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Practical approximation scheme for the pion dynamics in the three-nucleon system
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We discuss a working approximation scheme to a recently developed formulation of the coupled
pNNN-NNN problem. The approximation scheme is based on the physical assumption that, at low energies,
the 2N-subsystem dynamics in the elastic channel is conveniently described by the usual2N-potential ap-
proach, while the explicit pion dynamics describes small, correction-type effects. Using the standard separable-
expansion method, we obtain a dynamical equation of the Alt-Grassberger-Sandhas~AGS! type. This is an
important result, because the computational techniques used for solving the normal AGS equation can also be
used to describe the pion dynamics in the3N system once the matrix dimension is increased by one compo-
nent. We have also shown that this approximation scheme treats the conventional3N problem once the pion
degrees of freedom are projected out. Then, the3N system is described with an extended AGS-type equation
where the spin-off of the pion dynamics~beyond the2N potential! is taken into account in additional contri-
butions to the driving term. These new terms are shown to reproduce the diagrams leading to modern3N-force
models. We also recover two sets of irreducible diagrams that are commonly neglected in3N-force discussions,
and conclude that these sets should be further investigated.

DOI: 10.1103/PhysRevC.63.034004 PACS number~s!: 25.10.1s, 21.45.1v, 25.80.Hp, 21.30.Fe
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I. INTRODUCTION

Considerable progress has been made in understan
the coupled system of two nucleons and~at least! one pion.
This enables the study of pion absorption and produc
processes on very light nuclei, and is a next step of includ
explicit pion degrees of freedom, beyond the stand
nuclear picture where mesonic degrees of freedom are ‘‘
zen out,’’ into nucleon-nucleon potentials. We are in partic
lar interested in a set of theories which can be classified
the acronym TRABAM~Thomas-Rinat, Afnan-Blankleider
Avishai-Mizutani!, Ref. @1#. In recent years, a fair amount o
effort has been made to extend this theory to the pion-th
nucleon domain, where a richer range of phenomena is
sible. In a sequence of papers@2#, this system has been ex
plored in the attempt to arrive at a consistent and conne
theory of the coupledpNNN-NNN system. This effort has
required the blending of the standard three- and four-b
theories of Alt, Grassberger, and Sandhas~AGS! @3#, with
the possibility that a pion can appear and disappear anyw
in the system, and in any of its subsystems.

In a recent paper, one of the authors@4# elucidated a con-
nected, coupled scheme for the combinedpNNN-NNN dy-
namics. Furthermore, he derived, by the use of the quasi
ticle formalism at three-cluster and two-cluster levels,
equation for the coupledpNNN-NNN system, that has the
appearance of a coupled set of Lippmann-Schwinger t
equations:

Xss8
(2)

5Zss8
(2)

1(
s9

Zss9
(2)ts9

(2)Xs9s8
(2) . ~1.1!

An equation of this type was first given by Lovelace@5# in
the standard three-particle problem with separable inte
tions, using the original theory by Faddeev@6#. It was also
0556-2813/2001/63~3!/034004~10!/$15.00 63 0340
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derived by AGS@3# who applied the quasiparticle approx
mation to their three-body equations. Equation~1.1!, like the
Faddeev-Lovelace-AGS equation, is a coupled set of inte
equations in one intercluster momentum variable, but h
the labelss(s8,s9) run over four values, rather than thre
s50 representing the configuration consisting of a thr
nucleon cluster with the pion separate, ands51, 2, 3 repre-
senting the three possible arrangements of the three nucl
in a pair and a separated nucleon~the usual AGS-Lovelace
scheme! with the pion associated with either the pair or t
single nucleon, or absent.~See Table II in@4#.!

The driving term in this equation is given in terms
quantities associated with the two levels of separable
proximations needed when the quasiparticle method is
plied @4# to the full pNNN-NNN system of equations, a
follows:

Zss8
(2)

5^~s(2)!2ug0u~s8(2)!2&d̄ss8

1 (
a8(,s)

(
b8(,s8)

(
a(,a8,b8)

^~s(2)!a8auta
(3)u~s8(2)!b8a&

3~ d̄ss81dss8d̄a8b8!, ~1.2!

and these contributions to theZ term will have an effect on
both the inhomogeneous term and the kernel of the inte
equation Eq.~1.1!.

This expression looks rather complicated with the m
tiple sums and inclusion rules, but, in fact, it turns out to
rather simple, once all these rules are applied and the d
functions invoked. We will define in detail symbols in th
equation below, but let us first look at the structure of th
driving term. The first term contains only components fro
the three-nucleon~no-pion! sector, and therefore cannot co
tribute at all if s50 or s850. Therefore, the only contribu
©2001 The American Physical Society04-1
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tions to this term can come from the casesÞ0 ands8Þ0. In
this case the first term of Eq.~1.2! does not contribute on th
diagonal~i.e., s5s8) because of the anti-delta function. O
the diagonal, since this contains only nucleon degrees
freedom, this term can properly be identified with the drivi
term of the traditional AGS-Lovelace approach to the st
dard three-nucleon problem.

