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Noncentral interactions in inelastic scattering of nucleons on nuclei:
The case of12C„p,p8…12C* „1¿
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An irreducible tensor formalism to analyze inelastic scattering of nucleons on nuclei with arbitrary spins is
outlined and the nature of noncentral interactions involved therein is studied. In the particular case of inelastic
scattering of nucleons on12C leading to the (11) excited state at 15.11 MeV, the relative importance of vector
and tensor amplitudes is examined using theDW81 andDREX codes.
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I. INTRODUCTION

The primary motivation behind experimental studies
proton-nucleus and meson-nucleus collisions was, to s
with, to study the hadronic structure of nuclei in contrast
the information derived from electron-scattering studies
their electromagnetic structure. As pointed out by Hoffma
in the historical survey at the LAMPF workshop@1#: ‘‘The
pioneering cross-section measurements suggested tha
pre-existing non-relativistic microscopic theories were a
equate to describe the data and that the data could be
lyzed to obtain the details of the underlying structure. B
when high quality cross-section and analyzing power d
were obtained with the intention of using it to deduce n
nuclear structure information, systematic discrepancies
faced. Experiment then turned to providing data which fu
tested the theories, and the systematic disagreement bet
these data and theoretical predictions led to a questionin
the fundamental validity of the NR theories themselves
The advent of the Dirac optical model and relativistic im
pulse approximation remedied the situation to some ex
but the successes reported prompted Negele at the s
workshop@2# to remark, ‘‘There is no clear evidence yet
to whether or not these models do the right deed for
wrong reasons.’’

This assessment highlights the need for developing
malisms through which inelastic scattering of nucleons
nuclei can be analyzed in a model-independent way. In p
ticular, Piekarewicz, Amado, and Sparrow@3# have ex-
pressed the scattering matrix for inelastic scattering of p
tons on12C leading to the 11 excited state at 15.11 MeV in
the form

M5An0~S•n̂!1Ann~S•n̂!~s•n̂!1AKK~S•K̂ !~s•K̂ !

1AKq~S•K̂ !~s•q̂!1AqK~S•q̂!~s•K̂ !

1Aqq~S•q̂!~s•q̂!, ~1.1!
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where

n̂5
pi3pf

upi3pf u
; K̂5

pi1pf

upi1pf u
; q̂5n̂3K̂ ~1.2!

to provide an orthogonal coordinate system withpi and pf
being incident and outgoing c.m. momenta,s denote the
Pauli spin matrices of the nucleon, and

SM[u11M &^01u ~1.3!

connects the excited nuclear state to the ground state.
This approach is similar to the well-known discussion

the more basicNN scattering in terms of the five Wolfen
stein amplitudes@4#. These amplitudes are in turn expressib
in terms of the phase shifts and mixing parameters associ
with partial waves@5#. They can also be discussed in term
of effective potentials@6# representing central as well as no
central interactions. Likewise, the role of noncentral inter
tions in the case of elastic scattering of particles with ar
trary spins on spin-zero targets was discussed by John
@7#, by expressing the scattering matrix in terms of irredu
ible tensorstq

k(S) of rank k constructed out of the spin op
erators,S. This was generalized more recently@8# to the
discussion of noncentral interactions in the case of ela
scattering of particles where both projectiles and targets h
arbitrary spinss1 ands2, using the irreducible tensor forma
ism developed earlier@9# for hadron scattering and reaction
with arbitrary spins.

The purpose of this paper is to fully develop the mod
independent approach, to inelastic scattering of nucleons
nuclei, considering in general nuclear transitionsJi

p i→Jf
p f ,

expressing the amplitudes in terms of partial waves and id
tifying the nature of noncentral interactions involved. T
case of12C(p,p8)12C* (11) is then utilized for purposes o
illustration and the relative importance of vector and ten
amplitudes is discussed in comparison with experiment. T
example is particularly interesting since the isovector 11 ex-
cited state at 15.11 MeV is ag emitter. Piekarewicz, Rost
©2001 The American Physical Society04-1
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and Shepard@10# point out that there are 8J13 independent
quantities to determine in the case of a parity conservin
→J transition and the singles (p,p8) observables are them
selves inadequate to perform the empirical reconstructio
the scattering matrix, except whenJ50. They say ‘‘coinci-
dence measurements may then provide the only prac
way to completely determine the scattering amplitude a
therefore isolate those quantities that are particularly se
tive to differences between various theoretical model
Even after leaving out photon polarization, which is difficu
to measure at this energy, one can find@11,12# many sets of
coincidence observables to complement the singles (p,p8)
measurements and the coincidence cross section. Wellset al.
@13#, who have reported simultaneous measurements

