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Identical relations among transverse parts of variant Green’s functions and the full vertices
in gauge theories
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Identity relations among the transverse parts of variant vertex functions in gauge theories are derived by
computing the curl of the time-ordered products of three-point Green’s functions involving the vector, the
axial-vector, and the tensor current operators, respectively. Combining these transverse relations with the
normal ~longitudinal! Ward-Takahashi identities forms a complete set of Ward-Takahashi relations for three-
point vertex functions. As a consequence, the complete solutions for the vector, the axial-vector, and the tensor
vertex functions in the momentum space are consistently and exactly obtained by solving this complete set of
Ward-Takahashi relations. In the case of massless fermions, the full vector and the full axial-vector vertices are
expressed in terms of the fermion propagators only.
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In quantum field theory symmetries lead to relatio
among the Green’s functions of the theory, which are
ferred to as the Ward-Takahashi~WT! identities @1#. They
play an important role in proving renormalizability and
providing a consistent description in the perturbation
proach of any quantum field theory. But the normal W
identities specify only the longitudinal part of Green’s fun
tions, leaving the transverse part undetermined@2#. There-
fore, to obtain the complete constraint on the vertex fu
tions and then to obtain the complete expressions for
vertex functions we need to study the WT type constra
relations for the transverse parts of variant vertices, whic
of great significance. In this regard, a very interesting pr
lem relates to the Dyson-Schwinger equation~DSE! ap-
proach@3#.

The Dyson-Schwinger equations embody the full str
ture of any field theory and consequently provide a natu
way to study the dynamics such as describing the dynam
chiral symmetry breaking, confinement, and other proble
of hadronic physics@4#. The structure of DSEs is such th
they relate then-point Green’s function to the (n11)-point
function; at its simplest, propagators are related to thr
point vertices, thus leading to an infinite set of coupled eq
tions. Therefore, one has to find some way to truncate this
of equations. If we can express the full three-point vertice
terms of the two-point functions, these equations will form
closed system for the two-point functions. How to solve e
actly the transverse part of the vertex and thereby the
vertex function then becomes a crucial problem@2#. Up to
now this problem has not been solved. Although there h
been several attempts to construct the transverse part o
vertex by an ansatz which satisfies some constraints@2,5#,
however, all such attempts remainad hocwithout consider-
ing the constraint imposed by the symmetry of the syste
The latter is the key point to understand the transverse pa
the vertex as in the case of the longitudinal part of the ver
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In Ref. @6#, we studied the transverse WT relation for th
vector vertex. It showed that in order to obtain the compl
solution for the vector vertex one needs to build WT re
tions for the axial-vector and tensor vertices as well. In t
paper we present the complete set of WT relations for
vector, the axial-vector and the tensor vertex functious
gauge theories, from which we obtain the complete soluti
for these vertex functions in gauge theories in four dime
sions. In particular, we find that in the chiral limit with zer
fermion masses the full vector and the full axial-vector v
tex functions are expressed in terms of the fermion propa
tors only.

We first provide the WT type identical relations amon
the transverse parts of variant three-point vertex functio
i.e., the transverse WT relations for three-point vertex fu
tions in gauge theories, which are derived by computing
curl of the time-ordered products of three-point Gree
functions involving the vector, the axial-vector, and the te
sor current operators, respectively@7#. This approach is mo-
tivated by the fact that the normal WT identities whic
specify the longitudinal part of the Green’s functions ha
been derived by computing the divergence of the tim
ordered products of the corresponding Green’s functions@8#.
We find three sets of transverse WT relations for the vec
the axial-vector, and the tensor vertex functions, resp
tively, which are coupled to each other. These relations
given in coordinate space as well as in momentum spa
The latter form is partically useful. Combining these tran
verse relations with the normal~longitudinal! WT identities
for the vector, the axial-vector, and the tensor vertex fu
tions leads to a complete set of WT type constraint relati
for the fermion’s three-point functions. As a consequen
the complete expressions for the vector, the axial-vector,
the tensor vertex functions in the momentum space are
consistently and exactly deduced by solving this compl
set of WT relations without any ansatz.

Let us briefly describe the basic approach of comput
the curl of the time-ordered products of the fermion’s thre
point functions involving the vector, the axial-vector, and t
tensor current operators respectively. For convenience,
introduce three bilinear covariant current operators:
©2001 The American Physical Society07-1
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Vlmn~x!5 1
2 c̄~x!@gl,smn#c~x!5 i @glm j n~x!2gln j m~x!#,

~1!

V5
lmn~x!5 1

2 c̄~x!@gl,smn#g5c~x!

