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Gamow-Teller transitions at finite temperatures in the extended quasiparticle random
phase approximation

O. Civitarese* and M. Reboiro†
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Gamow-Teller singleb decay transitions (DJ51, Dp50, DTz561), at finite temperatures and between
states of even-even and odd-odd mass nuclei, are calculated in the framework of the extended quasiparticle
random phase approximation. Finite temperature blocking effects and particle-particle interactions are dis-
cussed in connection with the fragmentation of strength. It is shown that the inclusion of scattering terms, both
in the phonons and in the transition operator, is needed to achieve the complete conservation of the transition
strength. The calculations were performed in the mass regionA5106 and for temperatures lower than the
critical valueTc associated to the collapse of the pairing gaps (Tc>0.7 MeV).
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I. INTRODUCTION

Large scale calculations of singleb decay rates are a nec
essary element in astrophysical estimates of electroweak
lar processes@1#. The quasiparticle random phase appro
mation ~QRPA! @2,3# has been used extensively in th
calculation of b2 and b1/EC transition rates for a larg
number of electron~positron! emitters@1#. From the nuclear
structure point of view, the use of the QRPA to calcula
charge-exchange transition rates in stellar conditions
serves some attention. To start with, since the electrow
processes in stellar media, like a supernova, take plac
temperatures of the order of a few hundreds keV, one sho
treat particle and particle-hole states with nontrivial stati
cal occupancies. Thermal blocking effects can modify
pattern of the ground state occupation numbers and at
tively low temperatures particle-particle and hole-hole co
figurations are activated and multiple scattering across
Fermi surface can occur. In consequence, the QRPA form
ism should be extended to accommodate scattering term
finite temperatures. In this work we have adapted the form
ism of @4# to account for charge dependent interactions. T
suitability of the method was demonstrated in a previo
work @5# in dealing with Fermib decay transitions. Anothe
aspect, concerning the calculation of Gamow-Teller~GT!
transitions in the QRPA formalism, is the fragmentation
the strength produced by renormalized particle-particle
hole-hole interactions@6#. The problem discussed in@5# was
addressed, recently, in the context of a schematic mo
space@7#. In spite of the fact that the model assumptions
Refs.@5,7# are different the main conclusion of both works
the same, that is the transition strength is strictly conserve
one and two quasiparticle terms are included in the equa
of motion. In order to continue with the discussion advanc
in @5,7#, and in view of potential applications to astrophysic
we have calculated GT transitions at finite temperatures.
shown in@8,9# the calculation of strength distributions of G
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transitions becomes relevant if information about ene
thresholds of neutrino and electron capture processe
needed, for instance, in the context of the physics of sup
novae@10#. As an example about the use of the formalis
we have taken the case of 01→11 transitions between even
even and odd-odd mass nuclei in theA5106 mass region.
We have used a Hamiltonian consisting of a separable fo
between protons and neutrons and monopole pairing inte
tions. The essentials of the formalism that are needed to
scribe GT transitions are presented in Sec. II. The result
the calculations are discussed in Sec. III. Finally, some c
clusions are drawn in Sec. IV.

II. FORMALISM

The Hamiltonian, which we have adopted for the descr
tion of Jp511 excitations in double-odd mass nuclei, is th
separable one introduced by K’zmin and Soloviev@11#,
namely,

H5(
p j

ep jNp j1(
j

en jNn j2GpSp
†Sp2GnSn

†Sn

12x(
m

b1m
2 ~2 !mb12m

1 22k(
m

P1m
2 ~2 !mP12m

1 ,

~1!

and it containts single-particle energies, monopole pair
terms, and charge-exchange particle-hole and parti
particle ~hole-hole! terms. The corresponding definitions a
the following:

Nq j5(
m

aq jm
† aq jm ,

Sq
†5(

jm
aq jm

† aqjm
† , Sq5~Sq

†!†, q5p,n,

b1m
2 5 (

jm j8m8
^p jmusmun j8m8&ap jm

† an j8m8 ,
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b1m
1 5~2 !m~b12m

