
information about the U(1)A anomaly and whose value ha
been given by lattice Monte Carlo simulations, as mention
above. The main purposes of the current work are to de
the expression for the topological susceptibility within t
framework of the NJL model and to fix the parameterK by
means ofx as an input.

Recently, the behavior of the effect of the U(1)A anomaly
at finite temperature has been discussed intensively@8–12#.
In particular, special attention has been paid to whethe
not the effective restoration of the U(1)A symmetry and the
chiral phase transition occur simultaneously. This questio
still controversial and is not settled yet. Here, we sho
clarify what we mean by ‘‘the effective restoration of th
©2001 The American Physical Society03-1
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U(1)A symmetry.’’ It means that all U(1)A violating quan-
tities vanish, i.e., that all order parameters of the U(1)A sym-
metry vanish. The possibility thath8 would degenerate with
the other pseudoscalar mesons has a great deal of sig
cance upon the experimental view in relativistic heavy
collisions @13#. In the NJL model, the definition we gav
above is equivalent toK getting to zero, since finiteK makes
the U(1)A symmetry breaking manifest in the NJL Lagran
ian ~2!. Since the origin from which a finite value ofK arises
is the presence of instantons in the physical state, the e
tive restoration of the U(1)A symmetry is expected owing t
the naive argument that the instanton density will be s
pressed at sufficiently high temperature. Thus when the m
nitude of K becomes smaller, we will call it ‘‘the effective
restoration of the U(1)A symmetry.’’

The temperature dependence ofK in the NJL model,
which indicates nothing but the temperature dependenc
the U(1)A anomaly, has been set by hand and not gone
yond phenomenology@5#. This is both because experiment
data formh8 at finite temperature, which are necessary
determination ofK, are not available, and becauseh8 be-
comes unbound completely in the model soon after we r
the temperature from zero. Since the topological suscept
ity has been calculated at finite temperature on the lattice
will be able to determine the temperature dependence oK
using that data, and obtain some knowledge about the e
tive restoration of the U(1)A symmetry.

The paper is organized as follows. In Sec. II we will d
rive the expression forx in the NJL model. Section III is
devoted to the parameter settings of the model and nume
calculations of the physical quantities. A summary is giv
in Sec. IV.

II. TOPOLOGICAL SUSCEPTIBILITY
IN THE NJL MODEL

In this section we calculate the topological susceptibi
x within the framework of the NJL model. The first task is
know a general expression ofx. We recapitulate here th
definition of x. We begin with the QCD Lagrangian densi

LQCD52
1

4
Fmn

a Famn1q̄~ igmDm2m!q1uQ, ~6!

where Fmn
a is the gluon field strength tensor,Dm5]m

1 igAm is the covariant derivative withAm being the gluon
field, u is the QCD vacuum angle, andQ is the topological
charge density defined by

Q~x!5
g2

32p2
Fmn

a F̃amn. ~7!

With this Lagrangian density, the vacuum energy densit«
is written as

e2«VT5E DAmDq̄Dqe*d4xLQCD[Z ~8!
04520
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in a path-integral form, whereV andT are the space and tim
volumes, respectively. The topological susceptibilityx is de-
fined as a second derivative of« with respect tou at u50,

x[
]2«

]u2U
u50

5E d4x^0uTQ~x!Q~0!u0&connected, ~9!

where T stands for the time-ordering operator, and the s
script ‘‘connected’’ means to pick out the diagrammatica
connected contributions. Thus, in order to calculatex in the
NJL model, it is necessary to find a correspondent toQ(x) in
the model. For that purpose, we consider the four-diverge
of the U(1)A current,J5m5q̄gmg5q. In QCD, one has

]mJ5m52NfQ~x!12i q̄mg5q, ~10!

which does not vanish due to the anomaly.
On the other hand, in the NJL model@Eqs. ~2!–~5!#, we

find @5#

]mJ5m54NfK Im detF12i q̄mg5q, ~11!

where

F i j 5q̄i~12g5!qj , ~12!

and i , j denote the flavor indices. Comparing these two e
pressions, we find that

Q~x!52K Im detF52 iK @detF2~detF!* # ~13!

in the NJL model.
With the definition ofG6[16g5, we can write

detF5
1

3!
eabce i jk~ q̄iG2qa!~ q̄ jG2qb!~ q̄kG2qc!,

~detF!* 5
1

3!
ede fe lmn~ q̄lG1qd!~ q̄mG1qe!~ q̄nG1qf !