5 i @glm j 5
n~x!2gln j 5

m~x!#, ~2!

and

Vlmna~x!5 1
4 c̄~x!~@gl,smn#ga2ga@gl,smn#!c~x!

5glm j na~x!2gln j ma~x!, ~3!

where j m(x)5c̄(x)gmc(x), j 5
m(x)5c̄(x)gmg5c(x), and
s

-

t

02520
j mn(x)5c̄(x)smnc(x). Thus the curl of theT products of
the corresponding fermion’s three-point function is given
]l

xT@Vlmn(x)c(x1)c̄(x2)# or ]l
xT@V5

lmn(x)c(x1)c̄(x2)# or

]l
xT@Vlmna(x)c(x1)c̄(x2)#, where]l

x denotes the derivative
operator with respect to the argumentx. In terms of the defi-
nition for the time-ordered products and the equal-time a
commutation relations for fermion fields, it is not difficult t
carry out the above differential operations. The procedure
deriving the transverse WT identity for the vector vertex
gauge theory was given already in Ref.@6#. With the similar
procedure we derive the transverse WT relations for
axial-vector and the tensor vertices. We find the followi
covariant identical relations in the operator form:
]x
mT@ j n~x!c~x1!c̄~x2!#2]x

nT@ j m~x!c~x1!c̄~x2!#

5 ismnT@c~x1!c̄~x2!#d4~x12x!1 iT@c~x1!c̄~x2!#smnd4~x22x!

1T@c̄~x!~smniD”W x2 iD”Q xs
mn!c~x!c~x1!c̄~x2!#

1 lim
x8→x

i ~]l
x2]l

x8!T@c̄~x8!«lmnrgrg5UP~x8,x!c~x!c~x1!c̄~x2!#, ~4!

]x
mT@ j 5

n~x!c~x1!c̄~x2!#2]x
nT~ j 5

m~x!c~x1!c̄~x2!!

5 ismng5T@c~x1!c̄~x2!#d4~x12x!2 iT@c~x1!c̄~x2!#smng5d4~x22x!

2T@c̄~x!~ iD”Q xs
mng51 ismng5D”W x!c~x!c~x1!c̄~x2!#

1 lim
x8→x

i ~]l
x2]l

x8!T@c̄~x8!«lmnrgrUP~x8,x!c~x!c~x1!c̄~x2!# , ~5!

and

]x
mT@ j na~x!c~x1!c̄~x2!#2]x

nT@ j ma~x!c~x1!c̄~x2!#

5«mnargrg5T@c~x1!c̄~x2!#d4~x12x!2T@c~x1!c̄~x2!#«mnargrg5d4~x22x!

2T@c̄~x!«mnar~D”Q xgrg51grg5D”W x!c~x!c~x1!c̄~x2!#

2 lim
x8→x

~]l
x2]l

x8!T@c̄~x8!«lmnag5UP~x8,x!c~x!c~x1!c̄~x2!#

2 lim
x8→x

~]x
a1]x8

a
!T@c̄~x8!smnUP~x8,x!c~x!c~x1!c̄~x2!#, ~6!
ell-

ns

the
mi-
ns
whereDW m5]Wm1 igAm andDQ m5]Qm2 igAm are covariant de-
rivatives. In the QED case,g5e andAm is the photon field.
In the QCD case,g5gc andAm5Am

a Ta (a51, . . . ,8), Am
a

are the color gluon fields andTa are the generator
of SU(3)c group. The Wilson line UP(x8,x)

5P exp@2ig*x
x8dyrAr(y)# is introduced in order that the cur

rent operators in the last term of Eqs.~4!,~5! and in the last
two terms of Eq.~6! are locally gauge invariant. Note tha
such expressions are also useful for studying the Adler-B
Jackiw anomaly@9,10# contribution in the present case.

Taking into account the equations of motion for fermio
with mass m, (iD”W 2m)c50, and c̄( iD”Q 1m)50, which
have the same form for both QED and QCD, we arrive at
identical relations among the transverse parts of the fer
on’s three-point functions, i.e., the transverse WT relatio
for the fermion’s vertex functions in gauge theories~in co-
ordinate space!:
7-2
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]x
m^0uT jn~x!c~x1!c̄~x2!u0&2]x

n^0uT jm~x!c~x1!c̄~x2!u0&

5 ismn^0uTc~x1!c̄~x2!u0&d4~x12x!1 i ^0uTc~x1!c̄~x2!u0&smnd4~x22x!