2 !†,

P1m
2 5 (

jm j8m8
^p jmusmun j8m8&ap jm

† a
nj 8m8

†
,

P1m
1 5~2 !m~P12m

2 !†, ~2!

and these operators are the number operator, the mono
pair operator, and the charge-exchanging particle-hole
particle-particle operators, respectively. Proton and neu
single-particle orbits, of angular momentumj and projection
m, are denoted by the indexq (q5p for protons andq5n
for neutrons! and aq jm

† is a particle creation operator an
aqjm

†
5(21) j 2maq j2m

† its time reversal. In the BCS repre
sentation@12# we can writeH, of Eq. ~1! as

H5(
n

Ena†
nan1 (

pn,p8n8
r ~pn,p8n8!

3@A†~pn,1m!A~p8n81m!1A†~p8n8,1m!A~pn,1m!#

1(
j j 8

s~pn,p8n8!@A†~pn,1m!A†~p8n8,1m!

1A~p8n81m!A~pn,1m!#1(
j j 8

u~pn,p8n8!

3@B†~pn,1m!B~p8n8,1m!1B†~p8n8,1m!B~pn,1m!#

1(
j j 8

v~pn,p8n8!@B†~pn,1m!B†~p8n8,1m!

1B~p8n8,1m!B~pn,1m!#1(
j j 8

t~pn,p8n8!

3@A†~pn,1m!B~p8n8,1m!1B†~p8n8,1m!A~pn,1m!#

1(
j j 8

w~pn,p8n8!@A†~pn,1m!B†~p8n8,1m!

1B~p8n8,1m!A~pn,1m!#, ~3!

whereEn are the quasiparticle energies and the indexn in-
dicates single-particle states. The transformed operators
coefficients of Eq.~3! are given by

A†~pn,1m!5@ap
†an

†#1m ,

A†~pn,1m!5~21!12mA†~pn,12m!,

B†~pn,1m!5@ap
†a n̄#1m ,

B†~pn,1m!5~21!12mB†~pn,12m!,

r ~pn,p8n8!5x~spnsp8n81s̄pns̄p8n8!

2k~spn
U sp8n8

U
1spn

V sp8n8
V

!,
03432
ole
nd
n

nd

s~pn,p8n8!5x~spns̄p8n81s̄pnsp8n8!

1k~spn
U sp8n8

V
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V sp8n8
U

!,

u~pn,p8n8!5x~spn
U sp8n8

U
1spn

V sp8n8
V

!

2k~spnsp8n81s̄pns̄p8n8!,

v~pn,p8n8!52x~spn
U sp8n8

V
1spn

V sp8n8
U

!

2k~spns̄p8n81s̄pnsp8n8!,

t~pn,p8n8!52x~s̄pnsp8n8
V

2spnsp8n8
U

!

12k~spn
V s̄p8n82spn

U sp8n8!,

w~pn,p8n8!52x~spnsp8n8
V

2s̄pnsp8n8
U

!

12k~spn
V sp8n82spn

U s̄p8n8!, ~4!

and the factors

spn5s~pn!upvn , s̄pn5s~pn!unvp ,

spn
U 5s~pn!upun , spn

V 5s~pn!vnvp , ~5!

are the reduced matrix elements of the spin operator

s~pn!5
^puusuun&

A3
, ~6!

multiplied by the proper proton and neutron occupation f
tors. The creation~annihilation! of quasiparticles is repre
sented by the operatoran

† (an) while un and vn are BCS
occupations factors.

In the standard form of the QRPA method@2,3# the
HamiltonianH is diagonalized in the phonon basis and on
pair creation and pair annihilation operatorsA† and A are
included in the definition of the QRPA phonons. This for
can be generalized to include the operatorsB† andB in the
definition of the phonons, as done in@4#. In the present case
of proton-neutron excitations the extended QRPA phono
written

G†~k,1m!5(
pn

@X~k,pn!A†~pn,1m!2Y~k,pn!A~pn,1m!

