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Testing binomial reducibility and thermal scaling in hadron-induced multifragmentation
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A binomial reducibility and thermal scaling analysis is performed on well-chacracterized thermal-like
sources formed in 8 GeV/c p21197Au reactions. The fragment probability distributions are shown to be
binomial when plotted as a function of the measured excitation energyE* and the binomial elementary
probabilityp is shown to follow the expected Boltzmann factor: ln(p)}exp(2B/AE* /A). Binomial reducibility
and thermal scaling are explored also using global variables other thanE* , and the effect of source size on the
binomial parameterp andm is shown. Finally, the extracted probabilityp is found to be correlated with the
experimentally deduced fragment emission time up to about 6A MeV of excitation energy, hinting at a
possible transition in decay mechanism above that excitation energy.
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Multifragmentation is a phenomenon by which a nucle
system decays to a final configuration that contains mult
intermediate mass fragments~IMF! of charge 3<ZIMF<20.
The underlying process that leads to multifragmentation
the subject of intense research from both theoretical@1–4#
and experimental points of view@5–10#. Of primary concern
is whether multifragmentation is the result of a liquid-g
phase transition or of dynamical processes@3,11#.

Recently, it was found in many different data sets@12–14#
that when sorted as a function of the transverse energyEt of
all detected charged particles, where

Et5(
i

Ei sin2 u i , ~1!

the IMF emission probability distributions were well d
scribed in term of a binomial distribution,

Pn
m~Et!5

m!

n! ~m2n!!
pn~12p!m2n. ~2!

Heren is the IMF multiplicity,m is the number of chances t
emit an IMF, andp is the binary elementary probability. I
this description, the emission ofn IMFs is a simple convo-
lution of p. The parameterm acts as a constraint on th
system, i.e. it insures charge conservation. The valuesp
andm can be extracted experimentally from the average m
tiplicity ^n& and its variance as

^n&5mp and sn
25^n&~12p!. ~3!
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The immediate implication of this result is the stochast
ity, or independence, of the emission process in multifr
mentation, i.e., the emission probability of the second IMF
not influenced by the first, other than by the number of tri
This has far reachinig consequences not only because o
‘‘natural’’ statistical interpretation taken by the authors@12#,
but from the potential dynamical processes that may lea
stochasticity.

The rationale by the authors@12# for a statistical interpre-
tation was based on the experimental observation that a
ear relationship results when ln 1/p is plotted as a function
1/AEt. The assumption is made thatEt is proportional to the
excitation energyE* , and therefore the temperatureT}AEt.
The linearity of such plots suggests thatp has the Boltzmann
form p}exp(2B/T) where B is the emission barrier. The
plots are called Arrhenius plots and convey the notion
thermal scaling.

The simplicity of this approach was later extended
charge distributions@15,16# and angular distributions@17#,
where the same reducible and thermal characters were fo
Finally, by restricting the IMF definition to a singleZ value,
it was shown that the probability distributions follow a Poi
son distribution instead of a binomial distribution@18#. This
is consistent with the interpretation ofm as a constraint tha
is relaxed by the new definition of an IMF. This behavior
the system under the ‘‘removal’’ of a constraint is similar
the change in statistical mechanics from the canonical
semble~binomial statistics! to the grand canonical ensemb
~Poisson statistics!. Recently, Poisson reducibility and the
mal scaling have been shown to exhibit common behavio
the EOS data set, percolation, and the Fisher droplet m
@19#.

The binomial reducibility concept, and thermal-scaling i
terpretation resulting from it, has been criticized on seve
grounds: autocorrelation effects@20,21#, self-correlations
@22#, source size effects@23#, and the width of the relation-
ship betweenEt and the real excitation energy@24# ~ @25,26#
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reply to some of these criticisms!. However, the heart of the
argument goes mainly to the assumed relation betweenEt

andE* , and the source size.
On the other hand, three different models of nuclear de

@21,27,28# have shown thatn IMF probability distributions
can be reproduced by binomial distributions when sorting
done as a function of excitation energy, and thatp does scale
according to a Boltzmann factor. However, support from
experimental data set as a function ofE* and source size ha
been lacking.