12m^0uTc̄~x!smnc~x!c~x1!c̄~x2!u0&

1 lim
x8→x

i ~]l
x2]l

x8!«lmnr^0uTc̄~x8!grg5UP~x8,x!c~x!c~x1!c̄~x2!u0&, ~7!

]x
m^0uT j5

n~x!c~x1!c̄~x2!u0&2]x
n^0uT j5

m~x!c~x1!c̄~x2!u0&

5 ismng5^0uTc~x1!c̄~x2!u0&d4~x12x!2 i ^0uTc~x1!c̄~x2!u0&smng5d4~x22x!

1 lim
x8→x

i ~]l
x2]l

x8!«lmnr^0uTc̄~x8!grUP~x8,x!c~x!c~x1!c̄~x2!u0&, ~8!

and

]x
m^0uT jna~x!c~x1!c̄~x2!u0&2]x

n^0uT jma~x!c~x1!c̄~x2!u0&

5«mnargrg5^0uTc~x1!c̄~x2!u0&d4~x12x!2^0uTc~x1!c̄~x2!u0&«mnargrg5d4~x22x!

2 lim
x8→x

~]l
x2]l

x8!«lmna^0uTc̄~x8!g5UP~x8,x!c~x!c~x1!c̄~x2!u0&

2 lim
x8→x

~]x
a1]x8

a
!^0uTc̄~x8!smnUP~x8,x!c~x!c~x1!c̄~x2!u0&, ~9!
tio

ea
th

d
c
in
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q.
rm
where the vacuum expectation values are used. Equa
~7!–~9! are valid for both QED and QCD.

The transverse WT relations can be written in more cl
and elegant form in the momentum space. By computing
Fourier transformation of Eqs.~7!–~9! and using the standar
definition for the three-point functions in momentum spa
@6#, we get the transverse WT relations for the three-po
vertex functions in the momentum space

iqmGV
n ~p1 ,p2!2 iqnGV

m~p1 ,p2!

5SF
21~p1!smn1smnSF

21~p2!12mGT
mn~p1 ,p2!

1~p1l1p2l!«lmnrGAr~p1 ,p2!, ~10!

iqmGA
n ~p1 ,p2!2 iqnGA

m~p1 ,p2!

5SF
21~p1!smng52smng5SF

21~p2!

1~p1l1p2l!«lmnrGVr~p1 ,p2!, ~11!

and

qmGT
na~p1 ,p2!1qnGT

am~p1 ,p2!1qaGT
mn~p1 ,p2!

52SF
21~p1!«mnargrg51«mnargrg5SF

21~p2!

1~p1l1p2l!«lmnaG5~p1 ,p2!, ~12!

whereq5p12p2 , GV
m , GA

m , GT
mn , andG5 are the vector, the

axial-vector, the tensor and the psudoscalar vertex funct
in momentum space, respectively.SF(p1) is the complete
02520
ns

r
e

e
t
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propagator of fermion. The third term in left-hand side of E
~12! comes from the Fourier transformation of the last te
in Eq. ~9!.

To understand the physics implication of Eqs.~10!,~11!
more clearly, we multiply both sides of Eqs.~10! and~11! by
iqn and move the terms proportional toqnGV

n andqnGA
n into

the right-hand side of the equations, we then have

q2GV
m~p1 ,p2!5qm@qnGV

n ~p1 ,p2!#1 iSF
21~p1!qnsmn

1 iqnsmnSF
21~p2!12imqnGT

mn~p1 ,p2!

1 i ~p1l1p2l!qn«lmnrGAr~p1 ,p2!, ~13!

q2GA
m~p1 ,p2!5qm@qnGA

n ~p1 ,p2!#

1 iSF
21~p1!qnsmng52 iqnsmng5SF

21~p2!

1 i ~p1l1p2l!qn«lmnrGVr~p1 ,p2!. ~14!

Writing the full verticesGV
m andGA

m as

GV
m~p1 ,p2!5GV(L)

m ~p1 ,p2!1GV(T)
m ~p1 ,p2!, ~15!

GA
m~p1 ,p2!5GA(L)

m ~p1 ,p2!1GA(T)
m ~p1 ,p2!, ~16!

we then obtain from Eqs.~13! and ~14!

GV(L)
m ~p1 ,p2!5q22qm@qnGV

n ~p1 ,p2!#, ~17!
7-3
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GV(T)
m ~p1 ,p2!5q22qn@ iSF

21~p1!smn1 ismnSF
21~p2!

12imGT
mn~p1 ,p2!

1 i ~p1l1p2l!«lmnrGAr~p1 ,p2!#, ~18!

and

GA(L)
m ~p1 ,p2!5q22qm@qnGA

n ~p1 ,p2!#, ~19!

