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a-nucleus optical potential in the double-folding model
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~Received 19 September 2000; published 22 February 2001!

The double-folding formalism for thea-nucleus optical potential is revised to study the exchange effects and
density dependence of the effective nucleon-nucleon (NN) interaction in detail. A realistic density dependent
M3Y interaction, based on theG-matrix elements of the ParisNN potential, has been used in the folding
calculation. The local approximation for the nonlocal one-body density matrix in the calculation of the ex-
change potential was tested by using the harmonic oscillator representation of the nonlocal density matrices of
the a-particle and target nucleus. The inclusion of a realistic density dependence into the effectiveNN inter-
action was shown to bevital for a correct description of the refractivea-nucleus scattering data. A high
sensitivity of the density distributions of thea-particle and target nucleus to the shape of thea-nucleus
potential was found, which can be used in the folding analysis to test various density models for thea-particle
and target as well as to choose the most realistic approximation for the overlap density in the dinuclear system.
Our results also stress the importance ofa-nucleus scattering experiment in the nuclear structure study.
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I. INTRODUCTION

During the past two decades, the double-folding mo
@1# has been widely used to generate the real parts of both
a-nucleus and heavy-ion~HI! optical potentials. It is
straightforward to see that folding model generates the fi
order term in the expression for the microscopic optical
tential that is derived from Feshbach’s theory of nuclear
actions@2#. The success of this approach in describing
observed elastic scattering of many systems suggests tha
first-order term of the microscopic optical potential is inde
the dominant part of the real HI optical potential@3#.

The basic inputs for a folding calculation are the nucle
densities of the colliding nuclei and the effective nucleo
nucleon (NN) interaction. A popular choice for the effectiv
NN interaction has been one of the M3Y interactions wh
were designed to reproduce theG-matrix elements of the
Reid @4# and Paris@5# NN potentials in an oscillator basis
These densityindependentM3Y interactions have been use
with some success in folding model calculations of the
optical potential at relatively low energies@1#, where the data
are sensitive to the potential only at the surface. Howeve
cases of refractive nuclear scattering, characterized by
observation of ‘‘rainbow’’ features~see Refs.@6–11#!, the
scattering is sensitive to the optical potential over a wi
radial domain and the simple M3Y-type interaction failed
give a good description of the data. This has motivated
inclusion of an explicit density dependence into the origi
M3Y interactions@12#, to account for the reduction in th
attractive strength of the effectiveNN interaction that occurs
as the density of the nuclear medium increases.

A Hartree-Fock study of nuclear matter~NM! @13,14# has
also shown that, as expected@15#, the original densityinde-
pendentM3Y interaction @4,5# failed to saturate cold NM,
leading to collapse. Therefore, several parametrizations
the density dependence~DD! for the M3Y interaction were
introduced@13,14,16# in order to reproduce the observed N
saturation density and binding energy. Although differe
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versions of the DD give, by design, the same saturation
ues, they do result in different values of the nuclear inco
pressibilityK. These density dependences of the M3Y int
action have been carefully tested in the folding analysis
refractive a-nucleus and light HI elastic scatterin
@13,14,16,17#, and one was able to conclude from these st
ies thatK values ranging from 240 to 270 MeV are the mo
appropriate for the cold nuclear matter@16# ~an important
conclusion for the nuclear equation of state!.

The main features of the new version of the folding mod
@16,18,19# are the inclusion of a realistic DD into the effec
tive NN interaction and the explicit treatment of the e
change potential using a realistic local approximation.
general, the calculation of the exchange potential is qu
complicated due to its nonlocality. An accurate local a
proximation can be obtained for the exchange potential
treating the relative motion locally as a plane wave, simi
to the prescription developed for the nucleon-nucleus opt
potential @20,21#. However, the evaluation of thelocalized
exchange potential still contains a self-consistency prob
and involves an explicit~six-dimensional! integration over
the nonlocal density matrices of the two colliding nucle
Ismail et al. @22# have recently studied the accuracy of t
local approximation for the one-body density matrix~DM! in
the folding model using the wave function based on h
monic oscillator model. They have shown that the numeri
error of the local approximation for the one-body DM cou
be up to 20%, but did not check this in any optical mod
~OM! analysis of elastic nucleus-nucleus scattering. A m
accurate study of the single-nucleon exchange in the dou
folding model by Soubbotin and Vin˜as @23# has shown that
the local approximation for the one-body DM used in t
folding model is quite appropriate if a realistic expression
used for the kinetic energy density. But they have n
checked either the discussed effect in the OM analysis
elastic data.

In the light of these results, we find it necessary to co
sider the problem in more detail. The best testing ground
our purpose is therefractive a-nucleus elastic scattering
where the data were proven to be very sensitive to the
©2001 The American Physical Society07-1
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optical potential at small distances. We also show in
present study how the introduction of the DD into the M3
interaction affects the folding potential and compare t
with the effect caused by different treatments of the
change term.

II. THE DOUBLE-FOLDING MODEL

The details of the double-folding formalism are given
Ref. @19# and we only recall briefly its main features. I
general, the projectile-target~real! optical potential can be
evaluated as a Hartree-Fock-type potential of the dinuc
system

V5 (
i Pa, j PA

@^ i j uvDu i j &1^ i j uvEXu j i &#5VD1VEX , ~1!

where the nuclear interactionV is a sum of the effectiveNN
interactionsv i j between nucleoni in the projectilea and
nucleonj in the targetA. The antisymmetrization of the di
nuclear system is done by taking into account the so-ca
single-nucleon knock-on exchange effects~the interchange
of nucleonsi and j ).

The direct term is local~provided that theNN interaction
itself is local!, and can be written in terms of the one-bo
spatial densities,

VD~E,R!5E ra~ra!rA~rA!vD~r,E,s!d3r ad3r A ,

s5rA2ra1R, ~2!

wherera(ra)[ra(ra ,ra) is the diagonal part of the nonloca
~one-body! density matrix for the projectile, and similarly fo
rA(rA) for the target nucleus.

The exchange term is, in general, nonlocal. However,
accurate local approximation can be obtained by treating
relative motion locally as a plane wave@20,21#

VEX~E,R!5E ra~ra ,ra1s!rA~rA ,rA2s!vEX~r,E,s!

3expS iK~E,R!s

M D d3r ad3r A . ~3!

K(E,R) is the local momentum of relative motion dete
mined as

K2~E,R!5
2m

\2
@Ec.m.2V~E,R!2VC~R!#, ~4!

m is the reduced mass,M5aA/(a1A) with a and A the
mass numbers of the projectile and target, respectively
the calculation of the local momentumV(E,R)
5VD(Ea ,R)1VEX(Ea ,R) and VC(R) are the total nuclea
and Coulomb potentials, respectively.
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Local approximation for the one-body density matrix

Even the evaluation of the exchange potential in the
calized form~3! is complicated: it contains a self-consisten
problem becauseK(E,R) depends upon the potentia
V(E,R) itself, and involves the integration over the nonloc
~one-body! density matrices of the colliding nuclei. In gen
eral, the nuclear densitiesra(A)(r ) are taken either from an
accurate nuclear structure model or directly from the elect
scattering data, and the calculation of the exchange pote
~3! can be done@16,18# by using a realistic approximation
for the nonlocal DM@20,24#

r~r,r1s!.rS r1
s

2D ĵ 1XkFS r1
s

2D sC, ~5!

with

ĵ 1~x!53 j 1~x!/x53~sinx2x cosx!/x3. ~6!