For s5s850 there is no contribution toZss8
(2) also from

the second term, because the inclusion prescriptions in
sums cannot be satisfied ifs5s850. More explicitly, since
s5s8, only the last term in the delta-function structure su
vives, but this requiresa8Þb8. However, fors50, there is
only one two-cluster state, namelyp(N1N2N3), so the con-
dition a8Þb8 cannot be satisfied. Therefore, the drivin
terms do not contribute at all in the cases5s850, either in
the first, or in the second term.

The second term does have nonzero values in the diag
cases5s8Þ0, and this provides additional diagonal terms
Eq. ~1.1! due to the coupling to the pion degrees of freedo
Even if small, such contributions compare to zero and the
fore can hardly be neglected. The second term contrib
also to the off-diagonal elements, thus providing correctio
to the dominant terms of the standard three-nucleon prob

In Eq. ~1.2!, u(s(2))a8a&,u(s(2))2& are components of the
form-factor vector coming from the separable approximat
at the two-cluster level, the subscript ‘‘2’’ representing the
no-pion sector, the subscriptsa8a being the Yakubovsk� @7#
chain labels for the chains of partition of the~conserved!
four-body system,pNNN. The quantityg0 is the free propa-
gator for three nucleons, in the absence of pions; the qua
ta

(3) denotes the intermediate propagation of the poss
three-cluster structures of thepNNN system. In other words
in
-
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the separable representation of the two-particlet matrix, ac-
cording to

ta~z!>u„a(3)~z!…&ta
(3)~z!^„a(3)~z!…u, ~1.3!

describes effectively all the elastic two-body processes in
four-body space, withta representing either theNN or the
pN two-body t matrix. The ‘‘anti-delta’’ function is
d̄ss8512dss8 . The inclusions under the summation symbo
are intended in the usual sense of Yakubovsk� chain inclu-
sions. For example, fors51, a8 is one of the two partitions
N1(N2N3p), (pN1)(N2N3), anda are all the possible three
cluster partitions that can be obtained by breaking one clu
in each of the above two-cluster partitions. As an example
how the complicated-looking structure of Eq.~1.2! simpli-
fies, we show two particular contributions to the drivin
term, where we specify the form-factor vectors by the cha
of partition, and leave off the superscripts~2! and ~3! that
occur in Eq.~1.2!; a typical off-diagonal element:

TABLE I. Chain-labeled four-body components of the form fa

tor u( s̃(2))a8a& for s51. The last column represents how this for
factor is constructed in terms of the elementaryp interaction with
nucleoni, by means of thepNN vertex f i .

a8 a ( f 1)a8a

(N2N3p)N1 (N2N3)pN1 f 21 f 3

(N2N3p)N1 (N2p)N3N1 f 3

(N2N3p)N1 (N3p)N2N1 f 2

(N2N3)(pN1) (N2N3)pN1 f 1

(N2N3)(pN1) N2N3(pN1)
Z125^N1~N2N3!ug0uN2~N3N1!&1^N1~N2N3p!;N1N2~N3p!ut (N3p)uN2~N3N1p!;N1N2~N3p!&

1^N1~N2N3p!;N1N3~N2p!ut (N2p)u~pN2!~N3N1!;N1N3~N2p!&

1^~pN1!~N2N3!;N2N3~N1p!ut (N1p)uN2~N3N1p!;N2N3~N1p!&, ~1.2a!

and a diagonal element:

Z115^N1~N2N3p!;N1~N2N3!put (N2N3)u~N1p!~N2N3!;N1~N2N3!p&

1^~N1p!~N2N3!;N1~N2N3!put (N2N3)uN1~N2N3p!;N1~N2N3!p&. ~1.2b!
the
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For s51, as can be immediately deduced by compar
Eq. ~1.2! with Eq. ~1.2a!, the stateu(s)2& denotes the Fad
deev componentuN1(N2N3)&, while with u(s)a8a& we denote
the relevant Yakubovsk� components, such a
uN1(N2N3p);N1N2(N3p)& for instance. All possible four-
body components fors51 are listed in Table I.

This structure for the driving term has been diagramm
cally represented in Fig. 3 of Ref.@4#, and is reported here in
Fig. 1 for the sake of clarity. The left panel exhibits the fo
terms discussed in Eq.~1.2a! for the off-diagonal elements
g

i-

while the two diagonal elements in Eq.~1.2b! are represented
in the right-bottom panel. The right-top panel reports also
remaining two diagrams which provide the coupling to t
fourth component~i.e., 05sÞs8). Thus this figure exhibits
in full the structure of the diagrams which are needed
setting the dynamical equation of thepNNN system.

To solve Eq.~1.1! one must first define and construct th
states u(s(2))a8a&, u(s(2))2&, and the two-cluster Green’
function ts

(2) . It is precisely at this point that we propos
herein a workable approximation scheme. However, bef
4-2
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discussing the approximation, we recall for clarity the rigo
ous result obtained in Ref.@4#. For complete details we refe
to that work.

