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Statistical interpretation of joint multiplicity distributions of neutrons and charged particles
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~Received 23 July 1999; published 18 January 2001!

Experimental joint multiplicity distributions of neutrons and charged particles provide a striking signal of the
characteristic decay processes of nuclear systems following energetic nuclear reactions. They present, there-
fore, a valuable tool for testing theoretical models for such decay processes. The power of this experimental
tool is demonstrated by a comparison of an experimental joint multiplicity distribution to the predictions of
different theoretical models of statistical decay of excited nuclear systems. It is shown that, while generally
phase-space based models offer a quantitative description of the observed correlation pattern of such an
experimental multiplicity distribution, some models of nuclear multifragmentation fail to account for salient
features of the observed correlation.
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Nuclear multifragmentation@1–8#, the production of mul-
tiple intermediate-mass fragments~IMFs! in individual reac-
tion events, has been one of the central issues
intermediate-energy heavy-ion reactions in the last dec
The theoretical effort@4–8# to understand this phenomeno
is largely driven by an expectation that this process m
reveal a macroscopic behavior of nuclear matter at very h
excitation energies that is qualitatively different from its b
havior at lower excitation energies. Of particular interest
this context is the prospect of probing the nuclear liquid-g
phase transition, which has often been associated with m
tiple IMF production. Parallel with purely theoretical effor
a search has been conducted for experimental signatures
could be connected to certain IMF production scenarios
means of simple and reliable simulation calculations@9–11#.
At the present stage of this research, select partial set
experimental observations are apparently consistent with
ferent reaction scenarios and mutually exclusive phys
concepts. For further progress in the understanding of
reaction mechanism, it is therefore essential to identify r
able experimental observations that would challenge so
but not other models and propositions. It now appears,
the directly measured joint distribution of neutron a
charged-particle multiplicities is one such reliable obse
able. The significance of this observable, in general, and
the ongoing discussion regarding the character of multifr
mentation@9–15#, in particular, has gone so far largely u
noticed, due to a seemingly trivial character of the inform
tion contained in the above joint distributions. The pres
work demonstrates the discriminative power of the combin
multiplicity observable in two sample analyses.

Figure 1 shows a typical joint distribution of neutron a
light charged-particle multiplicities,mn and mLCP, respec-
tively, as observed in the209Bi1136Xe reaction atE/A
528 MeV and reported on earlier@16,17#. The notable fea-
ture of the observed distribution is the presence of a w
defined correlation ridge with a characteristic bend arou
(mn ,mLCP) ' ~15,0!. When following the crest of the cor
relation ridge in Fig. 1 beginning from the origin of the plo
one first encounters a rather long segment running stra
and parallel to themn axis. Along this first segment,mLCP
'0 and, hence, the role of charged-particle emission is
0556-2813/2001/63~2!/024604~5!/$15.00 63 0246
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significant. The latter decay mode becomes a factor o
when the measured neutron multiplicity exceeds rather
nificant values of the order ofmn515 ~corresponding to a
true, efficiency-corrected value ofmn'30). At above multi-
plicities of mn'15, the crest of the correlation ridge is se
to part with the neutron multiplicity axis and run at a co
stant angle with respect to themn axis, until a saturation in
both, neutron and LCP multiplicities is reached. It is t
presence of the first,mLCP'0 segment of the joint distribu
tion and its appreciable length that poses a challenge to s
propositions regarding IMF production. It is important
emphasize that the above two-segment topography of
correlation ridge in the jointmn vs mLCP distribution has
been observed for many systems and at different bombar
energies. The pertinent feature discussed above is also
sistent with earlier observations@18# of average neutron and
charged-particle multiplicity correlations for other system
As a matter of fact, the same characteristic shape has b

FIG. 1. Experimental@8# logarithmic~base 2! contour plot of the
joint distribution of neutron and charged-particle multiplicitie
Trends predicted by the codes SMM@7#, MMMC @8#, and GEMINI
@20# are illustrated by circles, squares, and a dashed line, res
tively. The slanted bars attached to some of the theoretical
points illustrate the~efficiency-corrected! local orientation and
lengths~FWHM! of the major and minor axes of themn-mLCP co-
variance tensor for a fixed total excitation energy.
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observed in any experiment where such joint distributions
average correlations were measured. These experiment
clude those studying reactions induced by relativistic prot
and antiprotons@19#.