To accelerate the convergence of the DM expansion, Ca
and Bouyssy~CB! @24# have suggested to choose, for
spherically symmetric ground state density, the local Fe
momentumkF(r ) in the following form:

kF~r !5H 5

3r~r ! Ft~r !2
1

4
¹2r~r !G J 1/2

. ~7!

Assuming the CB prescription, we choose further the
tended Thomas-Fermi approximation for the kinetic ene
densityt(r ), and the local Fermi momentum is obtained

kF~r !5H F3

2
p2r~r !G2/3

1
5CS@¹r~r !#2

3r2~r !
1

5¹2r~r !

36r~r ! J 1/2

,

~8!

whereCS is the strength of the so-called Weizsa¨cker term
representing the surface contribution tot. For a finite fermi-
onic system, the commonly accepted value of the We
säcker term@25# is CS51/36, denoted hereafter as CB1 a
proximation. It was also suggested@26# that in a region of
small density or high¹r ~like the nuclear surface! the Weiz-
säcker correction term to the kinetic energy density sho
be enhanced and have a strength ofCS51/4, denoted here-
after as CB2 approximation. In our previous folding calcu
tions @16–18# we have used the CB2 approximation whic
generally gives a slightly better OM fit to the data. The r
cent studies@22,23# of the DM expansion have shown, how
ever, that the CB1 approximation gives a more correct lo
expression for the DM. We will discuss this aspect here
more detail by comparing results given by the CB local a
7-2
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TABLE I. Harmonic oscillator parameters@see Eqs.~12! and~15!# for the ground state densities of thea
particle, 12C, and 16O with the corresponding rms radii.

Nucleus Version b rms Reference rmsa rmsb

~fm! ~fm! ~fm! ~fm!

4He A 1.4044 1.7200 Ref.@23# 1.4760.02 1.5860.04
B 1.2658 1.5503 this work
C 1.1932 1.4613 Ref.@1#

12C 1.5840 2.3316 this work 2.3360.01 2.3560.02
16O 1.7410 2.6115 this work 2.6160.01

aEmpirical rms radius given by the experimental charge density from elastic electron scattering da@41#
unfolded with the finite-size proton distribution.
bEmpirical rms radius given by the Glauber model analysis@42,43# of the experimental interaction cros
section.
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proximation with the ‘‘exact’’ results in cases where
simple harmonic oscillator model is appropriate for the D

Assuming the local CB approximation~5! and using the
energy and density dependent exchange interac
vEX(r,E,s) given below in Sec. III, one easily obtains th
self-consistent and local exchange potentialVEX as

VEX~E,R!54pE
0

`

vEX~r,E,s! j 0~K~E,R!s/M !s2ds

3E f a~r ,s! f A~ ur2Ru,s!d3r , ~9!

where

f a(A)~r ,s!5ra(A)~r ! ĵ 1„kFa(A)
~r !s…. ~10!

The exchange potential~9! can then be evaluated by an i
erative procedure which converges very fast.

Exact treatment of the one-body density matrix using
harmonic oscillator representation

The simple harmonic oscillator~h.o.! model was already
used by Campi and Bouyssy@24# to treat explicitly the non-
locality of the DM for the justification of the local approx
mation ~5!–~7!. In the same way, it is possible to explicitl
evaluate the exchange part of the folding potential~3! using
the h.o. model for the DM. One should keep in mind, ho
ever, that the h.o. model is a simple approach which can
give the correct description of the nuclear surface a
asymptotic tail of the density distribution. Therefore, w
consider here only systems of strongly bound nuclei likea
particle or 12C ~for which the use of h.o. model is reaso
able!.

a particle is a unique case where a simple Gaussian
reproduce very well its ground state density@1#. Assuming 4

nucleons to occupy the lowests1
2 h.o. shell in 4He, one

obtains exactly the nonlocal ground state DM for thea par-
ticle as

ra~r,r1s!5raS Ur1
s

2U DexpS 2
s2

4ba
2 D , ~11!
03400
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where

ra~r ![ra~r ,r !5
4

p3/2ba
3 expS 2

r 2

ba
2 D . ~12!

If one takes the h.o. parameterba51.1932 fm~version C in
Table I! then the density~12! is exactly the Gaussian form
for thea density adopted in Ref.@1#, which has a rms radius
of 1.461 fm ~quite close to the empirical value of 1.4
60.02 fm!.

In recent years, many interesting data have been meas
for systems involvingp-shell nuclei like 12C and 16O. The
h.o. form has already been used in the past@27# for the den-
sities of these nuclei in the folding model calculation, and
is expected to be reasonable if the h.o. parameter is chos
reproduce the empirical value of rms radius. With 12 nuc

ons in 12C fully occupying the lowests1
2 andp 3

2 h.o. shells,
r(r,r1s) is in general a nonlocal function which also d
pends upon the relative orientation between the two vector
and s. However, the effect due to different orientations b
tweenr ands is negligible compared to the DM value itse
@22,24# ~see numerical ‘‘error bars’’ in Fig. 1 of Ref.@24#!,
and one can represent the ground state DM for12C explicitly
as

r~r,r1s!5
4

p3/2b3 S 11
4ur1sur

3b2 DexpS 2
s2

4b2 2

Ur1
s

2 U
2

b2
D .

~13!

Assuming the lowests1
2 , p 3

2 , andp 1
2 h.o. shells fully occu-

pied by 16 nucleons in16O, the ground state DM for this
nucleus can be represented in the same way as

r~r,r1s!5
4

p3/2b3 S 11
2ur1sur

b2 DexpS 2
s2

4b2 2

Ur1
s

2 U
2

b2
D .

~14!

The ground state density of12C or 16O is evaluated as diag
onal part of the density matrix~13! or ~14!
7-3
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TABLE II. Parameters for the Fermi model@see Eq.~18!# of the ground state density distributions fo
12C, 16O, 58Ni, and 90Zr with the corresponding rms radii.

Nucleus Version r0 c a rms Reference rmsa

(fm23) ~fm! ~fm! ~fm! ~fm!

12C I 0.207 2.1545 0.425 2.298 Ref.@28# 2.3360.01
II 0.194 2.214 0.425 2.332 this work

16O I 0.181 2.525 0.450 2.574 Ref.@28# 2.6160.01
II 0.168 2.600 0.450 2.618 Ref.@46#

58Ni 0.176 4.080 0.515 3.695 Ref.@19# 3.6860.01
90Zr 0.165 4.900 0.515 4.251 Ref.@28# 4.2060.01

aEmpirical rms radius given by the experimental charge density from elastic electron scattering da@41#
unfolded with the finite-size proton distribution.
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r~r ![r~r ,r !5
4

p3/2b3 S 11
Fp r 2

b2 DexpS 2
r 2

b2D , ~15!

where Fp54/3 and 2 for 12C and 16O, respectively. The
chosen h.o. parametersb for these nuclei are given in Tabl
I.

