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Parity violating measurements of neutron densities
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Parity violating electron nucleus scattering is a clean and powerful tool for measuring the spatial distribu-
tions of neutrons in nuclei with unprecedented accuracy. Parity violation arises from the interference of
electromagnetic and weak neutral amplitudes, and theZ0 of the standard model couples primarily to neutrons
at low Q2. The data can be interpreted with as much confidence as electromagnetic scattering. After briefly
reviewing the present theoretical and experimental knowledge of neutron densities, we discuss possible parity
violation measurements, their theoretical interpretation, and applications. The experiments are feasible at
existing facilities. We show that theoretical corrections are either small or well understood, which makes the
interpretation clean. The quantitative relationship to atomic parity nonconservation observables is examined,
and we show that the electron scattering asymmetries can be directly applied to atomic parity nonconservation
because the observables have approximately the same dependence on nuclear shape.
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I. INTRODUCTION

The size of a heavy nucleus is one of its most basic pr
erties. However, because of a neutron skin of uncer
thickness, the size does not follow from measured cha
radii and is relatively poorly known. For example, the ro
mean square neutron radius in208Pb, Rn is thought to be
about 0.25 fm larger than the proton radiusRp'5.45 fm. An
accurate measurement ofRn would provide the first clean
observation of the neutron skin. This is thought to be
important feature of all heavy nuclei.

The interior baryon density of a heavy nucleus is clos
related to its size. The saturation density of nuclear matter0
is a fundamental concept central to nuclear structure,
nature of the interactions between nucleons, models of he
ion collisions, and applications of dense matter in astroph
ics. The value ofr0 is inferred from the central density o
heavy nuclei, most notably208Pb. One then corrects for th
effects of surface tension and Coulomb interactions~which
tend to cancel! and deduces the saturation density of an
finite system.

However, present estimates ofr0 are based only on the
known proton density. Thusr0 is uncertain because we d
not have accurate information on the central neutron den
An accurate measurement of the neutron radiusRn will con-
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strain the average interior neutron density and help refine
knowledge ofr0.

Ground state charge densities have been determined
elastic electron scattering, see, for example, Ref.@1#. Be-
cause the densities are both accurate and model indepen
they have had a great and lasting impact on nuclear phys
They are, quite literally, our modern picture of the nucleu

In this paper we discuss future parity violating measu
ments of neutron densities. These purely electroweak exp
ments follow in the same tradition and can be both accu
and model independent. Neutron density measurements
have implications for nuclear structure, atomic parity no
conservation~PNC! experiments, isovector interactions, th
structure of neutron-rich radioactive beams, and neutron-
matter in astrophysics. It is remarkable that a single meas
ment has so many applications in atomic, nuclear, and as
physics.

Donnelly, Dubach, and Sick@2# suggested that parity vio
lating electron scattering can measure neutron densities.
is because theZ boson couples primarily to the neutron
low Q2. Therefore one can deduce the weak-charge den
and the closely related neutron density from measurem
of the parity-violating asymmetry in polarized elastic scatt
ing. This is similar to how the charge and proton densit
are deduced from unpolarized cross sections.

Of course the parity violating asymmetry is very small,
order a part per million. Therefore measurements were v
difficult. However, a great deal of experimental progress
been made since the Donnellyet al.suggestion, and since th
early SLAC experiment@3#. This includes the Bates12C ex-
periment@4#, Mainz 9Be experiment@5#, SAMPLE @6#, and
©2001 The American Physical Society01-1
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
HAPPEX @7#. The relative speed of the HAPPEX result a
the very good helicity correlated beam properties of CEB
show that very accurate parity violation measurements
possible. Parity violation is now an established and powe
tool.

For example, the HAPPEX result suggests that stra
quarks do not make large contributions to the nucleon’s e
tric form factor. Clearly additional experiments should~and
will ! be done to further measure strange quarks. Howeve
is important to also apply parity violation to other physi
objectives such as neutron densities. This will allow one
take maximum advantage of parity violation.

It is important to test the standard model at low energ
with atomic PNC, see, for example, the Colorado measu
ment in Cs@8,9#. These experiments can be sensitive to n
parity violating interactions such as additional heavyZ
bosons. Furthermore, by comparing atomic PNC to hig
Q2 measurements, for example, at theZ pole, one can study
the momentum dependence of standard model radiative
rections. However, as the accuracy of atomic PNC exp
ments improves they will require increasingly precise inf
mation on neutron densities@10,11#. This is because the
parity violating interaction is proportional to the overlap b
tween electrons and neutrons. In the future the most pre
low energy standard model test may involve the combina
of an atomic PNC measurement and parity violating elect
scattering to constrain the neutron density.

Unfortunately, atomic PNC suffers from atomic theo
uncertainties in the electron density at the nucleus. This
tivates future atomic experiments involving isotope rat
where the atomic theory cancels. However, these ratios
require even more nuclear structure information on isot
differences of neutron densities. Parity violating electr
scattering measurements of isotope differences is beyond
scope of this paper. Instead we focus on simpler meas
ments of the neutron density in a single closed~sub!shell
isotope. These measurements should provide an impo
first step for later work on isotope differences.

There have been many measurements of neutron den
with strongly interacting probes such as pion or proton e
tic scattering, see, for example, Ref.@12#. We discuss some
of these in Sec. II. Unfortunately, all such measureme
suffer from potentially serious theoretical systematic erro
As a result no hadronic measurement of neutron densities
been generally accepted by the field. Because of the un
tain systematic errors, modern mean field interactions
typically fit without using any neutron density informatio
see, for example, Refs.@13,14#.

An electroweak measurement of the neutron density
nucleus such as208Pb may allow the calibration of strongl
interacting probes. By requiring that the hadronic react
theory reproduce the electroweak measurement one sh
reduce theoretical errors. This is analogous to using beta
cay to calibrate (p,n) probes of Gamow-Teller strength
Once proton nucleus elastic scattering is calibrated it sho
be possible to study neutron densities in a variety of ot
nuclei including radioactive beams.

Finally, there is an interesting complementarity betwe
neutron radius measurements in a finite nucleus and m
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surements of the neutron radius of a neutron star. Both p
vide information on the equation of state of dense matter
a nucleus,Rn is sensitive to the surface symmetry energy
the symmetry energy at low densities while the neutron s
radius depends on the symmetry energy at high densitie

In the future we expect a number of improving radi
measurements for nearby isolated neutron stars. For
ample, from the measured luminosity and surface temp
ture one can deduce an effective surface area and radius
thermodynamics. Candidate stars include Geminga@15# and
RX J185635-3754@16#.

This paper is organized as follows. In Sec. II we discu
the present theoretical and experimental knowledge of n
tron densities. In Sec. III we present general considerati
for neutron density measurements and include some exp
mental issues in Sec. IV. Section V discusses many poss
theoretical corrections and shows that the interpretation
measurement is very clean. The relationship between neu
density measurements and atomic parity nonconservation
periments is discussed in Sec. VI. Finally we conclude
Sec. VII.

We emphasize that the short Secs. II and III summar
the present situation. They are included for motivation and
make the paper more self-contained. However, most of
results in Secs. IV, V, and VI are new. Section IV prese
new results on the optimum kinematics and the sensitivity
an asymmetry measurement to the neutron radius. Rea
calculations including Coulomb distortions have not pre
ously been published. Section V B presents new results
the sensitivity of a neutron density measurement to elec
magnetic and strange quark form factors. Section V F p
sents a new analysis on the sensitivity of a measuremen
the nuclear shape. Section V G presents a new calculatio
the asymmetry for collective nuclear excitations and in p
ticular the 32 state in 208Pb. We are not aware of any pre
vious published asymmetry calculations for inelastic state
Pb. Finally, Sec. VI presents new calculations of the nucl
shape dependence of atomic PNC experiments.

II. PRESENT KNOWLEDGE OF NEUTRON DENSITIES

In this section we summarize our present knowledge
neutron densities. Although this section presents no new
sults it provides a final introduction to future neutron dens
measurements. Unfortunately, neutron density uncertain
have not been extensively discussed in the literature. For
et al. @17# give some discussion on the present uncertain
in neutron densities and how this uncertainty impacts ato
PNC. They claim a relatively large error in the neutron r
dius Rn of order 10%.

We believe the most accurate information comes fr
theory. As we discuss below, mean field models predic
relatively small spread in neutron densities once the effec
interaction is constrained to reproduce observed charge
sities and binding energies. We also discuss neutron den
measurements with elastic magnetic electron scattering
strongly interacting probes.
1-2
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PARITY VIOLATING MEASUREMENTS OF NEUTRON . . . PHYSICAL REVIEW C63 025501
A. Neutron density theory

Mean field models have been very successful at reprod
ing many features of nuclear charge densities including m
sured charge radii. Figure 1, adapted from Ringet al. @14#,
shows differences between neutronRn and proton radiiRp
for a range of nuclei for calculations based on two typi
interactions. A nonrelativistic zero range Skyrme force giv
Rn2Rp'0.1 fm for 208Pb while a relativistic mean field cal
culation givesRn2Rp'0.3 fm. We do not claim that thes
two calculations represent extreme values. Rather they
resent the range inRn2Rp for two typical classes of inter
actions.

