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Microscopic study of the 168Er multiphonon band structure
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The dynamic deformation theory with the pairing plus quadrupole interaction is applied to study the mul-
tiphonon band structure in168Er. ThreeKp501, two Kp521, andKp541 bands have been analyzed. The
lower four bands are also analyzed in the interacting boson model. The nature of theKp502 and 03 and
Kp541 bands is discussed.
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I. INTRODUCTION

Recently there has been renewed interest in the m
tiphonon collectiveb- and g-vibrational states in deforme
nuclei. Two Kp521g phonons can be combined to for
Kp501 and 41gg bands. Also one can haveKp5012b,
3b andKp521 bg vibrational bands. The character of th
Kp502

1 band in rare-earth nuclei has been under discus
@1–4#, whether it isb-vibrational or 2g phonon band. Also,
the nature of theKp541 state in168Er has been reexamine
experimentally in multiple Coulomb excitation@5# and from
decay lifetime data@6# on its preferential decay to the on
g-phonon band.

This is also linked to the predictions of the interacti
boson model-1~IBM-1! in the SU~3! limit wherein theb and
g bands in the (2N24,2! representation are degenerate@7#.
With slightly broken SU~3! symmetry, the pairing term in
the IBM-1 Hamiltonian raises or lowers theb band above
~below! the g band. Also, theg-g E2 transition is predicted
to be stronger than theb-g transition by a factor of 10. There
has been considerable emphasis@8# on the strongg-b E2
transition prediction of IBM-1, which was assumed to
weak in the second-order band-mixing approach of the Bo
Mottelson model@9#.

The deformed nucleus168Er was studied extensively in
the ~n,g) reaction by Davidsonet al. @10# and its band struc-
ture was analyzed by Warneret al. @11# using the slightly
broken SU~3! symmetry. McGowanet al. measured the
B(E2) excitation strengths to various 21 states@12#. Later,
Davidson and Dixon@13# repeated the experimental analys
of 168Er in which many more positive and negative par
bands were deduced, presenting a great challenge for nu
theory.

On the basis of the stronger decay in164,166,168Er, Kumar
from the dynamic deformation theory@14# suggested tha
suchKp502 bands may be calledgg bands. More recently
Casten and von Brentano@2# cited 168Er as one of the case
where theKp502 band decays preferentially to theg band,
thus supporting its 2g phonon character. However, the ban
mixing analysis of interbandE2 transitions in@1# excludes
the 2g phonon interpretation.

Thus there is a need for a detailed reinvestigation of
deformed nucleus in a microscopic theory to seek the ab
anomalies. Earlier we successfully used the dynamic de
0556-2813/2001/63~4!/044308~8!/$20.00 63 0443
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mation theory in the pairing plus quadrupole approximat
@15# for analyzing the soft nuclei,152Gd, 154Gd, and more
deformed 156Gd in a multiband analysis@16–18# and
154–156Dy @19#, 158,160Dy @20#. Thus it would be useful to
analyze the band structure of168Er in the DPPQ model. For
comparison we also carried out IBM-1 calculations, as
Ref. @11#, which enabled us to obtain values not cited in@11#.
After a brief introduction of the DPPQ and IBM-1 models
Secs. II and III, we discuss the role of the parametrization
obtaining the final results in Sec. IV. In Sec. V we prese
the detailed results from our calculations and discuss
conclusions in Sec. VI.

II. THE PAIRING PLUS QUADRUPOLE MODEL

Briefly, in this model one starts from the single partic
Nilsson energies in the spherical limit for the two maj
shells, one each for neutron and protons (Z540, N570 inert
core! and adds a quadrupole term to obtain deformed sin
particle orbitals~Nilsson orbitals! and wave functions. Then
the pairing term is added to obtain the deformed quasipa
cle energies and wave functions. This constitutes
Hartree-Fock-Bogoliubov~HFB! method. This is done for
each point of ab-g mesh and by using the cranking mod
expressions, the parameters of the collective Hamiltonian

Hcoll5S 1

2DCb21
1

2
B~ ḃ21b2ġ2!1

1

2 (
k51

3

ukv
2 ~1!

or its more general form

Hcoll5V~b,g!1
1

2
Bbb~b,g!~ḃ2!12Bb,g~b,g!bḃġ

1Bgg~b,g!b2ġ21
1

2 (
k51

3

uk~b,g!vk
2 ~2!

are determined. TheE0, E2, and M1 operators are also
derived microscopically. In a second step the Bohr collect
Hamiltonian is constructed and solved for each spin. T
summation over thebg mesh allows the nucleus to find it
own dynamic shape. This constitutes the time-dependent
namic deformation method. For further details see Re
@14,15#.
©2001 The American Physical Society08-1
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In the DPPQ model@15#, in order to correct for the iner
core the effective quadrupole force parameterX0 and the
kinetic coefficients renormalization factorFB are varied
slightly to fit approximately to theE(21) and E(41) ener-
gies. In this respect it differs from the fully microscopic ve
sion called DDM@14# where no varying parameters are use
The values of the quadrupole force constant568.5A21.4 and
inertial renormalization constantFB51.8 were adopted for
constructing theHPPQ for 168Er. However, see further com
ments on the problem of parametrization below.