The behavior seen in Fig. 1 is consistent with a dom
nantly statistical, phase-space governed, emission scena
neutrons and light charged products. One expects that
lack of a Coulomb barrier for neutrons would lead to a stro
dominance of the neutron emission channels at low exc
tion energies and, hence, to the presence of the first,mLCP
'0 segment of the correlation ridge. Simulation calculatio
confirm @16# that phase-space models, such as the evap
tion model@20# GEMINI and the Copenhagen model@7# of
simultaneous multifragmentation~SMM!, reproduce quite
accurately the topography of the correlation ridge in Fig
and, especially, the location of the crest line of the exp
mental ridge. As an example, the results of SMM@7# and
GEMINI @20# calculations for various total excitation ene
gies are indicated in Fig. 1 by solid dots and the dashed l
respectively. The ‘‘error’’ bars attached to the dots illustra
the orientation and the lengths~in terms of FWHM! of the
main axes of the theoretical correlation tensor of the neu
and LCP multiplicities for fixed excitation energies. In th
above model calculations, it was assumed that neutrons
light-charged particles are emitted from fully-accelera
projectile-~PLF! and targetlike fragments~TLF! produced in
the primary dissipative collision. Such an assumption is j
tified by the experimental observation@23,19# that, for
heavy-ion reactions of interest here and low kinetic-ene
losses, particle emission patterns are characteristic of do
nantly statistical emission from two equilibrated sourc
with only a weak contribution of preequilibrium emission
the particle yield. The calculations were made in steps
total excitation energy ofDE* 5100 MeV, with this excita-
tion energy being divided between the (A,Z)5(209,83) TLF
and the (A,Z)5(136,54) PLF in proportion of 209:136
~equal temperatures!. Volumes of the emitter nuclei, as we
as other model parameters were taken at their ‘‘default’’ v
ues built into the SMM and GEMINI codes. There appears
be no obvious ground for expecting qualitatively differe
results from corresponding modifications of these commo
used codes, nor have such modifications been suggeste
the authors of the codes.

Subsequently, the raw theoretical predictions have b
corrected for the efficiency of the Rochester RedBall neut
multiplicity meter@21#, used in the measurement of the joi
multiplicity distribution shown in Fig. 1. These efficiencie
were calculated using a modified version of the Monte Ca
code DENIS@22#, which has been calibrated using vario
sets of experimental data.@21# For the assumed binary kine
matics, they are in the range of 55–61 %.

In view of the above, an interpretation of the correlati
ridge seen in Fig. 1 in terms of a dominantly statistical p
cess appears well warranted. This is especially true for
total excitation energies, on which the conclusions of
present paper rely.

The importance of experimental measurements of jo
distributions of the neutron and LCP multiplicities is demo
strated by the fact that not all prominent models for the
02460
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cay of hot nuclear matter account for the gross trends
served in the experimental data. Quite obviously then,
possibly contrary to intuition, these trends are not trivial
all. Notably, the Berlin microcanonical fragmentation mod
as implemented in the Metropolis Monte Carlo code@8#
MMMC, does not reproduce satisfactorily the presence
the first, relatively long segment of themn vs mLCP correla-
tion ridge parallel to themn axis. Instead, as illustrated b
the triangles in Fig. 1, the model predicts a correlation rid
that is characterized by an approximately straight proporti
ality between average multiplicities of neutrons and charg
particles. The default setting of the model parameters w
used, including the radius parameter of the freezeout volu
of r o5(0.00227275A11.7522727) fm (A being the mass
number of the system!. We note that calculations for all thre
models were performed for identical initial conditions,
order to provide for a meaningful comparison.

It is clear from Fig. 1 that MMMC calculations largel
underestimate the role of neutron emission channels in
decay of excited nuclear systems and apportion the ther
energy incorrectly to the different particle types. While t
physics captured by the MMMC, on the one hand, and
SMM, on the other hand, appears to be very similar, th
two codes differ strongly in the way they treat fragment e
citation and neutron emission. In the SMM, neutrons
allowed to be emitted sequentially from thermally equi
brated excited primary fragments, whereas the MMMC
quires all the emitted neutrons to be in a narrow band
continuum states simultaneously at one particular momen
time, while the core fragments are essentially cold. Ob
ously, the latter process is statistically much less likely th
sequential emission from hot fragments. It is this differen
in the treatment of neutron emission that makes the pre
tions by the MMMC for themn vs mLCP correlations quali-
tatively different from the predictions by the SMM for th
same experimental observable. Furthermore, in the MMM
the neutron multiplicity is largely determined by the choi
of weight factors describing different multiplicities o
‘‘evaporated’’ neutrons. Conceptually, these weight fact
are to represent the density of micro states of the collec
of all ‘‘evaporated’’ neutrons at a given total energy of th
collection. However, in the MMMC, they are approximate
by

Wp}Vp
mev, ~1!

whereVp is the volume of a spherical shell in momentu
space, enclosed betweenpmin5A2Un (Un550 MeV being
the depth of the single-neutron potential well! and a ‘‘suit-
ably chosen’’@8# pmax. In Eq. ~1!, mev is the multiplicity of
‘‘evaporated’’ neutrons. The momentum distribution d
scribed by Eq.~1!, corresponds not to a definite energy but
a broad spectrum of the total energy of all ‘‘evaporate
neutrons and, hence,Wp are not microcanonical, as are mo
~but not all! remaining weight factors in the MMMC. One
notes that, in the MMMC, the competition between chann
with various neutron multiplicities is largely decided by th
choice@8# of a critical parameterpmax in a particular~non-
microcanonical! parameterization ofWp via Eq. ~1!. There-
4-2
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fore, the discrepancy between the MMMC prediction, on
one hand, and the predictions by the codes SMM a
GEMINI, on the other hand, cannot be traced to any phys
effects, but rather to the mathematical/physical approxim
tions adopted by the MMMC with respect to the neutr
emission channels.