(pW ,pW 8) and (pW ,p8g) coincidence observables at 200 Me
point out that12C(p,p8)12C* (11) has been found to be a
excellent candidate from the experimental point of vie
since it has a large enough branching ratio to the ground s
and its excitation energy is sufficiently high to make eve
of interest easy to identify in a photon spectrum. Based
the data obtained in@13#, Wells and Wissink@14# have re-
cently made a model-independent determination of the c
plete scattering amplitude for the 15.11 MeV, 11 state of
12C following @10–12#. The relevance of observables bas
on photon polarization have also been discussed theoreti
@15#, which would come in handy, when the appropria
techniques are developed. In fact, Wellset al. @13# say, ‘‘Un-
derstanding the behavior of the 15.11 MeV state in12C has
therefore often been viewed as a critical test of our model
the nucleon-nucleus~NA! interactions.’’

The plan of the paper is as follows. In Sec. II, we outli
the irreducible tensor formalism for inelastic scattering
nucleons on nuclei involving nuclear transitions from an i
tial state with spin-parityJi

p i , isospinI i , and its projection

n i to a final excited state with spin-parityJf
p f , isospin I f ,

and its projectionn f . Explicit partial wave expansions ar
obtained for the irreducible tensor amplitudes. Matrix e
ments in spin space are discussed in terms of these am
tudes with reference to several well-known coordinate s
tems. In Sec. III, we identify the rich variety of noncentr
interactions. In Sec. IV, we consider the important particu
case of 12C(p,p8)12C* (11) and illustrate the results usin
the well-known computer codesDW81 and DREX, based, re-
spectively, on the nonrelativistic distorted wave impulse
proximation @16# and its relativistic counterpart, taking ex
plicit knock on exchange terms into consideration@17#.
Summary and conclusions are presented in Sec. V.

II. FORMALISM

We consider, in general, the inelastic scattering of nuc
ons on a nucleus with initial spin-parityJi

p i , isospinI i , and
its projectionn i leading to a final excited state with spin
parity Jf

p f , isospinI f , and its projectionn f . Conservation of
isospin implies that the on-energy-shell transition matrixT
for this process is given by
03460
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T5(
I

C~ I f
1
2 I ;n fn8n I !T

IC~ I i
1
2 I ;n inn I ! ~2.1!

in terms of the transition matricesTI , characterized by chan
nel isospin,I. The Clebsch-Gordon coefficients are denot
by C @18#. The isospin projections for the projectile and sc
tered nucleons are denoted byn and n8, respectively. The
matrix,M in spin space for the inelastic scattering may th
be defined in terms ofT given by Eq.~2.1! through

^ 1
2 m8Jfmf uMu 1

2 mJimi&

5A2pD

v
^ 1

2 m8Jfmf ;pf uTupi ; 1
2 mJimi&,

~2.2!

wherepf and pi are the final and initial c.m. momenta, re
spectively. The density of final states and the magnitude
the relative velocity in the initial state are denoted byD and
v, respectively. Introducing channel spinssi andsf , the ma-
trix elements may be expressed@19,7–9# in the form

^sfm f ;pf uTupi ;sim i&

5 (
l f ,l i , j ,k

~21! l i1si1 l f2 jW~si l isf l f ; jk !@ j #2@k#

3@sf #
21Tl fsf ; l i si

j C~siksf ;m iqm f !~21!q
„Yl f

~ p̂f !

^ Yl i
~ p̂i !…2q

k , ~2.3!

where the notations are same as in@8,9# andTl fsf ; l i si

j are the

partial wave amplitudes @20#. Defining Ml fsf ; l i si

j

5A(2pD/v)Tl fsf ; l i si

j and noting thatusfm f& transforms un-

der rotations like an irreducible tensorKm f

sf of ranksf ; while

^sim i u does so like (i )2m iB
2m i

si , an irreducible tensor of rank

si @21#, we now expressM in the form

M5 (
sf ,si ,k

@S k~sf ,si !•Mk~sf ,si !#, ~2.4!

where

S q
k~sf ,si !5~ i !2si@sf #~Ksf ^ Bsi !q

k ~2.5!

connects the spin spaces ofsi andsf and

Mq
k~sf ,si !5 (

l f ,l i , j
~21! l i1si1 l f2 jW~si l isf l f ; jk !