III. THE INTERACTING BOSON MODEL-1

The interacting boson model-1 accounts for the collect
deformation in terms of the valence nucleon or hole-p
bosons ~with no distinction between proton and neutro
bosons!. In sd-IBM only the L50,2 bosons are considere
and in the multversion theHIBM is given by

HIBM5end1kQQ1k8LL1k9PP ~3!

neglecting the hexa and octa terms. The four parameter
the Hamiltonian are determined empirically through a le
square fit~to level energies! program. In the computer cod
PHINT, these four parameters are named as EPS, QQ, E
and PAIR, respectively. The quadrupole operatorQ used for
Eq. ~3! and also for theE2 transition operationT(E2) is
given by

Q5eo@~s1d1d1s!1x~d1d!(2)#. ~4!

The coefficients of the terms in Eq.~4! are related to
the FBEM code variables E2SD and E2DD, their rat
E2DD/E2SD being equal tox in Eq. ~4!. We sete50 in Eq.
~3! and the values of QQ, ELL, and PAIR used are (216.5,
19.5, and 16.3! keV, respectively, corresponding tok
58.25, k8519.5, and k9532.6 keV. For FBEM E2SD
5 0.132 and E2DD5 20.10 yield x520.76. For the
Hamiltonian we used the SU~3! x value. The code spac
limitation allowed the detailed analysis of only four band
viz., g, g, b, andb8 (K503) bands.

IV. PARAMETRIZATION OF THE HAMILTONIAN AND
OPERATORS

Since any given nuclear model is only an idealization
some aspects of the nucleus, some parametrization is us
done. In IBM-1 all the energy data are input to freely adju
the three~or four! parameters of theHIBM and the two coef-
ficients of theQ operator are determined in Eq.~4! through
two B(E2) values. In a more versatile version, called t
consistentQ method@8#, severalB(E2) values andB(E2)
ratios also are input for a simultaneous fit toH andQ. More
specifically, the coefficientse andk fix the band spacings,k8
fixes the level structure, andk9 affects the band order of th
b andg bands. The coefficientx in Eq. ~4! affects theg-b
coupling.

Seiwert et al. @21# used the eight-parameter Gneus
Greiner model~GGM! and the 12-parameter generalized c
lective model~GCM! for a fit to the 168Er levels andB(E2)
04430
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data and demonstrated that basically the geometric and a
braic models yield the same features of the collective asp
of the low-energy part of the nuclear structure. They a
discussed the question of weighting of data and the num
of parameters. Too many parameters lead to a problem a
GCM @21#. This is also evident from the study of168Er in
IBM-2 @22#.

In the DPPQ model, also because of the limitations on
choice of single-particle levels that are input~two different
sets were used for the beginning and the end of theZ
550–82 major shells@14,15#!, the use of an inert core (Z
540, N570), the use of a crude quadrupole interaction, a
the use of BCS theory for the pairing interaction, etc., o
allows a small variation of a few percent in the quadrup
strength constantX0 ~aroundX0570). The inertial factorFB
multiplies the kinetic coefficientB’s and the moments o
inertiauk linearly. The charge parameteren (ep511en) for
neutron is almost constant at 0.6–0.7.

Some of the structural observables like energy sc
quadrupole deformationb0, the quadrupole moments, an
the intrabandB(E2) values are affected only marginally b
the variation in these two parameters. However, several o
interband transition rates, especially if the absolute val
are small, can vary by a factor of 10 or more, and theB(E2)
ratios may vary by a factor of 100 or more for slight vari
tion of the input parameters. This is much more true for
higher-lying bands where the levels from several bands o
lap. This is also because of the complexity of the underly
Nilsson orbitals and the quantum rules leading tob and g
vibrations. Thus we studied the effect of variation ofX0 from
70 to 63 andFB51.8 to 2.4. At largeX0, the 21 level and
the ratio (E4

1/E2
1)5R4 are low. At smallX0 the prolate-

minimum shifts toward a lower deformation valueb0. We
chose a value ofX0568.5 andFB51.8 corresponding to the
correct b0. Large departures from experiment or betwe
two models must be seen in this context when looking
numerous data. Only an overall predicted trend is useful