In this Rapid Communication, we establish an experim
tal reference frame for further discussion on the subjec
reducibility and thermal scaling by ‘‘testing’’ the procedu
on well-characterized equilibriumlike systems~knowna pri-
ori! formed in 8 GeV/c p21197Au reactions@29#. For such
systems, the excitation energy has been evaluated o
event-by-event basis, as described in Ref.@30#. Moreover,
for the first time the experimental relationship betweenp and
the IMF emission timet is examined.

Charged particles with kinetic energy between 1.0 a
92A MeV were detected with the ISiS 4p detector array
@31# during experiment E900a at the Brookhaven Natio
Laboratory AGS accelerator. Tagged beams of 8 GeV/c p2

were incident on a 2.0 mg/cm2 197Au target. Fragments with
charge Z<16 were identified with a set of 162 gas-io
chamber/Si/CsI triple telescopes. Geometric acceptance
74% of 4p. Grey particles up to;300–400 MeV~assumed
to be protons! were also detected. Futher experimental d
tails can be found in@29,32#.

The quality of the binomial description of the IMF prob
ability distributions is shown in Fig. 1 as function ofE* /A
for the parametersp andm, which were extracted using Eq

FIG. 1. The experimental~symbols! and calculated~lines! n-fold
IMF probability distributions as a function ofE* /A. The lines as-
sume a binomial probability distribution according to Eq.~2! andp
andm were extracted from Eq.~3!.
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~3!. The representation is good down toNIMF55 with some
discrepencies forNIMF56. The average observed IMF mu
tiplicity at 9A MeV is about three~corrected multiplicity is
about 30–35 % higher!.

In the top panel of Fig. 2, the binomial parameterp was
extracted from the variance and the mean of the IMF mu
plicity distribution @Eq. ~3!# as in@12#, and shown as a func
tion of Et and Et

th . A divergence in the 1/p plot is shown
when Et for all charged particles is used. This behavior
attributed to the excessively large width of the correlati
betweenEt and the ‘‘real’’ ~internal! excitation energy, as
explained by Tokeet al. @24#. On the other hand, in this dat
set the divergence does not occur at lowEt , but around 800
MeV. As soon as the first stage particles are removed,
divergence disappears, leaving an almost linear plot of 1/p vs
1/AEt

th ~except for the first point!. This result seems at vari
ance with Refs.@21,24# in which divergence is seen eve
when Et from an evaporation model is used to generate
Arrhenius plot. As pointed out by Morettoet al. @25#, since
such models are unable to describe multifragmentation in
first place, it is unclear that the intrinsic widths betweenE*
andEt as taken from these models are relevant. Our data
appears consistent with this point. The above result is sta
with regard to our definition of thermal particles, i.e., ev
including some preequilibrium particles by relaxing o
thermal particle definition@29#, linear Arrhenius plots
are still produced, as long as highly energetic partic
(>30A MeV) are removed.

In the middle panel of Fig. 2, Arrhenius plots are gen
ated as a function of the total excitation energyE* . Bin
widths in E* of 25, 50, and 100 MeV are assumed in ord
to test the sensitivity of our event selection. All three bi
width assumptions display a common linear behavior

FIG. 2. Upper panel: Inverse of the single fragment emiss
probability p as a function of 1/AEt and 1/AEt

th. Middle panel: 1/p
as a function of 1/AE* for bin widths in E* of 25, 50, and 100
MeV. Bottom panel: Arrhenius plot of 1/p using 1/AE* /A. The
solid line is a fit using Eq.~4!.
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which 1/p changes by roughly a factor of 20 over the me
sured range. Finally, in the lower panel of Fig. 2, the dep
dence onE* /A is examined. The line represents a fit to t
data using the Boltzmann form exp(2B/AE* /A), whereB is
of the order 16 MeV, and a level density parametera
5A/11 MeV21 is used. The first-chance emission barrier
Z53 at high excitation energy is about 22 MeV for th
reaction. It is important to stress that because of the ther
nature of the system in this study, the plots of Fig. 2 conv
the notion of thermal scaling.