GA(T)
m ~p1 ,p2!5q22qn@ iSF

21~p1!smng52 ismng5SF
21~p2!

1 i ~p1l1p2l!«lmnrGVr~p1 ,p2!#. ~20!

By using the antisymmetry property ofsmn and«lmnr, it is
easy to check thatqmGV(T)

m 50 andqmGA(T)
m 50, which show

thatGV(T)
m andGA(T)

m are indeed the transverse components
the corresponding vertex functions. Note thatGV(T)

m and
GA(T)

m correspond, respectively, to the right-hand side of E
~10! and~11! except the factoriq22qn . Therefore, Eqs.~10!
and ~11! @and the corresponding expressions in coordin
space, Eqs.~7! and ~8!# describe the relations among th
transverse parts of the vector and the axial-vector ve
functions and other Green’s functions. Equations~7! and
~10! show that the transverse part of the vector vertex fu
tion is related to the inverse of the fermion propagator,
tensor and the axial-vector vertex functions, while Eqs.~8!
and ~11! show that the transverse part of the axial-vec
vertex function is related to the inverse of the fermion pro
gator and the vector vertex function. Thus, the transve
parts of variant vertex functions are coupled to each oth
As a result, the full vector and the full axial-vector verte
functions are also coupled to each other and form a se
coupled equations, which is described by Eqs.~13! and~14!.
The WT relation~12! can be similarly discussed.

In Eqs. ~13!–~19!, qmGV
m and qmGA

m satisfy the well-
known Ward-Takahashi identities
02520
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qmGV
m~p1 ,p2!5SF

21~p1!2SF
21~p2!, ~21!

qmGA
m~p1 ,p2!5SF

21~p1!g51g5SF
21~p2!22imG5~p1 ,p2!.

~22!

In addition to these two identities, the WT identity for th
tensor vertex is also needed. By the procedure similar to
of deriving Eqs.~21! and ~22!, we find

iqnGT
mn~p1 ,p2!5SF

21~p1!gm1gmSF
21~p2!12mGV

m~p1 ,p2!

1~p1
m1p2

m!GS~p1 ,p2!, ~23!

whereGS is the scalar vertex function.
Now we have the normal Ward-Takahashi identiti

~21!–~23!, describing the longitudinal part of the three-poi
vertex functions, and the transverse WT relations~10!–~12!,
describing the identical relations among transverse part
variant three-point vertex functions. They form a comple
set of WT type constraint relations for the fermion’s thre
point vertex functions in gauge theories. As a conseque
we can consistently derive the complete solusions for
vertex functionsGV

m , GA
m , andGT

mn , by solving this complete
set of relations without any ansatz.

In fact, by substituting Eq.~14! into Eq. ~13! and using
Eqs. ~21!–~23!, it is not difficult to obtain the complete ex
pression for the vector-vertex function in the case of ma
less fermions

GV
m~p1 ,p2!5GV(L)

m ~p1 ,p2!1GV(T)
m ~p1 ,p2! ~24!

with

GV(L)
m ~p1 ,p2!5q22qm@SF

21~p1!2SF
21~p2!#,

~25!
e

GV(T)
m ~p1 ,p2!5$q21~p11p2!22@~p11p2!•q#2q22%21

3$@SF
21~p1!2SF

21~p2!#@qm
„~p11p2!•q…2q222~p1

m1p2
m!~p11p2!•q#q22

1@SF
21~p1!1SF

21~p2!#@p1
m1p2

m2qm~p11p2!•qq22#

1 iSF
21~p1!smnqn1 ismnqnSF

21~p2!1 i @SF
21~p1!sml2smlSF

21~p2!#~p1l1p2l!

1 i @SF
21~p1!sln2slnSF

21~p2!#qn~p1l1p2l!qmq22

2 i @SF
21~p1!smn2smnSF

21~p2!#qn~p11p2!•qq22%. ~26!

Similarly, substituting Eqs.~24!–~26! into Eq.~14! and using Eq.~22!, we can write the full axial-vector vertex function in th
massless fermion case as

GA
m~p1 ,p2!5GA(L)

m ~p1 ,p2!1GA(T)
m ~p1 ,p2! ~27!

with

GA(L)
m ~p1 ,p2!5q22qm@SF

21~p1!g51g5SF
21~p2!#, ~28!
7-4
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GA(T)
m ~p1 ,p2!5$q21~p11p2!22@~p11p2!•q#2q22%21

3$ i @SF
21~p1!g5smn2smng5SF

21~p2!#qn2 i @SF
21~p1!g5smn

1smng5SF
21~p2!#qn~p11p2!•qq221 i @SF

21~p1!g5sml1smlg5SF
21~p2!#~p1l1p2l!