~14!

so that

FIG. 1. Three of various contracting ways are shown with th
corresponding diagrams.
3-2
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x5E d4x^0uTQ~x!Q~0!u0&connected

52
K2

~3! !2E d4x eabce i jkede fe lmn^0uT$~ q̄iG2qa!~ q̄ jG2qb!~ q̄kG2qc!~x!~ q̄lG2qd!~ q̄mG2qe!~ q̄nG2qf !~0!2~ q̄iG2qa!

3~ q̄ jG2qb!~ q̄kG2qc!~x!~ q̄lG1qd!~ q̄mG1qe!~ q̄nG1qf !~0!2~ q̄iG1qa!~ q̄ jG1qb!~ q̄kG1qc!~x!~ q̄lG2qd!~ q̄mG2qe!

3~ q̄nG2qf !~0!1~ q̄iG1qa!~ q̄ jG1qb!~ q̄kG1qc!~x!~ q̄lG1qd!~ q̄mG1qe!~ q̄nG1qf !~0!%u0&connected. ~15!
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Now we must evaluate these four matrix elements. For
time being, we pick up one term out of the four. Followin
Wick’s theorem, we take full contraction in terms of th
propagatorS(x,x8) that has been constructed in the se
consistent gap equation@4–7#. Although several ways o
contraction are possible, there exists only one that is
leading order in expansion in terms of inverse powers of
number of colors, i.e., 1/Nc . The situation is demonstrated i
Fig. 1 by means of the finite range representation.

The diagrams~a! and ~b! in Fig. 1 containNc
4 coming

from traces over color. The diagram~c! containsNc
5 and is

the leading order in 1/Nc expansion. Notice that~b! is the
exchange term for~c! and is lowered by 1/Nc as compared
with ~c!. Since the gap equation for the constituent qu
masses and the dispersion equations for the meson m
are derived up to the leading order of the largeNc expansion
@4#, we should take only the contribution of~c! for the con-
sistent treatment.

Taking account of the four terms in Eq.~15!, we obtain
the following expression for the lowest order of the diagra
matical expansion:

x (lowest)52
K2

~3! !2
~29!eabce i jkede fe lmn4

3 H E d4xNc tr@Sdi~x!g5Sal~x!g5#J
3Nc

4 tr@Sb j~0!#tr@Sck~0!#tr@Sem~0!#tr@Sf n~0!#,

~16!

where the full propagator in the Euclidean space is given

Si j ~x!5d i j E d4p

~2p!4

p”1mi*

2p22mi*
2

e2 ip•x, ~17!

andmi* denotes the constituent quark mass.
The object in the curly brackets in Eq.~16! corresponds to

the one-loop part connecting the pointsx and 0 in Fig. 1~c!.
This is basically the one-loop proper polarization insert
P i j

ps(k2) @4–7# with k250 although the trace over flavor i
not taken in this case. Especially in the case ofa5 i and d
5 l , which is the condition for giving nonzero contribution
x~lowest! due to the«-tensor in Eq.~16!, the object can be
04520
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identified with an element of 3-, 8-, 0-channel polarizatio
with k250; for instance, 0-0 channel polarization is

P00
ps~k250!

5trflavor

2

3
diagS 2NcE d4p

~2p!4
tr@ ig5Su~p!ig5Su~p!#,

2NcE d4p

~2p!4
tr@ ig5Sd~p!ig5Sd~p!#,

2NcE d4p

~2p!4
tr@ ig5Ss~p!ig5Ss~p!# D . ~18!

Actually, there exist other diagrams that are of the sa
order in 1/Nc expansion as the diagram in Fig. 1~c!. They are
shown in Fig. 2. They are of the same order as Fig. 1~c!
because, while each four-point vertex is ofO(Nc

21) @4#, it is
compensated by a factorNc coming from its neighboring
loop. We have to include all these diagrams for consiste
of the 1/Nc expansion. We will call their sumx (ring) for they
are regarded as the ring diagrams to be resummed in
mean-field approximation.

