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Asymptotic normalization coefficients, spectroscopic factors, and direct radiative capture rates
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We compare the use of asymptotic normalization coefficiéh¥C’s) and spectroscopic factors determined

from peripheral transfer reactions for determining the overall normalization of peripheral direct radiative
capture reaction processes. We demonstrate that ANC’s provide a natural way to parametrize the rates of both
peripheral transfer and direct capture reactions. Furthermore, ANC's inferred from one reaction may be used in
the analysis of a second reaction without further knowledge regarding their origin, and independent measure-
ments of a given ANC may be combined to give an overall “best value” in a straightforward manner. In
contrast, a spectroscopic factor derived from analysis of a peripheral transfer reaction can only be used in
subsequent calculations if one has detailed knowledge of the single-particle bound state orbital that was
assumed when the spectroscopic factor was obtained.
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I. INTRODUCTION of nucleusA and protonp, is given by
In previous papers we suggestft] and then demon- Iap(N=(A+ DY X oa(La) ep({p) | @a(La.LpiT))
strated 2,3] an indirect technique to determine direct capture
rates at stellar energies from measurements of'thg corre- - Z <JAMAijjB|JBMB>
sponding asymptotic normalization coeffcief&NC’s) in Igmy_jpmj,
peripheral transfer reactions. Direct capture reactions of as- R
trophysical interest often involve systems where the binding X (JpMplgmy_[jem; )i'eY| m (NIZ, 1gig(F)-
energy of the captured particles is low, so the capture occurs °
through the tail of the nuclear overlap function in the corre- (1)

sponding two-body channel. The shape of this tail is dictated )
by the Coulomb interaction. Hence, the capture rate may bEOT €ach nucleug represents the bound state wave function
calculated accurately if one knows the amplitude of the tail With £ being a set of internal coordinates including spin-
which is given by the ANC. ANC’s may be measured in SOSPIN varla.bles, and gndM are the spin _and spin projec-
traditional nuclear reactions, such as peripheral nucleoHOn: Alsor is the radius vector connecting the center of
transfer at energies above the Coulomb barrier, which havenass of nucleush with p, r=r/r, jg, m;_ are the total

cross sections that are orders of magnitude larger than thghgular momentum of the proton in the nuclebis (Ap)
direct capture reaction cross sections at astrophysical enesnd its projectionis, m;_ are the orbital angular momentum
gies. ANC's have been studied in few-nucleon systems fops yhe relative motion of particlea andp in the bound state
many years, for example, the asympt&iwave and-wave B=(Ap) and its projection, anbﬁ (r) is the radial over-

amplitudes in the deuteron, as well as the ANC'stfotHe, ) ) AP lgig 1o
and SLi. See[4—6] for reviews. But the relation between |@P function. The antisymmetrization factdA+1)", due

peripheral transfer reaction cross sections and ANC's and thi© identical nucleons has been absorbed in the radial overlap
importance of this relation as an indirect technique to meafunction. The summation oveég andjg is carried out over
sure astrophysical radiative capture rates have only recenti?€ values allowed by angular momentum and parity conser-
been stressed. Usually the distorted-wave Born approxima/ation in the virtual procesB—A+p.

tion (DWBA) is used to analyze peripheral transfer reactions, 1€ overlap function is the projection of the statg onto
However, in conventional DWBA, the transfer reaction am-the two-body channebs¢;,. This projection is not an eigen-
plitude is parametrized in terms of spectroscopic factordunction of any Hermitian Hamiltonian and is not directly
rather than ANC’s. We articulate here the difference betwee@Ssociated with a probability. Hence, the overlap function is
and the relationship that connects ANC’s and spectroscopig®t normalized to unity. The square of the norm of the over-
factors. We also address an important consistency issue: th@P function

parametrization of a DWBA cross section in terms of spec-

troscopiq factors i; most appropriate for nonperipheral traps- SAp:f dr[IE B )

fer reactions, but in such cases, several of the assumptions P

underlying traditional DWBA treatments are questionable. o ) )
is, by definition, the spectroscopic factor. The asymptotic

behavior of the radial overlap function is given by
II. ANC's AND SPECTROSCOPIC FACTORS

r>Ry W_ g 15+ 12(2K8T)