Using Eqs.~12! and ~13!, it can be shown that the ex
change potential fora-particle incident on ap-shell ~target!
nucleus is still evaluated by Eq.~9! but using, instead of the
CB local approximation~10!, the exact density profiles in th
following forms:

f a~r ,s!5ra~r !expS 2
s2

4ba
2 D , ~16!

and

f A~r ,s!5
4

p3/2b3 F11
Fp

b2 S r 22
s2

4 D GexpS 2
s2

4b2 2
r 2

b2D .

~17!

We note that Eqs.~13!–~15! were derived explicitly for12C

and 16O. In case thep 3
2 or p 1

2 shell is not fully occupied, one

should normalize thep 3
2 or p 1

2 component of the h.o. wav
function to the neutron or proton numbers in this shell bef

adding it to thes1
2 part to obtain the full wave function. As

result, one obtains the same expressions~15! and~17! for the
ground state density and density profilef A(r ,s), respec-
tively, but with a differentFp number. Similarly, for a sys-
tem involving twop-shell nuclei like 12C112C, 16O112C ,
and 16O116O , where the ground state DM’s can be appro
mately described by the h.o. model, the exchange pote
can be evaluated by Eq.~9! but using the exact expressio
~17! for the density profilesf a(A)(r ,s) instead of the CB
local approximation~10!.

In this case, one can test the validity of the CB loc
approximation for the DM by comparing the exchange p
tential obtained using approximation~10! with that obtained
using the exact expressions~16! and~17!. The most accurate
approximation has to be used in general case, when
nuclear density cannot be described by the h.o. model. In
present work, besides the h.o. representations~12! and ~15!,
03400
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the nuclear densities are also taken, as in our previous f
ing calculations@16,18#, in the two-parameter Fermi form

r~r !5r0 /@11exp„~r 2c!/a…#. ~18!

Parameters in Eq.~18! were chosen to reproduce correct
the nuclear rms radii as suggested by electron scattering
or by the shell model calculations@1,28,29#. The density pa-
rameters of nuclei studied in this work are given in Table

III. EFFECTIVE NN INTERACTION

The effectiveNN interaction and the adjustments of i
density dependent parameters to reproduce the satur
properties of nuclear matter have been described in de
elsewhere@13,14,16#. In general, the interaction is assume
to have a separable form

vD(EX)~r,s!5F~r!vD(EX)~s!, ~19!

wherevD andvEX are the direct and exchange terms, resp
tively, derived from the M3Y interactions@4,5#, ands is the
internucleon separation;r is the density of the surroundin
nuclear medium in which the two nucleons are embedd
The radial shape of the M3Y-Paris interaction@5# used in the
present folding calculation, are given in terms of three Yuk
was. Its explicit form can be found, e.g., in Refs.@16,19#.
The density dependenceF(r) is taken in the CDM3Y6 form
which was introduced in Ref.@16#. Its parameters were cho
sen to reproduce the NM saturation properties and a valu
nuclear matter incompressibilityK5252 MeV ~see Table I
in Ref. @16#!.

The overlap densityr in F(r) is usually taken to be the
sum of the projectile and target densities. In the case of
change potential~3!, the overlap densityr is the total density
at the midpoint between the two nucleons being exchang

r5raS ra1
s

2D1rAS rA2
s

2D . ~20!

In addition to the energy dependence of the folded poten
arising from the exchange term, it was found necessary
include an ‘‘intrinsic’’ energy dependence into the M3Y in
teraction, in order to reproduce the empirical energy dep
7-4
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a-NUCLEUS OPTICAL POTENTIAL IN THE DOUBLE- . . . PHYSICAL REVIEW C 63 034007
dence of the nucleon-nucleus optical potential@13,30#. This
additional energy dependence was incorporated in a s
rable form so that Eq.~19! becomes

vD(EX)~r,E,s!5g~E!F~r!vD(EX)~s!

5~120.003Elab/a!F~r!vD(EX)~s!,

~21!

whereElab/a is the energy per nucleon~in MeV!.
As discussed in Sec. II, the main effect of antisymme

zation under exchange of nucleons between the two nu
that is included in the folding model is the single nucle
knock-on exchange in which the two nucleons interacting
vEX(s) are interchanged. To avoid explicit treatment of t
nonlocality in the calculation of the exchange potential
simple zero-range exchange~ZE! pseudopotential is stil
widely used instead of the finite-range exchange, which
placesvEX(s)→ Ĵ(E)d(s) in Eq. ~3!. The magnitude ofĴ(E)
has been determined empirically@31# by comparing with the
exact results for proton scattering from various targets
energies up to 80 MeV. ExplicitĴ(E) value for the M3Y-
Paris interaction can be found, e.g., in Ref.@3#.

IV. FOLDING ANALYSIS OF THE ELASTIC
ALPHA-NUCLEUS SCATTERING

It is now well established that elastica-nucleus scattering
at intermediate energies is strongly refractive. In this ca
the absorption is quite weak and the measured elastic s
tering cross sections were shown to be sensitive to thereal
a-nucleus potential not only at the surface but also at sho
distances. Consequently, one can use such data to test d
ent models for thea-nucleus optical potential. The smalle
the distance the stronger the overlap of the projectile
target, and hence the density dependence of the effectiveNN
interaction plays a crucial role. The folding model has be
used successfully to analyze refractivea-nucleus and light
HI elastic scattering@14,17,16#, to infer the most realistic
DD for the M3Y interaction.

The real optical potentialV(E,R) obtained in Sec. II mus
be supplemented by an imaginary potential which acco
for the absorption into nonelastic channels. In some cas
was found sufficient to simply treat the effectiveNN interac-
tion as having a complex strength so that the real and im
nary optical potentias have the same radial shape. Howe
the weakabsorption found in the refractivea-nucleus@32#
and light HI @3,33# systems requires that the imaginary p
tential should have a different shape~the ratio of the imagi-
nary to the real potential tends to peak at the surface
becomes relatively weak in the interior!. Therefore, it is
common to use the folding model to calculate the real pot
tial and to use a Woods-Saxon~WS! form for the imaginary
potential. Thus, the local optical potentialU(E,R) in our
OM analysis of the elastica-nucleus scattering is

U~E,R!5VC~R!1NV@VD~E,R!1VEX~E,R!#1 iW~R!,
~22!
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where the imaginary WS part of the optical potential is giv
by

W~R!52
W

11exp„~R2RW!/aW…
. ~23!

The renormalization factorNV , together with the WS param
eters are adjusted in each case for the best fit to the el
data. All the OM analyses were made using the co
PTOLEMY @34#. The inputs for masses and energies in t
folding calculation as well as in the OM analysis were tak
as given by the relativistically corrected kinematics@35#.

a¿12C system
12C target is a well-known ‘‘refractive’’ target for differ-

ent light projectiles, ranging froma particle@36# to 12C @8,9#
and 16O @11,37#. From numerousa112C elastic data we
have selected the data atElab5104 MeV @39#, 120, 145 and
172.5 MeV@40#, which have been shown to be strongly r
fractive, with an overwhelming domination of the far-sid
scattering at large angles@36#.