Of course, the sum of these ring diagrams with the o
loop diagram included can be interpreted as a propagatio
a certain meson. Note that the momentum of the propaga
particle is zero;k250. This is just the reflection of the fac
that x is the quantity of the zero frequency mode of t
Fourier transform of̂ TQ(x)Q(0)&, namely,

x5E d4x e2 ik•x^TQ~x!Q~0!&uk50 . ~19!

Now we calculatex (ring) following the Feynman rules o
the NJL Lagrangian. We note that the diagrams in Fig. 2
obtained by replacing the one-loop polarization part in F
1~c! with the ring diagrams. Correspondingly we can obta
x (ring) by replacing the curly bracketed part in Eq.~16! with
the sum of the ring diagrams. We first perform the summ
tion over flavor indices. After that, it can be shown that t

FIG. 2. Other leading-order diagrams.
3-3
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expressions corresponding to each edge point of a diagra
Fig. 2 are brought together into a matrix form and are
ranged to the linear combination ofl8 and l0 matrices. In
other words, the 8- and 0-channel vertices have been
signed to each edge point of each ring diagram in Fig
Then following the Feynman rules, we can construct the r
diagrams by linking 8-, 0-channel polarizationsP88

ps(k2

50), P80
ps(k250)5P08

ps(k250), P00
ps(k250), and 8-,

0-channel verticesK88
(1) , K80

(1)5K08
(1) , K00

(1) , in all possible
ways. The result is

x (ring)54Nc
4K2H 1

A3
tr Su~ tr Ss2tr Su!S P88

P80
D t

1
1

A6
tr Su~2 trSs1tr Su!S P08

P00
D tJ 2K̂~122P̂K̂ !21

3H 1

A3
tr Su~ tr Ss2tr Su!S P88

P08
D

1
1

A6
tr Su~2 trSs1tr Su!S P80

P00
D J , ~20!

where

K̂5S K88
~1 ! K80

~1 !

K08
~1 ! K00

~1 !D , P̂5S P88 P80

P08 P00
D ~21!

are 232 matrices, and

P i j 5P i j
ps~k250!, tr Si5tr Si~x50!. ~22!

For example, the first term in the first curly brackets
Eq. ~20! produces contributions from the diagrams who
one edge point is an 8-channel vertex. And, again for
ample, the second term in the second curly brackets of
~20! produces contributions from the diagrams the other e
point of which is a 0-channel vertex. The 8-8 and 0-0 ch
nel diagrams can be interpreted as the propagations oh8
andh0 mesons, respectively. We see that in addition to
h8 and h0 propagations, there occur 8-0 and 0-8 mixin
channel diagrams.

Another comment is in order. If trSu5tr Ss, that is, the
SU(3)V symmetry is exact, the 8-channel vertices in Eq.~20!
vanish. In this case, 8- and mixing-channel polarizatio
P88

ps , P80
ps5P08

ps as well as 8- and mixing-channel vertice
K88

(1) , K80
(1)5K08

(1) all vanish, so that only the ring diagram
constructed by those of the 0-channel,P00

ps and K00
(1) , con-

tribute tox (ring), which are interpreted as the propagation
the pureh0 state.

Finally, combining Eqs.~16! and ~20!, we arrive at the
expression for the topological susceptibility,
04520
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x54Nc
4K2F2Nc~ tr Su!4~ tr Ss!2S 2

mu* tr Su
1

1

ms* tr SsD
1H 1

A3
tr Su~ tr Ss2tr Su!S P88

P80
D t

1
1

A6
tr Su~2 trSs1tr Su!S P08

P00
D tJ 2K̂S 122P̂K̂21

3H 1

A3
tr Su~ tr Ss2tr Su!S P88

P08
D

1
1

A6
tr Su~2 trSs1tr Su!S P80

P00
D J G . ~23!

Let us give one more comment. In general, a two-po
correlation function of gauge invariant operators may be
composed into the sum over multiparticle intermediate sta
by inserting a complete set between two operators. I
known that the dominant contributions of the leading ord
in 1/Nc expansion are those of one-particle intermedi
states. Moreover, Witten@1# and Veneziano@2# have derived
their formula by assuming that, when the momentum of
intermediate particle is zero, which is the case ofx, the
contribution of theh0 propagating state is the only leadin
term in 1/Nc expansion. These statements are quite consis
with our specific model calculation respecting largeNc ex-
pansion@althoughh8 and mixing channels besidesh0 propa-
gate in the intermediate states in our model due to the
plicit SU(3)V symmetry breaking#.