1Z~k,pn!B†~pn,1m!2Z̄~k,pn!B~pn,1m!#,

~7!

where the extra terms

Z~k,pn!B†~pn,1m!2Z̄~k,pn!B~pn,1m! ~8!

are added to the conventional definition of the phonon
erator. As shown in Ref.@4# vacuum expectation values ca
be replaced by thermal averages to account for tempera
dependent effects. The thermal QRPA matrix equation
be written
3-2
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S Ã B̃

B̃* Ã*
D 5vS S̃ 0

0 2S̃
D S X̃

Ỹ
D , ~9!

and it doubles the number of dimensions of the stand
QRPA problem. The forward (Ã) and backward (B̃) matri-
ces, the metric matrix (S̃), and the amplitudes (X̃ andỸ) are
defined by

Ã5S A C

E GD ,

B̃5S B D

F H D ,

S̃5S S 0

0 TD ,

X̃5S X

Z D ,

Ỹ5S Y

Z̄
D . ~10!

The above matrices are written

Apn,p8n85^†A~pn,1m!,@H,A†~p8n8,1m!#‡&,

Bpn,p8n852^†A~pn,1m!,@H,A~p8n8,1m!#‡&,

Cpn,p8n85^†A~pn,1m!,@H,B†~p8n8,1m!#‡&,

Dpn,p8n852^†A~pn,1m!,@H,B~p8n8,1m!#‡&,

Epn,p8n85^†B~pn,1m!,@H,A†~p8n8,1m!#‡&,

Fpn,p8n852^†B~pn,1m!,@H,A~p8n8,1m!#‡&,

Gpn,p8n85^†B~pn,1m!,@H,B†~p8n8,1m!#‡&,

Hpn,p8n852^†B~pn,1m!,@H,B~p8n8,1m!#‡&,

Spn,p8n85^@A~pn,1m!,A†~p8n8,1m!#&,

Tpn,p8n85^@B~pn,1m!,B†~p8n8,1m!#&, ~11!

and these matrix elements are obtained after evaluatio
the corresponding commutators and double commutat
leading to the expressions

Apn,p8n85dp,p8dn,n8~12 f n2 f p!~En1Ep!

1r ~pn,p8n8!~12 f n82 f p8!~12 f n2 f p!,

Bpn,p8n85s~pn,p8n8!~12 f n82 f p8!~12 f n2 f p!,

Cpn,p8n85t~pn,p8n8!~ f n82 f p8!~12 f n2 f p!,

Dpn,p8n85w~pn,p8n8!~ f n82 f p8!~12 f n2 f p!,
03432
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Epn,p8n85Cpn,p8n8 ,

Fpn,p8n85Dpn,p8n8 ,

Gpn,p8n85dp,p8dn,n8~ f n2 f p!~Ep2En!

1u~pn,p8n8!~ f n82 f p8!~ f n2 f p!,

Hpn,p8n85v~pn,p8n8!~ f n82 f p8!~ f n2 f p!,

Spn,p8n85dp,p8dn,n8~12 f n2 f p!,

Tpn,p8n85dp,p8dn,n8~ f n2 f p!, ~12!

where f n are thermal occupation factors for single quasip
ticle states

f n5@11expEn /T#21. ~13!

The expectation values that appear in Eq.~11! have been
calculated at finite temperature and the quantityT, of the
quasiparticle occupation factorf n of Eq. ~13!, represents the
nuclear temperature in units of energy.

The normalization condition for the phonons is

^@G~k,1m!,G†~k8,1m8!#&

5dkk8dmm8(
pn

$~ f n2 f p!@Z~k,pn!22Z̄~k,pn!2#

1~12 f n2 f p!@X~k,pn!22Y~k,pn!2#%, ~14!

where the sum runs over proton-neutron two quasipart
configurations. Next, we shall write the transition operat
b6, which are the GT operators, in the quasiparticle ba
The explicit expressions are the following:

b1m
2 5(

pn
@spnA

†~pn,1m!1s̄pnA~pn,1m!