Starting from the two-particle representation Eq.~1.3!,
one can derive the dynamical sub-amplitude contain
the interactions internal to the coupled set of partitio
(N1)(N2N3), (N1p)(N2N3), and (N1)(N2N3p). This is de-
noted by (x)(s51) where thes51 index should be interprete
n
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with the fact that nucleon ‘‘1’’ is set apart from the othe
two: obviously, the other cases withs52,3 are obtained by
cyclic permutations of the nucleons. Thes50 amplitude in-
stead contains all the interactions internal to the sin
p(N1N2N3) partition, hence the pion is set apart from th
three nucleons here.

The dynamical equations for these four subamplitudes
given by @see Eqs.~3.21!–~3.24! of Ref. @4##
~xs!a8a,b8b5^a(3)uG0ub(3)&d̄abda8b81 (
c8(,s)

(
c(,c8)

^a(3)uG0uc(3)&d̄acda8c8tc
(3)~xs!c8c,b8b1^a(3)uG0~ f s!a8ag0~xs

†!2,b8b ,

~1.4!

~xs
†!2,b8b5~ f s

†!b8bG0ub(3)&1 (
c8(,s)

(
c(,c8)

~ f s
†!c8cG0uc(3)&tc

(3)~xs!c8c,b8b1Vsg0~xs
†!2,b8b , ~1.5!

~xs!a8a,25^a(3)uG0~ f s!a8a1 (
c8(,s)

(
c(,c8)

d̄acda8c8^a
(3)uG0uc(3)&tc

(3)~xs!c8c,21^a(3)uG0~ f s!a8ag0~xs!2,2 , ~1.6!

~xs!2,25Vs1Vsg0~xs!2,21 (
c8(,s)

(
c(,c8)

~ f s
†!c8cG0uc(3)&tc

(3)~xs!c8c,2 , ~1.7!
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out
with a,a8,s andb,b8,s. For eachs, the subamplitudes
(xs) have components labeled by the Yakubovsk� chain la-
bels (a8a), or by the symbol ‘‘2’’ in the case of the no-pion
sector, where the indexs specifies a unique physical partitio
~last column of Table II in@4#!. Only whens50, all cou-
plings to the no-pion sector are vanishing. These coup
equations are obtained once the representation Eq.~1.3! has
been assumed, and the amplitudes are expressed in the
body space in the corresponding quasiparticle representa
G0 is the full four-body free propagator,g0 is the already
mentioned free three-nucleon propagator in the no-pion
tor, Vs is the pair potential between the two interacting nuc
ons in the partitions denoted bys and, in addition to the
short-range part of the2N potential, it includes explicitly the
OPE diagram. Finally,f s ( f s

†) is the elementary creatio
~annihilation! vertex for a pion into~from! the appropriate
subsystem denoted by the chain-label subscript. An imp
tant aspect of these subamplitudes is that it is always p
sible to factor out a Diracd function in momentum space fo
the ‘‘spectator’’ nucleon~or pion, fors50). The new aspec
obtained in Ref.@4# is that this factorization property ha
been maintained when there is a pion associated with e
the nucleon pair or the spectator nucleon, or when there i
pion at all.

The basic assumption for thexs subamplitudes consists i
the finite-rank representation

~xs!a8a,b8b5u~s(2)!a8a&ts
(2)^~s(2)!b8bu, ~1.8!

~xs
†!2,b8b5u~s(2)!2&ts

(2)^~s(2)!b8bu, ~1.9!
d

ur-
n.
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~xs!a8a,25u~s(2)!a8a&ts
(2)^~s(2)!2u, ~1.10!

~xs!2,25u~s(2)!2&ts
(2)^~s(2)!2u. ~1.11!

This representation provides all the ingredients needed
construct the connected dynamical equation~1.1!. We have
limited here the discussion to the case of one separable t
but the algebraic generalization of Eq.~1.1! to more sepa-
rable terms is straightforward.

II. APPROXIMATION SCHEME

Although this is a very relevant issue, we will not conce
trate here on the mathematical aspects and general
straints needed to obtain a mathematically converging se
rable expansion for the subamplitudesxs . A very clear
explanation about the general methods required for con
ering such questions can be found in Ref.@8#.

We will instead concentrate on the development of
approximate scheme for the separable representation of
subamplitudes. The proposed approximation scheme is b
on the physical assumption that in standard nuclear phy
the picture of nucleons interacting via realistic nucleo
nucleon potentials, with the pion degrees of freedom ‘‘froz
out,’’ provides an acceptable first-order description of t
low-energy/low-momenta dynamics. The effects of includi
explicit pionic degrees of freedom beyond that pictu
should then be considered only as dynamical ‘‘correction

If we consider Eq.~1.7!, we observe that the last term
accounts in fact for the one-pion dynamics in the2N sub-
system (sÞ0), once the OPE diagram has been taken
~because it is already included inVs). In particular (xs)2,2
4-3
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represents the complete, elastic2N amplitude in presence o
a spectator nucleon. Obviously, (xs)2,2 should be obtained
from the coupled set of Eqs.~1.4!–~1.7!, but we will identify
instead (xs)2,2 with the conventional2N t matrix, derived
by the solution of the standard2N Lippmann-Schwinger
equation~in the presence of a spectator nucleon! using as
input the phenomenologicalNN potential. In other words
we set to zero the last term of Eq.~1.7! and use forVs the
conventionalNN potential which includes in an effectiv
way the contributions from the pion-2N dynamics. Note that
there will be a price to pay for this; namely, alldisconnected
dispersive effects to the3N dynamics, originated in the2N
subsystems by the dynamical equations~1.4!–~1.7!, will be
approximated to zero. This is a consequence of the fact
the dynamical description of the pion degrees of freed
implied by these equations has been replaced with an is
taneous, effective2N potential. Implicitly, this approxima-