III. NUMERICAL CALCULATION

Now that we have obtained the expression for the to
logical susceptibility, we proceed to numerical calculatio
In Sec. III A we set the parameters at zero temperature
employingx. With the determined parameters, we calcula
physical quantities. In Sec. III B we discuss the temperat
dependence ofx and the six-point coupling constantK.

A. Parameter setting at zero temperature

The parameters to be set in the NJL model are

current quark masses mu5md , ms

three-momentum cutoff L

four-point coupling constant G

six-point coupling constant K.

As for mu5md , we set them to bemu5md55.5 MeV
following Ref. @5#.

To set the other four parameters, we use the follow
quantities as inputs:

mp5138 MeV,

f p593 MeV,
3-4
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TOPOLOGICAL SUSCEPTIBILITY AT ZERO . . . PHYSICAL REVIEW C63 045203
mK5495.7 MeV,

x5~17565 MeV!4.

The fourth quantity we use here in place ofmh85957.5 MeV
is, as mentioned in the Introduction, the topological susc
tibility x. The numerical value ofx is taken from Ref.@3#, in
which x is calculated in the quenched approximation.

Initially, however, we will calculate with the paramete
determined by usingmh8 as input in order to check consis
tency ofmh8 andx in the NJL model. Parameter setting wi
mh8 has been performed in Ref.@5#, and the results are

ms5135.7 MeV, L5631.4 MeV,

GL251.835, KL559.29.

The physical quantities calculated from these parameters
summarized in the first column of Table I. We first check t
Witten-Veneziano mass formula~1! within the NJL model.
The computed values ofx andmh with those parameters o
Ref. @5# are

xNJL5~166 MeV!4,

mh5487 MeV,

so that the ratio of the left-hand side~LHS! to the right-hand
side ~RHS! in Eq. ~1! turns out to be

2Nfx

f p
2 ~mh

21mh8
2

22mK
2 !

50.81. ~24!

On the other hand, the ratio ofxNJL to xLat , which means
how much the conventional parameters determined withmh8
reproduces the lattice data ofx, is

xNJL

xLat
50.80. ~25!

TABLE I. Calculated physical quantities. Comparison of o
results with Hatsuda-Kunihiro and experimental data. In paren
ses are the values used as inputs. The value ofmh8 shown in the
square brackets is inferred by the Witten-Veneziano mass form

Hatsuda and
Kunihiro @5# Ours

Experimental/empirical
values

mu* ~MeV! 335 337 336
ms* ~MeV! 527 523 540
mh ~MeV! 487 505 549
mh8 ~MeV! ~958! None @942# 958
x1/4 ~MeV! 166 ~175! 175

uh 221° 216.7° 220°
04520
-

re

From the above two ratios, we can say that as a whole,mh8
andx are reproduced well simultaneously in the NJL mod

Now we consider parameter setting withx used. The to-
pological susceptibility,x might be a more suitable quantit
for parameter setting thanmh8 for the following two reasons.

~i! Sinceh8 decays into the asymptoticqq̄ state due to
lack of confinement in the NJL model,mh8 may be a less
reliable quantity, whilex is free from such a shortcoming o
the NJL model.

~ii ! The value ofx, ~175 MeV)4 is small enough com-
pared with the cutoffL;600 MeV. Thus the NJL model is
expected to describex well.

The parameters obtained by usingx5(175 MeV)4 are

ms5135.7 MeV, L5631.4 MeV,

GL251.765, KL5511.32.

We note thatKL5 becomes larger than the case of usingmh8
as an input, which implies that the binding ofh8 is loosened.
~The ’t Hooft interaction loosens the binding of mesons, th
is, induces a repulsive force between quarks. This can
seen from the very fact thath8 becomes massive due to th
interaction.! Physical quantities calculated with these para
eters are shown in the second column of Table I. The so
tion for mh8 in the mean-field approach does not exist, th
is, h8 is not bound any more. We see thatmh is improved
slightly. Althoughh8 no longer exists in the NJL model, w
could infer its mass by utilizing the Witten-Veneziano ma
formula ~1!; mh85942 MeV is obtained.