In order for the theoretical error to be less than the spr
in Fig. 1 one must demonstrate that one~or both! of the
calculations is unrealistic. While this may be possible in
future, it has not yet been demonstrated since both calc
tions are in common use. Of course, the real uncerta
could belarger than the spread in Fig. 1 if the two calcula
tions do not probe the full parameter space of possible m
field interactions. In the absence of more precise uncert
ties, one can take this spread'0.2 fm as some measure o
the present uncertainty inRn . This compares to a charg
radius of 5.51 fm. A 1% measurement ofRn with an accu-
racy of about 0.05 fm can clearly distinguish between
two forces. Furthermore, it can distinguish either predict
for Rn2Rp from zero thus cleanly observing the neutr
skin.

We note that the relativistic mean field calculation with
largerRn predicts a significantly smaller central neutron de
sity than does the Skyrme interaction. What gives rise to
differences between the two calculations? Unfortunate
there is not much discussion in the literature.

Once mean field interactions are constrained to reprod
a neutron radius measurement in a stable nucleus suc
208Pb they can make improved predictions for a variety
unstable nuclei. We note that the nonrelativistic Skyr
force SKX@18# is designed for use in both normal and exo
nuclei such as48Ni, 68Ni, and 100Sn. One example of rela

FIG. 1. The difference between neutron radiiRn5r n and proton
radii Rp5r p for several nuclei of different mass numberA. The
filled symbols are for the relativistic mean field NL1 interactio
while the open symbols are for the nonrelativistic zero ran
Skyrme skiii interaction. This figure is taken from calculations
Ring et al. @14#. A possible 1% measurement in208Pb is indicated
by the error bar which has been arbitrarily placed atRn2Rp50.
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tivistic mean field calculations for neutron-rich nuclei is Re
@19#. The structure of exotic nuclei is important for astr
physics and for radioactive beams.

B. Neutron density measurements

There have been many measurements sensitive to neu
densities. Originally neutron radii were extracted from Co
lomb energy differences@20#. However, it is now thought
these measurements are sensitive to isospin violating in
actions. Next (p,d) and (d,t) stripping reactions are sens
tive to the tail in the neutron density at very large radius@21#.
However, stripping reactions are not directly sensitive to
interior density. Because the interior density is much lar
than that in the tail it contributes significantly toRn . There-
fore Rn cannot be extracted from stripping experiments wi
out making model assumptions.

Proton nucleus elastic scattering is sensitive to both
surface and interior neutron density@12#. Typically this data
is analyzed in an impulse approximation where a nucle
nucleon interaction is folded with the nucleon density. U
fortunately, there are corrections to the impulse approxim
tion from for example multiple scattering and mediu
modifications to the nucleon-nucleon~NN! interaction whose
uncertainties are difficult to quantify. Limitations in the th
oretical analysis can show up as an unphysical depend
of the extracted neutron density on the beam energy.

Future work on extracting neutron densities from prot
scattering would be very useful. This could take advanta
of advances in full folding calculations. Furthermor
neutron-nucleus elastic scattering data would be very h
ful. Comparing proton- and neutron-nucleus scattering co
help constrain the effective proton-neutron interaction.
nally, if proton-nucleus scattering can be calibrated to ac
rately reproduce a neutron density measurement in a st
nucleus then it could be applied to a wide variety of oth
nuclei. For example, it is possible to measure proton-nucl
scattering from radioactive beams with a hydrogen targe
inverse kinematics.

Finally, data comparing the elastic scattering of posit
and negative pions from nuclei exist@22#, but again there are
uncertainties in the analysis@10#. These methods are not re
ally directly sensitive to the neutron density.

Elastic magnetic electron scattering is an established
for nuclear structure. Furthermore, magnetic scattering is
rectly sensitive to the neutron magnetic moment. Thus inf
mation about valence neutron radii can be extracted. N
that more calculations of the effects of Coulomb distortio
on magnetic scattering from heavy nuclei would be use
See, for example, Ref.@23#. However, most of the neutron
in a heavy nucleus are coupled to spin zero and make
contribution to the magnetization. Therefore magnetic sc
tering cannot directly determineRn .

We conclude that no existing measurement of neut
densities or radii has an established accuracy of 1%. W
some conflicting claims may have been made, all hadro
probes ofRn suffer from some reaction mechanism unce
tainties. As a result there is no agreement in the commu
that any measurement has the requisite accuracy. Even if

e

1-3
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
possible to reach 1% accuracy with a hadronic probe,
accuracy has not yet been established.

III. GENERAL CONSIDERATIONS

In this section we illustrate how parity violating electro
scattering measures the neutron density. This short secti
not new. However, it helps to illustrate results from la
sections and makes this paper more self-contained. For
plicity, this section uses the plane-wave Born approximat
and neglects nucleon form factors. The effects of Coulo
distortions and form factors are included in Sec. V. These
necessary for a quantitative analysis but they do not inv
date the simple qualitative picture presented here.

The electron interacts with a nucleus by exchanging eit
a photon or aZ0 boson. The propagator involved in the in
teraction is of the form

1

Q21MB
2

, ~3.1!

whereMB is the mass of the exchanged boson. For the p
ton MB50, whereas for theZ0 the mass term dominates
Since for elastic scattering from nuclei,MZ

2@Q2, the photon
term is much larger than theZ0 term. Note that we use th
conventionQ252qm

2 .0.
Another difference between the exchange of the pho

and theZ0 is the couplings to both the electron and t
nucleons. The photon has purely vector couplings,
couples only to protons atQ250. We note that for the spin
less nuclei considered here, the magnetic moments ca
contribute. TheZ0 has both vector and axial vector co
plings. Since the nuclei being considered are spinless, the
axial coupling to the nucleus is absent. In contrast to the c
for photons, theZ0 has a much larger coupling to the neutr
than the proton. In addition, theZ0 has a large axial coupling
to the electron that results in a parity-violating amplitud
The effect of the parity-violating part of the weak interacti
may be isolated by measuring the parity-violating asymme

ALR5
sR2sL

sR1sL
, ~3.2!

where sL(R) is the cross section for the scattering of le
~right! handed electrons. In contrast to the cross section,
asymmetry is sensitive to the distribution of the neutrons
the nucleus. TheZ0 also has a vector coupling to the ele
tron, but this term is neglected because the contribution c
not be isolated from the dominant photon amplitude.

The implication of the above is that the potential betwe
an electron and a nucleus to a good approximation may
written

V̂~r !5V~r !1g5A~r !, ~3.3!

where the usual electromagnetic vector potential is

V~r !5E d3r 8Zr~r 8!Y urW2rW 8u ~3.4!
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and where the charge densityr(r ) is closely related to the
point proton densityrp(r ) given by

Zrp~r !5(
p

^cp
†~r !cp~r !&. ~3.5!

The axial potentialA(r ) depends also on the neutron de
sity:

Nrn~r !5(
p

^cn
†~r !cn~r !&. ~3.6!

It is given by

A~r !5
GF

23/2
@~124 sin2uW!Zrp~r !2Nrn~r !#. ~3.7!

The axial potential has two important features:
~i! It is much smaller than the vector potential, so it is be

observed by measuring parity violation. It is of order 1 e
while V(r ) is of order MeV.

~ii ! Since sin2uW;0.23, (124 sin2uW) is small andA(r )
depends mainly on the neutron distributionrn(r ).

The electromagnetic cross section for scattering electr
with momentum transferq5(Q2)1/2 is given by

ds

dV
5

ds

dV
Mott

uFp~Q2!u2, ~3.8!

where

Fp~Q2!5
1

4pE d3r j 0~qr !rp~r ! ~3.9!

is the form factor for protons, wherej 0 is the zeroth spherica
Bessel function. FromFp(Q2), one may determineRp . One
can also define a form factor for neutrons

Fn~Q2!5
1

4pE d3r j 0~qr !rn~r !. ~3.10!

ThusRn may be determined ifFn(Q2) is known.
In Born approximation the parity-violating asymmetry in

volves the interference betweenV(r ) andA(r ). It is

ALR5
GFQ2

4paA2
F4 sin2uW211

Fn~Q2!

Fp~Q2!
G . ~3.11!

The asymmetry is proportional toQ2/MZ
2 ~sinceGF}MZ

22)
which is just the ratio of the propagators of Eq.~3.1!. Since
124 sin2uW is small andFp(Q2) is known we see thatALR
directly measuresFn(Q2). ThereforeALR provides a practi-
cal method to cleanly measure the neutron form factor
henceRn .

IV. EXPERIMENTAL ISSUES

The experimental techniques for measuring small asy
metries of order 1 ppm have been successfully deploye
1-4
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PARITY VIOLATING MEASUREMENTS OF NEUTRON . . . PHYSICAL REVIEW C63 025501
parity experiments at electron scattering facilities@3–7#. The
following general considerations apply to these experime
~i! Often a compromise must be chosen between optimiz
the parity violating signal and the signal to noise ratio. T
asymmetry generally increases withQ2 while the cross sec
tion decreases, which leads to an optimum choice of ki
matics.~ii ! A major challenge for these measurements is
maintain systematic errors associated with helicity reversa
the '1028 level. There must be at least one, and prefera
several, methods to reverse the helicity. Many reversals
needed during an experiment, and they should follow a ra
and random sequence to avoid any correlation with no
The helicity reversals should be uncoupled to other par
eters which affect the cross section. Experiments must m
sure the sensitivity of the cross section to these parame
as well as the helicity correlated differences in them.~iii !
Electronic pickup of the helicity correlated signals can ca
a false asymmetry, as can helicity correlated deadtime.~iv!
In a count rate limited experiment in which the detected p
ticles must be integrated in order to get the desired accu
in a reasonable time, the linearity of the detection system
the susceptibility to backgrounds are important issues.
the high-rate experiments considered here, the radia
hardness of the detectors is also an issue.~v! The beam po-
larization must be measured with high precision. Onl
monitoring is possible using a Compton polarimeter which
cross calibrated using Mo” ller and Mott polarimeters whos
absolute calibrations may be'1%.