1 i @SF
21~p1!g5sln1slng5SF

21~p2!#qn~p1l1p2l!qmq22

1 i @SF
21~p1!g5sln2slng5SF

21~p2!#qn~p1l1p2l!@p1
m1p2

m2qm~p11p2!•qq22#q22%. ~29!

We see that in the chiral limit with zero fermion masses the full vector and the full axial-vector vertex functions ar
expressed in terms of fermion propagators only.

Finally, by using Eqs.~12! and ~23! we can get the complete expression for the tensor vertex function:

q2GT
mn~p1 ,p2!5 iSF

21~p1!~qmgn2qngm!

1 i ~qmgn2qngm!SF
21~p2!12im@qmGV

n ~p1 ,p2!2qnGV
m~p1 ,p2!#

1 i @qm~p1
n1p2

n!2qn~p1
m1p2

m!#GS~p1 ,p2!2SF
21~p1!«mnarqagrg5

1«mnarqagrg5SF
21~p2!1~p1l1p2l!qa«lamnG5~p1 ,p2!, ~30!
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whereGV
m(n) is given by Eqs.~24!–~26!.

Before concluding, I would like to give the following
comments.

~i! The transverse WT relations for the vector vertex fun
tion, Eqs.~7! and ~10!, involve the mass term arising from
the equations of motion. This is similar to the normal Wa
Takahashi identity for the axial-vector vertex@see Eq.~22!#.
On the contrary, the transverse WT relations for the ax
vector vertex function, Eqs.~8! and~11!, have no mass term
i.e., they are independent of the dynamics, which is sim
to the WT identity for the vector vertex function@see Eq.
~21!#.

~ii ! The transverse WT relations for the three-point fun
tions, Eqs.~7!–~12!, have been derived in QED and the cla
sical QCD~without Faddeev-Popov ghost fields!. It remains
to show if these identical relations will be modified b
higher-order correction terms in perturbation theory. It
well-known that the normal WT identity for the axial-vecto
vertex, Eq.~22!, is modified due to the Adler-Bell-Jackiw
anomaly @9#. As a result, the WT identity for axial-vecto
vertex function, Eq.~22!, should add the anomaly term con
tribution. By applying the approach of deriving AB
anomaly @9,10# to the present case, we find that the AB
anomaly does not contribute to the transverse WT relati
for the vector vertex, Eqs.~7! and~10!. For Eqs.~7! and~10!,
the modification by higher-order correction happens only
the tensor vertex term due to the renormalization of the t
sor current operator, which leads to the appearance
anomalous dimension in the tensor vertex term. But s
modification does not affect the transverse WT relation
the vector vertex function in the chiral limit with zero fe
mion masses. Is there the contribution from anomaly to ot
transverse WT relations? This problem needs to be stu
further.

~iii ! In the chiral limit with zero fermion masses, th
complete expressions for the vertex functionsGV

m and
GA

m , are expressed in terms of the fermion’s two-po
02520
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functions~the fermion propagators! only. Applying these re-
sults to the Dyson-Schwinger equations will lead to th
these equations form a closed system for the ferm
propagators in QED and classical QCD. In QCD w
usually consider the vertex function involving th
current operator j m(x)5c̄(x)gm(la/2)c(x) or j 5

m(x)
5c̄(x)gmg5(la/2)c(x), wherela are flavor generators. In
such case, the results of present work will be modified s
ply just by puttingla/2 into the suitable position in eac
term of the correspoding identical relations. For the case
effective QCD with Faddeev-Popov ghost fields, there see
to be more vertices. The transverse WT type relations
these new vertices and the full vertices need to be stud
further.

In summary, we have derived the transverse Wa
Takahashi relations for the fermion’s three-point vertex fun
tions in coordinate space as well as in momentum spa
These transverse WT relations together with the normal~lon-
gitudinal! Ward-Takahashi identities form a complete set
WT type constraint relations for three-point vertex function
As a consequence, the complete expressions for the ve
the axial-vector, and the tensor vertex functions in the m
mentum space have been consistently and exactly ded
by solving this complete set of WT relations. In particular,
the case of massless fermions, the full vector, and the
axial-vector vertex functions are expressed in terms of
mion propagators only. Applying these expressions of
full vertex functions to the Dyson-Schwinger equations w
lead to that these equations form a closed system for
fermion propagators. It shows that these full vertex functio
will be very useful to the nonperturbative study of gau
field theories by using the Dyson-Schwinger equation
proach and its application to hadronic physics.
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