Big r

The overlap function of the bound state wave functions
for particlesA, p, andB, whereB=(Ap) is the bound state
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HereCEp,BjB is the asymptotic normalization coefficient de- channel Ap).BjB plus antisymmetrization effects, but in the
fining the amplitude of the tail of the radial overlap function microscopic approach, the deviation of the spectroscopic fac-
IEplBjB(r) [4,1], W_,,_ 1.+ 12kgr) is the Whittaker func- tor from 1 is caused only by antisymmetrization effects that

tion describing the asymptotic behavior of the Sctinger ~ €ngage different nonorthogonal channels. Due to these anti-
equation solution for two charged particles at negative enSymmetrization effects, the spectroscopic factor calculated in

ergy, kg=\2uapep IS the wave number of the bound state microscopic approa_ches can be larger thgn L. .
5=(AP), iay 40 redced mass of priclacind, and 11 S erile aopoach h e over unctr
n8=2ZaZpipp! kg IS the Coulomb parameter of the bound PP y gie-p P
state @Ap). With this definition, the ANC includes the anti- 1B (r)~1B(P (r)=[g(sP 112 () (5)
symmetrization factor. We do this because our goal is to Aplgig Aplgig ele’  Pnelais' /"
relate experimental cross sections for peripheral transfer and . . . . :
radiative capture reactions, and the experimental measur(‘é‘lhere ¢nB|BjB(r) is the normalized single-particle radial
ments are incapable of separating the effects of antisymmavave function of the bound stateAp) calculated in an
trization from those due the underlying potential. Note thatadoptedA-p interaction potentialoften Woods-Saxonand
this differs from the typical convention in few-nucleon stud- Ng is the principal quantum number. This approximation is
ies, where the goal often is to investigate the sensitivity ofusually used in DWBA analysis of experimental data. Since
calculated quantities to assumptions regarding the underlyingie squares of the norms of the overlap function and the
NN and few-nucleon forcest,7,8. radial bound-state wave function are, correspondingly, the
There is a principal difference between the ANC and thespectroscopic factds, ;  and unity, the single-particle spec-
spectrqscopic factor. The radia_l overlap function dies off_ extroscopic factoﬁ(sz; in Eq. (5) will equal the spectroscopic
ponentially asr —, so the main contribution to the radial factorS, ;. if the bound-state wave function and the overlap

integral (2) comes from the nuclear interior<Ry. Thus, function'h il dial behavior both in th |
the spectroscopic factor is defined predominantly by the perinction nave very simiiar radial benavior both in the nuciear

havior of the radial overlap function within the nucleus. In interior and exterior. However, far<Ry where bothl and

contrast, the ANC describes the peripheral properties of th& halve TOSt _Of thei:jpr_obzlibility, _thle radial ?ependenge_of the
overlap function since it defines the amplitude of the tail.?VeNap function and single-particle wave functienprior,

The ANC is, of course, coupled to the internal behavior ofdre different because the overlap function is a many-particle

the nuclear wave function, and Green’s function techniquegb]eCt’ Whergas the smgle-paﬁ@le wave f“‘.“’“on IS a splu-
permit it to be expressed as an integral over the nuclear cof" Of tg% single-particle Schdinger equation. Thus, in
alone. However, calculations have demonstrated that, fod€neraiSi;j; does not coincide with the microscopically cal-
cases of astrophysical interest, the resultant integral is exculated spectroscopic fact® ;. Nonetheless, for >Ry,

tremely sensitive to _th_e_ form of thN_N _interaction that_ IS the radial dependencies DEpIBjB(r) and ‘Pns'ais(r) are the

assumed, severely limiting the predictive power of this 4Psame, and they differ only by their overall normalizations.

pro%?h[ialco]. Iso be defined th h th id hThe asymptotic behavior of the radial overlap function is
N can also be defined through the residue at t iven by Eq.(3), and the asymptotic normalization of the

ngngfsttha? Eglilség\cp)scattf[elriln% gmplitude corresponding t0 the, jia) hound-state wave function is defined as
- lgip '

r>R
K—ixg | B 2 N W—r]B,IB+l/2(2KBr)

ce . ) — b
(K) — (—1)sigi 77— "l @ Preleis ")~ Pioig ‘ - ©®

Fiai —
BB k_ | Kp
. : _ Lo By th hoi sp) | ke EG5 t
HereF, ;_(K) is the partial scattering amplitude in the chan- y the proper choice Os_s g» ONE can ma g 45) exac