Choices of target and kinematics

There are two nuclei which are of interest for a measu
ment of the neutron radius to 1% accuracy,208Pb and138Ba.
They are equally accessible experimentally. Pb has the
vantage that it has the largest known splitting to the fi
excited state~2.6 MeV! of any heavy nucleus, and thus len
itself well to the use of a flux integration technique. Also P
has been very well studied, and with its simple structure
good first test case for nuclear theory. Ba has the advan
that it is one of the nuclei being used for an atomic phys
test of the standard model.

The choice of kinematics for a first measurement
guided by the objective of minimizing the running time r
quired for a 1% accuracy inRn . Figure 2 shows for the cas
of 208Pb the three ingredients which enter into this optimiz
tion: the cross sectionds/dV, the parity violating asymme
try A, and the sensitivity to the neutron radiuse5dA/A
5(A12A)/A whereA is the asymmetry computed from
mean field theory~MFT! calculation @24# and A1 is the
asymmetry for the MFT calculation in which the neutro
radius is increased by 1%. These three ingredients, w
each vary with energy and angle, are plotted in Fig. 2 fo
beam energy of 0.85 GeV. As we will show below, 0.
GeV turns out to be the energy which minimizes the runn
time for a 1%Rn determination. Using magnetic spectrom
eters with high resolution to isolate elastically scattered e
trons, the optimal kinematics can be determined from
allowable settings for angle and momentum of the spectr
eter by searching for the the minimum running time, which
02550
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equivalent to maximizing the product

FOM3e25R3A23e2, ~4.1!

whereR is the detected rate and is proportional tods/dV,
and ‘‘FOM’’ is the conventionally defined figure of merit fo
parity experiments, FOM5R3A2. Note that rather than only
maximizing the conventional FOM, parity violating neutro
density measurements take into account the sensitivity (e) to
Rn which varies with kinematics.

As an example, we have performed the optimization
the Jefferson Lab Hall A high resolution spectromete
supplemented by septum magnets that allow to reach
scattering angle. The calculations take into account the a
aging over the finite acceptance and the energy resolu
needed to discriminate inelastic levels. Figure 2 shows
product FOM3e2 for 208Pb which peaks atE50.85 GeV.
Similar calculations for138Ba shows an optimum at 1.0 GeV
~Fig. 3!. For both these nuclei the running timeT in days to
reach a 1% accuracy inRn is approximatelyT'7/(P2IV)
days, whereP is the polarization (P'0.8 is achievable!, I is
the average beam current inmA ( I'50 mA is achievable!,
and V is the solid angle acceptance of the spectromete
steradians. This optimum point corresponds toq50.45 and
0.53 fm21 for Pb and Ba, respectively. In the plots o
FOM3e2 one can see a secondary ridge where one m
want to perform a second measurement at higherQ2 to check
the shape dependence. Here the experimental running
becomes longer but the required accuracy inRn can be re-
duced. As an example, for208Pb at E51.3 GeV, u58°,
corresponding toq50.92 fm21 the running time to reach
2% in Rn is T'19/(P2IV) days.

FIG. 2. Cross section, parity violating asymmetry, and sensi
ity to Rn for 208Pb elastic scattering at 0.85 GeV. The fourth p
shows the variation of FOM3e2 with energy and angle, showing a
optimum at 0.85 GeV for a 6° scattering angle which correspo
to q50.45 fm21.
1-5
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
To reduce the running time, a thick target is needed;
main issues are as follows:~i! For a given energy resolutio
required to discriminate excited states, there is an optim
target thickness ('10% radiation length! that maximizes the
rate in the detector. As the target becomes thicker the ra
tive losses decrease the rate.~ii ! If at the low Q2 where the
experiments run the rates from some low level inelas
states are sufficiently small and understood theoretically,
may tolerate accepting them into the detector, thus allow
one to integrate more of the radiative tail, typically up to
MeV. ~iii ! To improve the heat load capability of the targe
one may use various ‘‘cooling agents,’’ such as laminatio
of diamond interleaved with the target material. One m
have sufficient knowledge of the effect on the parity sign
For example, if one accepts 2% rate from12C and the theory
is understood to 1%, the systematic error is only 0.02%. T
theoretical error is discussed in Sec. V.

For an experiment that measures the neutron radiusRn ,
the choice of optimum kinematics is not very sensitive to
value of Rn , nor to the shape. To illustrate this point, w
show in Fig. 4 the error inRn that can be obtained for
realistic experiment, with time-integrated luminosity
31041 cm22 and polarization error 2% using the aforeme
tioned Jefferson Lab setup at 6° scattering angle, with a
msr acceptance combining two spectrometers. For the
models shown~SKX @18# with Rn55.597 fm and MFT@31#
with Rn55.672 fm) the optimum energy is about the sam
This is because the measurement is mainly sensitive toRn ,
and not other parameters.

V. CORRECTIONS TO THE ASYMMETRY

In this section we calculate a number of corrections to
parity violating asymmetry and show that they have sm
uncertainties. Therefore the interpretation of a measurem

FIG. 3. Same as Fig. 2 except for138Ba at 1.0 GeV.
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should be clean. We consider Coulomb distortions, stran
ness, and the neutron electric form factor, parity admixtur
dispersion corrections, meson exchange currents, shape
pendence, isospin admixtures, radiative correctins, role
excited states, and the effect of target impurities.

A. Coulomb distortions

By far the largest known correction to the asymme
comes from Coulomb distortions. By Coulomb distortio
we mean repeated electromagnetic interactions with
nucleus remaining in its ground state. All of theZ protons in
a nucleus can contribute coherently so distortion correcti
are expected to be of orderZa/p. This is 20% for208Pb.

Distortion corrections have been accurately calculated
Ref. @24#. Here the Dirac equation was numerically solv
for an electron moving in a Coulomb and axial-vector we
potentials. From the phase shifts, all of the elastic scatte
observables including the asymmetry can be calculated.

There are many checks on the numerics of this calcu
tion. First, known cross sections including those at la
angles are reproduced. Second, the code reproduces kn
plane wave asymmetries. Finally, the sensitivity to the s
traction between helicities is checked by varying the stren
of the weak potential. We note that the forward angle asy
metry is much easier to calculate than the backward an
cross section because the cross section involves extreme
cellations in the sum over partial waves. It is expected t
the numerical accuracy in the asymmetry is significantly b
ter than 1%. However, the code neglects terms involving
electron mass over the beam energy. These are of o
0.1%. There are now a number of independent codes w
calculate the effects of Coulomb distortions@19,25,26# and

FIG. 4. Error in the neutron radius in Pb versus beam ene
for two models of the neutron radius, SKX@18# and MFT@31#. This
shows that the optimum choice of energy for a measurement is
very sensitive to the value ofRn , and also provides an indication o
the insensitivity to the model.
1-6
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verify the accuracy of Ref.@24#.
In summary, distortion corrections are larger than the

perimental error. Furthermore, they modify the sensitivity
the neutron radius. However, they have been calculated
an accuracy significantly better than the expected 3% exp
mental error.

Finally, since the charge density is known it should
possible to ‘‘invert’’ the Coulomb distortions and dedu
from the measured asymmetry the value of a Born appr
mation equivalent weak form factor at the momentum tra
fer Q2 of the experiment. Thus the main result of the me
surement is the weak form factorFW(Q2) which is the
Fourier transform of the weak charge densityrW(r ),

FW~Q2!5E d3r j 0~qr !rW~r !. ~5.1!

This can be directly compared to mean field or other th
retical calculations. Note thatFW will not be determined by
comparing plane wave calculations to data. Instead, for
ample, a range of model weak densities could be adju
until full distorted wave calculations reproduce the expe
mental asymmetry. Then, Eq.~5.1! is used to calculate
FW(Q2). In principle this procedure is slightly model depe
dent because full distorted wave calculations need some
formation onFW(Q2) for q different from the single mea
surement. However, this model dependence is expected
very small and can be explored by studying a variety
model densities.

B. Strangeness and neutron electric form factors

FromFW the root mean square radius of the weak cha
distributionRW can be determined, see Sec. V F. The we
radius, in turn, can be related to the radius of the neut
distribution after making appropriate corrections. We emp
size that the experiment measures a well defined form fa
of the weak charge distribution and that this can be dire
compared to mean field models without any additional c
rections. However, if one wishes to go further and extrac
point neutron radius one must correct for possible stra
quark contributions and other nucleon form factors. We d
cuss these here. In addition, there could be meson exch
currents which we discuss in a later subsection.