The evolution of the parameterm for various bins of
E* /A is given in Table I. Also shown in Table I are th
values of the primary source chargedZsrc , the sum of the
observed chargeZobs, and the averageQvalue of all channels
at a given excitation energy. Over the excitation ene
range shown in the table,m varies by a factor of 2.3, from
m53.36 at E* /A52 MeV to ;7.79 at E* /A59 MeV,
while Zsrc decreases by a factor of 1.3. Clearly the parame
m is not a constraint related to source size of the multifr
menting system as suggested by Morettoet al. @14#. While
Zobs also increases withE* /A, it changes twice as fast asm.
The only variable that appears to track rather wellm is the
mass-energy balance orQvalue . This would seem to point to
an interpretation ofm as representing an energy constrai
allowing only certain~IMF! partitions. Therefore, the num
ber of throwsm is limited by the cost of producing thes
partitions and not necessarily the number of charges av
able to emit IMF.

The behavior of the parameterp and m for fixed E* /A
bins has also been explored to create event samples tha
be sorted as a function of other variables. The goal of
exercise is to verify the properties of the binomial parame
if the intensive variable, hereE* /A, is kept constant. Two
variables were chosen, the transverse energy of all
charged particles,Et , andZsrc . The bottom panels of Fig. 3
show the parameterp for E* /A53.0, 5.0, and 7.5 MeV with
a bin width of 0.5 MeV. Herep remains essentially constan
over the full range for both variables with values compara
with those in Fig. 2. In fact, the limit in value thatp can take
is nicely predicted by the width of theE* /A bins, i.e.,p at
2.75A MeV is different than at 3.25 MeV.

However, the parameterm varies strongly as a function o
Et andZsrc ~top panels!, increasing withZsrc while decreas-

TABLE I. Values of the binomial parameterm, the primary
source sizeSsrc , the observed chargeZobs, and theQvalue for
variousE* /A bins.

E* /A m Zsrc Zobs Qvalue

2.0 3.36 74.3 8.75 2160
3.0 4.82 71.2 15.2 2204
4.0 5.61 68.4 21.9 2249
5.0 6.29 65.8 28.1 2295
6.0 6.72 63.5 33.5 2341
7.0 7.67 61.1 38.1 2383
8.0 8.31 59.0 42.2 2420
9.0 7.79 57.1 45.4 2451
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ing with Et ~for our data set,Et is known to be anti-
correlated toZsrc). Thus for fixed excitation energies, it ca
be argued thatm fulfils its intended role in the binomia
distribution very well;m accounts for the increasing avai
able charge that can produce IMFs, according to a proba
ity p. Therefore, contrary to the report by Bauer and Pr
@23#, the changes in the sum of the observed charge
mostly accounted for by the binomial parameterm and are
not the primary factor influencing a change in the binom
probabilityp. The parameterp does behave as an elementa
probability in the sense thatp remains constant when th
excitation energy is constant. On the other hand, our res
seem to validate part of their approach, i.e., the increas
the elementary probabilityp is in fact related to a change i
the slope of the charge distributionwith E* /A, as previously
shown by power-law fits for this data set@30#, again consis-
tent with the thermal-like behavior ofp.

It is however important to point out that in the analys
made here, theE* /A bin width was kept small. For an even
sample where the width of the correlation betweenE* /A and
Et or Zsrc would be large,p could take a wide range o
values just because of that width. It would therefore be v
difficult to disentangle the effect of varying source size a
that of the temperature.

Following Moretto and co-workers@12,14#, it was further
assumed that ifp represents a ‘‘true’’ elementary binar
probability in the sense of time sequential emission, thep
can be expressed in terms of a partial decay width of t
particular binary channel by

p5
G

\v0
5e2B/T, ~4!

FIG. 3. Upper left panel: The extracted binomial parameterm
~top panels! and p ~bottom panels! as a function of the transvers
energy Et ~left panels! and Zsrc ~right panels! for three bins of
E* /A: 3.0 MeV represented by the open circle, 5.0 MeV by t
open square, and 7.5 MeV by the open triangle.
2-3
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wherev0 can be interpreted as the frequency of assault
the barrierB andT is the temperature of the system. Definin
the intrinsict0 as 1/v0, the corresponding emission time
given by

t5t0eB/T therefore p5t0 /t. ~5!