3Ml fsf ; l i si

j @ j #2@sf #
21

„Yl f
~ p̂f ! ^ Yl i

~ p̂i !…q
k .

~2.6!

Defining spin operators,
4-2
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s0
051; s0

15sz ; s61
1 57

1

A2
~sx6 isy! ~2.7!

for the nucleons andS q
k(Jf ,Ji) for the nuclear excitation on

the same lines as in Eq.~2.5!, we may express the spin ten
sors of Eq.~2.4! in terms ofsq1

k1 andS q2

k2(Jf ,Ji), so that we

arrive at the general form for the spin structure ofM as

M5 (
k1 ,k2 ,k

@„sk1^ S k2~Jf ,Ji !…
k
•T k~k1 ,k2!#, ~2.8!

for inelastic scattering of nucleons on a nuclear target w
arbitrary spinJi leading to an excited state with spinJf . The
irreducible tensor amplitudesT q

k(k1 ,k2) are made explicit
through

T q
k~k1 ,k2!5

1

A2
(

l i ,l f ,si ,sf , j
~21! l i1 l f2 j 1siW~si l isf l f ; jk !

3@ j #2H 1
2 Jf sf

1
2 Ji si

k1 k2 k
J @sf #@si #@k1#@k2#

@Jf #

3Ml fsf ; l i si

j
„Yl f

~ p̂f ! ^ Yl i
~ p̂i !…q

k , ~2.9!

where Ml fsf ; l i si

j contain completely the dependence on e

ergy, while„Yl f
(p̂f) ^ Yl i

(p̂i)…q
k decide completely the angu

lar dependence.
The elegant structure of Eq.~2.8!, with each of its terms

being a scalar product of two irreducible tensors, dem
strates explicitly the rotational invariance. The summat
over l i ,l f in Eqs.~2.6! and ~2.9! needs to be limited to

~21! l fp f5~21! l ip i ~2.10!

due to parity conservation. Clearly Eq.~2.8! provides a natu-
ral generalization of Eq.~1.1! for arbitrary nuclear spin tran
sitionsJf

p f←Ji
p i . WhenJi50,Jf51, it is also clear thatk2

can take only one valuek251 and the operator given by Eq
~1.3! is identical to (1/A3)S q

1(1,0) with q5M . We can
readily establish a connection between the amplitudes in
~1.1! and our irreducible tensor amplitudesT q

k(k1,1) as will
be shown in Sec. IV. Moreover, we have a bonus here in
Eq. ~2.9! provides the partial wave expansions for the amp
tudes.

In general, the angular dependence ofT q
k can be made

more explicit by choosing a convenient coordinate system
we choose traditionally thez axis parallel to the beam, i.e
alongpi and they axis alongpi3pf so thatz-x is the scat-
tering plane~we shall refer to this frame as the convention
frame, CF!, we note that

Yl imi
~ p̂i !5dmi0

~4p!21/2@ l i # ~2.11!

so that
03460
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„Yl f
~ p̂f ! ^ Yl i

~ p̂i !…q
k5~4p!21/2C~ l f l ik;q0q!@ l i #Yl fq

~u,0!.
~2.12!

Consequently, in the CF,

T 2q
k ~k1 ,k2!5~21!k2qT q

k~k1 ,k2!p fp i . ~2.13!

On the other hand, if the quantization axis orz axis is
chosen parallel topi3pf and thex axis is chosen parallel to
pi ~which we shall refer to as the transverse frame, TF!, we
have

Yl fmf
~ p̂f !5Yl fmfS p

2
,u D ; Yl imi

~ p̂i !5Yl imiS p

2
,0D .

~2.14!