We have chosen for the folding analysis of elastica
112C data version C of thea density~see Table I!, which
has been used so far in most of the folding analyses
a-nucleus scattering. For12C target, the h.o. form~13! and
~16! of the DM was used. In Fig. 1 we have plotted th
relative difference~in %! of the folding potentials fora
112C system atElab5120 MeV, calculated using differen
versions of the CB local approximation~10! for the DM,
from the exact results obtained using Eqs.~16! and~17!. One
can see that the most accurate is the CB1 local approxi
tion @see Eq.~8! and the discussion after#. The error caused

FIG. 1. Numerical accuracy~in %! of the folding potentials for
a112C system atElab5120 MeV obtained with the h.o. model fo
the a and 12C densities, using different local approximations~see
caption and footnote in Table III! for the nonlocal one-body DM.
Results were obtained using the density dependent CDM3Y6 in
action.
7-5
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DAO T. KHOA PHYSICAL REVIEW C 63 034007
by the use of the CB1 approximation for12C target or for
both thea particle and12C target is only around 1% which i
much less than other uncertainties of the folding model. B
the CB2 approximation and the simple zero-range excha
prescription can lead to an error of up to 15%. Thus, they
less accurate compared to the CB1 approximation.

Concerning the introduction of a realistic DD into th
effective M3Y interaction, from the results plotted in Fig.
one finds immediately that the difference in the folding p
tentials calculated with or without a DD in the M3Y intera
tion is much more substantial compared to the errors cau
by using different CB local approximations for the DM. Th
folding potentials calculated using the densityindependent
interaction are much deeper compared to those calcul
using the same local approximations and densitydependent
interaction. The relative difference amounts up to 30–40
at small radii. This is the reason why the folding model us
the densityindependenteffectiveNN interaction usually fails
to describe the refractivea-nucleus elastic scattering dat
The inclusion of a realistic DD into the original M3Y inter
action, necessary for the correct description of the nuc
matter saturation properties@13,14,16#, substantially reduces
the strength of the folding potential at small distances. O
folding results obtained for the incidenta energies ranging
from 40 to 172.5 MeV have shown about the same effect
discussed here for the energy of 120 MeV. Thus, the effe
shown in Figs. 1 and 2 are practically energy independe

We now show how the effects discussed above for
folding potential can affect the calculated elastic cross s
tion. Since a difference in thereal optical potential can be
well compensated by some change of theimaginary poten-
tial, one has to consider, for this purpose, refractive~elastic!

FIG. 2. Radial shape of the folding potentials fora112C system
at Elab5120 MeV obtained with the h.o. model for thea and 12C
densities, using the CB2 local approximation~dotted curves! and
exact treatment~solid curves! of the nonlocal one-body DM. Re
sults obtained with densityindependentM3Y interaction and den-
sity dependentCDM3Y6 interaction are plotted, respectively, b
thin and thick curves.
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data which are strongly sensitive to the real optical potent
We have chosen the elastica112C data at 120 and 172.5
MeV for our detailed folding analysis and the obtained O
parameters are given in Table III. We found that the diffe
ence caused by different local approximations for the DM
of thea particle and12C target shown in Fig. 1 can lead to
slight difference~well within the uncertainty of the measure
data! in the calculated elastic cross sections at large ang
provided thatNV factor and WS parameters of the imagina
potential are chosen by the leastx2 fit to the data. The main
effect that can be traced is the enhancement of the renor
ization factor for the folding potential. Namely, the best-
NV factor found with the CB2 approximation is about 12–
% larger than that found with the exact treatment of nonlo
DM or with the CB1 approximation~Table III!. About the
same difference is found in potentials at distances aroun
fm ~Fig. 1!, and the considered elastic data are probably s
sitive to the real optical potential at such small distances. T
CB2 local approximation is less accurate compared to
CB1 approximation and gives aNV value deviating stronge
from unity. We note that with the inclusion of a realistic D
into the M3Y interaction, all versions of thea112C folding
potential~if renormalized properly! describe the data reason
ably well.

The folding potentials calculated with the densityinde-
pendentM3Y interaction are much deeper than those o
tained with the densitydependentinteraction, and such a
difference~up to 30–40 % as shown in Fig. 2! cannot be
eliminated by simply renormalizing the real folded pote
tials. Even with the exact treatment of the nonlocal DM
the exchange term, the folding potential gives a much wo
fit to the data if there is no DD included into the effectiv
M3Y interaction ~see Figs. 3 and 4!. The OM fits with the
‘‘density independent’’ folding potentials tend to giveNV
values substantially smaller~by 40–50 %! as well as the
parameters of the imaginary WS potential deviating stron
from those obtained with ‘‘density dependent’’ potentia
Such a failure of the density independent M3Y interaction
the description of the refractive data has been discusse
the past, and here we show that this effect is much stron
than the uncertainty from different CB local approximation

The folding results discussed so far were obtained w
the h.o. model for the12C density. Since the simple h.o
model usually cannot give a correct description of t
asymptotic tail of the density distribution, it is of interest
make the same analysis using a more flexible form for12C
density. For this purpose, we have used two versions of
Fermi model~18! for 12C density. Parameters of version
~see Table II!, which has been widely used in the previo
folding analyses for systems involving12C, were adjusted
@28# to give the shape and rms radius close to those given
the shell model calculation. Its rms radius of 2.298 fm
slightly smaller than the empirical value of 2.33 fm deduc
from elastic electron scattering@41#. The empirical matter
radius of 12C might be somewhat larger~2.3560.02 fm! if
one adopts the result given by the Glauber model anal
@42,43# of the experimental interaction cross section. The
fore, we have chosen the h.o. parameterb and the new Fermi
parameters~version II! for 12C such that they reproduce i
7-6
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TABLE III. Optical potential parameters@see Eqs.~22! and~23!# used in the folding analysis of the elast
a112C data atElab5104, 120, 145, and 172.5 MeV. The folding potentials were obtained using version
the a density and three choices for the12C density ~Tables I and II!. Different approximations for the
nonlocal DM are abbreviated as follows: Exact5exact treatment of nonlocal DM’s for botha and 12C using
the h.o. model; CB5exact treatment of the nonlocal DM fora and CB1 local approximation for12C;
CB15CB1 local approximation for botha and 12C; CB25CB2 local approximation for botha and 12C. x2

values are per datum, and were obtained with experimental errors.

Elab
12C dens. DM DDa NV ^r 2&V

1/2 JV W RW aW sR x2

~MeV! ~fm! (MeV fm3) ~MeV! ~fm! ~fm! ~mb!