L B'B dkis th lati i f particles for r>Ry. Then, comparing Eq$3) and(6) gives the rela-
2?1 dE)B,EJC?L)J;itiaOnn( 4)Iiss aemrs dill-\i/r? drgsgzgrﬂrgec;inpi)tzigricof the tionship connecting the single-particle spectroscopic factor,
ANC because it does not depend on any specific assumetge nuclear ANC, and the single-particle ANI*:BiB

interaction. Furthermore, Ed4) even remains true for the

B 2
pole corresponding to a Breit-Wigner resonaht#,12. (Sp)_(CApIBjB) 7
To find the overlap function one has to solve an infinite gla (by ;)2 : @)
number of coupled integro-differential equations. Because of Bls

technical difficulties, different approximations are used, in-,,, . . . .
cluding microscopic ones, such as the shell-model or resowhIIe the ANC is an experimentally measurable quantity,

nating group methodRGM) and simpler ones, such as the the .smgle-parucle A.NCbIBjB IS not. Hgnce, the S'”Q'e'
single-particle approach. In the shell model and RGM, theParticle spectroscopic factor, when defined by Eq, is
spectroscopic factor is a model-dependent quantity that i§odel dependent. Its model dependence comes through the
sensitive to the adopted potential and to the truncations insingle-particle ANGb, ;, which is a function of the geomet-
herent in the calculations. In general the spectroscopic factaic parameters, radius, and diffuseness, of the Woods-

can differ from unity since it depends on the contribution of Saxon potential conventionally used as a single-particle po-
an infinite number of channels coupled to the two-bodytential. Furthermore, note that, unlilg;  as defined in Eq.
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(2), S in Eq. (7) is actually a property of the peripheral ~OT — —T
part of the nucleon overlap function. - h 1
To illuminate the differences pointed out above, compare g 06 ]
the single-particle potential approach and the microscopic Nt r 1
RGM. In the simple one-channel RGM, the overlap function .05 1
is given by QL : ]
~04f .
1251 =(AL@a(Zn) @p(£p) 8(p' —1)]| A 3 : ]
(2 L ]
X[ea(Zp) p(Lp) 8(p—p") Xap(P)]) ~03r 7]
= r 1
£ L ]
= f dp K(p1) Xap(P), ® g %] :
o ]
where A denotes antisymmetrization between nucleons of %‘h 0.1 - B
nuclei A andp, xap(r) is the wave function of the relative = o T
motion of A andp in the RGM, and( is the integral operator 0 0O 2 4 6 8 10 12 14
whose kernel is given by r (fm)
Kip.r)=(Aleagpd(p’ ~ 1) ][ Aleagpdlp=p)]). (9) FIG. 1. The calculated radial RGM overlap functiofR¢M(r)

for 88— "Be+p [13] (solid line), the asymptotics of the overlap
function C(REMw(r) [13] (dotted ling, and the single-particle
overlap functions [S®P]Y?r o(r): dot-dashed line for r,

The operatoK is different from the unit operator due to the
presence of4. At large distances the antisymmetrization ef-

fects become negligible, so =1.25 fm anda=0.65 fm and dashed line fap=1.20 fm and
o a=0.60 fm. [SCP1Y% o(r) for ry=1.3 fm and a=0.675 fm
K(p,r) — 8(p—r), (10)  (not shown agrees withrl (REM(r) to within 1% at all radii. All
functions were calculated for the channel spin2.
and
the microscopic and single-particle overlap functions. As one
B = = W_WB’IB'HUZ(ZKBr) can see, the microscopic and single-particle overlap func-
| (RGM)(I,)_)X _ (r)_)CB(RGM) _ _ » N pic ar gle-parti C p
Aplgig Aplgig Aplgig r tions have different behavior in the nuclear interior. We were

(11 able to find geometric parameters €1.3 fm and a
=0.675 fm) for which the RGM and single-particle overlap