Using the parity constraint Eq.~2.10! and noting@22# that
Ylm(p/2,f)50 for odd (l 2m), we obtain the conditions

T q
k~k1 ,k2!50 for all odd q if p f5p i ~2.15!

and

T q
k~k1 ,k2!50 for all even q if 5 p f52p i ,

~2.16!

in TF. A further constraint is obtained in the case of forwa
scattering (u50), necessitatingk to be even when condition
~2.15! is satisfied and odd when Eq.~2.16! holds. This fact
can be of considerable significance in the analysis
forward-scattering data.

The irreducible tensor amplitudesT q
k(k1 ,k2) in any frame

~AF! may be expressed in terms ofT q
k(k1 ,k2) in some stan-

dard frames~SF!, say CF or TF using the standard rotatio
matricesDq8q

k (a,b,g) with the appropriate choice of the Eu
ler angles (a,b,g). In particular,T q

k(k1 ,k2)TF can be ex-
pressed in terms of T q

k(k1 ,k2)CF with (a,b,g)
5(p/2,p/2,p).

Further, from Eq.~2.4!, the matrix elements ofM be-
tween initial- and final-channel spin states are readily giv
by

Mm fm i
5^sfm f uMusim i&

5A2pD

v (
k

@k#~21!qC~siksf ,m iqm f !T2q
k ~sf ,si !.

~2.17!

The magnetic quantum numbersm f5m81mf and m i5m
1mi in Eq. ~2.17! are all measured with respect to the sam
z axis or quantization axis. Choosing the TF, i.e., thez axis
parallel to pi3pf , the constraints~2.15! and ~2.16! imply
that the matrix elements satisfy

Mm fm i
5h~21!qMm fm i

, ~2.18!

where h5p fp i and q5m f2m i . This result, known to be
valid in the so-called transversity frame@23,24# is usually
derived by first of all establishing the symmetry constrai
due to parity conservation on the helicity amplitudes f
4-3
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TABLE I. Euler angles affecting transformation from the transverse frame to the helicity and transv
frames.

Frame (a1 ,b1 ,g1) (a2 ,b2 ,g2) (a3 ,b3 ,g3) (a4 ,b4 ,g4)

Helicity @25# S0,
p

2
,
p

2 D S 0,2
p

2
,
p

2 D S u,
p

2
,
p

2 D S u,2
p

2
,
p

2 D
Transversity@23# S p

2
,0,0D S 2

p

2
,2p,0D S p

2
1u,0,0D S 2

p

2
,2p,2u D

Transversity@24# ~0,0,0! (p,0,0) (u,0,0) (p1u,0,0)
E
-

o
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lowed by Lorentz transformations~or boosts! and rotations
in three dimensions. The elegant derivation given here of
~2.18! following @9# shows that it is enough if the quantiza
tion axis is chosen parallel topi3pf . Any further rotation
with respect to thez axis adds only a phase and does n
change the above conclusion that have the effect of redu
the number of amplitudes from 4(2Ji11)(2Jf11) to
2(2Ji11)(2Jf11) linearly independent, nonzero amp
tudes. Also, the matrix elements ofM with respect to the
nucleon- and nuclear-spin projections along a commonz axis
of quantization say, in TF, are readily obtained through

Mm8mf ,mmi
5^ 1

2 m8Jfmf uMu 1
2 mJimi&

5 (
sf ,si

C~ 1
2 Jfsf ;m8mfm f !

3C~ 1
2 Jisi ;mmim i !Mm fm i

. ~2.19!

Having identified the nonzero matrix elements in the TF,
matrix elements in any other frame~AF! can be obtained
through

Mm8mf ,mmi
~AF!

5 (
m-,mf8 ,m9,mi8

Dm-m8
(1/2)* ~a3 ,b3 ,g3!

3D
m

f8mf

Jf* ~a4 ,b4 ,g4!Dm9m
(1/2)

~a1 ,b1 ,g1!

3D
m

i8mi

Ji ~a2 ,b2 ,g2!Mm-m
f8 ,m9m

i8
~TF! ~2.20!

as linear combinations of the elements in TF. Thus the nu
ber of linearly independent amplitudes remain the same
any frame. The Euler angles for transformation from the
to some of the well-known frames are as in Table I.

III. NONCENTRAL INTERACTIONS

The nature of noncentral interactions in elastic scatter
of particles with arbitrary spinss1 ands2 was investigated in
@8# by introducing projection-cum-spin-orbit flip operator
03460
q.
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Ss1 ,s2
~ l fsf ; j ; l isi !5 (

k150

2s1

(
k250

2s2

(
k

Gk1k2k~ l fsf ; j ; l isi !