The electric form factors for the coupling of aZ0 to the
protonGp

Z and neutronGn
Z are

Gp
Z5

1

4
~Gp2Gn!2sin2uWGp2

1

4
Gs , ~5.2!

Gn
Z5

1

4
~Gn2Gp!2sin2uWGn2

1

4
Gs . ~5.3!

We are only interested in electric form factors since m
netic form factors make no contribution for a spin zero t
get. Therefore for simplicity we omit the labelE which is
commonly used to denote the electric form factor. The p
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ton ~neutron! electromagnetic form factor isGp (Gn). The
strange quark form factor isGs and this is assumed the sam
for neutrons and protons.

We fold these form factors with point protonrp and neu-
tron rn densities to obtain the weak charge densityrW ,

rW~r !54E d3r 8@Gn
Z~r 8!Nrn~ ur2r 8u!

1Gp
Z~r 8!Zrp~ ur2r 8u!#. ~5.4!

The densities are normalized,

E d3rrp~r !51, ~5.5!

E d3rrn~r !51, ~5.6!

and

E d3rrW~r !5QW , ~5.7!

where the weak charge of the nucleus is

QW52N1~124 sin2uW!Z. ~5.8!

The protonRp , neutronRn , and weakRW radii are defined,

Rp
25E d3rr 2rp~r !, ~5.9!

Rn
25E d3rr 2rn~r !, ~5.10!

and

RW
2 5

1

QW
E d3rr 2rW~r !. ~5.11!

It is a simple matter to calculate the weak radius from E
~5.4!,

2QWRW
2 5NRn

21~4 sin2uW21!ZRp
2

1@N1~4 sin2uW21!Z#r p
2

1@Z1~4 sin2uW21!N#r n
21~N1Z!r s

2 .

~5.12!

Here r p
2 is the mean square charge radius of the protonr n

2

the square of the neutron charge radius andr s
2 is the mean

square strangeness radius.
Assuming the neutron radius is much larger thanRn

2Rp and r p the above reduces to
1-7
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RW'Rn1
Z~124 sin2uW!

N1~4 sin2uW21!Z
~Rn2Rp!

1
1

2Rn
H r p

21
Z1~4 sin2uW21!N

N1~4 sin2uW21!Z
r n

2

1
N1Z

N1~4 sin2uW21!Z
r s

2J . ~5.13!

For 208Pb, assumingRn'5.50 fm and sin2uW50.23, we
have

RW'Rn10.055~Rn2Rp!10.061~60.002!

20.0089~60.0003!20.011rs ~5.14!

in fm. The 0.061 is from the charge radius of the proton a
the 20.0089 from the charge radius of the neutron@27#.

The last term in Eq.~5.14! is from strange quark contri
butions. The strange quark form factorGs has been param
etrized withrs ,

Gs~Q2!5rst/~114.97t!2, ~5.15!

and t5Q2/4M2. We aim to measureRW to 1% or about
0.055 fm. Therefore strange quarks will contribute less th
1% as long as

ursu,5. ~5.16!

This is a very mild requirement which is already strong
supported by existing experiments. For example,
HAPPEX measurement@7#,

GE
s 10.39GM

s ~Q250.48 GeV2!50.02360.043,
~5.17!

and the SAMPLE measurement@6#,

GM
s ~Q250.1 GeV2!50.2360.44, ~5.18!

yield

0.011rs520.004360.021 fm. ~5.19!

The errors quoted are combined statistical and system
and we have assumed the form of Eq.~5.15! for the Q2

dependence of the strange form factor. Equation~5.19! limits
the strangeness contributions toRn to 0.4%. Note that if one
assumes a differentQ2 dependence than Eq.~5.15!, it may
be possible to somewhat weaken this limit. However, ad
tional measurements in the near future will significan
tighten the constraints on strange quarks and clearly rule
ursu.5.

Likewise, the neutron electric form factor contributes f
less than 1% toRW . Theoretical models haveRn2Rp
<0.3 fm, so the second term in Eq.~5.13! is also less than
1%. Indeed, to 1%, the neutron radius directly follows fro
the measured weak radius,

Rn'RW20.06 fm. ~5.20!
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We conclude that the contribution of strange quarks or
neutron electric form factor are not issues for a neutron
dius measurement. The radius of the neutron density o
heavy nucleus can be accurately determined from the m
sured weak radius.

C. Parity admixtures

The spin zero ground state of208Pb need not be a parity
eigenstate. There is probably some small admixture of2.
However, so long as the initial and final states are spin z
this parity admixture cannot produce a parity violating asy
metry in Born approximation@28#. A multipole decomposi-
tion of the virtual photon has a 01 Coulomb but no 02

multipole. So long as the exchanged virtual photon is s
zero, there is no parity violating interference because ther
only a single operator. This statement is true regardles
the parity of the initial or final states or if the photon co
pling involves a parity violating meson exchange curre
Therefore parity admixtures should not be an issue for ela
scattering from a spin zero nucleus.

D. Meson exchange currents

Meson exchange currents~MEC! can involve parity vio-
lating meson couplings. These are not expected to be im
tant for a spin zero target, see the subsection on parity
mixtures above. Meson exchange currents could also cha
the distribution of weak charge in a nucleus. However, m
sons are only expected to carry weak charge over a dista
much smaller thanRn . This should not lead to a significan
change in the extracted neutron radius. Letr MEC

2 be the
square of the average distance weak charge is moved
MEC. Then following Eq.~5.13! the correction to the weak
radius will be of orderr MEC

2 /Rn . This is expected to be very
small becauseRn is large.

This same result can be viewed another way. Figur
shows a schematic diagram of the weak charge density
the interior region the density is more or less constant. In
region, MEC have very little effect. The density is simply th
conserved weak charge divided by the volume. It does
matter if the weak charge resides on the nucleons or on
sons going between the nucleons. The only effect of MEC
to slightly change the surface thickness. This is indicated
the dotted line in Fig. 5. This change in surface thickne
will only lead to a very small change in the weak radius.

Reference@29# presents explicit calculations ofsvg
MEC corrections to the ground state charge densities~but not
weak densities! of closed shell nuclei. Here the centr

FIG. 5. The weak charge density of a heavy nucleus~sche-
matic!. Meson exchange currents and/or nucleon form factors
only change the density in the surface region. This is indicated
the dotted line. The density in the interior is insensitive to MEC
1-8
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charge density in4He is significantly reduced by MEC be
cause of the small size of4He and the smallr 2 volume
element nearr 50. However, corrections to the charge de
sity of 208Pb are very small in agreement with the abo
expectations. We conclude that MEC are unlikely to be
issue for the interpretation of the weak radius.

E. Dispersion corrections

By dispersion corrections we mean multiple electrom
netic or weak interactions where the nucleus is excited fr
the ground state in at least one intermediate state. At the
momentum transfers considered here, the elastic cross
tion involves a coherent sum over theZ protons and is of
orderZ2. In contrast, the incoherent sum of all inelastic tra
sitions is only of orderZ. Therefore we expect dispersio
corrections to be of ordera/Z. This is negligible.

F. Shape dependence and surface thickness

In principle, the weak radius follows from the derivativ
of a form factor evaluated at zeroQ2. In practice, the mea
surement will be carried out at a small but nonzeroQ2. Thus
the extraction of the weak radius from the measured fo
factor may depend slightly on the assumed surface thickn

We emphasize, one primary use of a measurement i
calibrate mean field models of neutron densities. One
simply calculate the weak form factor, Eq.~5.1!, and directly
compare theory and experiment without any model dep
dence or the need to extract a neutron radius. Howeve
one wishes to extract a neutron radius one must addres
dependence of the radius on the shape of the neutron d
bution. One is most sensitive to the surface thickness.

For example, if the weak density of208Pb is modeled as a
Woods-Saxon with radius parameterc,

rW~r !5r0 /$exp@~r 2c!/z#11%, ~5.21!

then the surface thickness parameterz'0.55 fm must be
known to 60.14 fm in order to extractRW to 1% from an
asymmetry measurement at the proposedQ250.008 GeV2.
Thus the surface thickness orz must be known to only 25%
in order to extractRn .

We believe the surface thickness of the weak densit
known to much better than 25% for at least two reaso
First, the surface thickness is strongly constrained by
known surface and single nucleon separation energies
large r the weak density is dominated by the most wea
bound neutron. This decays exponentially with a kno
separation energy. Therefore the larger behavior of the weak
density is known. At somewhat smaller radii the density
controlled by the surface energy. The very abrupt chang
density, necessary for a small surface thickness, implie
very high surface energy. Any model with a very small s
face thickness will fail to reproduce the known binding e
ergies of a range of nuclei. As a result, all mean field mod
that we are aware of, have only a small spread in surf
thickness—much less than 25%—if they reproduce bind
energies.

Second, the surface thickness of the weak density is c
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strained by the measured surface thickness of the charge
sity. Perhaps the easiest way to change the surface thick
of the neutron density is to change the thickness of both
protons and neutrons. However, this will quickly confli
with the measured charge density. Therefore one has to
and change the surface thickness of the neutrons with
changing the proton density. This will necessitate large se
rations in both energy and position between protons and n
trons. To accomplish this, one will need energetic isovec
interactions which in turn will change the binding energies
nuclei as a function ofN or Z and ruin agreement with
known masses.

Note that present mean field models do an excellent
reproducing the surface thickness of measured charge d
ties. This is a nontrivial check. Although one or more para
eters of mean field forces are often fit to charge radii,
detailed form of the surface density is not fit. Therefore t
excellent agreement between theory and experiment in
surface region demonstrates both the power and basic
rectness of these arguments that the surface thicknes
strongly constrained by measured binding energies.