2spn
U B†~pn,1m!1spn

V B~pn,1m!#,

b1m
1 5~21!m~b12m

2 !†. ~15!

By using inversion formulas one can express these tra
tion operators in the QRPA phonon basis. They are writt

b1m
2 5(

k
@akG

†~k,1m!1bkG~k,1m!#,

b1m
1 5~21!m~b12m

2 !†, ~16!

where the amplitudesak andbk ,

ak5^@G~k,1m!,b1m
2 #&,

bk5^@b1m
2 ,G†~k,1m!#&, ~17!

represent the thermal expectation values of the commut
of the transition operators with the QRPA phonons. They c
also be expressed in terms of the quasiparticle pair and s
tering amplitudes of the QRPA phonons,
3-3
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ak5ak
pair1ak

scatt,

bk5bk
pair1bk

scatt, ~18!

where

ak
pair5(

pn
@spnX~k,pn!1s̄pnY~k,pn!#~12 f n2 f p!,

ak
scatt5(

pn
@spn

V Z̄~k,pn!2spn
U Z~k,pn!#~ f n2 f p!,

bk
pair5(

pn
@spnY~k,pn!1s̄pnX~k,pn!#~12 f n2 f p!,

bk
scatt5(

pn
@spn

V Z~k,pn!2spn
U Z̄~k,pn!#~ f n2 f p!.

~19!

The transition strength is defined by

S65(
k,m

u^G~k,1m!b1m
6 &u2, ~20!

and the Ikeda sum rule is given by the difference

S22S15(
m

^@b1m
1 ,~2 !mb12m

2 #&

5(
pn

@~spn
2 2s̄pn

2 !~12 f n2 f p!

1~spn
U 22spn

V 2!~ f n2 f p!#

53~N2Z!. ~21!

This sum rule can also be written in terms of quasiparti
pair and scattering amplitudes@see Eq.~17!# and the result is

S22S153(
k

~ak
22bk

2!

53(
k

@~ak
pair!22~bk

pair!21~ak
scatt!22~bk

scatt!2

12~ak
pairak

scatt2bk
pairbk

scatt!#, ~22!

and it should be compared with the conventional result t
contains only pair contributions. As in the case of Fer
transitions@5# the cancellation of the interference betwe
scattering and pair terms@the last term of Eq.~22!# is guar-
anteed by the orthonormalization of the QRPA phonons.

So far, the expressions listed above are general and
dependence with the Hamiltonian is given by the coefficie
of Eq. ~4!. Concerning the use of the Hamiltonian of Eq.~1!,
as shown in a number of publications~see@13#! it describes
a good amount of the correlations that are specific of cha
exchange channels withJp511. It illustrates the main
mechanism leading to the hindrance of low-energy char
exchange transitions, namely the repulsion due to parti
03432
e
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hole interactions and the attraction induced by pairing a
particle-particle interactions. Concerning the use of therm
averages and the extension of the standard equations o
QRPA, the procedure seems to be adequate to describe
cited final states built upon a thermal reference state. B
conditions, i.e., thermal excitations and the competition
tween particle-hole, particle-particle, hole-hole-terms, a
multiple scattering terms as they are accounted for by
extended QRPA, are the relevant ones in dealing with
transitions in excited systems.

III. RESULTS AND DISCUSSION

In this section we are going to discuss the results of
above presented formalism, for the case of GT transiti
from the ground state of106Cd. We have chosen this nucleu
as an example of an open shell system. The single par
levels used in the calculations are harmonic oscillator lev
with N53,4, and 5, both for protons and neutrons. The c
culations were performed for values of the temperature
<T<0.5 MeV. The pairing coupling constantsGn andGp ,
which were used to solve the BCS equations, were fixed
the values 17/A MeV and 20/A MeV, respectively@12#.
The position of the GT giant resonance was reproduced
fixing the coupling constantx at zero temperature and a
zero strength for the particle-particle channels. The co
sponding value ofx is equal to 0.3 MeV. The renormalize
coupling to particle-particle channelsk was taken as a free
parameter in the range 0<k<0.05 MeV. By choosing val-
ues ofk in this interval a significant hindrance of theb2 and
b1 was obtained without producing the collapse of t
QRPA. We have solved the QRPA equations with and wi
out the extra terms of Eq.~8!. With the help of Eqs.~18! and
~19! we have calculated the transition strength of Eq.~20!