FIG. 1. Exchange diagrams contributing to the extended3N
equation with one pion. The left panel shows diagrams contribu
to Z12

(2) ~off the diagonal!, the bottom-right panel denotes contrib
tions to the diagonal elementZ11

(2) , and finally the diagrams cou
pling the three Faddeev components with the fourth compon
~with s50) are shown on the top-right panel. The straight so
lines represent nucleons, while the pale wavy line denotes the p
WhensÞ0, the pion line surrounds the two-cluster partition, sin
the pion may couple with the nucleon pair, or with the spectator
be absent.
03400
at

n-

tion is assumed in all potential approaches to the3N prob-
lem, but it has not really been tested. The exception is in R
@9#, where these dispersive effects of the2N subsystem have
been sized in the extreme situation where thepN interaction
is entirely represented by its coupling through a forwa
propagatingD isobar. Interestingly, theD-mediated, discon-
nected dispersive effects in the3N system turned out to be
not negligible. It is clear that this problem should be inve
tigated further; nevertheless we will not do this here sin
our aim is to follow in this respect the standard potent
approach to the3N problem, where the3N dispersive effects
generated in the2N subsystems are completely ignored.

Once we have accepted that the2N dynamics in theelas-
tic channel is described by means of a phenomenolog
nucleon-nucleon potential, our description can be clos
compared to the usual, potential-based, quantum-mecha
3N approaches since the dynamical input of the two
proaches appears to be identical. Then, if we consider
~1.11!, this reduces to the well-known, standard separa
representation of the two-nucleont matrix, which we express
in the polar form

~xs!2,2'us̃(2)&t̃s
(2)^s̃(2)u, ~2.1!

and this already gives the approximationsu(s(2))2&'us̃(2)&,
andts

(2)'t̃s
(2) which are needed for the determination of t

driving term ~first contribution! and for the kernel of Eq.
~1.1!. It should be noted that the form factorsus̃(2)& for NN
interactions are, in this approximation, not distinct from t
form factorsua(3)& of the quasiparticle approximation at th
three-cluster level, Eq.~1.3!. Both come, in fact, from the
pole approximation of the elastic two-nucleont matrix. The
only difference is that theus̃(2)& factor refers only to the2N t
matrices and is expressed in the (NN)1N two-cluster space,
with one Jacobi coordinate removed already. The form fac
ua(3)&, on the other hand, refers to all the two-bod
t-matrices in the four-body space, and this includes also
pN t-matrices in addition to theNN ones. Thus, a conve
nient feature emerges from the approach herein discus
only one standard pole approximation~or expansion, in the
more general case of higher ranks! has to be made for the
two-nucleon interaction, to be used for the2N t matrices in
both four-body and3N spaces.

At this point one fact must be stressed: namely, if we
not consider further contributions, our description precis
collapses into the quantum-mechanical approach to the3N
system in terms of a2N potential, since the resulting3N
equations haveexactly the AGS form. This is because a
couplings to pNNN state are made via the componen
u(s(2))a8a& which would be set to zero in this case. Thu
these components, together with thes50 partition, are fun-
damental for an explicit treatment of the pion degrees
freedom in the3N system, and we get an approximation
the u(s(2))a8a& factors, to the lowest order, by considering
particular Eq.~1.6!. Assuming that the leading contribution
to (xs)a8a,2 are dominated by the pole structures@see Eq.
~2.1!# of (xs)2,2 in the last term of Eq.~1.6!, we obtain
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PRACTICAL APPROXIMATION SCHEME FOR THE PION . . . PHYSICAL REVIEW C63 034004
~xs!a8a,2'^a(3)uG0~ f s!a8ag0us̃(2)&t̃s
(2)^s̃(2)u,

and considering Eq.~1.10!,

u~s(2)!a8a&'u~ s̃(2)!a8a&[^a(3)uG0~ f s!a8ag0us̃(2)&.
~2.2!

This provides the form factors needed for the second term
Eq. ~1.2!, which in this approximation represents the cont
bution entirely responsible for the explicit treatment of t
pion dynamics in Eq.~1.1!, beyond that effectively containe
in the static2N potential. The^a(3)u on the left of this is
needed because the quasiparticle approximation has alr
been made for the pair interaction in the four-body space
Eq. ~1.3!.

Equation~1.2! also requires the ‘‘bra’’ vectorŝ(s(2))2u,
^(s(2))a8au. We simply construct the adjoints, by taking th
corresponding ‘‘bra’’ states of the underlying quasipartic
approximation~2.1! of the standard2N t matrix. In other
words

^~s(2)!2u'^s̃(2)u, ~2.3!

and

^~s(2)!a8au'^s̃(2)ug0~ f s
†!a8aG0ua(3)&. ~2.4!