3@S k~ l f ,l i !•t (k1k2)k~S1 ,S2!#, ~3.1!

where

tq
(k1k2)k

~S1 ,S2!5„tk1~S1! ^ tk2~S2!…q
k ~3.2!

and the geometrical factors are explicitly given by

Gk1k2k~ l fsf ; j ; l isi !5~21! l f2sf2 j
@ j #2@si #@sf #

@ l f #@s1#@s2#

3W~ l i l fsisf ;k j !~21!k11k21k@k1#@k2#

3H s1 s2 si

s1 s2 sf

k1 k2 k
J , ~3.3!

so thatM could be expressed in the form

M5 (
l f ,sf , j ,l i ,si

M l f sf ; l i si

j Ss1 ,s2
~ l fsf ; j ; l isi !. ~3.4!

Comparison of Eq.~2.8! with Eq. ~3.4! reveals that they are
very much similar and we can in general define the effect
interaction in the case of inelastic scattering through

^r f uVeffur i&5 (
k1 ,k2 ,k

„sk1^ S k2~Jf ,Ji !…
k
•^r f uV(k1k2)kur i&,

~3.5!

where

^r f uVq
(k1k2)kur i&5 (

l f ,sf , j ,l i ,si

Gk1k2k~ l fsf ; j ; l isi !

3^r f uVl fsf ; l i si

j ur i&^ r̂ f uS q
k~ l f ,l i !u r̂ i&.

~3.6!

Since pfÞpi in the case of inelastic scattering, the rad
nonlocal terms in Eq.~3.6! are given by
4-4
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^r f uVl fsf ; l i si

j ur i&5
2

p
~ i ! l f2 l iE dE E2pf pi j l f

~pr f !

3M l f sf ; l i si

j j l i
~pri ! ~3.7!

following @25,26#, wherej l denote spherical Bessel function
and the integration is with respect to the c.m. energyE, in
terms of whichpf andpi are readily known. In general,

^ r̂ f uS q
k~ l f ,l i !u r̂ i&5~21! l i@ l f #~Yl f

~ r̂ f ! ^ Yl i
~ r̂ i !!q

k ~3.8!

for diagonal (l f5 l i) as well as off-diagonal (l fÞ l i) terms.
For l i5 l f5 l one can identify

S q
k~ l ,l !5tq

k~L !, ~3.9!

where L denotes the orbital-angular momentum opera
For example, in the case ofNN scattering the choice fork
52 leads to the well-known tensor interaction, whereas
~3.9! leads to a spin-orbit tensor force.

Thus the termk15k25k50 in Eq.~3.5! defines the spin-
independent central interaction, while terms withk15k2 but
kÞ0 lead to spin-dependent central interactions. All the r
of the terms correspond to spin-dependent noncentral in
actions and these include spin-orbit interactions when
choice~3.9! is made. Thus, it is interesting to note that t
irreducible tensor amplitudesT q

k(k1 ,k2) readily admit inter-
pretation in terms of a variety of central and noncentral
teractions including spin-orbit interactions, so that the se
tivity of various spin observables to the different forms
interaction can be studied by expressing these observabl
terms of the irreducible tensor amplitudes.

In the particular case of12C(p,p8)12C* (11), the effec-
tive interaction may be expressed in the notation of@3# as

Veff5V1 s•S1V2 S•L1V3~s3S!•L1V4

3„~s^ S!2
•~ r̂ ^ r̂ !2

…1V5„~s^ S!2
•~L ^ L !2

…,

~3.10!

where the first three terms corresponding to (k1 ,k2 ,k) are
(1,1,0),(0,1,1),(1,1,1), respectively; while the last tw
terms correspond to (1,1,2); there is no spin-independ
central interaction, sincek251.

IV. INELASTIC NUCLEON SCATTERING ON 12C

The inelastic scattering of nucleons on12C leading to the
11 excited state is a process of the type1

2 10→ 1
2 11 and

following Sec. II, the scattering matrix is given by

M5 (
k1 ,k

@„sk1^ S 1~1,0!…k•T k~k1,1!#. ~4.1!