FIG. 1. Distribution of strength forb2 (S2) and b1 (S1)
transitions from the ground state of the nucleus106Cd. The quantity
v represents the energy of the QRPA phonons, which are excite
the 11 states of106In and 106Ag, respectively. The value of the
coupling constantk is given in each case and the results we
obtained withT50 andx50.3 MeV.
3-4
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and the results are shown in Figs. 1 and 2. Figure 1 disp
the distribution of strength corresponding tob2, left-hand
side of the figure andb1, right-hand side of the figure, tran
sitions as a function of the phonon energyv. The calcula-
tions were performed at temperatureT50 MeV and the
coupling constantk takes the value 0 MeV, 0.025 MeV, an
0.05 MeV, as indicated in the figure. As is known from a
ready published results@14# one obtains a fragmentation o
theb1 strength for increasing values ofk. The effect of the
scattering terms are shown in Fig. 2, which displays the
sults obtained withT50.5 MeV. This temperature is stil
lower than the critical valueTc50.7 MeV, associated to th
collapse of the pairing gaps. In addition to the fragmentat
of the strength induced by particle-particle correlations,
inclusion of scattering terms adds up to the redistribution
theb2 andb1 strengths at low energies. In spite of the fa
that the number of proton-neutron two-quasiparticle confi
rations increases substantially, in going fromT50 MeV to
T50.5 MeV, the QRPA equations are still nonsingular a
numerically solvable. At this point we shall address the pr
lem of the conservation of the strength in GT transitions. T
results of the present calculations are shown in Fig. 3.
left-hand side of Fig. 3 shows the temperature dependenc
the standard QRPA results, also as a function of the re
malized couplingk. It is observed that a sizable amount
the strength is lost in going fromT50 MeV to T
50.5 MeV. This is a thermal blocking mechanism that
moves strength from transitions across the Fermi level. In
same figure the results corresponding to the calculations
cluding scattering terms are shown, as a function of the t

FIG. 2. Same as Fig. 1 for the temperatureT50.5 MeV.
l.
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perature and for different values of the renormalized c
pling constant k. It is seen that the total strength
conserved. This is the main result of the present calculat

IV. CONCLUSIONS

In this work we have considered the case of GT tran
tions at finite temperatures. We have applied an exten
version of the QRPA formalism, which includes scatteri
terms in the definition of the phonons. It is found that the
mal blocking effects, which are partly responsable for t
loss of intensity, are compensated by the transitions indu
by scattering terms. Like in the case of Fermi transitions
total intensity of GT transitions is conserved only if the sc
tering terms are included. Also, a certain amount of fragm
tation leading to low energy transitions has been obtained
a consequence of thermal activation of particle-like config
rations. This trend is particularly evident for the case ofb1

transitions. We think that these results may be of some
nificance in astrophysical calculations, where the centro
of Fermi and Gamow-Teller strength distributions are tak
as inputs for leptonic capture and emission processes.

ACKNOWLEDGMENTS

This work has been partially supported by the Nation
Research Council~CONICET! of Argentina. M.R. acknowl-
edges financial support of the Fundacion Antorchas.

FIG. 3. Results corresponding to the Ikeda sum ruleS22S1, of
Eq. ~22!, for different values of the temperatureT and for different
values of the coupling constantk @see Eq.~1!#. The values indicated
by ~a! are the results of the conventional QRPA calculation. T
results obtained with the present formalism are indicated by~b!.
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