By means of these positions, we identify three types
new contributions which take into account, to the lowest
der, the explicit pion dynamics in the extended3N equation,
Eq. ~1.1!. These contributions modify the driving termZ(2)

of the standard AGS equation in a very selective way.
will discuss the details of these contributions in the n
section, while here we briefly summarize the result. The fi
contributions enlarge the number of components with resp
to the three standard Faddeev components, with the add
of the fourth component (s50) specifying the partition
when the pion is set apart from the three nucleons. S
contributions provide the new couplings betweens50 and
s8Þ0, as well as withsÞ0 ands850. These link the3N
Faddeev components with the partition consisting of a thr
nucleon cluster and a separated pion (s50). A second type
of terms enter in the diagonal part,s5s8Þ0, of Zss8

(2) while
traditionally these elements have been assumed to be va
ing in the standard3N theory: hence, these terms should
considered important since they compare to zero in the s
dard AGS equation. Finally, the second term of Eq.~1.2!
provides corrections also for 0ÞsÞs8Þ0, that is, for the
off-diagonal elements of the driving term. Instances of su
terms are shown in the last three contributions of Eq.~1.2a!.
They all represent modifications that have to be added to
standard3N driving term, identified with the first contribu
tion in Eq. ~1.2!. Thus, the new contributions coming from
the explicit pion degrees of freedom, provide minim
though important, modifications to the standard AGS form
lation of the three-nucleon problem.
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III. DISCUSSION

In the previous section we have shown that it is possi
to treat approximately the pion dynamics in the3N equations
by introducing the new form factor

u~ s̃(2)!a8a&[^a(3)uG0~ f s!a8ag0us̃(2)&. ~3.1!

The operator (f s)a8a has been defined in Ref.@4# in terms of
the renormalized elementarypNN vertex by means of the
inclusion prescription

~ f s!a8a5(
i 51

3

f i d̄ iad i ,a,a8da8,s . ~3.2!

Here, the label ‘‘i ’’ represents thepN pair interacting via the
vertex f i .

In view of the key role played by this new ingredient
the extended3N equation we provide its detailed diagram
matic interpretation. To fix the ideas, we chooses51 and
consider the various components depending on
Yakubovsk� chain-of-partition subscripta8a, listed in Table
I. By applying the inclusion prescription for the vertex o
erator, we obtain the set of diagrams drawn in Fig. 2. N
that there are only four diagrams in the figure while there
five components in the table. This is because the inclus
prescription automatically set to zero the contribution cor
sponding to the last Yakubovsk� component, as shown in
Table I. Moreover, there is another diagram~omitted in Fig.

FIG. 2. Diagrammatic representation of the form facto

u( s̃(2))a8a& in the Yakubovsk� chain-labeled space.
4-5
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2! which has to be added to the first diagram shown in
figure, obtained by interchanging the two nucleons ‘‘2’’ a
‘‘3’’ within the pair. This sum is evidenced in the first row o
Table I. All these contributions represent the proper qua
particle generalization of the standard2N form factor, in
presence of a spectator nucleon, to the pion inelastic chan

Once we have illustrated the form factor diagrams, we
discuss the detailed structure of the new contributions to
driving term of the extended3N equation. Indeed, we ca
interpret the main result obtained in Sec. III of Ref.@4#, and
reported here in Eqs.~1.1! and~1.2!, as a simple prescription
to include the pion dynamics in the AGS equation,

Zss85Zss8
AGS

1Zss8
p , ~3.3!

and the main result of the previous section is a pract
approximation scheme to get the part of the driving te
which handles the pion dynamics whens,s8Þ0

Zss8
p

5 (
a,a8,b8

^ s̃(2)ug0~ f s
†!a8aG0ua(3)&ta

(3)

3^a(3)uG0~ f s8!b8ag0us̃8(2)&~ d̄ss81dss8d̄a8b8!.

~3.4!

We begin with the contributions to Eq.~3.4! in the
s5s851 case. Here, only the term withdss8 survives in Eq.
~1.2!, which impliesa8Þb8, and also that only the (N2N3)
pair can be formed in the intermediate state. Conseque
the only possible diagrams that can be constructed are
tained from only the first and last diagrams in Fig. 2 yieldi
the diagrams shown in Fig. 3, plus obviously those obtai
by interchanging the pairing nucleons ‘‘2’’ and ‘‘3,’’ for a
total of four time-ordered diagrams. Clearly, these are ir
ducible contributions that cannot be represented in conv
tional 2N potential theory.

We then consider the contributions to theZ-pionic term
when 0ÞsÞs8Þ0, e.g., whens51 ands852. In this case
only thed̄ss8 contribution survives in the second term of E
~1.2!; here the intermediate pair can only be formed with

FIG. 3. Diagrams contributing toZ11
(2) . In conventional3N

theoryZ11
(2) is zero.
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pion and the nucleonN3, which is uniquely defined since i
does not act as spectator in both componentss51 and s8
52. In this case, one gets the diagram shown in Fig. 4. N
however that this is an approximated result: Once we h
approximated the inelastic form factors in Eqs.~1.8! and
~1.9! by the leading expressions~2.2! and~2.4!, then the last
two terms in Eq.~1.2a! vanish, because the last row in Tab
I is empty in this case. However, in the more general
proach of Ref.@4# there are additional contributions~shown
in Fig. 3 of Ref.@4#! which originate from the last two term
in Eq. ~1.2a!. Physically, these additional terms represe
four-body multiple-rescattering contributions.