Choosing to work in the transverse frame~TF!, the six non-
zero, independent, irreducible tensor amplitudes associ
with the process are presented in Table II, where the c
straint due to parity conservation, Eq.~2.10!, has been ap-
plied. We next establish connection with the work
03460
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Piekarewiczet al. @10# wherein the most general rotation
and parity invariant scattering matrix for (p,p8) processes,
with specific reference to 01→11 transition, has been writ-
ten as in Eq.~1.1! employing the right-handed Cartesian c
ordinate system given by Eq.~1.2! with the quantization axis
chosen alongq̂, and x and y axis alongn̂ and K̂ , respec-
tively, so that p̂i5(p/21u/2,p/2) and p̂f5(p/2
2u/2,p/2). In this frame, which we refer to asnKq, the
irreducible tensor amplitudes satisfy

T 2q
k ~k1 ,k2!nKq5~21!kT q

k~k1 ,k2!nKq . ~4.2!

On using Eq.~4.2!, we note that the process is described
ten nonzero irreducible tensor amplitudes in thenKq frame,
out of which only six are independent. By making a tran
formation from the spherical to the Cartesian coordinates,
express the irreducible tensor amplitudes in thenKq frame
in terms of the Piekarewiczet al. amplitudes of Eq.~1.1!
through

T 0
0~1,1!nKq52

1

3
@Ann1AKK1Aqq#,

T 0
2~1,1!nKq5

A2

3 FAqq2
1

2
~Ann1AKK!G ,

T 1
1~0,1!nKq52T 21

1 ~0,1!nKq52
1

A6
An0 ,

T 1
1~1,1!nKq52T 21

1 ~1,1!nKq52
i

2A3
@AKq2AqK#,

T 21
2 ~1,1!nKq5T 1

2~1,1!nKq52
i

2A3
@AKq1AqK#,

T 22
2 ~1,1!nKq5T 2

2~1,1!nKq5
1

2A3
@Ann2AKK#. ~4.3!

A connection between the irreducible tensor amplitudes
the TF and those of Piekarewiczet al. is easily facilitated by
noting that T q

k(TF)5(q8Dq8q
k (0,p/2,p/22u/2)Tq8

k (nKq),
whereu is the scattering angle. We thus have

An05A3T 0
1~0,1!TF ,

TABLE II. The nonzero irreducible tensor amplitudesT q
k(k1,1)

for 12C(p,p8)12C* (11) in TF.

k1 k q Amplitude

1 0 0 T 0
0(1,1)

0 1 0 T 0
1(0,1)

1 1 0 T 0
1(1,1)

1 2 0 T 0
2(1,1)

1 2 2 T 2
2(1,1)

1 2 22 T 22
2 (1,1)
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Ann5A2T 0
2~1,1!TF2T 0

0~1,1!TF ,

Aqq52H T 0
0~1,1!TF1

1

A2
T 0

2~1,1!TF1A3

2
@e2 iuT 2

2~1,1!TF

1eiuT 22
2 ~1,1!TF#J ,

AKK52H T 0
0~1,1!TF1

1

A2
T 0

2~1,1!TF2A3

2
@e2 iuT 2

2~1,1!TF

1eiuT 22
2 ~1,1!TF#J ,

AKq52 iA3

2
@e2 iuT 2

2~1,1!TF2eiuT 22
2 ~1,1!TF

1A2T 0
1~1,1!TF#,

FIG. 1. Dnn plotted againstuc.m.(deg). The solid line shows the
calculations usingDW81 ~a! andDREX ~b!. The short-dashed~long-
dashed! line shows calculations with tensor~vector! amplitudes set
to zero.
03460
AqK52 iA3

2
@e2 iuT 2

2~1,1!TF2eiuT 22
2 ~1,1!TF

2A2T 0
1~1,1!TF#. ~4.4!