104 har.osc. Exact Yes 1.136 3.392 329.8 17.93 3.891 0.556 785.5
Fermi II CB Yes 1.126 3.398 326.5 17.76 3.866 0.572 785.9 1
Fermi I CB Yes 1.119 3.382 319.0 17.72 3.817 0.593 784.6 1

120 har.osc. ZEb No 0.631 3.206 238.8 24.35 2.561 1.034 841.8 24
har.osc. Exact No 0.707 3.267 263.2 20.33 3.231 0.840 808.3 1
har.osc. ZEb Yes 1.138 3.368 311.7 23.09 3.430 0.708 800.3 5
har.osc. CB2 Yes 1.307 3.398 327.6 21.31 3.711 0.618 793.5
har.osc. CB1 Yes 1.150 3.394 326.0 20.79 3.773 0.596 789.7

120 har.osc. Exact Yes 1.166 3.397 327.8 20.92 3.772 0.595 790.2
Fermi II CB Yes 1.157 3.403 324.7 20.74 3.742 0.611 791.0 6
Fermi I CB Yes 1.143 3.386 315.5 20.90 3.659 0.643 790.8 7

145 har.osc. Exact Yes 1.159 3.404 309.8 19.35 3.858 0.599 769.5
Fermi II CB Yes 1.150 3.410 306.9 18.65 3.862 0.618 774.3 2
Fermi I CB Yes 1.146 3.394 300.8 17.87 3.868 0.636 777.1 2

172.5 har.osc. ZEb No 0.627 3.221 217.7 12.67 3.821 0.816 742.0 12
har.osc. Exact No 0.730 3.281 245.7 14.18 3.911 0.716 743.1
har.osc. ZEb Yes 1.064 3.383 267.1 21.21 3.351 0.795 758.5 3
har.osc. CB2 Yes 1.297 3.417 295.6 21.81 3.770 0.558 714.4
har.osc. CB1 Yes 1.145 3.411 292.3 20.75 3.808 0.568 721.6

172.5 har.osc. Exact Yes 1.162 3.413 294.1 21.02 3.814 0.557 718.6
Fermi II CB Yes 1.137 3.417 287.0 20.50 3.718 0.626 731.8 3
Fermi I CB Yes 1.121 3.402 278.5 19.48 3.673 0.680 743.5 3

aDensity dependence of theNN interaction: ‘‘Yes’’ when the CDM3Y6 version forF(r) is used with the
M3Y interaction; ‘‘No’’ when no density dependence is used, i.e.,F(r)51.
bSimple zero-range approximation~see discussion in Sec. III! is used for the exchange potential.
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both models a rms radius of 2.332 fm. For both versions
the Fermi density, the folding calculation was perform
with the exact treatment of the nonlocal DM fora and the
CB1 local approximation for the DM of12C target. Results
of the OM analyses of the elastica112C data at four ener-
gies are given in Table III and shown in Fig. 5. As one c
see, all three versions of12C density give about the same fi
to the data, with some difference seen at largest angles
pecially at 145 and 172.5 MeV. Since the h.o. and Ferm
densities have the same rms radius, the corresponding fo
potentials also have about the same rms radius,NV factor and
volume integral per interacting nucleon pairJV ~Table III!.
The folding potential obtained with version I of the Ferm
model for 12C density has, as expected, smaller rms andJV
values, and it gives a slightly worsex2 fit to the data. This
shows that the rms radius of the chosen density distribu
is very important in the folding model.

a¿16O system
16O nucleus, due to its double-closed shell structure,

been proven to be also a strong ‘‘refractive’’ target, whi
03400
f
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I
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has been studied extensively in elastic16O112C @11,37# and
16O116O scattering@17,38# at different energies. Some o
available elastica116O data show quite a strong refractiv
structure, and we have considered elastica116O data at
Elab554.1 MeV @44#, 80.7 MeV @45#, and 104 MeV@39#.
These data cover a wide angular range and have a b
shoulderlike maximum, typical for the nuclear rainbow.

The errors caused by two versions of the CB local a
proximation~10! for the nonlocal DM’s in the folding calcu-
lation were found about the same for thea116O system as
shown in Fig. 1 fora112C. The most accurate is the CB
approximation which has the error of only around 1%. T
difference in the folding potentials calculated with or witho
a DD in the M3Y interaction was also found much mo
substantial compared to that caused by the two CB lo
approximations. The use of the density dependent interac
is crucial for a correct description of the data over the wh
angular range~see Fig. 6!.

To test the16O density, we have analyzed the elastica
116O scattering data atElab554.1, 80.7, and 104 MeV using
the CDM3Y6 folding potential obtained with the h.o. mod
7-7
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DAO T. KHOA PHYSICAL REVIEW C 63 034007
~Table I! and two versions of the Fermi model~Table II! for
the 16O density. The conclusion is that all three versions
the 16O density are appropriate for the folding calculatio
Version II of the Fermi model@46# and the h.o. form for the
16O density have rms values very close to the empirical
dius of 2.6160.01 fm, and they give almost the same foldi
potential~seeNV and other OM parameters in Table IV!.

A consistent test of different choices for thea density is
also important for the folding analyses of the elastic a
especially,inelastica-nucleus scattering@19#, where the ac-

FIG. 3. Elastica112C scattering data atElab5120 MeV plotted
in linear scale, in comparison with the OM fits given by the foldi
potentials obtained with the h.o. model for thea and 12C densities,
using densityindependentM3Y interaction and densitydependent
CDM3Y6 interaction. The corresponding OM parameters are gi
in Table III.

FIG. 4. The same as in Fig. 3, but fora112C system atElab

5172.5 MeV.
03400
f
.
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curate input for thea density is necessary because the sa
factor NV , as obtained from the OM analysis, is to be us
further ~in the DWBA calculation! to renormalize the transi
tion folding potential. We have performed the folding ana
sis of the samea116O scattering data using three differe
choices for thea density ~Table I!. Version A of thea
density has the h.o. parameter (ba51.4044 fm! taken from
Ref. @23#, which gives a rms radius of 1.72 fm~larger than
the empirical value by about 0.25 fm!. This ba value was
obtained as variational parameter in a self-consist
Hartree-Fock calculation which gives thea binding energy
of 28.24 MeV, quite close to the experimental value. Vers
C of thea density is exactly the Gaussian form adopted
Ref. @1#, which has a rms radius close to that deduced fr
the elastic electron scattering data. Recently, the Glau
model has been often used to deduce the nuclear radius
the analysis of the experimental interaction cross sectio
and the rms radius obtained for4He is around 1.58 fm
@42,43#. We have chosen, therefore, also a h.o. param
ba51.2658 fm~version B! which gives a rms radius of 1.55
fm, close to the result of the Glauber analysis. Rad

n

FIG. 5. Elastica112C scattering data atElab5104, 120, 145,
and 172.5 MeV in comparison with the OM fits given by the fol
ing potentials obtained with the h.o. model and two versions of
Fermi model for the12C density, using the density depende
CDM3Y6 interaction. The nonlocal DM of thea particle was
treated exactly in all cases using version C of thea density. The
nonlocal DM of the 12C target was treated exactly with the h.
density, and in the CB1 approximation with the Fermi density. T
corresponding OM parameters are given in Table III.
7-8
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shape of the three h.o. versions for thea density is shown in
Fig. 7, and the corresponding folding potentials for thea
116O system at 54.1 MeV are shown in Fig. 8. As the d
ference between the densities is more substantial in the
ter of thea particle, the difference in the potentials is large
at small distances. From our experience, this effect m
best be seen in the calculated cross sections at large an
in the refractive region.