We illustrate the above points in Fig. 6. This shows t
charge density in208Pb. A figure for the weak density would
be similar. Conventional mean field models, thin dashed
dotted curves, agree very well with the measured surf
thickness~region beyondr 55 fm!. ~We note that a lowQ2

measurement is insensitive to the interior density.! In con-
trast the thick dashed curve shows a relativistic mean fi
model with a very incorrect surface energy@31#. This calcu-
lation has an incompressibility~which is closely related to
the surface energy! more than a factor of 2 too large. Thi
error is well outside of present uncertainties. Therefore
surface properties of this calculation can be ruled out. N
ertheless even with this large error, the surface thickn
disagrees with data and other calculations by only 10
Since this is less than 25% there would be no problem us
this incorrect surface to extract the neutron radius to 1%

We state the results of this section in a slightly differe
language. This measurement is sensitive to the surface th

FIG. 6. The charge density in208Pb. The dotted curve is a mea
field calculation with a reasonable surface energy@30# while the
thick dashed curve is a mean field calculation with a very h
surface energy@31#. The experimental charge density is the so
curve.
1-9
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
ness at only the 25% level, while it is sensitive to the rad
at the 1% level. Since 25% is much larger than the pres
spread in surface thickness of mean field models one will
learn new information about the surface. Instead a 1% c
straint on the radius does provide important new informat
on the radius because present models have a larger sp
than 1%.

Finally, uncertainties from the surface thickness are e
less important in extracting weak charge information
atomic parity experiments. This is because the atomic exp
ments depend on the surface thickness in somewhat sim
ways to the electron scattering asymmetry. As a result, s
of the error from the unknown surface thickness cancels
comparing the two experiments. Therefore one could tole
an uncertainty in the surface thicknessof more than 25%and
still interpret the atomic experiment. This is discussed in S
VI.

We do not believe the dependence on the surface th
ness is a problem. Nevertheless, if one wanted to reduce
sensitivity there are two options. First, measure at a lo
Q2. Unfortunately this reduces the magnitude of the asy
metry and its sensitivity to the neutron radius. More be
time will be required and one may be more sensitive to s
tematic errors. Alternatively, one could measure a sec
asymmetry at a higherQ2. Within a given model of the
shape of the weak charge density this second point prov
information on the surface thickness. For example, if o
assumes a Woods-Saxon neutron density, changing the
face thicknessz from 0.5 to 0.6 fm~at fixed mean square
radius! decreases the asymmetry by 8% at 850 MeV and
while the asymmetry is decreased by only 1.5% at 6°. T
the large angle point is much more sensitive to the surf
thickness and in principle could help constrain it. Howev
this second point will require considerable extra beam tim
Furthermore, the highQ2 point is sensitive to other feature
of the shape in addition to the surface thickness. There
the interpretation of the highQ2 point may be model depen
dent.

In summary, one only needs very mild information abo
the shape of the weak charge density to extract a radius f
the measured asymmetry. One needs to know the sur
thickness to about 25%. We believe this is well within t
accuracy of present mean field models. We emphasize,
this small ambiguity does not effect the direct comparison
the measured form factor to theoretical models.

G. Inelastic contributions

In principle, one could measure with enough energy re
lution to avoid excited state contributions. However, in pra
tice, there may be a gain in rate by running with lower re
lution and allowing a small contamination from excite
states. For example, one can use a thicker target with a la
energy loss. This contamination is expected to be small
cause inelastic cross sections at low momentum transfe
typically much smaller than the elastic cross sections.

It is useful to estimate the inelastic asymmetry. The fi
excited state in208Pb is at 2.6 MeV and has spin and pari
32. This is a collective density oscillation@32#. We expect
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the longitudinal to dominate over the transverse or axial
sponses~at forward angles!. In plane wave Born approxima
tion the asymmetry for a natural parity spinJ excitation is
then @2#

A5
GFQ2

4paA2
H 4 sin2uW211

Fn
J~Q2!

Fp
J~Q2!J , ~5.22!

with GF the Fermi constant. Here the neutron transition fo
factor is

Fn
J~Q2!5NE r 2dr j J~qr !rn

tr~r ! ~5.23!

in terms of the neutron transition densityrn
tr(r ) and a similar

expression for the proton transition form factorFp
J(Q2) in

terms of the proton transition densityrp
tr(r ).

The collective density oscillation can be modeled as
deformation of the ground state density@32#. If the elastic
neutron density is characterized by a radiusRn

0 then the ex-
cited state has a density parameterRn

0(u),

Rn
0~u!'Rn

0@11aJ
nYJ0~u!#, ~5.24!

where the small amplitudeaJ
n can be adjusted to reproduc

the magnitude of the cross section. Likewise the proton d
sity is characterized byRp

0(u),

Rp
0~u!'Rp

0@11aJ
pYJ0~u!#, ~5.25!

with amplitudeaJ
p . We assume the radius parameterRn

0 is
proportional to the root mean square radiusRn and Rp

0 is
proportional toRp , see Eqs.~5.9! and ~5.10!.

The transition density is then

rn
tr~r !'2aJ

nRn
0 d

dr
rn~r !. ~5.26!

The experiment is at a lowQ2 well below the maximum in
the inelastic form factor so one can expand the spher
Bessel function and integrate by parts to obtain

Fn
J~Q2!

Fp
J~Q2!

'
aJ

nN

aJ
pZ S Rn

Rp
D J

. ~5.27!

The 32 state has the neutrons and protons oscillating prim
rily in phase~‘‘isoscalar’’!,

aJ
n'aJ

p . ~5.28!

We will discuss this in more detail below. With Eq.~5.28!
the asymmetry is

A'
GFQ2

4paA2
H 4 sin2uW211

N

ZS Rn

Rp
D JJ . ~5.29!

In the limit Rn'Rp this reduces to
1-10
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A'
GFQ2

4paA2
H 4 sin2uW211

N

ZJ . ~5.30!

In the same limits, plane wave andRn'Rp , the elastic
asymmetry also reduces to Eq.~5.30!. Thereforethe asym-
metry for collective natural parity ‘‘isoscalar’’ excited state
is similar to the elastic asymmetry.This reduces the effect o
the inelastic contamination.

Collective ‘‘isovector’’ excitations where the neutrons o
cillate out of phase from the protons,

aJ
p'2aJ

n , ~5.31!

have a different asymmetry. In principle, these could b
concern. However, we believe it is possible to use exist
(e,e8) and (p,p8), (p,n), etc., cross section data to rule o
large ‘‘isovector’’ strength.

This subsection makes plane wave estimates of the as
metry. Unfortunately, there are at present no distorted w
calculations of the inelastic asymmetry. We expect Coulo
distortion effects to be similar for inelastic and elastic sc
tering because the electron wave functions are the same
the plane wave asymmetries are comparable. Therefore
final estimate of the asymmetry of the 32 state in 208Pb is

A5D
GFQ2

4paA2
H 4 sin2uW211

N

Z S Rn

Rp
D 3J . ~5.32!

Here the correction factor for Coulomb distortionsD is
taken from the elastic calculations of Ref.@24#. At 850 MeV
and 6° this is

D'0.7460.26. ~5.33!

We arbitrarily assigned a 100% error to the 26% reduct
from distortions because there is no explicit inelastic cal
lation. Evaluating Eq.~5.32! for a realisticRn'Rp10.2 fm
yields,

A~32!'1.25A ~elastic!. ~5.34!

This 25% enhancement can be understood as follows.
neutron elastic form factor is reduced becauseRn.Rp .
Therefore the elastic asymmetry is about 10% reduced f
Eq. ~5.30!.1 In contrastRn.Rp means that the inelastic form
factor will peak at a lowerQ2 than the proton form factor
Thus theQ2 of the measurement is slightly closer to th
neutron peak than the proton. As a resultA(32) is increased
from Eq. ~5.30!.

At q50.45 fm21 Eq. ~5.32! yields

A~32!'0.8360.2960.0331026. ~5.35!

Here the first error is from the distortions and the seco
error assumesRn is known to 1%. The 0.83 magnitude
based on arbitrarily assumingRp55.5 andRn55.7 fm.

1In plane wave.
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In summary, the asymmetry for the first excited state
208Pb is qualitatively similar to the elastic asymmetry. Th
reduces the size of the inelastic correction. There is so
uncertainty because no inelastic distorted wave calculat
have been done. However, inelastic contaminations are lik
to be small, less than 1% of the rate, because the elastic c
section at lowQ2 is large. For example, the elastic cro
section for 208Pb at 850 MeV and six degrees scatteri
angle is about 1140 mb/sr. In contrast the cross section o
32 state is about 1 mb/sr at 502 MeV@33# or 0.35 mb/sr at
850 MeV. This is only 0.03% of the elastic. Therefore t
interpretation of a measurement is unlikely to be a probl
even if one assumes very large errors for the inelasticA.

H. Isospin violation

One uses assumptions about isospin symmetry to go f
various quark weak currents to nucleon and eventu
nucleus weak current matrix elements. First, our formalis
and that used by most others, assumes good isospin in
nucleon. For example, Eqs.~5.2! and ~5.3! assume an up
quark matrix element in the proton is the same as a do
quark matrix element in the neutron. This is, no doubt, v
lated at some level. However, calculations such as Ref.@34#
suggest only very small corrections. Thus we do not exp
our results to be impacted by isospin violation in t
nucleon.