Herexap,j,(r) is the radial part ofop(r). Thus the tails of  functions coincide to within 1% at all radii, but it is impos-
the radial overlap function and the RGM wave function of sible to find such a bound-state Woods-Saxon potential with-
the relative motion oA andp coincide. Note that, while each out prior knowledge of the microscopic overlap function.
bound-state wave functiop, is normalized to unity, the Thus any spectroscopic factor introduced by Exj.must
RGM wave function of the relativd—p motion xp(r) is  be utilized in any further analysis together with its corre-
not normalized to unity. Its norm does not possess any physsponding single-particle wave functicm]a, aia(ra)'
cal meaning, but the amplitude of the tail is given by the

ANC. Thus, we have three different radial functions—the

RGM overlap function ,E%ng")(r), the RGM wave function lll. TRANSFER REACTION MEASUREMENTS

of the relative motionyap,j (1), and the single-particle Previously[14] we have described the technique of deter-

overlap fU”Ction[S(Zf);]1/2¢nB|BjB(r)—WhiCh have the same mining ANC’S_ from peripheral tran_sfer reactions. The
asymptotic behavior. However, their radial shapes may b NC'’s determined from tra_nsfer reactions can then he used
to calculate the astrophysical factors for radiative capture
processes. Here we elucidate the difference between the ex-
B(RGM : traction of ANC’s and spectroscopic factors determined from
of !A(‘)'BiB)(r) an(j_XAp'le_B(r) are differen{13]. Furthe_rmore, the transfer reactions, gnd in thepfollowing section we dem-
being many-particle objects, botfandy may have different  ongirate that the ANC is the natural quantity to use to calcu-
behaylor in the |nternal'reg|on from the smglg-partlcle Waveate astrophysical factors.
function ¢, (r). In Fig. 1 we show the radial RGL3] Consider the proton transfer reaction
and single-particle overlap functions féiB— 'Be+p as
functions ofr. All functions were calculated for the channel
spin 1 =2. The single-particle bound-state wave functions
were calculated for different sets of geometric parameters
(rg,a) of the Woods-Saxon potential. The single-particlewherea=b+p, B=A+p. Traditionally, the DWBA cross
spectroscopic factors are chosen to satisfy the asymptotigection used to analyze the experimental angular distribution
condition(7) that provides the same asymptotic behavior foris given by

quite different inside nucleuB. Antisymmetrization effects
become important, so operathiris not unity and the shapes

a+A—Db+B, (12
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do ow mined by normalizing the DWBA cross section to the experi-
d_Q:Z SAplgigSbplyiaTlgiglais (13)  mental one[14]. If a and B are different nuclei, then to
isia determineCEp,BjB, one has to knovCEplaja from an inde-

Originally this parametrization of the DWBA cross section pendent measurement. Since the ANC is a model-
in terms of spectroscopic factors was designed for the deteindependent quantity, the ANC{, ; found from any other
mination of spectroscopic factors by normalization of thergjigple experimental source—ini:lauding those found from
calculated DWBA reduced cross sectiofl" to the experi-  yancfer reactions involving light or heavy ions or from
mental differential cross section in the main peak of the any 5y js of elastic scattering—can be used in the subsequent
gular distribution generated by the proton transfer mechap\yga analysis.

nism. However, Eq(13) is derived by using approximation a specific example, consider use of the
(5) for the overlap integrals corresponding to the two VerticeS”NUBe,sB)”C reaction to determine the ANC fofB
describing the virtual decag—b+p and synthesiA+p —"Be+p [17]. Since the DWBA cross section is param-
—B in the reaction(12). Thus, the spectroscopic factors in gqj,eq in terms of the product of the ANC's for proton re-

Eq. (13) are actually single-particle spectroscopic factors., a1 from 4N and ®B. to determine the ANC for®B
This distinction has often been neglected in the Iitera’cure,_gBe+p one has to I’<now the ANC forN— 3C+p.

and many authors have equated experimental spectroscopl'u;,\,o different reactions, 3C(*N,%C)“N [18] and
factors extracted from fits using E€L3) to theoretical spec- 13C(3He,d) N [19], have been used to determine this. Since
troscopic factors defined according to Ef), such as those 13C (14N ’13C)14N is ,an elastic exchange, the DWBA ampli-

in Ref. [15]. tude contains identical initial and final bound-state wave

The spectroscopic factor in E2), being a physical char-  ¢,nciions and, hence, the DWBA cross section is normalized
acteristic of the behavior of the overlap function in the