A similar ambiguity about the input parameter set and
resulting predictions exists in the phenomenological IBM
in spite of the facility of a least square fit to input data f
determining the parameters. The amount of data or the s
ing values of the parameters can affect the final values of
parameters. The optional use of the boson energye has its
effect on the predicted values. For example, reduction te
50 also reduced theb-g interaction strength by a factor o
10, while theg-g strength was unaffected. This affects th
(b-g/g) or (b-g)/(g-g) B(E2) ratios. Theg-b strength
was affected only 20%. The reduction ofx from the SU~3!
value inHIBM also has similar effects.

V. RESULTS

The DPPQ model calculation reproduces the energy
dering of theK-band structure for the five bands studie
viz., g, g, Kp502

1508, also denotedb here;Kp503
1509,

denotedb8; and Kp522
1bg bands. TheKp541 band is

predicted to be lower below thebg band. At a lower
X-parameter value, the band order gets affected for the cl
8-2
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lying bands. Our notation of 025b, 035b8 agrees with the
use of other authors cited here except@2,14#. The latter called
themgg andb, respectively. As previously, in general, o
calculation yields somewhat compressedg-band energies
and raised excited-band energies by up to a factor of 1.5–

TABLE I. The level energies andK components in168Er.

Band Level energy~keV! Kp501 21 41

K I Expt.a DPPQ

01 2 80 79 99.94 0.06
4 264 187 99.86 0.10 0.04
6 549 370 99.77 0.18 0.02

21 2 821 1547 0.03 99.97
3 896 1580 100
4 995 1709 0.47 99.44 0.09
5 1118 1763 99.88 0.12
6 1264 1930 1.14 98.65 0.17

02 0 1217 1779 100
2 1276 1876 99.87 0.13
4 1411 2024 99.43 0.56 0.01
6 1617 2277 98.75 1.24 0.01

03 0 1422 2883 100
2 1493 2966 99.68 0.32
4 1656 3058 96.45 0.62 2.93
6 1903 3220 94.02 4.41 1.48

22 2 1848 3069 0.41 99.59
3 1915 3103 100
4 2002 3249 2.12 96.06 1.79
5 2109 3356 98.03 1.97

41 4 2056 3038 2.60 1.58 95.82
5 2170 3143 1.84 98.16
6 2307 3300 2.35 2.22 95.33

aReferences@13,23#.

TABLE II. Absolute moments in168Er.

Quantity Expt.a DPPQ DDMb IBM-1c

Q(21) (eb) 22.18~2! 22.18 22.17 22.19

Q(4g) 22.2~10! 22.75 22.75 22.77
Q(2g) 2.25~23! 2.16 2.12 2.05
Q(2b) 2.14~14!d 22.14 22.21 21.94
Q(209) 22.14 21.90
Q(2bg) 1.97

Zero point energy 2.64
b0 at Vmin 0.33

m (2g) ~n.m.! 0.642~12! 0.80 0.63
m (2g) 0.72 ~14! 0.97

aReference@23#.
bReference@14#.
cPresent work.
dReference@27#.
04430
.0.

But the orders of the spins are correctly given in Table I. T
anharmonicity required for higher-lying multiphonon ban
is not achieved with our prolate minimum and the dynam
involved. The calculatedK components given in percent a
low band grouping of these collective levels. Since the168Er
nucleus is well deformed (b050.33), K mixing is rather
small in all six bands here, althoughK mixing increases to-
ward the higher-lying bands. AtX0565, theK mixing in the
b8 and bg bands increases up to 30% compared to onl
few percent at the higherX0 adopted here. A further confir
mation of the levels of the same band is available in the la
intraband transitions. This criterion can also be used for b
identification in IBM besides the energy considerations.
our IBM-1 calculation, a close fit to level energies is o
tained here but theKp541 band lies low as also in@11#. In
fact, our IBM parameters are close to those of Ref.@11#.

The calculatedb rms, g rms values~not shown! are in close
agreement with the DDM values@14#. But DDM predicts
greaterK admixtures in some states, more specifically foI
>4 states. This trend is obtained in the DPPQ model
smaller values of the quadrupole strength parameterX0, as
stated above. This in fact may be the situation in DDM@14#,
where no parameter adjustment was done, and which
considered the weak point of DDM in@2#. Bohr and Mottel-

TABLE III. Absolute moments~in e2b2) in 168Er. The states
23 ,24, are indicated by 2b and 209, respectively, and 2552bg here.