So far, we have discussed the additional contributions
must include in the AGS equation to take minimally in
account the pion dynamics beyond the OPE term. We
serve that in both cases these diagrams represent, in
contributions that can be reinterpreted as irreducible3N po-
tentials. In particular, the diagram of Fig. 4 has the topolo
cal structure of the well-known Fujita-Miyazawa@10# dia-
gram. Similar forms~where the exchanged pion rescatte
before being absorbed!, are the basic ansatz for building th
pion part of the irreducible3N forces, such as the Tucson
Melbourne @11#, Ruhr @12#, Brazil @13#, or Texas@14# 3N
interactions. However, this scheme provides at the same
also another set of irreducible3N diagrams which must be
considered as well; these are given in Fig. 3 and represe
totally different structure from that of Fig. 4. These irredu
ible diagrams have been proposed by Brueckneret al. @15#,
as early as 1954, and have been investigated quantitati
for the triton binding energy by Pask@16#, who finds they
give a large contribution. Since that time, it has been poin
out ~see Refs.@12,17,18#! that these terms cancel out again
relativistic corrections to the iterated one-pion exchan
term. However, the effect of this cancellation has been st
ied recently@19#, and the cancellation turned out to be r
markably incomplete, with a breaking effect of 15–30 %
the case of realistic interactions. The reason that breaks
cancellation is dynamical, and can be evidenced with an
proach preserving the cluster substructures of the mu
nucleon system, while describing the pion-exchange dyn
ics. This is, we believe, one of the advantages of using
formulation discussed here. From the diagrams of Fig.
new contribution to the3N force has been extracted@19#, and
by means of this contribution the third nucleon affects
particular the triplet-odd waves of the2N subsystem, with
consequences for theN-d vector analyzing powers, as ha
been demonstrated in Ref.@20#.

Finally, we consider the contributions of theZ-pionic
term whens50 and s8Þ0. Here, the pionic contributions

FIG. 4. The additional contribution toZ12
(2) due to the treatmen

of the pion dynamics.
4-6
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are crucial in providing the couplings to the new, four
component. In such a case, one has to modify Eq.~3.4! since
the approximation discussed in the previous section conc
the structure of theus(2)& form factors only whensÞ0, while
nothing is said otherwise. However, thes50 case has bee
discussed in Ref.@4#, see Eqs.~2.16!–~2.18! therein, and it
turns out that fors50 the only nonvanishing subamplitude
given by the equation

~x0!a8a,a8b5^a(3)uG0ub(3)&d̄ab

1 (
c(,a8)

^a(3)uG0uc(3)&d̄actc
(3)~x0!a8c,a8b ,

~3.5!

which represents a Faddeev equation for three interac
nucleons in presence of a spectator pion, sincea8
5(NNN)p. In the vicinity of its poles,x0 becomes

~x0!a8a,a8b.u~s(2)!a8a&ts
(2)^~s(2)!a8bu. ~3.6!

The s50 form factors are solutions of the homogeneo
equation associated to Eq.~3.5!, and represent the virtua
decay of a3N interacting cluster into a correlated2N pair, a,
plus a nucleon, in presence of the spectator pion. Fors50,
the form factor is obviously vanishing in the pure3N sector,
since there is always the presence of the spectator p
Hence, takings50 ands851 for instance, theZ-pionic term
becomes

Zss8
p

5 (
a,a8,b8

^~s(2)!a8auta
(3)^a(3)uG0~ f s8!b8ag0us̃8(2)&,

~3.7!

once the complicatedd structure in Eq.~1.2! has been prop-
erly taken into account. We observe that forsÞs8 it is a8
Þb8 always. Furthermore, sincea8 identifies thes50 par-
tition, a may represent only aNN pair, which means that the
term in Eq. ~3.7! selects only the first and the fourt

FIG. 5. Processes contributing toZ01
(2) due to the treatment of the

pion dynamics.
03400
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Yakubovsk� components~in Table I!, and this specifies com
pletely the diagrams contributing toZ01

p , as shown in Fig. 5.
In the figure the first diagram should include an addition
contribution obtained by interchanging the pairing nucleo
as usual.

At this point, we have achieved the main goal of th
work; indeed, starting from the more general approach
Ref. @4#, we derived a practical, approximated scheme for
treatment of the pion dynamics in the3N system. In particu-
lar, we obtained a set of dynamical equations where the m
input is given by the2N t matrix generated by phenomeno
logical NN potentials ~hence, constrained by phase-sh
analysis!. The additional inputs required for this descriptio
are thepN t matrix, once its polar part has been subtract
and the nonrelativisticpNN vertex, needed for the construc
tion of new form factors expressed by Eq.~3.1!.