Second there is, of course, isospin violation in a hea
nucleus. For example, the proton radius is different from
neutron radius. In a light or medium mass nucleus it is of
convenient to use an isospin formalism. This might start
with equal proton and neutron radii. In this case, one m
explicitly include corrections to the asymmetry from isop
violation.

In contrast isospin symmetry is not very good for a hea
nucleus withN.Z. Therefore in the present paper we use
formalism which treats protons and neutrons separately
does not assume good nuclear isospin. We simply allow
proton and neutron densities to be independent. The w
charge density is calculated in Eq.~5.4! by separately adding
proton and neutron contributions. As a result, we do not n
to include any further corrections for isospin violation in th
nucleus.

Note that corrections to the assumption that the we
charge density is the sum of proton and neutron contri
tions, for example from density dependent form factors, c
be considered meson exchange currents. Meson exch
currents have been discussed in Sec. V D and are expect
be small on quite general grounds.

I. Target impurities

A practical experiment could use a backing material
help support and cool the target. This could allow a high
beam current and reduce the required beam time. Howe
such an impurity may complicate the interpretation of t
experiment. The parity violating asymmetry of the impuri
may not be known exactly. In addition, the impurity ma
1-11
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
introduce additional problems such as low lying excit
states. In this section we discuss one possible composite
get.

It may be possible to make a208Pb target with one or
more Pb foils sandwiched between thin diamond foils. T
may also work for Ba. The large Pb cross section will ens
that only a small fraction of the counts, less than say 5%,
from carbon. If such a sandwich is feasible, it may be
elegant solution for several reasons. First the high ther
conductivity of the diamond will efficiently transfer th
beam power and keep the target from melting. Second,12C
has a very high first excited state, above 4 MeV, so o
should not have to worry about excited states. Finally,12C is
a light nucleus withN5Z so the parity violating asymmetr
is very simple and well known with only very small unce
tainties. Indeed,12C has been used for a standard model t
where it was assumed the asymmetry is so well known
any deviation tests the standard model@4#.

We calculate the parity violating asymmetry for12C at the
proposed Pb kinematics~850 MeV and 6°),

A~12C!50.66031026; ~5.36!

this includes a 0.4% increase from Coulomb distortions a
another 0.4% increase from differences between the neu
and proton radii in carbon. Equation~5.36! used relativistic
mean field densities@31# where the proton radius is slightl
larger because of Coulomb interactions. The Coulomb
tortion correction is both small and has a very small unc
tainty. The uncertainty in the neutron radius correction
larger. Nevertheless, it is very unlikely to be orders of ma
nitude larger than 0.4%.

The elastic cross section for12C at 850 MeV and 6° is
22.8 mb/sr. This is 2% of the Pb cross section. A poss
composit target might have 0.56 mm of Pb and 0.3 mm
diamond so carbon will contribute about 4% to the rate.
0.4% error in a 4% impurity is over two orders of magnitu
away from impacting a 3% asymmetry measurement.
conclude that the uncertainty in the asymmetry of a12C
backing is two orders of magnitude smaller than need
Note that the small amount of13C in natural carbon, al-
though its asymmetry has a larger uncertainty, will mak
negligible contribution. Thus a carbon backing should po
no problems to the interpretation of an experiment.

This theoretical argument that the carbon backing d
not pose a problem is very strong. In the remote chance
there is still a question we note that the asymmetry of12C
has been directly measured in an older Bates experiment@4#.
This measurement has a somewhat crude error of 20–2
and is at a somewhat higherQ2. However, on very genera
grounds one expects the asymmetry to scale approxima
with Q2. Therefore it is straightforward to extrapolate th
Bates measurement to ourQ2 with an extrapolation error tha
is probably significantly smaller than the experimental err
We note that even a 25% measurement of a 4% impu
only contributes about 1% and this is smaller than the goa
3% for a 208Pb measurement.

If one considers drastic deviations of the12C neutron den-
sity then the Bates experiment should be more sensitive
02550
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cause its higherq is closer to one over the12C radius. A
neutron experiment in208Pb will be run at aQ2 which is
much less sensitive to the12C density because Pb is muc
bigger than C. Therefore the Bates measurement can
rule out even theoretically unimaginable12C neutron densi-
ties and insure that a carbon backing is not a problem.

J. Radiative corrections

Radiative corrections to the axial current are importa
issues for the SAMPLE experiment@6#. However, for a spin
zero target the axial current does not contribute. Radia
corrections to the vector weak current are significantly c
strained by current conservation at the low momentum tra
fers of a neutron radius measurement. Indeed, radiative
rections for a radius measuremnt are very simillar to the w
calculated radiative corrections for atomic parity noncons
vation @35#. Any change in radiative corrections for ou
slightly higher, but still small, momentum transfer should
negligible. Of course, one also has to consider bremstr
ung. However, the change in beam polarization from bre
strahlung is expected to be of orderDE/E whereDE is the
energy resolution~about 4 MeV! andE'800 MeV the beam
energy. This is negligible. Still, radiative corrections shou
be explicitly calculated in future work to further docume
that they are small.

K. Asymmetry correction conclusions

In this section we have tried to discuss all known corre
tions to the parity violating asymmetry. We find that an e
periment determines a well defined form factor of the we
charge density that can be directly compared to theoret
models. A point neutron density can be determined from
measured weak charge density. Finally, the dependenc
the surface thickness is small so one can extract a neu
root mean square radius to 1% from a single moderately
Q2 point.

On a practical side, contributions of excited states or t
get impurities should not pose a threat to the interpretation
a measurement. Therefore an experiment could be run al
ing some inelastic contamination and using a target back
This should reduce the beam time needed.

The physics data analysis of an experiment is summar
in Fig. 7. From the measured asymmetry one can deduce
weak form factor. This is the Fourier transform of the we
charge density at the momentum transfer of the experim
To deduce the weak density one must correct for Coulo
distortions. This can be done accurately because the ch
density is known. There are now a number of independ
Coulomb distortion codes.

The weak charge density can be directly compared to p
dictions of mean field or other theoretical calculations. T
will allow isovector interactions to be constrained. The we
charge density can also be applied to atomic PNC exp
ments. As discussed in the next section this application
atomic PNC is almost insensitive to the neutron density s
face.

From the measured weak charge density one can dedu
point neutron density by making small corrections for know
1-12
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PARITY VIOLATING MEASUREMENTS OF NEUTRON . . . PHYSICAL REVIEW C63 025501
nucleon form factors. The uncertainty in these correctio
from strange quarks, the neutron electric form factor, a
MEC is small.

Finally, from this lowQ2 measurement of the point neu
tron density one can deduceRn . Because the measurement
at low but not zeroQ2 one needs some very mild informa
tion on the shape of the neutron density. The surface th
ness must be known to about 25% to extractRn to 1%. All
reasonable mean field models have a spread in surface t
ness much less than 25%. Therefore any mean field sh
can be used to extract an equivalentRn .

The physics results of the experiment are the weak cha
density, the point neutron density andRn . The single num-
ber Rn accurately summarizes the other information. Ho
ever, if there is ever a question about the very mild assu
tions on the surface thickness, or if one wishes to cons
truly drastic changes in the surface thickness which are w
outside the range of present theory then one can use
neutron or weak density information rather thenRn .

VI. CONNECTION TO ATOMIC PARITY
NONCONSERVATION

Parity violating electron scattering~PVES! measurements
of the neutron density will have an important impact
atomic parity nonconservation~PNC! measurements. In th
future, the most precise low energy tests of the stand
model will require a combined knowledge of neutron den
ties and atomic PNC observables. In this section we disc
the quantitative relationship between PVES and atomic P
As an instructive illustration, we use approximate parame
zations of the neutron density and calculate the relative s
sitivity of both PVES and atomic PNC to the shape of t

FIG. 7. Flow chart of the physics data analysis of a neut
radius experiment; see text.
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nuclear distribution. For both PVES and atomic PNC, the
simplified analytical approximations agree well with th
more precise numerical solutions@24,10#. A priori, atomic
PNC observables depend on the nuclear shape in a diffe
way than PVES observables do. Thus there is legitimate c
cern that a limited number of measurements of PVES as
metries might not determine the nuclear distribution ac
rately enough to allow significant future standard model te
from atomic observables. However, our calculations sh
that the sensitivity to the neutron distribution shape para
eters is approximately the same for PVES and atomic PNC
the kinematics where PVES is most feasible. Thus eve
single PVES measurement at properly chosen momen
transfer~on the same nucleus! can effectively serve to nor
malize the nuclear structure modifications of the weak cha
in atomic PNC.

Atomic parity violation experiments can measure t
weak charge of a nucleus@9#, which at tree level in the
standard model isQW

SM5(124 sin2uW)Z2N. The effect of
finite nuclear extent is to modifyN andZ to qnN andqpZ,
respectively,@10#, where

qn(p)5E f ~r !rn(p)~r !d3r . ~6.1!