Quantity Expt.a DPPQ DDMb IBM-1c

B(E2;0g-2g) 5.90 ~6! 5.80 5.73 5.90
B(E2;0g-2g) 0.132~4! 0.159 0.141 0.130
B(E2;0g-2b) ,0.02d 0.043 0.032e 0.0035
B(E2;0g-209) 0.005 ,0.0025f 231025 e 231024

B(E2;0g-2bg) 1.231025

B(E2;2-0) 1.18 1.16 1.15 1.18
B(E2;4-2) 1.60g 1.66 1.66 1.67
B(E2;6-4) 1.84 1.83 1.81

B(E2;0b-2g) 0.002f 0.073 0.004
B(E2;0b-2g) 0.017d,f 0.032h 0.29 0.095
B(E2;2g-2b) 0.033~15!i 0.003 0.053 0.025
B(E2;2g-2g) 0.05~1!i 0.053 0.040
B(E2;2b-2g) 0.003i 0.016 0.001
B(E2;2b-4g) 0.012i 0.020 0.0023
B(E2;2b-0b) 1.14 0.93

aReference@23#.
bReference@14#.
cPresent work.
dReference@1#.
eIn @14# these refer to 2b5209 and 2gg5208 , respectively.
fReference@27#.
gReference@24#.
hThe values calculated in SCCM,sdg-IBM, and ~MPM! are 0.032,
0.047, and 0.003, respectively~see@27#!.
iReference@28#.
8-3
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son @25# in a macroscopic analysis demonstrated throu
Mikhailov plots the small band mixing with M2
5(0.021 and 0.013)M1 indicating smallK admixtures ing
andb bands.

Next we report the static electric quadrupole and magn
dipole moments in Table II and compare with IBM-1 an
DDM values. The negative quadrupole moments of the1

state ing, b, andKp5035b8 bands and the positive one
for the Kp521 bands are given correctly in sign and ma
nitude. The static moments~electric quadrupole and mag
netic dipole! of various states obtained in the DPPQ mod
compare well with DDM values. Similar values are al
noted in IBM-1, where the charge parametere0 andx of the
quadrupole operator are freely adjusted. As stated earlier
input parameters in the DPPQ model have a minor ef
here. The same is true for IBM. The small variation ofQ(I
5K) is consistent with rotational structure analysis of the
bands in@25# and near-constancy of coefficient ‘‘A’’ in the
first term of the BM expansion for level energies.

Some important absoluteB(E2) values are given in Table
III. The E2 excitation probabilities from the ground stat
01

1 to the various excited 21 states decrease progressive
from 21 to 25. Our values compare well with experiment an
DDM @14#. The larger 2g-0g E2 transition strength com
pared to the weaker~by a factor of 5! from 208 to ground
state is well given in the DPPQ model and DDM. The lat
value is, however, somewhat larger than experiment.
IBM-1, the 208–0g value is ten times weaker~for the e50
set!. This is alsox-parameter-value-dependent in IBM-1
pointed out in Sec. IV. Castenet al. @26# noted that the

TABLE IV. Comparison of experimental and theoreticalB~E2!
branching ratios from the states ofKp521

1 g band in 168Er.

Transition RelativeB(E2;I i→I f)
I i I f /I f Expt.a DPPQ IBMa IBMb IBMc

21 0g/2g 0.54~10! 0.60 0.66 0.54 0.66
4g/2g 0.068~10! 0.063 0.060 0.076 0.058
0b/0g 0.12d 0.20 0.73

31 2g/4g 1.53~20! 1.82 2.08 1.44 2.12
2g/2g 0.026~10! 0.028 0.027 0.026 0.022
4g/2g 0.017~5! 0.016 0.013 0.018 0.010

41 2g/4g 0.20~4! 0.19 0.30 0.18 0.30
6g/4g 0.14~3! 0.08 0.12 0.14 0.12
2g/2g 0.016~3! 0.019 0.025 0.015 0.023

51 4g/6g 0.80~16! 1.1 1.39 0.80 1.37
4g/4g 0.024~5! 0.04 0.043 0.037 0.3

61 4g/6g 0.12~6! 0.13 0.23 0.09 0.25
4g/4g 0.004~2! 0.006 0.010 0.0044 0.009

aReference@11#.
bUsing consistentQ parametrization@8,32#.
cPresent work.
dReferences@1,23#, derived fromB(E2;0b-2g)/B(E2;0g-2g).
04430
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IBM-1 values of 0.005 to 0.02 for the inverse rat
B(E2;0g-2b/2g) are in fact smaller than the empirical value
in this region. In DPPQ model the weakerb-g strength
comes from theb-g space structure of the mainK50 and
two vectors wherein theK502 vector has a node near th
middle of the b50 –0.5 space~illustrated for 156Gd in
@17~b!#!.