FIG. 6. Elastica116O scattering data atElab554.1 MeV plot-
ted in linear scale, in comparison with the OM fits given by t
folding potentials obtained with the h.o. model for thea and 16O
densities, using densityindependentM3Y interaction and density
dependentCDM3Y6 interaction. The corresponding OM param
eters are given in Table IV.
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We found that the folding potential obtained using versi
A of the a density gives a worse fit to the data compared
other two cases~seex2 values given by these potentials
Table III!. The difference between results given by versio
B and C is rather small and well within the experimen
errors. Since the difference is significant in the calcula
cross section at large angles, we have further tested tha
density in arestrictedOM fit to the data points at forward
angles only~see Fig. 9!. The data at forward angles~in dif-
fractive region! are sensitive to thea-nucleus potential at the

FIG. 7. Radial shape of three versions of the h.o. model for
a ground state density used in the present folding calculation.
details in Table I.
rent
he
,

6.8
.4
6.4
6.1
7.1
1.0
.0
1.1
1.7
4.4
1.8
.6
1.8
2.1
5.7
TABLE IV. Optical potential parameters@see Eqs.~22! and ~23!# used in the folding analysis of the
elastica116O data atElab554.1, 80.7, and 104 MeV. The folding potentials were obtained using diffe
choices for thea and 16O densities~Tables I and II! and the density dependent CDM3Y6 interaction. T
approximations for the nonlocal DM are denoted in the same way as in Table III.x2 values are per datum
and were obtained with uniform 10% errors.

Elab a dens. 16O dens. DM NV ^r 2&V
1/2 JV W RW aW sR x2

~MeV! ~fm! (MeV fm3) ~MeV! ~fm! ~fm! ~mb!

54.1 C Fermi I CB 1.140 3.576 368.3 12.99 4.084 0.682 1004
C Fermi II CB 1.141 3.601 375.7 12.76 4.147 0.667 1010 6
C har.osc. Exact 1.137 3.591 375.4 12.79 4.152 0.665 1011
B har.osc. Exact 1.082 3.620 383.5 12.62 4.192 0.667 1025
A har.osc. Exact 1.032 3.687 402.9 12.11 4.298 0.684 1069

80.7 C Fermi I CB 1.131 3.582 346.0 16.09 4.219 0.604 949.6
C Fermi II CB 1.137 3.607 354.2 15.83 4.287 0.583 954.0 1
C har.osc. Exact 1.138 3.597 355.3 15.79 4.309 0.574 954.2
B har.osc. Exact 1.085 3.626 363.4 15.55 4.356 0.572 966.5
A har.osc. Exact 1.032 3.692 380.5 15.14 4.416 0.616 1019

104 C Fermi I CB 1.095 3.587 319.3 19.52 4.054 0.687 965.3
C Fermi II CB 1.096 3.612 325.4 19.71 4.072 0.682 971.8 1
C har.osc. Exact 1.096 3.602 326.1 20.01 4.067 0.679 972.0
B har.osc. Exact 1.038 3.631 331.2 20.35 4.050 0.691 984.3
A har.osc. Exact 0.966 3.696 339.1 21.34 3.962 0.742 1021
7-9
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DAO T. KHOA PHYSICAL REVIEW C 63 034007
surface, and thus are necessary for the determination o
renormalization factorNV . After factor NV and WS param-
eters of the imaginary potential were fixed from such a
stricted OM fit, the measured elastic cross section at la
angles~in refractive region! is a subject to the predictive
power of the folding potential. One can see from Fig. 9 t
the folding potential obtained with version C of thea density
is evidently the best choice for the real optical potent
Version A gives a folding potential somewhat deeper~see
Fig. 8!, which fails to describe the data at large angles. V
sion B seems to give a better shape for the potential but
unable to describe the large angle data points at 80.7 M
where the rainbow maximum is most pronounced. These
sults show again that the correct rms radius is very crucia
choosing the density distribution. They also indicate that
rms radius deduced from the elastic electron scattering
for the a particle seems to be more accurate than that
duced from the Glauber model analysis of the interact
cross sections.

From the results presented here fora112C anda116O
systems we also conclude that the chosen h.o. form and
sion II of the Fermi model for the12C and 16O densities,
which have the rms values close to the empirical data@41#,
are quite appropriate for the folding model calculation. T
folding parameters obtained should be a helpful guide in
prediction of thea-nucleus optical potential for the elast
scattering of loosely boundp-shell nuclei ona target.

a¿58Ni system

For a completeness of the study, we present further res
of the folding analysis of elastica scattering data for heavie
targets. We have considered the elastica158Ni scattering

FIG. 8. Radial shape of the folding potentials for thea116O
system atElab554.1 MeV obtained with the density depende
CDM3Y6 interaction and the h.o. model for thea and 16O densi-
ties. The nonlocal one-body DM’s of the two nuclei were trea
exactly in all cases. Different versions of thea density are taken
from Table I.
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data atElab582 MeV @47#, 104 MeV@48#, 139 MeV@6#, and
172.5 MeV @49#. These elastica158Ni scattering data are
among the best experimental evidences for nuclear rain
scattering. For example, the elastica158Ni data at 139 MeV
were the first that led one to the importance of density
pendence in the folding model analysis~see, e.g., Ref.@12#
and references therein!. The data sets forElab5104, 139, and
172.5 MeV have been analyzed earlier@16# using the density
dependent CDM3Y6 interaction. However, the CB2 local a
proximation was used in Ref.@16# and it is necessary to hav
the folding analysis done using the more accurate CB1 lo
approximation.

Results of the folding analysis using three versions of
a density are compared with the data in Fig. 10, and
corresponding OM parameters are given in Table V. T
folding potentials used in this analysis differ from each oth
in about the same way as shown in Fig. 8 for thea116O
system. Judging by thex2 values given in Table V, one find
that the cross section obtained with version A of thea den-
sity gives a worse fit to the data. On the logarithmic plot t
cross-section difference between the three cases seems
still within the uncertainty of the measured data, except
the data at 104 MeV, where the potential based on versio

FIG. 9. Elastica116O scattering data atElab554.1, 80.7, and
104 MeV in comparison withrestrictedOM fits given by the fold-
ing potentials obtained with three versions of thea density and h.o.
model for the16O density, using the density dependent CDM3Y
interaction. The OM fit was performed for data points atuc.m.