This set of equations can be considered a natural, appr
mated extension of3N AGS equations for the explicit treat
ment of the pionic channel. We have identified the mod
cations implied by this treatment: they consist in addition
terms, Zss8

p , representing corrections to the standard AG
driving termZss8

AGS. We have classified these corrections
the structure of the underlying diagrams and found they
correspond to irreducible3N-force diagrams. We have als
pointed out the presence of a fourth, pionic, component r
resenting thep1(NNN) partition, and described how this i
coupled to the other three Faddeev components. Finally,
have discussed the main limitation implied by the approa
which consists in ignoring all3N disconnected~or reducible!
dispersive effects: this is unavoidable if we use as inpu
potential-based description for the dynamics of the2N sub-
system; indeed, such an approximation is implicitly assum
in all conventional quantum-mechanical descriptions of
3N system based on the potential approach. To overco
this limitation, one should consider the more general
proach of Refs.@1,4#, wherein the input interactions canno
be defined in a simple manner. With respect to this point,
observe that, since the2N-subsystem dynamics is describe
in this work in terms of the standard2N potential approach,
the mass of the nucleon in the no-pion sector is not gener
dynamically, but is static, and hence these approxima
equations are not plagued by the nucleon-renormaliza
problem @21#. On the other hand, above the pion thresho
for theNN subsystem, the approach presented herein ca
be considered unitary, since the input2N t matrices are not
unitary either.

It might be surprising to find out that the dynamical equ
tions analyzed here as well as in Ref.@4# lead to another
class of irreducible3N diagrams. Such a class of diagrams
present but still hidden in these dynamical equations si
these represent formulations suited for the3N problem above
the pion threshold. If we consider the3N system at lower
energies, then it is more convenient to eliminate from th
formulations the fourth Faddeev component,s50, related to
the mesonic channel. This can be accomplished by using
very straightforward way Feshbach’s projection techniq
The resulting dynamical equations have only three Fadd
components, just like the standard AGS formalism, while
4-7
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mesonic channel has been projected out from Eq.~1.1!. This
recasting of the dynamics~which represents an exact resu!
leads to an additional modification of the driving termZss8 ,
due to the effects of the coupling to the fourth componen

Zss85Zss8
AGS

1Zss8
p

1Zss8
8 . ~3.8!

~Here and in the following, it must be assumed that
indicess, ands8 span only from 1 to 3, since the meson
channel has been projected out.! The additional term,Zss8

8 , is
given by

Zss8
8 5Zs0

p t0
(2)Z0s8

p , ~3.9!

while Z00
p is identically zero as has been pointed out in t

Introduction.
We consider this new additional contribution to the dr

ing term, Zss8
8 , and discuss what kind of irreducible3N

diagrams are involved. This can be accomplished by con
ering the definition ofZ0s

p given in Eq. ~3.7!, and taking

into account the fact thatt0
(2) represents the strength of th

connected3N correlations while the pion is ‘‘in flight,’’ as
discussed in Ref.@4#. A strong3N correlation would corre-
spond to a pole-like structure fort0

(2) , shifted by the energy
carried by the exchanged pion. Using the result expresse
Eq. ~3.7! one can show that the termZss8

8 can be written as

Zss8
8 5 (

b,c,b8,c8
^s̃(2)ug0~ f s

†!b8bG0ub(3)&tb
(3)u~0(2)!a8b&t0

(2)

3^~0(2)!a8cutc
(3)^c(3)uG0~ f s8!c8cg0us̃8(2)&, ~3.10!

and the diagram shown in Fig. 6 is just one contribution
this structure.~Similar diagrams for the3N force have been
observed also in Ref.@22#, within a relativistic approach to
the 3N problem based on a cluster description, instead
using a microscopic description based on individual p
ticles.! Note that the pion can couple any of the three ingo
nucleon lines with each one of the three outgoing lin
Moreover this occurs with all possible recombinations in
termediate2N pairs.

This set of diagrams represent another, new class of
ducible 3N mechanisms contributing to the construction
the 3N force. Physically, these diagrams represent all p
sible connectedcorrelations among the three nucleons wh
the exchanged pion is in flight. On the contrary, the diagra
of Fig. 3 represent all possibledisconnected 2Ncorrelations
while the pion is in flight.

FIG. 6. Intermediate3N cluster formation while the meson is i
flight. Processes contributing toZss8

8 and generated by~projecting
out! the fourth Faddeev component.
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IV. SUMMARY AND CONCLUSIONS

Recently, a new approach for the explicit treatment of
pion dynamics in the3N system has been obtained@4#.
Herein, we have shown how to derive from this formulati
a practical calculation scheme which is phenomenologic
sound. The approximation is based on the assumption
the elastic2N subamplitudes can be conveniently describ
with the phenomenological2N potential approach. In othe
words, instead of treating explicitly the pion dynamics
full, in the 3N system we describe explicitly only those a
pects of the pion dynamics which cannot be buried into
all-comprehensive, phenomenological2N potential. Thus the
procedure could be viewed as a method to cool down~or to
gradually project out! the pion dynamics from the theory o
Ref. @4#.