The intrabandB(E2) values in the ground band increa
with spin that are reproduced in the three models. T
B(E2;0b-2g) DPPQ value is almost equal toB(E2;0g-2b)
and larger than the IBM-1 value. The recently measu
value in Coulomb excitation work by the COULEX tech
nique @27# is only 0.002, while the value from the lifetim
measured by the GRID technique is 0.011~range 0.002–
0.030! e2b2 @28#. The absoluteB(E2;0b-2g) was derived by
Guntheret al. @1# that agrees with the recent value in@27#.
The DPPQ value agrees with this within a factor of 2. T
DDM value of 0.29 forB(E2,0gg-2g) does not match with
this but comes closer to ourB(E2;03-2g) value of 0.15. The
IBM-1 value is 4–5 times larger. Note that in both IBM-
and DPPQ models, theb-g strength is affected only slightly
by parametrization. The value calculated in the se

TABLE V. B(E2) branching ratios for transitions fromKp

502 b band in 168Er.

I i I f /I f Expt.a DPPQ IBMa BMb IBMc

0b 2g/2g ,5.1 0.44 18 24

1217 keV 56~9!d 125e

2b 0g/2g 0.72~13! 0.54 0.64
1276 keV 0g/4g 0.25~2! 0.42 0.31 0.2 0.30

2g/4g 2.9~7! 0.12 7.5 2.7 10.8
2g/3g 0.83~32! 0.13 0.53 2.25 2.65
0g/0b 531025 0.007 0.001 0.0002 0.001

4b 2g/2g 0.67~19! 33 2.2 0.2 1.56
1411 keV 6g/2b 0.0011~2! 0.011 0.0023 0.0011 0.002

6g/2g 3.6~10! 36 4.6 1.1 4.03
2g/3g 0.081~27! 0.61 0.063 0.15 0.25
2g/4g 0.053~17! 1.3 0.018 0.048 0.019
2g/5g 0.13~6! 0.03 0.16 0.29
3g/5g 1.6~8! 0.05 1.15

6b 6g/4g 6.8~11! 0.43 1.2
1517 keV 4g/4g 5.6~14! 0.01 1.2 12.7 1.6

4g/4b 0.0011~3! 0.0001 0.0009 0.005 0.0009
4g/4b 0.0002~1! 0.007 0.0007 0.0004 0.0006
4g/5g 0.34~8! 0.003 0.36 1.4
4g/6g 0.12~3! 0.1 0.045 2.7 0.045
5g/6g 0.34~8! 3 0.36 7.5 0.03

aReferences@11,23#.
bReferece@11#: relative values.
cPresent work.
dReference@2#, in Ref. @27# remeasured value is 6.9~14!.
eReference@2# ~read from their graph!.
8-4
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consistent collective coordinate method~SCCM! @29#, and
sdg-IBM @30# are consistent with our value. But the MPM
~multi-phonon method! @31# value is rather low by a factor o
5 ~Table III!. This value also affects theB(E2;2g-0b/2g)
ratio ~see below and Table IV!.

TheB(E2;2g-2g)/B(E2;2b-2g) ratio of 36 insd-IBM is
rather large compared to 3.3 in DPPQ and 7.3 in GGM@21#.
The absoluteB(E2;2b-2g) value from lifetime data@28# lies
in between the DPPQ and IBM values. TheB(E2;2b-4g)
agrees better with DPPQ, the IBM value is smaller by
factor of 5.

To get a more elegant view of the behavior of absol
values, following@25#, we did the Mikhailov plot analysis
for g-g, b-g, and b-g transitions in which one plots
B(E2)1/2/CGC versusD5I f(I f11)-I i(I i11). For g-g, the
intrinsic matrix elementM1 and band-mixing coefficientM2

from DPPQB(E2) values agree with experiment@25#, but
for b-g the M1 value is larger by a factor of 4–5. In th
phenomenologicalsdg-IBM, Yoshinaga et al. @30# varied
four coefficients in theE2 transition operator~besides the six
in HIBM) to fit to M1 values in the three plots. TheirM2
values forg-g and b-g are larger by a factor of 2 and 3
respectively. Thesd-IBM M2 values@11# are smaller. Note
that we make no fits toM1 values in theE2 operator. Also,
b-g values are sensitive to parametrization. This explains
deviations in the three models in the table for the abso
values.