We next express the inelastic nucleon-spin observable
terms of the irreducible tensor amplitudes through

ds

dV
Da,b

5
1

2 (
n50

1

(
n850

1

(
k5un2n8u

(n1n8)

@„Pn~a! ^ Pn8~b!…k•Bk~n,n8!#;

~4.5!

a,b50,x,y,z,

where

FIG. 2. P plotted againstuc.m.(deg). The solid line shows the
calculations usingDW81 ~a! andDREX ~b!. The short-dashed~long-
dashed! line shows calculations with tensor~vector! amplitudes set
to zero.
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BQ
k ~n,n8!53 (

k1 ,k18 ,k,k8
@k#@k8#@k1#@k18#@n#

3@n8#W~k11kk8;kk18!5
1

2

1

2
k1

1

2

1

2
k18

n n8 k
6

3~21!k1n82k
„T k~k1,1! ^ T †k8~k18,1!…Q

k ,

~4.6!

and the irreducible tensors,Pm
n (a) are defined through

Pm
n ~a!5Tr~sasm

n !. ~4.7!

We note that the nonzeroPm
n (a) are

P0
0~0!52; P0

1~z!52; P61
1 ~x!57A2;

P61
1 ~y!52 iA2. ~4.8!

Due to conditions imposed by parity and rotational inva
ance, out of the possible 16 spin transfer observables
eight are nonzero. The spin observables in thenKq and TF
are themselves related through

Dn0[P5Dz0 ,

D0n[Ay5D0z ,

Dnn5Dzz,

DKK5cos2
u

2
Dxx1sin2

u

2
Dyy1

sinu

2
~Dyx1Dxy!,

Dqq5cos2
u

2
Dyy1sin2

u

2
Dxx2

sinu

2
~Dyx1Dxy!,

DKq5cos2
u

2
Dxy2sin2

u

2
Dyx1

sinu

2
~Dyy2Dxx!,

DqK5cos2
u

2
Dyx2sin2

u

2
Dxy1

sinu

2
~Dyy2Dxx!.

~4.9!

The irreducible-tensor formalism outlined above lends
self conveniently to the study of the relative importance
the vector and second-rank tensor amplitudes. We use
DW81 andDREX computer codes that formulate the NA sca
tering in the nonrelativistic and relativistic impulse appro
mation respectively. TheDW81 code uses the elementaryNN
interaction as parameterized by Franey and Love@27# and
distorted waves from an optical potential derived from t
400-MeV data of Joneset al. @28#. The DREX code uses the
NN interaction of Horowitz@29# and distorted waves from
an optical potential using thisNN interaction and a nucleon
density derived from electron scattering. Both codes t
03460
-
ly

-
f
he

e

into consideration the direct1exchange terms and both th
NN interactions@27,29# are fitted to reproduce theNN phase
shift solutions of@30#. The Cohen and Kurath@31# nuclear
structure amplitudes are used in both cases.

A comparison is made of the theoretical estimates for
spin observables with the experimental data reported
Wells et al. @13# for 200-MeV measured at four angles,u
55.5°,8.8°,12.1°, and 16.5°. We next proceed to calcu
the spin observables by~i! setting all the second-ran
irreducible-tensor amplitudes to zero and~ii ! setting all the
vector amplitudes to zero, to facilitate an analysis of t
relative importance of the vector and tensor terms. In
former case, the calculations are represented by short-da
lines and in the latter, by long-dashed lines.

The plots~solid line! for the normal component observ
ables,Dnn ,P, andAy are shown in Figs. 1, 2, and 3. Com
paring the experimental data with calculations based
DW81 and DREX codes, we notice that both the calculatio
account for the measured observables only partially. T
DW81 calculation forDnn provides a closer fit in compariso
with the DREX calculation, while the measuredP andAy are

FIG. 3. Ay plotted againstuc.m.(deg). The solid line shows the
calculations usingDW81 ~a! andDREX ~b!. The short-dashed~long-
dashed! line shows calculations with tensor~vector! amplitudes set
to zero.
4-7
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not satisfactorily described by eitherDREX or DW81. It is
interesting to note that in the absence of vector terms,
calculations forDnn ~Fig. 1! are overestimated. Calculation
with only the scalar and tensor terms compare well with
estimates for theDnn only at forward angles. TheDW81 cal-
culations forP ~Fig. 2! show that the vector amplitudes a
relatively more important than the tensor amplitudes. T
200-MeV DREX calculations demonstrate the same in t
range 0 –8°. Similarly, the importance of vector amplitud
in Ay ~Fig. 3! is quite pronounced. Much attention has be
evinced in accounting for the nonvanishing combinat
P-Ay @32#. In terms of irreducible tensor amplitudes in th
TF, we have,

P2Ay56@ uT 22
2 ~1,1!u22uT 2

2~1,1!u2#

14A3Re@A2T 0
0~1,1!T 0

1* ~1,1!1T 0
2~1,1!T 0

1* ~1,1!#,

~4.10!

which clearly indicates that theP-Ay is sensitive to tenso
amplitudes. This fact is explicitly demonstrated in Fig. 4.