This nuclear structure correction involves an overlap integ
somewhat similar to the weak form factor of Eq.~5.1!, but
here f (r ) is a q-independent folding function determine
from the radial dependence of the electron axial transit
matrix element inside the nucleus. If the opposite par
atomic states which mix are labeleds and p then f (r )
}cp

†(r )g5cs(r ). We avoid computing the absolute norma
ization of the electronic wave functions, a calculation requ
ing full many-body atomic wave function correlations, b
setting f (0)51. The approximations we have already ma
are as follows: We treat the nucleons nonrelativistically,
noring weak nuclear magnetism effects, and we neglect n
nucleonic degrees of freedom. We neglect terms involv
the vector-electron interaction, and thus axial- or anapo
nuclear interactions~experimentally, this requires properl
averaging over hyperfine transitions!. The required electron
s- and p-wave functions can be computed by solving t
single electron Dirac equation in the presence of the nuc
charge distribution. By doing this, we neglect effects of ele
tron shielding in the vicinity of the nucleus, and the effec
of electronic binding energies~and thus many-body correla
tions! because these are small in comparison with the nuc
Coulomb potential at short~fm! distances.

Atomic theorists make predictions for atomic observab
including a complete many body computation of the ax
matrix elements with proper norm@36#. To date, they have
generally assumed an isoscalar nuclear density distribu
rn(r )5rp(r ), and factored the effect of finite nuclear siz
into a coefficient ofQW . The fact thatrnÞrp means that
there will then be a small additive correction which shou
be made:

QW
expt5QW

SM1DQW
n2p , ~6.2!

n

1-13
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whereQW
expt is the weak charge extracted from atomic expe

ments, using atomic theory calculations whichignore any
neutron-proton differences, and to a good approximation

DQW
n2p5N~12qn /qp!. ~6.3!

DQW
n2p is zero if neutron and proton distributions are ide

tical. There are additional small corrections@37# to DQW
n2p

arising from standard model radiative corrections, as wel
additive corrections arising from, e.g., internal structure
the nucleon, but these can be safely neglected sinceDQW

n2p

is itself so small. Given nuclear structure model predictio
for rp(r ) and rn(r ), the calculation off (r ) and DQW

n2p is
reasonably straightforward, requiring a numerical solution
the Dirac equation in the vicinity of the nucleus. Resu
from various nuclear structure model distributions for seve
nuclei are given in Table I, which shows that neutron-pro
distribution differences can affect measurements of the w
charge at marginally measurable levels. The model dep
dent uncertainty inDQW

n2p appears to be comparable to th
value itself, and exceeds standard model radiative correc
uncertainties. This motivates improved knowledge of
neutron distributions, since charge distributions are gener
well measured experimentally.

For the specific case of atomic Cs, recent measurem
of transition polarizabilities@9#, coupled with previous
measurements of parity nonconservation~PNC! @8# have
significantly reduced uncertainties associated with
extraction of QW~Cs!. The latest result @9#, QW

expt5
272.06(0.28)expt(0.34)atomic theoryis in mild disagreement, a
the 2.5s level, with the standard model prediction ofQW

SM

5273.20(0.13)theory @37#. The experimental number uses i
put from atomic theory calculations@38,39# which incorpo-
rate finite nuclear size effects, but do not include the mo
fication due to neutron-proton differences,DQW

n2p . Using a
relatively naive approximation described below we find th
in order to reduce the contribution of nuclear structure
certainty to below the level of presentatomic theory levels,
one would need to know the neutron radius to around66%.
To reduce nuclear structure uncertainties well below
level (60.13) of standard model radiative correction unc
tainties requires knowledge of the neutron radius to aro
62%. Due to the more complex nature of the Cs nucle

TABLE I. Nuclear structure model predictions forDQW
n2p .

HFB stands for Hartree-Fock-Bogoliubov, Skl stands for a Skyr
‘‘SLy4’’ parameter set. G1 is a parametrization from a relativis
nuclear model. The standard model value and uncertainty are
Ref. @37#.

Model Element QW
SM DQW

n2p

Gogny @42# Pb 2118.70(0.19) 0.47
HFB-Skl @43# 0.57
G1 @44# 1.0

Gogny Ba 277.07(0.13) 0.14
HFB-Skl 0.18
G1 @44# 0.30
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~e.g., it is not spin 0! it is unlikely that a PVES experimen
will measure the neutron radius of Cs directly, but measu
ment in a nearby nucleus with comparableN/Z ~such as Ba!
should provide significantly improved confidence in the ab
ity of nuclear structure models to predict neutron radii
general, and hence reduce the nuclear model dependen
these important standard model tests.

Precise numerical codes have computed the effect of
neutron density on PVES@24#. It is instructive to recover this
result with a simpler analytical approximation, and then
connect this to atomic PNC. To this end we first approxim
f (r ) andDQW

n2p by assuming a uniform nuclear distribution
i.e., r(r ) a constant out to some radiusC. In this case, the
nuclear potential energy is just

V~r !5~Za!* H ~231r 2/Cp
2!/2Cp if r ,Cp

21/r if r .Cp ,
~6.4!

neglecting small contributions of neutrons to the nucle
charge distribution. The single electron Dirac equation c
be solved in the presence of this potential by expanding
powers of (Za), making a power series for the Dirac wav
functions inside the nucleus.2 The result is

f ~r !512~Za!2@ 1
2 ~r /Cp!22 1

10 ~r /Cp!41 1
150~r /Cp!6#

1O~Za!4. ~6.5!

One further simplifying approximation can be made, th
^r 2&n'^r 2&p , characterizing the difference by a single sm
parameter,̂ r 2&n /^r 2&p[11e. The result, after applying Eq
~6.1! is

qp'12~Za!2~0.26!, ~6.6!

qn'12~Za!2~0.2610.221e!, ~6.7!

DQW
n2p'N~Za!2~0.221e!/qp . ~6.8!

This can be compared with the PVES asymmetry in el
tic electron-nucleus scattering for a spin-0 nucleus. In
Born approximation~and in the absence of isospin violation!
this asymmetry is given by Eq.~3.11!. Using the same ap
proximations as above~uniform distributions,Cn'Cp) and
definingAnom[Alr

0 (Q2)@(124 sin2uW)2N/Z#, we find

2We have also calculated the (Za)4 corrections, as well as term
of order (meCp)(Za) which arise if the electron mass is left in th
Dirac equation. Including these small corrections, our approxim
formulas reproduce detailed numerical results forqn at around the
1% level.

e

m
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~A2Anom!

Anom
5F 2N/Z

~124 sin2uW2N/Z!G S Fn~Q2!

Fp~Q2!
21D ~6.9!

'@1.06#eS 2
3

2
1

1

2

3
~qCp!2sin~qCp!

@sin~qCp!2~qCp!cos~qCp!# D1O~e2!.

~6.10!

For extremely small momentum transfer, the expression
large parentheses can be expanded, yielding2(qCp)2/10
1O(qCp)4. Knowing Cn to 61% means, according to Eq
~6.8!, that the weak charge for lead would have an unc
tainty due to neutron structure of'60.2, to be compared
with QW

SM52118.760.2 (rad. corr). According to Eq
~6.10!, at q50.45 fm21, measuringCn to 1% requires an
asymmetry measurement with errors around the 3% leve
agreement with the numerical results obtained in Ref.@24#.

The approximation scheme described above can be
tended to include rough effects of the nuclearshapeusing
the method of Sandars@40#, adding a ‘‘thin edge’’ to the
uniform distribution, parametrized by a new skin-thickne
parameterh, defined forany arbitrary distribution by

h5
21̂ r 4&
25̂ r 2&2 21. ~6.11!

This form is chosen soh50 for a uniform distribution.
Typically, hproton'0.10 for a nucleus such as lead. T
presence of a thin edge changes all the moments:

^r n&'
3

n13
CnS 11h

n~n13!

8 D , ~6.12!

from which ^r 2&5C2(3/5)(111.25h) serves todefine Cfor
any distribution. Adding such a ‘‘thin skin’’ to the protons
the charge distribution is unchanged except in a small reg
nearC, and our approximation forf (r ) is still fairly accurate.
The presence of the thin skin does slightly modify the pot
tial inside the nucleus, which in turn modifiesf (r ) in a well-
defined way. Adding a thin skin to the neutrons as w
assuming the differenceDh[hn2hp!1, Eq. ~6.8! is then
modified to

DQW
n2p'N~Za!20.22~e20.16Dh!/qp . ~6.13!

The insensitivity of the atomic observable to higher mome
beyond the rms radius is seen from the small relative coe
cient of Dh.

To connect to a more familiar measure of skin thickne
consider a Woods-Saxon form for the density, with rad
and thickness parametersc andz, as given in Eq.~5.21!. An
analytic series expansion asz/c→0 gives h' 4

3 p2(z2/
c2)(12p2z2/c2)1•••, ^r 2&5 3

5 c2(11 7
3 p2z2/c2), and C2

'c2(11 2
3 p2z2/c21•••). In this way, we could eliminate

Dh in favor of e and Dz/z, where, e.g.,Dz[zn2zp is a
difference in Woods-Saxon neutron and proton thickness
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rameters, and as stated above,e5^r 2&n /^r 2&p21. Evaluat-
ing f (r ) numerically in the presence of this potential usi
the analytic series expansion for moments and linearizing
e andDz,

DQW
n2p~Pb!'10.6e20.37Dz/z, ~6.14!

while for barium

DQW
n2p~Ba!'3.3e20.13Dz/z. ~6.15!