In Tables IV–VIII we compare the intraband and inte
bandB(E2) branching ratios from the five excited bands
168Er. In Table IV for theg band, the DPPQ model yield
several values that give improved agreement over the IBM
values@11#. In consistentQ formalism, one uses the sam
value ofx of the quadrupole operatorQ @see Eq.~4!# both in
the HamiltonianHIBM and theE2 transition operatorT(E2)
and thus fits to the level energies andB(E2) values simul-
taneously. Warner and Casten@32# obtained improvedg-g
B(E2) ratios that are closer to experiment and to the DP
values. The B(E2;2g-0b/0g) ratio derived from
B(E2;2g-0b) in @1# is only 0.12 which is better reproduce
in DPPQ calculation. The IBM value is 5–6 times large
independent of parametrization, and lies within the range
IBM-1 values quoted in@26# for this region.

For theKp502 b band our calculation gives weakerE2
transitions to theg band than to theg band for X0.68
~Table V!. This is different from the DDM and IBM-1 re-
sults. The experimental value forB(E2;0b-2g/2g) is also
uncertain. The value used in@11# is about 5, but the value
derived fromE2 transitions from higher spin members of th
b band in@2# using Alaga rules is rather large. Guntheret al.
@1# have pointed out the inadequacy of this process. In rec
work @27#, this ratio is 6.9~14!. Also in the latter work of@2#,
the IBM-1 value plotted graphically~see Fig. 2 of Ref.@2#! is
much larger. Our IBM value is 24, but foreÞ 0 fit it reduces
to 2.5. Using the Gneuss-Greiner model with a fit to inp
B(E2) data, Seiwertet al. @21# obtained this ratio equal to
three. Since DPPQ value ofB(E2;0b-2g) of 0.032e2b2 is
consistent with the data~Table III!, our B(E2;0b-2g) is
rather large. For lowerX0 value, say, 65.0, theB(E2;0b-2g)
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value exceeds theB(E2;0b-2g) value by a factor of 3. Thus
both in IBM and DPPQ, this predicted ratio is somewh
parameter dependent.

For other intraband or interbandB(E2) ratios, the DPPQ
model values are consistent with those of IBM-1, thou
these are not in as good agreement with experiment as fo
g band. In some transitions, the slight change in the inputX0
or FB value changes theB(E2) value by a large factor. This
may be related to strong band-mixing effects here. Some
our IBM-1 values~last column! differ from @11#.

The I p541 state at 2.030 MeV previously assigned to
Kp541 band@11# is now listed as a member of aKp501

band in@23# and in @13#, hence is ignored here. For theKp

541 band at 2.056 MeV, the dominant decay is to theKp

521 band. The interband relativeB(E2) ratios were de-
duced by using g-ray data @23#. Five of the six
B(E2;I gg-1g8 /I g9) ratios agree with experiment within a fac
tor of 2. Hartlein et al. @27# deduced B(E2;4gg-3g/4g
50.55(10), which is reproduced within the error limits b
our calculation as also in other calculations. For the hinde
direct decay to theg band, the smallB(E2;I gg-2g/2g)
,0.007@27# is supported in our calculation, which is indica
tive of the K purity of the 41 band @27# as also predicted
in DPPQ model~Table I!. Our absoluteB(E2;4gg-2g) of
0.08 is close to the recently determined value
0.060 (11) (52.2 s.p.u.) in the Coulomb excitation work

TABLE VI. The relative B(E2) values for transitions from
Kp541 band in 168Er. The absoluteB(E2) values are ine2b2.

I i I f /I f Expt.a DPPQ Others

41 3g/2g 0.64~18! 0.66 0.56b

2056 keV 2g/2g ,0.005 0.001
2g/4g 2.04~72! 1.86
6g/4g 1.2~7! 0.015
4g/4g ,0.01 0.001
4g/409 0.2