We close this section by referring to the study due
Takizawa, Nemoto, and Oka@14#, in which the parameters
especially the six-point coupling constantK, are determined
in a different approach. They examined the radiative dec
of an h meson such ash→2g, h→g l 2l 1, andh→p0gg,
and obtained rather strong six-point coupling constantKL5,
namely, four times as large as that determined by usingmh8 .
Although we cannot compare our parameters directly w
theirs due to different cutoff schemes~their scheme is the
four-momentum cutoff!, it is not probable that our result i
compatible with theirs. Still, we believe that our approach
rather straightforward to probe the U~1!A anomaly.

B. Behavior of K at finite temperature

In this section we discuss the temperature dependenc
K, comparing the NJL calculation ofx with the lattice data.

The lattice data for the topological susceptibility@3# are
shown in Fig. 3 with error bars. TheTc in the figure denotes
the temperature of the chiral phase transition. AlthoughTc
5260 MeV in the original Ref.@3#, we have rescaled it to
150 MeV. We should notice that the lattice data are co
puted only up toT51.4Tc . Unfortunately, the lattice data
are absent at high temperatures. At any rate, the data s
that x drops rapidly aroundTc .

One comment should be noted. The fact thatx drops near
Tc does not always mean the effective restoration of
U(1)A symmetry atTc . This can be seen by returning to th
Witten-Veneziano mass formula~1!,

e-

la.
3-5
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FIG. 3. The lattice data are plotted with error bars. We ha
fitted them with a Fermi function~the dashed line!. The solid line
denotes the result of the NJL model with constantKL5.

FIG. 4. Temperature dependence ofKL5.

FIG. 5. The constituent quark masses for Case A.
04520
e FIG. 6. The constituent quark masses for Case B.

FIG. 7. The meson masses for Case A.

FIG. 8. The meson masses for Case B.
3-6
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TOPOLOGICAL SUSCEPTIBILITY AT ZERO . . . PHYSICAL REVIEW C63 045203
2Nfx5 f p
2 ~mh

21mh8
2

22mK
2 !. ~18!

We realize that the pion decay constantf p , which is associ-
ated with the spontaneous chiral symmetry break
@SU(3)L ^ SU(3)R→SU(3)V#, has entered the formula
Since f p would become zero along with the restoration
the chiral symmetry,x is also expected to become ze
aroundTc . In this sense, the lattice data which show t
dropping of x at Tc is what should be expected from th
formula, and rather, we could consider that the data con
the validity of the Witten-Veneziano mass formula. Thus t
dropping ofx in the lattice data should be attributed to t
restoration of the chiral symmetry, and does not always
dicate the effective restoration of the U(1)A symmetry. It is
worth noting that this behavior results from largeNc expan-
sion. In Ref.@15# it was pointed out thatn-point correlation
functions (n,Nf53) cannot detect any effect of the U(1)A
anomaly in the chiral symmetric phase. One might ha
thought that the dropping ofx nearTc would be regarded a
x ’s insensitivity to the U(1)A anomaly. However, that is no
the case becausex is not a U(1)A singlet quantity. In fact, it
contains contributions carrying the U(1)A charge 2, 0, and
22. Thusx is an appropriate quantity to observe the fate

FIG. 9. The kaon mass for Case A.

FIG. 10. The kaon mass for Case B.
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the U(1)A symmetry even in the chiral symmetric phase,
principle, even though careful attention should be paid
order to infer correct meanings.

In this respect, the discussions of Schaffner-Bielich@16#
are obscure; the assumption is adopted thatx and the U(1)A
anomaly are equivalent to each other and that the dropp
of x at Tc immediately means the effective restoration of t
U(1)A symmetry. This assumption is not considered as c
rect unless the dropping rate ofx is much faster than that o
f p . To judge the validity for this prevailing assumption
what we pursue in the present work. In fact, as discus
below, our result reveals that the assumption has no conv
ing reliability, at least, within the framework of the NJ
model.

Now we consider the temperature dependence ofx in the
NJL model. Among the four parameters (ms,L,G,K), we
might reasonably fixms and L at the values determined a
zero temperature. In general, however, we should take
count of temperature dependences of the coupling const
GL2 and KL5. As for GL2, it would be hard or almost
hopeless to get information about the temperature dep
dence even in some phenomenological sense. Here, we m
an assumption thatGL2 does not depend on temperatur

FIG. 11. The pion decay constant for Case A.