One advantage of making such an approximation is t
this approach is not plagued with the nucleo
renormalization problem, since the dynamical equation u
to construct the subsystem amplitudes is represented by
standard 2N Lippmann-Schwinger equation, where th
nucleon masses are static. However, the approach incl
also the pion degrees of freedom, via the inelastic subam
tudes. These are represented as2N form factors defined in
the Yakubovsk� chain-labeled space of the~four-body!
pNNN system. Here, we consider only the first-order co
tributions to such inelastic form factors in terms of the effe
tive pNN coupling vertex, see Table I.~It is evident that
more complex rescattering mechanisms contributing to s
form factors can be implemented at a later stage.! Another
advantage of this approach is that the dynamical input can
constrained by the2N experimental data; therefore th
method can be directly compared with the standard quant
mechanical approach to the3N problem based upon a2N
potential description.

A possible problem with such an approximation is t
breaking of unitarity above the pion production thresho
The question of unitarity, and the level at which it brea
down, is always a delicate one in a truncated field the
such as that on which Ref.@4# is based. Since in that pape
a complete and connected Faddeev-based theory for t
nucleons in the presence of at most one pion is develop
full unitarity at the four-body level can be expected, subje
to the limitations thoroughly discussed in Sec. I of that p
per. In the approximation scheme presented here, unita
breaking would be introduced by, in particular, neglecti
the last term of Eq.~1.7!. The scheme may not be fully
unitary above the pion production threshold, since tha
what is accounted for by the neglected term. Two comme
can be made regarding this. In the first instance, this sch
can be applied for calculating3N observables, where it al
lows us to estimate dynamical effects due to the inclusion
one possible intermediate pion. Secondly, since the theor
designed as a minimal extension to the standard, ‘‘poten
like’’ description of nuclear physics wherein the pion d
namics is frozen, it should be possible also to extend ca
lations to moderately low energies above the pion produc
threshold, where interesting new physics could be stud
with this approach. Furthermore, the more complete the
4-8
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of Ref. @4# can serve as a basis, and one could possibly st
the effect of including additional terms from Eqs.~1.4!–
~1.7!, perhaps in a perturbative fashion.

By using a separable-expansion representation of the e
tic NN t matrix, it has been possible to recast the dynam
equation into an extended AGS form, where the part of
pion dynamics not buried in the2N potential is treated ex
plicitly. We discussed the three modifications implied by th
extended3N equation with respect to the normal AGS on

First, the 333 AGS driving term, defined in terms of th
three Faddeev components, acquires additional contribut
from the pion dynamics, and these new contributions ac
both diagonal and off-diagonal matrix elements~while the
standard AGS driving term is known to act only in the o
diagonal elements!. We discussed these contributions also
terms of their diagrammatic interpretation, and found that
off-diagonal corrections correspond, to their lowest order
irreducible3N-force diagrams where the pion, while bein
exchanged between two nucleons, rescatters from the
before annihilating. This rescattering mechanism is pra
cally the only case discussed in the construction of the pio
part of the3N force. And the different 3NF approaches diff
mainly for the model representation of thepN rescattering
amplitude; there are, of course, additional short-range eff
where there is much more ambiguity and where the vari
3NF models differ considerably among each other. C
versely, the second modification refers to the diagonal pa
the driving term, and represents irreducible3N-force dia-
grams of different topology, where it is one of the two nuc
ons exchanging the pion that rescatters with the third o
These 3NF diagrams are not included in the construction
modern3N potentials because it is usually assumed that t
cancel out if one takes into account meson retardation eff
in all their possible variety of time orderings. However,
has been pointed out in a recent study@19#, this cancellation
as a 100% effect is questionable. The reason for questio
the cancellation is due to the fact that a full2N subamplitude
enters in this3N-force diagram, while the cancellation in
volves only the ‘‘instantaneous’’ part of the diagram. T
construction of 3NF models from meson-exchange mec
nisms evaluated in terms of instantaneous processes will
inevitably to a 100% cancellation effect; however such me
ods do not take into account that two nucleons may clus
t.,
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ize while the pion is being exchanged, and this implies t
an entire set of rescattering processes have to be subsum
during the pion-exchange process, thus leading to an inc
plete cancellation effect.

The third and last modification with respect to the norm
AGS equation implies the increasing of the matrix dimens
by one unit, since the three Faddeev components are
coupled to the additional two-cluster partitionp1(NNN).
We have discussed the structure of such couplings and
corresponding diagrams, thus providing details for all t
ingredients of this new dynamical equation.

Finally, we have shown that it is possible to project o
the effects of the coupling to this pionic channel, thus p
viding a description of the3N dynamics with explicit treat-
ment only for the3N coordinates. This modification is suite
for treatments of the3N system at lower energies, below th
pion threshold. Then, the extended AGS equation invol
only the three standard Faddeev components, and the e
of the p1(NNN) channel in the intermediate states is co
tained into an additional, third contribution to the drivin
term. We have analyzed the diagrams involved and fou
that they correspond to a third class of irreducible 3NF d
grams, topologically different from the other, previously d
cussed two classes. The diagrams correspond to the va
of connected correlations among the three nucleons while
meson is in flight. In other words, these mechanisms t
into account all possible3N-cluster effects while the meso
is being exchanged. This new correction acts in both dia
nal and off-diagonal matrix elements of the driving term a
may possibly provide additional influence on the structure
the 3N force.
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