51 3g/4g 1.3~9! 0.63
2169 keV 3g/5g 2.8~50! 1.0

4g/6g 5.0~10! 8.3

41 2g 0.028~14!c 0.08
0.039~9!d

51 3g 0.053~37!c 0.047

(41-2g)/(2g-0g) 1.1~5!c 2.5 1.3e,f

1.47~36!d

aUsing Eg , I g in Refs.@13,23#.
bFrom DDM, MPM, sdg-IBM, SCCM, and harmonic limit~see
@5#!.
cValue from lifetime data@6#.
dValue from Coulomb excitation@5#. Recent absoluteB(E2) value
is 0.060~11! and relativeB(E2) value is 1.9~4! @27#.
eReference@14#.
fQPNM, MPM, sdg-IBM, and SCCM values are 0.73, 0.53, 1.
and 1.9, respectively.
8-5
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So is theB(E2;5gg-3g) value. Also, the deduced value o
1.9~4! in @27# for the much studied ratio R
5B(E2;4gg-2g)/B(E2;2g-0g) that supports thegg charac-
ter of the band is consistent with our calculated value. Thi
also close to the DDM@14# andsdg-IBM @30# values. From
the theoretical work dealing with the anharmonicity ofg
vibration explicitly, e.g., in SCCM@29#, the value of the ratio
R also agrees with the above, but the MPM value@31# is low.
This is in spite of the fact that theirB(E2;2g-0g) value is
also lower than the experiment~with effective chargeen
50.2), so that their absolute value forB(E2;4gg-2g) is
much lower. In the quasiparticle-phonon model~QPNM! of
Solovievet al. @33#, where the 2g strength is strongly frag-
mented, the recalculated value of the ratio is only 0.73.

In Table VII the relativeB(E2) values for transitions
from the Kp522

1 bg band are compared with more rece
experiment @13#. The calculatedB(E2;I bg-I g) values of
the order of 1026e2b2 are rather low and sensitive to th
two input parameters, but theB(E2;I bg-I g8/I g9) ratios
agree with experiment within a factor of 3. The same is t
for B(E2;I bg-I g8 /I g9) ratios. The calculatedB(E2;2bg-2b)
and B(E2;4bg-4b) are about 3 s.p.u. and the large
B(E2;bg-g) is about 1 s.p.u. thus predicting some coupli
of the bg band with b and g bands. The calculated
B(E2;2bg-2b/2g) ratio agrees with experiment. But som
B(E2) ratios involving two different bands for final state
deviate by large factors.

In Table VIII following @11# we express the relative
B(E2) values for the states of theK503 or 09 band relative
to the intraband transition. For the 03 state itself the relative
values are expressed with respect to the transition to thg
band. For the 09 state, both models yield the same dec

TABLE VII. Relative B(E2) values for transitions fromKp

521 bg band in 168Er.

I i I f /I f Expt.a DPPQ

21 0g/2g 0.88 0.3
1848 keV 2g/2g 0.36 1.031024

3g/2g 2.77 0.9
2b/2g 5.0 4.6
209/2g 23.7 0.6

31 4g/2g ,0.20 0.25
1915 keV 2g/2g 0.36 0.003

2g/4g 0.35 0.9

41 2g/4g 0.43 1.2
2002 keV 3g/4g 0.58 3.6

2g/2bg 0.02
2b/2bg ,0.002b 0.02
4b/409 0.25 3.0
4g/4b 0.26 0.01
4g/409 0.064 0.03
4b/2bg 0.014 0.15

aReference@13#.
bAssuming part placement of 726.6-keVg ray at 4bg-2b .
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strength to the 08 band but much smaller than experimen
Decay to theg band is stronger in DPPQ model, yet less th
experiment. For other states, both models predict weaker
cays to theb band, relatively stronger decay to theg band,
and much weaker decay to theg band, as in experiment bu
not to the same order. While theory predicts greater stren
to the g band, experiment indicates more strength to theb
band. This discrepancy does not allow a clearbb or a gg
characterization.

VI. DISCUSSION

In the present semimicroscopic calculation~two param-
eters varied in a narrow range of a few percent!, we obtain
some features of168Er that are the same as in the fully m
croscopic DDM obtained earlier by Kumar@14#. But there
are differences as well, especially regarding theK mixing or
band mixing that was much greater in DDM. Considering t
fact that much less band mixing is generally expected
well-deformed nuclei@25#, our present results may be con
sidered relevant. The reversing of the spin order obtaine
a few cases in@14#, and cited as a deficiency of DDM in Re
@2# is corrected here. However, it is to be noted that in
microscopic calculation where one diagonalizes the Ham
tonian built from regional parameters for each individu

TABLE VIII. Relative B(E2) values for states of theK503

band in 168Er.

I i KI f Expt.a DPPQ IBMa IBMb

01 02 53.8 4.4 0.43 0.45
1422 keV 22 100 100 100 100

082 7375 0.48 0.46 0.9

21 00 0.002 0.044 0.006 0.005
1493 keV 2 0.114 0.008

4 0.025 0.054 0.02 0.02
22 0.035 3.36 2.3 1.9
3 0.05 6.47 4.3 2.4
4 0.05 2.70 2.0 1.7

080 0.175 0.003 0.004 0.009
2 0.175 0.014 0.01 0.02
4 75 0.83 0.03 0.04

090 0 100 100 100

41 02 0.01 0.17 0.005
1656 keV 6 0.34 0.01 0.01

22 0.08 0.03 0.04
3 0.08 1.52 0.58
4 2.70
5 0.48 4.46 2.4
6 0.4 1.40 1.1

082 4.0 0.13 0.002
4 3.0 0.15 0.01

092 100 100 100

aReference@11#.
bPresent work.
8-6
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spin and in the well-deformed nucleus where the level sp
ing is rather small, the accuracy of the scale needed is
achieved, as is possible in a phenomenological model ca
lation where all level energies and even transition rates
used as input data as in@32#.