<58.7 °, 34.8 °, and 29.6 ° forElab554.1, 80.7, and 104 MeV,
respectively.
7-10
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FIG. 10. Elastica158Ni scattering data atElab582, 104, 139,
and 172.5 MeV in comparison with the OM fits given by the fol
ing potentials obtained with three versions of thea density and
Fermi form for the 58Ni density, using the density depende
CDM3Y6 interaction. The nonlocal one-body DM of thea particle
was treated exactly and that of the58Ni target was treated in the
CB1 approximation. The corresponding OM parameters are g
in Table V.
s-
-

03400
of the a density fails to describe the last data points a
generates a broad oscillation at large angles, where the
bow tail of the elastic cross section should fall dow
smoothly. Compared to the folding results obtained for th
cases using version C of thea density and the CB2 loca
approximation@16#, the present folding results~using version
C of the a density and the CB1 local approximation! give
about the same fit to the data, but have a renormaliza
factor NV'1.06 which is by about 15% smaller than th
obtained in Ref.@16# ~see Table V of this work and Table I
of Ref. @16#!. We note that the optimumNV values obtained
so far in the folding analyses of the elastica-nucleus scat-
tering ~using both finite-range or zero-range exchange in
actions! are greater than unity and lie between 1.2 and
@12,14,16,50#, and no satisfactory explanation could ha
been given. By using the most accurate local approxima
for the nonlocal DM in the calculation of the exchange p
tential, the best-fitNV values~see also results obtained fo
the a190Zr system presented below! become smaller by
about 15% and closer to unity.

To test thea density, we have also performed arestricted
OM fit to the elastica158Ni data at 139 and 172.5 MeV, in
the same manner as done above in thea116O case~see Fig.
11!. With the renormalization factorNV and WS parameters
of the imaginary potential fixed by the restricted OM fit, a
three potentials describe very well the data points at forw
angles. However, the large-angle data can only be corre
described with version C of thea density, and this resul
confirms that version C is the most realistic for thea density.
Note that the difference in rms radius between versions
and C is only about 0.1 fm~Table I!, but it can show up in
the calculated cross section if the chosen incident energ
high enough for a clear observation of refractive featu
~around 25 MeV/nucleon!.

It is also noteworthy that our folding analysis of the ela
tic a112C, a116O, anda158Ni data gives the total reac

n
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2
8
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8
2
.5
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TABLE V. Optical potential parameters@see Eqs.~22! and~23!# used in the folding analysis of the elast
a158Ni data atElab582, 104, 139, and 172.5 MeV. The folding potentials were obtained with three ver
of thea density and Fermi form for the58Ni density~Tables I and II!, using the density dependent CDM3Y
interaction. The nonlocality of the DM was treated exactly fora and in the CB1 local approximation fo
58Ni. x2 values are per datum, and were obtained with experimental errors.

Elab a dens. NV ^r 2&V
1/2 JV W RW aW sR x2

~MeV! ~fm! (MeV fm3) ~MeV! ~fm! ~fm! ~mb!

82 A 0.948 4.646 320.8 17.57 6.223 0.650 1716 27.
B 1.000 4.593 307.5 18.26 6.098 0.650 1669 21.
C 1.053 4.571 301.8 18.51 6.049 0.650 1650 18.

104 A 0.913 4.646 295.2 21.32 6.218 0.561 1647 22
B 1.002 4.594 294.7 20.16 6.164 0.598 1648 10.
C 1.073 4.572 294.2 20.10 6.117 0.619 1650 12.

139 A 0.912 4.648 275.0 22.12 5.759 0.833 1784 18
B 0.989 4.597 271.2 21.59 5.832 0.754 1699 5.1
C 1.053 4.575 269.2 21.61 5.838 0.730 1670 2.4

172.5 A 0.892 4.650 251.8 31.17 5.265 0.815 1650 10
B 0.985 4.600 252.9 27.17 5.433 0.807 1655 4.3
C 1.056 4.579 252.9 25.98 5.513 0.789 1645 4.0
7-11
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tion cross sectionsR in agreement with the latest experime
tal trend@51#, althoughsR was never used as a fit parame
in the OM calculation.

a¿90Zr system

Among medium-mass targets,90Zr has been proven to b
strongly refractive for elastica scattering, and the availabl
elastic a190Zr data were used in the past to test thea
190Zr optical potential@12,14,16#. In this work we have se-
lected the elastic a190Zr scattering data at Elab
579.5,99.5,118 MeV@52# and 141.7 MeV@7#. These data
present a unique picture of how the refractive pattern evo
with energy. While the far-side scattering begins to domin
the large-angle scattering already at thea-particle energy of
60 MeV, the most pronounced rainbow maxima are seen
the energy reaches 80 MeV and higher@14,52#.

Our folding test of thea density gave similar results a
found in thea116O anda158Ni cases. Version A of thea
density gives unrealistic oscillating pattern in the elas
cross section at large angles shown in Fig. 12, especially
energies of around 100 MeV. The failure of version A
further confirmed by much largerx2 values of the OM fits to
all data sets~see Table VI!. Compared to the folding result
obtained for these cases using the CDM3Y6 interaction
CB2 local approximation@16#, the folding potentials ob-
tained with the same interaction and densities, but using
more correct CB1 local approximation, give about the sa
OM fit to the data. However, the use of the CB1 approxim
tion reduces the best-fitNV values to around 1.08 compare
to about 1.2 obtained earlier with the CB2 approximati

FIG. 11. Elastica158Ni scattering data atElab5139 and 172.5
MeV in comparison withrestrictedOM fits given by the folding
potentials obtained with three versions of thea density and Fermi
form for the 58Ni density, using the density dependent CDM3Y
interaction. The OM fit was performed for data points atuc.m.

<36 ° and 29.5 ° forElab5139 and 172.5 MeV, respectively.
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~see Table II of Ref.@16# and Table VI!. Thus the observed
20–30 % deviation from unity of the optimumNV values in
the folding analyses of elastica-nucleus scattering
@12,14,16,50# is reduced to about 10% by using a more a
curate local approximation in the calculation of the exchan
potential.

Finally, we want to address the approximation used
the overlap density in the folding calculation. Let us rec
that the folding model generates the first order term of
Feshbach optical potential@2# which is used to obtain solu
tion for the relative-motion wave function of the two nucl
being in their ground states. This may be only a small co
ponent of the total wave function, but it is the portion th
describes the elastic scattering. With the antisymmetriza
of the dinuclear system~3! properly taken into account, a
reasonable approximation for the total densityr of the two
overlapping nuclei is the sum of the two densities~20!. This
assumption, sometimes dubbed as frozen density approx
tion ~FDA!, is widely used in the folding calculations wit
density dependentNN interaction@1,3,12,16,18#. Any den-
sity rearrangement that might happen during the collis
would lead to the nuclear states different from the grou
states, and thus contribute to higher order terms in

FIG. 12. Elastica190Zr scattering data atElab579.5, 99.5, 118,
and 141.7 MeV in comparison with the OM fits given by the fol
ing potentials obtained with three versions of thea density and
Fermi form for the 90Zr density, using the density depende
CDM3Y6 interaction. The nonlocal one-body DM of thea particle
was treated exactly and that of the90Zr target was treated in the
CB1 approximation. The corresponding OM parameters are gi
in Table VI.
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TABLE VI. Optical potential parameters@see Eqs.~22! and ~23!# used in the folding analysis of the
elastica190Zr data atElab579.5, 99.5, 118, and 141.7 MeV. The folding potentials were obtained with t
versions of thea density and Fermi form for the90Zr density~Tables I and II!, using the density dependen
CDM3Y6 interaction. The nonlocality of the DM was treated exactly fora and in the CB1 local approxi-
mation for 90Zr. x2 values are per datum, and were obtained with experimental errors.