14
nuclear interior, can be extracted unambiguously only if thd" terms Of[C13cN:p]4- (For simplicity the quantum numbers
reaction is not peripheral. But for reactions dominated by thépecifying the virtual decay have been droppédo other
nuclear interior, the simple approximation made in E5. ANC'’s are required. An additional advantage in this case is
and assumed in Eq13) is not valid since antisymmetriza- that the optical potentials in the entrance and exit channels
tion and many-body effects are important. For exampleare identical. The DWBA cross section f&iC(*He,d) N is
when using the microscopic RGM approach the overlaproportional tO[Clsgp]Z[CZ';e]Z. Hence, from normalization
function has to be replaced Byxp(r), which in the nuclear  of the DWBA reduced cross section to the experimental one,
interior may differ significantly from[S{*?]"?¢, i (r).  we can determine this product. However, the ANC féte
Furthermore, in the nuclear interior the initial-and final-state—d+p is well established, so we can obtain the ANC for
wave functions cannot be written in factorized form as over-1*N—!C+p. Since the ANC is a model-independent
lap functions times distorted waves. An additional complica-nuclear characteristic, it is independent of the reaction used
tion of traditional DWBA is the first-order perturbation ap- to extract it if the reaction is peripheral and optical potentials
proach in which the transition operatdV sandwiched by are properly chosen. In fact, the analysis of both reactions
the initial- and final-state wave functions is assumed to beave consistent results for the domingmj, component in
small. This is certainly not guaranteed for reactions that are4y- [Ciggp]zzlS.Gi 1.2 fm~! from the elastic exchange

not perlph_era[16]. . _ reaction[18] and 17.8-1.3 fm ! from the $He,d) reaction
For peripheral reactions, .E‘@ makes Eq(5) exact in [19]. In subsequent analysis we can adopt the weighted av-
the region of interest. Substituting it in EAL3), we find erage of the two values in order to extract the ANC for the
virtual decay®B— 'Be+p from the N("Be 2B)°C reac-
(14) tion.
In contrast, consider the use of the spectroscopic factors
for ¥“N—13C+p in these reactions. ReferenfE8] demon-
where strates that the spectroscopic factor derived from the
Bc(*N,*3C)¥N reaction varies by more than a factor of 2
Oliglaia when the single-particle bound-state potential parameters
o o? (15  (rg,a) used in the DWBA calculations are adjusted within
Aplgig~bplyj, normal ranges. Referen¢&9] finds an even broader varia-
tion of the spectroscopic factor in theC(®*He,d)**N reac-
Equation (6) implies o7\", ; bz, ; by, ; for peripheral tion study. Thus, use of different single-particle potentials
reactions[14], so R is nearly independent dba, and  for the two reactions would lead to different values of the
BB spectroscopic factors for the configuratidfC+p in *“N.
i . B 5, a 5 . Each of these spectroscopic factors could only be used in the
tion of the product of the ANC'S @apy;,)“(Chpi,i )” - following analysis of theN(’Be 2B)°C reaction if the pro-
volved in a reaction. In transfer reactions, two possibilitieston bound-state wave function ifN is calculated with ex-
can occur. Ifa andB are the same nuclei, i.e., we have anactly the same bound-state potential parameters used to de-
elastic exchange reaction, the DWBA cross section is exrive the spectroscopic factor. Consequently, it would not be
pressed in terms ofqﬁp,aja)4 and this ANC can be deter- possible to combine the results of the two independent mea-

do

— B 2 2
d_Q_jé (CAplsjB) (Cgplaja) RIBjBIaja7

DW

RIBjBlaja:

bbp'aJa' Equation(14) represents the basis for the determina-
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surements of thé“N—"*C+p system in a simple way, as For peripheral direct capture, Eq6) ensures thair{§_
can be done for the ANC analysis. %bjpi i, Thus,RPS is practically independent diap ;.
and hence, of the single-particle potential used to calculate
the bound-state wave functioB=(A p). Moreover, for

As proposed in1], the ANC can be used to calculate €lectric tfanSitiOﬂ?ﬁstB does not depend ojy, which al-
direct radiative capture at low energies leading to a looselyows us to rewrite Eq(19) as
bound final nucleus

IV. DIRECT CAPTURE REACTIONS

oPC=| > (CRy

IB

The direct capture amplitude in this case is given by Thus, the overall normalization of the cross section of the