FIG. 4. P-Ay plotted againstuc.m.(deg). The solid line shows
the calculations usingDW81 ~a! and DREX ~b!. The short-dashed
~long-dashed! line shows calculations with tensor~vector! ampli-
tudes set to zero.
03460
e

e

e

s
n

fact calculations with the tensor terms set to zero yi
P-Ay50 in the range under consideration.

Figures 5 and 6 show comparison of experiment w
theory forDl andDs , respectively. The linear combinatio
of in-plane component observables,Dl andDs , are defined
in @13# as

Dl[DL8Lsina1DS8Lcosa,

Ds[DL8Ssina1DS8Scosa, ~4.11!

where a'264° is the angle of~horizontal! spin precision
experienced by the scattered proton flux in the dipole field
K600 spectrometer.L and S stand for the longitudinal and
sideward components and the prime indicates that the fr
of reference of the scattered nucleon is rotated with resp
to that of the incident nucleon byu. In terms of the ampli-
tudes defined by Piekarewiczet al. @10#,

FIG. 5. Dl plotted againstuc.m.(deg). The solid line shows the
calculations usingDW81 ~a! andDREX ~b!. The short-dashed~long-
dashed! line shows calculations with tensor~vector! amplitudes set
to zero.
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DL8L5cos2
u

2
DKK2sin2

u

2
Dqq1

sinu

2
~DqK2DKq!,

DS8S5cos2
u

2
Dqq2sin2

u

2
DKK1

sinu

2
~DqK2DKq!,

DL8S5cos2
u

2
DKq1sin2

u

2
DqK1

sinu

2
~DKK1Dqq!,

DS8S5cos2
u

2
DqK1sin2

u

2
DKq2

sinu

2
~DKK1Dqq!.

~4.12!

The calculations show fairly good fit for these observab
except in the case ofDW81 calculations forDl . The figures
also explicitly demonstrate that the vector amplitudes hav
negligible role to play in the case of in-plane compone
observables, especially at forward angles.

V. SUMMARY AND CONCLUSIONS

We have outlined a model-independent irreducible ten
formalism to discuss inelastic scattering of nucleons on
clei. The formalism is valid at all energies and for arbitra
spin-parity transitionsJi

p i→Jf
p f of the nucleus. The irreduc

ible tensor amplitudes have also been explicitly expresse
terms of the partial wave amplitudes. This facilitates in p
ticular to obtain partial wave expansions for the amplitud
defined by Piekarewicz, Amado, and Sparrow@3# for inelas-
tic scattering of protons on C12 leading to 11 excited state at
15.11 MeV, which has attracted considerable experime
work.

The formalism in terms of irreducible tensors has an
ditional advantage in that it facilitates the discussion of
central and noncentral interactions that come into play
inelastic scattering of nucleons on nuclei. In the particu
case under consideration, there is no spin-independent
tral interaction and the noncentral interactions are limited
second rank. We find that the nonvanishing combinat
P-Ay is highly sensitive to the second-rank tensor amp
tudes. The numerical calculations show that if the tensor
plitudes are set to zero, thenP-Ay is zero in the range unde
consideration.

In view of the general applicability of the formalism, w
advocate empirical analyses of data on inelastic scatterin
nucleons on various nuclei and leading to different exci
states in terms of irreducible tensor amplitudes so that
n
ar

on

. C

03460
s

a
t

r
-

in
-
s

al

-
e
n
r
n-

o
n
-
-

of
d
e

can compare the empirical values so determined with th
deduced from model-dependent codes. This may facili
the change of inputs into the models selectively so as
bring the theoretical estimates closer to experiments.
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FIG. 6. Ds plotted againstuc.m.(deg). The solid line shows the
calculations usingDW81 ~a! andDREX ~b!. The short-dashed~long-
dashed! line shows calculations with tensor~vector! amplitudes set
to zero.
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