FIG. 12. The pion decay constant for Case B.
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This might be partially justified by the fact that even ifGL2

is constant, the NJL model restores the chiral symmetry
consequence of its own dynamics.

We now pay attention to the behavior ofKL5, which
indicates the temperature dependence of the U(1)A anomaly.
For the first case, we treatKL5 as a constant parameter an
fix it at the values at zero temperature. We will call th
prescription Case A. The calculated temperature depend
of x is shown in Fig. 3~the solid line!. We see thatx in the
NJL model drops nearTc as the dynamical consequence a
reproduces the lattice data up to 1.4Tc considerably well.
This result means that the U(1)A symmetry is not restored a
least up to 1.4Tc , and we conclude that the effective rest
ration of the U(1)A symmetry does not coincide with th
chiral phase transition.

At high temperatures, of course, we cannot judge whe
or not the U(1)A symmetry is restored, since we lack th
lattice data in those temperatures. If we believe that the
stanton density is suppressed exponentially at high temp
tures as is expected by the Pisarski-Yaffe factor@8#, and the
correlation of the topological charges, i.e.,x is also sup-
pressed exponentially, the fitted line for the lattice data w
a Fermi function in Fig. 3~the dashed line! could be consid-
ered as reasonable behavior. We notice here the deviatio
the NJL calculation~the solid line! from the fitted line at
high temperatures. As Case B, we letKL5 have the tempera
ture dependence such that it reproduces the fitted line ox.
The calculated temperature dependence ofKL5 for this case
is shown in Fig. 4.

We notice that there are two lumps aroundTc . It would
be senseless to take them seriously since we have ignore
temperature dependence ofGL2 that should have been take
into account in principle. Rather, we should note that
U(1)A symmetry is restored at high temperatures as is
pected from the starting assumption that the instanton d
sity is suppressed at those temperatures; the consisten
maintained in the NJL model.

We now calculate the constituent quark masses, the
son masses, and the pion decay constant in our Case A
Case B. The results are shown in Figs. 5–12. The qualita
features are almost the same as those of Case I by Hat
and Kunihiro@5#.

Finally, we give the temperature dependence ofmh8 in
Figs. 13 and 14 that could be obtained by utilizing t
Witten-Veneziano mass formula~1!. The h8 mass goes to
infinity at aroundTc5200 MeV in either Case A or B. This
is becausef p gets to zero at that temperature. We have
moved those infinities above the temperature at whichf p

vanishes because it is considered that our approxima
scheme is broken down there.

IV. SUMMARY

We have derived the expression for the topological s
ceptibility x in the NJL model within the same approxim
tion as for the constituent quark masses and the me
masses, namely in the leading order of largeNc expansion.
At zero temperature, we have performed parameter sett
04520
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by employingx in place of mh8 , and have seen that th
obtained parameters do not allow the bound state ofh8. At
finite temperature, we have calculated the temperature
pendence ofx, and have found that the lattice data up
1.4Tc are reproduced with a constant six-point coupling co
stantK. This means that the U(1)A symmetry is not restored
up to 1.4Tc , and we are led to the conclusion that within th
present framework the effective restoration of the U(1A
symmetry and the chiral phase transition do not necessa
occur simultaneously, even though the rapid dropping ox
around the chiral transition, observed in the lattice simu
tion, seemingly suggests the simultaneous restoration.
high temperatures we cannot state anything definitely
cause of the absence of the lattice data. We have sho
however, that ifx is suppressed exponentially, the U(1A
symmetry is allowed to be restored at high temperatures

The topological susceptibility is an interesting quant
because it is related to the mass ofh8 through the Witten-
Veneziano mass formula. At zero temperature, we have s
that the formula is satisfied numerically in the NJL model.
finite temperature, by utilizing the formula, we have obtain
knowledge as to the temperature dependence ofmh8 . In the
NJL model,h8 is far from a stable particle even if it exists

FIG. 13. Theh8 mass for Case A.

FIG. 14. Theh8 mass for Case B.
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Therefore we would say that the parameter setting by us
mh8 is somewhat obscure. Our approach proposed in
paper is, on the other hand, not affected by questiona
quantities such asmh8 and as a result it takes the advanta
to extract reliable results even when the bound state ofh8
cannot be available in the NJL model.
in
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