Elab a dens. NV ^r 2&V
1/2 JV W RW aW sR x2

~MeV! ~fm! (MeV fm3) ~MeV! ~fm! ~fm! ~mb!

79.5 A 0.958 5.130 323.6 18.48 7.175 0.531 1952 16
B 1.024 5.082 314.5 18.69 7.026 0.574 1936 5.0
C 1.083 5.062 310.2 18.98 6.943 0.601 1934 5.0

99.5 A 0.941 5.130 305.0 19.45 7.151 0.525 1963 36
B 1.024 5.082 302.1 19.22 7.043 0.574 1966 9.3
C 1.087 5.062 299.1 19.62 6.968 0.600 1968 6.3

118 A 0.930 5.131 290.6 19.02 7.024 0.650 2057 14
B 1.006 5.083 286.1 19.53 6.951 0.642 2017 3.7
C 1.069 5.063 283.6 19.99 6.897 0.649 2006 2.3

141.7 A 0.914 5.131 272.6 20.06 6.859 0.723 2088 35
B 0.994 5.083 269.8 20.83 6.778 0.706 2038 9.0
C 1.060 5.064 268.2 21.29 6.732 0.706 2022 4.1
-
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Feshbach optical potential@2#. These higher order terms rep
resent the ‘‘dynamic polarization potential’’~DPP! which is
energy dependent, nonlocal, and complex. The imagin
part of the DPP is the source of the imaginary part of the
optical potential. The real part of the DPP is about an or
of magnitude smaller than the folding potential@3# and that
is the reason why a slightly renormalized folding potentia
already a good approximation for the real part of the opti
potential.

In addition to the FDA, some other approaches like
geometric or arithmetic averages of the two local densi
were used for the overlap density in the folding calculat
@53#. Since the effect caused by different treatments of
overlap density in the folding model has never been stud
carefully, it is of interest to test different approaches in t
present folding analysis. The authors of Ref.@53# have used
the so-called JLM density dependent interaction@54# which
was defined only for the NM densityr<r0, wherer0 is the
normal nuclear matter density. To prevent the overlap d
sity of the two nuclei from becoming significantly larger tha
r0, so that the use of JLM parameters is appropriate, one
assumed in Ref.@53# the following arithmetic average of th
two densities:

r5
1

2 FraS ra1
s

2D1rAS rA2
s

2D G . ~24!

Equation~24! is denoted further in our discussion as avera
density approximation~ADA !. It is easy to see from Eqs
~20! and ~24! that the only difference between the two a
proaches is the factor 1/2 in front of the summed density.
show here that the ADA, which halves the overlap density
all radii, cannot account properly for the reduction in t
strength of the attractive interaction that occurs as the o
lap density increases. This can be seen, for example, in
radial shape of the~CDM3Y6! folding potentials for thea
03400
ry
I
r

l

e
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e
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e
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e

e
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he

190Zr system atElab599.5 MeV plotted in Fig. 13. Since the
ADA gives a twice less overlap density compare to the FD
the folding potential calculated using the ADA is more a
tractive and significantly deeper than that given by the FD
This difference is much larger than that caused by us
different a densities. The results for thea190Zr system,
using the folding potentials obtained with the ADA an
FDA, are shown in Fig. 14. One can see that the exces
depth of the folding potential obtained with the ADA lead

FIG. 13. Radial shape of the folding potentials for thea190Zr
system atElab599.5 MeV obtained with the h.o. model for thea
density and Fermi form for the90Zr density, using average densit
approximation ~dotted curve! and frozen density approximatio
~solid curve!.
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to a complete failure in the description of data points at la
angles. This effect is so strong that there was no nee
perform a ‘‘restricted’’ OM analysis to figure out which ap
proximation is better for the overlap density. We note th
the strongly refractivea190Zr data are the best among th
studied data to test the two approaches for the overlap
sity.

We also stress in this connection the usefulness of
very high and compact density profile of thea particle. One
has a density as high asr.2r0 in the center of the4He
nucleus, given by version C~see Fig. 7! or by the empirical
matter density~twice the experimental charge density f
4He @55# with the finite-sized charge distribution of the pr
ton unfolded!. This means that the total density for ana
particle overlapping a target nucleus may reach as muc
3r0 in the FDA. See, for example, Fig. 4 of Ref.@16# where
the overlap density in thea140Ca system begins to ap
proach 3r0 already at a separation ofR54 fm. The real
optical potential can be very well determined at such a rad
if the bombarding energy is sufficiently high. An artificia

FIG. 14. Elastica190Zr scattering data atElab579.5, 99.5, 118,
and 141.7 MeV in comparison with the OM fits given by th
~CDM3Y6! folding potentials obtained with two different approx
mations for the overlap density: average density approxima
~dotted curves! and frozen density approximation~solid curves!.
Version C of thea density and Fermi form for the90Zr density
were used in the folding calculation.
03400
e
to
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s

50% reduction of the overlap density in the ADA lea
clearly to a wrong shape of the folding potential at sm
distances.

V. SUMMARY

The double-folding model for thea-nucleus optical po-
tential is revised to study the exchange effects and den
dependence of the effectiveNN interaction. For this purpose
the refractive, elastic data ofa scattering on12C, 16O, 58Ni,
and 90Zr targets have been analyzed within the optical mo
using the folding potential.

The local approximation for the nuclear density matrix
the calculation of the exchange potential was tested in
a112C anda116O cases by using the harmonic oscillat
representation of the nonlocal DM’s of thea particle and
target. The most accurate version~CB1! of the Campi-
Bouyssy local approximation was shown to have the num
cal accuracy around 1%. The use of the CB1 approxima
also reduces the best-fit renormalization factorNV for the
a-nucleus folded potential by about 15%~closer to unity!
compared to that obtained earlier using the CB2 or ZE
proximation.

The inclusion of a realistic density dependence into
M3Y interaction, necessary for the correct description
nuclear matter saturation properties@14#, is also vital for a
correct description of the refractivea-nucleus scattering
data. The effect due to the presence of the DD in the eff
tive NN interaction is much stronger than that caused
using different local approximations for the nuclear DM
the calculation of the exchange potential.

A high sensitivity of the refractive, elastica-nucleus scat-
tering data to the real optical potential at small distan
enabled us to test various models for thea and target densi-
ties in the folding analysis, as well as to choose the m
appropriate approximation for the overlap density in t
double-folding calculation using a density dependentNN in-
teraction.

Our results emphasize again the importance of
a-nucleus scattering in the nuclear structure study. The fo
ing parameters obtained here for targets in different m
regions should also be a helpful guide in the prediction of
a-nucleus optical potential for a study of elastic scattering
loosely bound nuclei ona target using radioactive beams.

Finally, the folding formalism presented here could al
provide an accurate reference potential for the locala-core
interaction in the description ofa-cluster structure in light
and medium-mass nuclei@56#.
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