In these expressions, higher order effects in (Za), as well as
finite surface thickness, have been taken into account
merically. ~We use as nominal inputs@41# cPb56.624, zPb

50.549,cBa55.700,zBa50.5314.!
The PVES asymmetry also gets modified by a thin sk

and Eq.~6.10! gets an additional correction term,

~A2Anom!

Anom
'Eq. ~6.10!1@1.06#DhS 15

8
1~qCp!2

3
qCpcos~qCp!26 sin~qCp!

8@sin~qCp!2~qCp!cos~qCp!# D ~6.16!

@neglecting anyO(hp) corrections here#. In the limit of
small momentum transfer, the term in large parentheses g
to (qCp)4/280. The PVES asymmetry thus becomes co
pletely insensitive toDh at smallQ2, as one would expect
but at largerQ2 the surface shape becomes relatively mo
important. Table II shows the ratio of the coefficients ofDh
to e in Eq. ~6.16! as a function of momentum transfer.~Note
that these numbers implicitly incorporate the approximat
hp→0.! Incorporating finite skin thickness with a Wood
Saxon for the nucleon distributions, the asymmetry can
calculated using asymptotic expansion formulas inc and z,
and the result linearized in the small quantitiese and Dz.
The resulting formula is not especially illuminating, but th
coefficients of this expansion are shown for lead as a fu
tion of momentum transfer in Table III.

Note that there is a unique momentum transfer where
two observables are sensitive to thesamelinear combination
of neutron radius and surface shape. For lead, assumi
thin edge~Table II!, and comparing with Eq.~6.13!, this

TABLE II. Table of the coefficients occurring in Eq.~6.16!,
written in the form (A2Anom)/Anom5c1(e1c2Dh) as a function of
momentum transferq for a 208Pb target. (e measures then-p rms
radius difference, andDh measures then-p surface shape differ-
ences.! Note that Eq.~6.16! is derived assuminghp→0.

q(fm21) c1 c2

0.2 20.21 20.068
0.25 20.33 20.11
0.3 20.50 20.16
0.35 20.72 20.22
0.4 21.0 20.30
0.45 21.4 20.40
0.5 22.1 20.52
1-15
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HOROWITZ, POLLOCK, SOUDER, AND MICHAELS PHYSICAL REVIEW C63 025501
‘‘matchup’’ is around q50.34 fm21. Using the Woods-
Saxon form to incorporate the effects of finite skin thickne
and comparing with Eq.~6.14!, the relative coefficients o
Dz/z and e are matched for electron scattering and atom
PNC atq'0.32 fm21. At this kinematics point, a measure
ment of PVES is ‘‘optimized’’ to provide the direct informa
tion desired for the atomic observable. In the absence
other constraints, this would be the optimal moment
transfer for a PVES measurement if the goal is the m
direct measurement of atomic weak charge correctio
rather than a desire to extract and measure the details o
neutron shape distribution. Of course, this is only true to
extent that still higher moments~shape differences beyon
the simple thin edge approximation! are not important, which
is a decent approximation for the atomic observable, but
so good for the PVES asymmetry. A brute force estim
obtained by assuming a generalized three parameter Ga
ian form for the nuclear distributions, allowing the three p
rameters to vary but constraining them to produce value
A within some small window ofAnom, and then calculating
the corresponding spread inDQW

n2p , we find an optimalq
value of 0.32 fm21. ~All these results, however, have bee
calculated at tree level, without Coulomb corrections.!

Another way of understanding the above result is to co
pare the function multiplyingrn(r ) in the form factor inte-
gral of Eq.~5.1! @i.e., j 0(qr)# and in the convolution integra
of Eq. ~6.1! @i.e., f (r )#. Since we are not interested in th
volume integral of the weak charge density, which is w
known, we can subtract bothf (r ) and j 0(qr) from 1, and
plot the remainder to study the relative sensitivity to t
radius and to the surface thickness. This is shown in Fig
For q50.30 fm21, 12 j 0(qr) is nearly proportional to 1
2 f (r ), and thus at thisQ2 one is sensitive to the same rat
of surface and radius in a parity experiment and in an ato
experiment. The curves forq50.45 fm21 are also shown, in
this case the curves are not identical but are similar eno
so much of the error from an unknown surface thickn
cancels when comparing the two integrals.

For lead, ignoring the effects of skin thickness, we fou
above that the rms neutron radius should be known
roughly the61% level to ensure that neutron structure u
certainties are smaller than present standard model radi

TABLE III. Table of the coefficientsa1 anda2 occurring in the
expression (A2Anom)/Anom5a1e1a2Dz/z as a function of mo-
mentum transferq for a 208Pb target. The coefficients ofe do not
match those in Table II for two reasons: finite thicknessis incorpo-
rated here numerically, using the same nominal inputs as for
~6.14!. Also, note thatDz/z is itself a function of bothe andDh.

q(fm21) a1 a2 a2 /a1

0.2 20.023 0.003 20.013
0.25 20.037 0.008 20.021
0.3 20.056 0.017 20.031
0.35 20.080 0.034 20.042
0.4 21.1 0.064 20.056
0.45 21.6 0.12 20.073
0.5 22.3 0.21 20.094
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correction uncertainties~roughly 60.2, or about60.16%,
for the weak charge!. Again ignoring thickness, Table I
shows that this would require, e.g., a PVES asymmetry m
surement atq50.45 fm21 at the63% level. Including the
effect of thickness, the linear combination ofe and Dz/z
required for the weak charge is not quite the same as
linear combination measured in PVES at arbitraryq, but a
linear error propagation atq50.45 shows that as long as th
relative uncertainty inzn is less than'650%, the additional
uncertainty due to including skin thickness is negligib
Thus a single PVES measurement taken even at a kinem
point which isnot perfectly optimized for the atomic observ
able will still be sufficient to eliminate nuclear structure e
fects from the atomic observable at levels below pres
standard model uncertainties.

It is important that future low energy tests of the standa
model be as independent as possible from nuclear struc
models. As we have shown, deviations of neutron distri
tions could modify atomic PNC observables at levels pot
tially significant for tests of new~nonstandard model! phys-
ics. The dependence of atomic PNC on nuclear struc
involves a linear combination of all moments of the neutr
distribution, while a single PVES measurement involvesa
priori , a different~andQ2 dependent! combination. We have
found that at the low momentum transfers appropriate
strongly constrainingRn

2 , the relative contribution of the
neutron skin thickness is matched in the two observables
the extent that contributions from still higher order sha
corrections are negligible, a single PVES measurement
the appropriate nucleus will thus allow a rather direct extr
tion of the nuclear structure correction to the atomic PN
observable, without any need to go through any intermed
~model dependent! nuclear structure fits.

VII. SUMMARY AND CONCLUSION

In Sec. II of this paper we have collected existing the
retical and experimental results on neutron densities. Sec

q.

FIG. 8. Approximate nuclear weak densityr(r ) for 208Pb, see
right-hand scale, along with the function multiplyingr(r ) in the
integrals for the weak form factor@namely, j 0(qr)# and in the
atomic correction factorqn @namely f (r )#, see left-hand scale. In
both cases the function is subtracted from one to eliminate the
ume integral of the weak charge density. Curves for 12 j 0(qr) are
shown for two different values ofq in fm21. Note that 4.1@1
2 f (r )# is almost identical to 12 j 0(qr) for q50.30 fm21.
1-16
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III reviewed the Born approximation formalism for the pari
violating asymmetry. The results in these two short secti
are not new, however, they help to introduce our new ca
lations and make this paper more self-contained. We h
presented in Sec. IV new calculations of the optimal kin
matics for a neutron density measurement. Also, in Sec
we have presented several new calculations of correction
the asymmetry from many different sources. Finally, Sec.
presented new calculations of how atomic parity noncon
vation measurements depend on the shape of the neu
density and how this shape dependence is closely relate
that for elastic electron scattering.

With the advent of high quality electron beam facilitie
such as CEBAF, experiments for accurately measuring
weak density in nuclei through parity violating electron sc
tering ~PVES! are feasible. The measurements are clea
interpretable, analogous to electromagnetic scattering
measuring the charge distributions in elastic scattering. F
parity violating asymmetry measurements in elastic scat
ing, one can extract the weak density in nuclei after corre
ing for Coulomb distortions, which have been accurately c
culated.

By a direct comparison to theory, these measurements
mean field theories and other models that predict the size
cl
t,

.

P.
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shape of nuclei. They therefore can have a fundamental
lasting impact on nuclear physics.

Furthermore, PVES measurements have important im
cations for atomic parity nonconservation~PNC! experi-
ments which in the future may become the most precise t
of the standard model at low energies. We have shown
to a good approximation, sufficient for testing the stand
model, the dependence on nuclear shape parameters e
the PVES and PNC observables the same way; therefore
PVES measurements are directly applicable to the inter
tation of atomic PNC if measured on the same nucleus.

Measurements of the weak density lead to the neut
density distribution with unprecedented accuracy. As
have discussed in this paper, PVES yield significant i
provement in the accuracy of neutron densities compare
hadronic probes or magnetic scattering. We have shown
the corrections due to strange quarks, neutron electric f
factors, parity admixtures, dispersion corrections, meson
change currents, and several other possible effects in rea
experiments are all small. Further, an asymmetry meas
ment from a heavy nucleus with 3% accuracy will both e
tablish the existence of the neutron skin and characterize
thickness. The neutron skin is an important, qualitative f
ture of heavy nuclei which has never been cleanly est
lished in a stable nucleus.
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