. peripheral direct capture is expressed in terms of the ANC’s,

MPC=\(ep(La.Lp:MI0l@a(La) ep({p) i (1)), (17)  which are the only unknown quantities in Eg1). Once the
R ANC'’s have been determined, they can be used to calculate

where\ is a kinematic factorQ is the electromagnetic tran- the direct capture amplitude. We can, of course, reverité
sition operator, and;” is the scattering wave function in the in the equivalent form
initial state. Note that Eq.17) holds only for peripheral cap-
ture reactions. For nonperipheral capture, the amplitude is O'DC=E B . 5Dbe (22)
more complicated because nucleon degrees of freedom 5 Aplgig™ lgig’
should be treated explicitly when writing down the electro-
magnetic operator and antisymmetrization effects betweegxpressing the direct capture cross section in terms of spec-
the incident proton and the nucleons of targeare impor-  troscopic factors. Such a parametrization is the conventional
tant. Here we assume that the capture is peripheral so that tiege in the potential approach when the overlap function is
antisymmetrization operator has been dropped and the elegpproximated by Eq(5). However, since?r,E;jCBocbz

- ) . Aplgig’
tromagnetic operator can be taken in the two-body approXiyhen calculating the direct capture cross section by(E2)
mation. )

. e ) ) the spectroscopic factors must be utilized along with the pa-
An additional simplification occurs in the limE—0, of- 5 meters of the bound-state potential well used in the prior

ten the energy region of greatest interest in nuclear astrOynalysis of the transfer reaction.

physics. In this case, the initial scattering wage becomes This procedure may be applied to the specific example of
a Coulomb wave. This eliminates ambiguities associateda|cylating the astrophysic8ifactor for the radiative capture
with the assumed form of thg-nucleus interaction. For ex- reaction 'Be(p, y)®B asE—0. Since this process is highly
ample, when calculating th€O(p, y)*'F direct capture rate, peripheral at low energies, the overall normalization of the
the result changed by less than 2% gy, <1 MeV when  gominantE1 transition is solely defined by the two ANC's
the exact initial scattering wave function was replaced by thg,, 8g_,7ge+ p corresponding tgg=3/2 and 1/2. These
corresponding Coulomb wave functi¢@]. Similar insensi- ~ ANC's have been measured in two different proton transfer
tivity to the p-nucleus interaction has been found for asctions: 105(7Be 2B)°Be [3] and “N("Bef®B)%C [17].

’Be(p,)°B [1] and a(d,)°Li [20] at energies relevant to The results are in good agreement and either one, or the

A+p—B+y. (16) )?|RPC. (21)

BjB

astrophysics. _ _ appropriate weighted average, can be used when calculating
After integration a_nd summation over the internal degrees517(E) at low E. However, if one tries to use spectroscopic
of freedom, we obtain factors rather than ANC's, the “preexisting history” be-
~be comes crucial. To get the correct answer requires using each
b B , Pleis spectroscopic factor together with the corresponding single-
o= 2 (CApIBjB) 132— (18 particle bound state fofB that was assumed when the spec-
e Aplgig troscopic factor was extracted from experimental data. This

makes it extremely difficult to combine the results of the

for the direct radiative capture cross section. We assume, f%reparate measurements to obtain a final “best value,” espe-
simplicity, that only onég contributes to the matrix element. jajy when some uncertainties in the experiments are corre-

Equation(18) can be rewritten in a form similar to that of |t6q and others are independent, as in R&47]
Eq. (14), , .

V. CONCLUSION

DC_ B 2pbC

7 ,EB (Chpigie) iy (19 We have demonstrated that ANC’s provide a natural way
to parametrize the rates of both peripheral transfer reactions

where and direct radiative capture reactions. Furthermore, ANC'’s
inferred from one reaction may be used in the analysis of a

be oPC second reaction without further knowledge regarding their
RL.= %5 (200 origin, and independent measurements of a given ANC may

Aplgig be combined to give an overall “best value” in a straight-
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forward manner. In contrast, a spectroscopic factor derivedor alpha[21] and neutror22] transfer and capture reactions
from analysis of a peripheral transfer reaction can only beso long as they also obey similar constraints on peripherality.
used in subsequent calculations if one has detailed knowl-

edge of the single-particle bound-state orbital that was as- ACKNOWLEDGMENTS
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