The IMF emission time for this reaction has been e
tracted by Beaulieuet al. @33# using excitation-energy-gate
two-IMF correlation functions and an IMF range defined
4<ZIMF<9. The result of that analysis is summarized in t
upper panel of Fig. 4. The emission timet decreases expo
nentially with E* /A up to about 6A MeV and saturates af
terward att;20 fm/c. The solid line is a fit to the data usin
Eq. ~5!. The obtained barrierB is found to be around 41
MeV and is larger than the one extracted from the 1/p vs
1/AE* /A plot by a factor of 2 for the sameZIMF range, with
B8521 MeV and the same level-density parameter. Fr
Eqs.~4! and~5! one would expect the barrier to be the sam
However, it is known experimentally that the values ofp
follow the minimum charge of the IMF range, hereZ54,
and as such in the above interpretation each IMF cha
would have different emission time@13,14#. In contrast, for

FIG. 4. Top panel: IMF emission timet as a function ofE* /A,
from Ref. @33#. The line corresponds to a fit using Eq.~5!. Bottom
panel: Graph of 1/p vs t for the same bins inE* /A as in the upper
panel. The solid line is a linear fit to the data. The dotted l
indicates the ‘‘apparent’’ saturation in emission time.
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the emission time scale extracted from IMF-IMF correlatio
it is assumed that each IMF species have the same emis
time. Therefore the relation betweent and p might not be
straightforward.

Still using the above definition for IMFs, the binomia
analysis was redone for the same excitation energy bins a
the time scale analysis. The reciprocal of the extracted
rameterp is shown in the bottom panel of Fig. 4 as a fun
tion of the emission timet. As predicted by Morettoet al.
@12,14#, 1/p is well represented by a simple linear relation
the emission time down to about 20 fm/c, corresponding to
E* /A;6A MeV. At higher excitation energy, the extracte
time saturates while 1/p still decreases. For completenes
values of 1/p at higher excitation energy are shown as op
squares. Because of the limited statistics, it was not poss
to extract emission time at these excitation energies. H
ever, sincet is nearly constant with a value of 20 fm/c
aboveE* /A56 MeV, a value fort of 20 fm/c was assigned
to each value of 1/p. The evolution of 1/p at that point seems
independent of time, which would argue for a spacelike
terpretation ofp, rather than sequential, at high excitatio
energy@14#. Therefore the break in this linear behavior
1/p vs t suggests the possibility of a change in the emiss
mechanism from a sequential process~surface dominated
emission! to a simultaneous process~bulk emission!. This
conclusion was reached recently for this data set@33# by
looking at the global behavior of the time, thermally drive
expansion energy and IMF emission probability.

Finally, the parametert0, extracted in the upper pane
corresponds to the infinite temperature limit, and the extra
lation of the exponential fit as such has little meaning. In
bottom panel,t0 is represented by the slope, and its value
11.7 fm/c is more in line with what could be expected for
characteristic emission time~fluctuation time! and is very
close to the experimentally measured saturation in the em
sion time.

In conclusion, we have shown the applicability of the b
nomial reducibility analysis and thermal scaling on a ref
ence data set obtained in hadron-induced thermal multifr
mentation. For such well-characterized systems, then-fold
IMF probability distributions can be described by the bin
mial equation. As long as the first-stage cascade particles
removed, linear plots of ln 1/p vs 1/AE* /A are found. We
have shown that the parameterm acts as an energy constrai
that is related to and tracks with the changes in the aver
Qvalue . Finally, this analysis is consistent with a picture
which p reflects the elementary probability of the system, t
source size has little influence onp, andp has the expected
correlation with the emission time in a time sequential int
pretation up to;6A MeV. The sudden change of the 1/p
versust plot at very short emission times might sugges
transition in the mechanism from sequential emission to
multaneous multifragmentation at high excitation energi
At the very least, it can be concluded in this picture that
emission times have reached values close to the charac
tic time t0. Further investigation is needed to assess
validity of this interpretation. In particular, exploring th
2-4
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difference in the extracted barriers by comparison of
emission time for variousZIMF pairs would be useful.
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