The energy scale of the band heads remains expanded
in the existing DPPQ method there is no anharmonicity
rameter to adjust to the band head energy explicitly, a
possible in the phonon-phonon interaction based SCCM@29#
and MPM@31# calculations or in quasiparticle-phonon inte
action based QPNM@33#. The problem of the energy scale
partly solved in DDM to yield better one-phonon band-he
energies, where the Nilsson approach with shell correctio
used. We make no attempt to vary the spherical sing
particle energies, which may affect the band head energ
However, the dynamic treatment in the (b-g) space allows a
more generalized treatment of band mixing in both versi
of this model and thus the method is applicable to a w
range of nuclei and for multiband analysis@16–20#.

The smallerK-band mixing also explains the major di
ference in the prediction of theB(E2;02-2g) value in DDM
and DPPQ models here, a result that earlier led Kuma
suggest 02 as Kp501 gg band @14#. The location of the
Kp501 2g phonon band~often not 02) is linked with the
location ofKp541 2g excitation and the suggestion in@2#
of 02 as a 2g phonon state led to increased interest. First,
b-soft nuclei in whichI p5018 and 208

1 lie below 2g have to
be treated differently than in well-deformed nuclei, whe
Kp5018 lies above theKp521 band. In the former,Kp

5018 is oneb-phonon band as discussed in@4#. In 154Gd
using DPPQ model, we analyzed seven multiphonon ba
and obtained results that are consistent with experime
data@17#.

The motivation in Ref.@2# for calling the 08 band as a 2g
phonon band was from the IBM general prediction of re
tively strongerb-g coupling than theb-g coupling and al-
most equal to theg-g coupling. Here it may be noted~see
Sec. IV!, that in the consistent-Q formalism, the relative
b-g/b-g strength is larger than insd-IBM-1 when using the
SU~3! value of x in the Q operator mainly because of th
change in smallb-g strength. Thus the prediction of the rat
is parameter dependent. The largerB(E2;2g-0g) versus
B(E2;2b-0g) is supported in DPPQ and other models. Th
the larger (b-g/b-g) transition ratio is generally supporte
by theory.

In well-deformed nuclei, because of increasedb rigidity,
Kp5018 lies higher and the nucleus prefersg softness so
U
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that theKp521 band lies low. TheKp501, 41 2g bands
are expected below the two quasiparticle states and the
harmonicity ofg vibration pushes the 2g bands to more than
the harmonic value of 2, because of the phonon-phonon
teraction@25#. This anharmonicity was reproduced in macr
scopic calculation@34# and more recently in the microscop
treatment ofg vibration @35#. In MPM @31# where the two-
phonon interaction was treated in TDA by using an eig
phonon basis, and in SCCM@29# by using RPA phonons
with mode-mode phonon interaction, the anharmonicity
theg vibration was obtained through variation of interactio
strengths. TheKp501 2g phonon band is predicted to li
still higher in general for well-deformed nuclei includin
168Er @29–31#. But as illustrated in Table VI, the ratioR
5B(E2;4gg-2g)/B(E2;2g-0g) is low in MPM and the
B(E2;2g-0g) value is much lower. In QPNM where th
g-vibration strength is fragmented over several states,
ground state to 2g and to 2b E2 strengths are well repro
duced by treating the former as collective and latter as n
collective, but the value ofR is low. TheB(E2) ratio R is
reasonably reproduced in SCCM@29#, and DDM @14#, as in
DPPQ method. Note the upward revision of theR value in
the recent Coulomb excitation work@27#.

Our analysis of the relative interband transition rates fr
the Kp541 band, itsK purity and absoluteB(E2,4gg-2g)
supports the 2g phonon character of the band in agreeme
with the above-cited experimental and theoretical works. T
absolute transition probability of the 2081 state to theg band
as deduced by Lehmannet al. @28# is supported in our work,
but this may be related to band mixing effects as pointed
in @1#. For the 09 band the decay patterns tog, g, andb band
are not well reproduced in either model as discussed ab
hence no conclusion is drawn either on its collectivity or t
phonon character. Thus, in spite of some structural defic
cies in the DPPQ method, its wide application has been
hibited here. We have also given more detailed results fr
IBM-1 and discussed its common points with DPPQ and
differences.
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