The utility of the joint multiplicity distributions (mn vs
mLCP) as a powerful tool for scrutinizing theoretical concep
is further demonstrated in the context of pseudo-Arrhen
plots for multi-IMF distributions. In an ongoing discussio
the merits of a proposed statistical interpretation of pseu
Arrhenius plots for nuclear multi-fragmentation have be
debated@9–15,24#. Two types of such plots have been co
sidered in the published literature. In the first one@10#, the
logarithm of an inverse ‘‘binomial probability’’ ln(1/p) is
plotted versus the inverse square root of the transverse
netic energy 1/AEt of charged reaction products. In the se
ond realization@11#, the average IMF multiplicitŷmIMF& is
plotted versus 1/AEt. The ‘‘binomial probability’’ p has been
introduced@10# based on an experimental discovery that IM
multiplicity distributions for any given transverse energy a
well approximated by binomial distributions:

Pn
m~p!5

m!

n! ~m2n!!
pn~12p!m2n, ~2!

wherem and p are the number of trials and the probabili
for success in any one of these trials, respectively. The tr
verse energy is defined asEt5SEksin2(Qk), where the sum-
mation extends over all charged products with 1<Zfr<20,
and Qk is the emission angle of thekth product. The de-
clared rationale@10,11# for these kinds of plots is the expec
tation that, for statistical IMF emission, the emission pro
ability be proportional to the Boltzmann factore2B/T, where
B is an effective emission barrier andT is the nuclear tem-
perature. This rationale relies critically on the validity of th
assumption that the nuclear temperatureT is proportional to
AEt, which presumes a direct proportionality betweenEt and
the thermal excitation energyE* . These assumptions als
entail thatE* is proportional to the square of the temper
ture, as is proper for a Fermi gas. The validity of the tw
above assumptions determines the appropriateness of a
terpretation of pseudo-Arrhenius plots in terms of therm
scaling, proposed in a series of recent papers@10–13,24#. For
example, hadEt depended quadratically or exponentially o
E* , there would have been no obvious justification f
choosing an abscissa variable 1/AEt for the pseudo-
Arrhenius plots. Accordingly, these papers rely on limit
simulation calculations, which always explicitly state a
take for granted, a strict proportionality betweenEt andE* .
However, the character of the joint multiplicity distribution
discussed above demonstrates unambiguously the lac
even an approximate, or average, proportionality betweeEt
andE* . This is so, because neutrons are not included in
experimental definition of the transverse energyEt in the
quoted work, whereas neutron emission is seen and un
stood to be essentially the only significant decay chan
available to medium-weight or heavy nuclear systems at
citation energies of up to several hundred MeV. As a res
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Et'0 for the first few hundreds of MeV of the total excita
tion energy, precluding direct proportionality betweenEt and
E* also at higher excitation energies.

Figure 2 shows the average functional dependence oEt
on E* , as predicted by the codes SMM@7# ~solid and dashed
lines! for the system197Au1129Xe discussed in a recent pa
per @11#. This system is very similar to the209Bi1136Xe
system, discussed earlier above, for which the joint mu
plicity of neutrons and charged particles has been actu
measured. Hence, it is expected that the SMM and GEM
models provide for an adequate description of this system
well and, in particular, properly reproduce the correspond
initial segment of themn–mLCP correlation ridge parallel to
the mn axis. It is the presence of this segment that transla
directly and unambiguously into the strong nonlinearity
the functional relationship betweenEt and E* and the lack
of a direct proportionality between these two quantities in
range of excitation energies considered in the above pa
@10,11,24#. For comparison, the predictions by the co
MMMC @8# are shown by squares in Fig. 2. As expecte
based on the trends exhibited by the MMMC calculations
Fig. 1, the MMMC predicts an almost straight proportiona
ity betweenEt andE* .

The two almost overlapping curves in Fig. 2 represent t
extreme assumptions made regarding the excitation en
division between Au-like and Xe-like primary fragment
equal excitation energies or equal temperatures~excitation
energies are proportional to the masses! of projectilelike and
targetlike fragments. Obviously, the results exhibit a rema
able insensitivity to the excitation energy division betwe
the fragments. The nonlinear functional dependence see
Fig. 2 can be approximated by two linear segments:Et50,
for E* ,Eo* , andE* 5a(E* 2Eo* ) for E* .Eo* , where the
offset isEo* '340 MeV and the slope isa'0.25.

The functional dependence seen in Fig. 2 results in
strongly nonlinear relationship between the true ‘‘therma
Arrhenius variable 1/T or its measure 1/AE* , on the one
hand, and the pseudo-Arrhenius variable 1/AEt, on the other
hand, over the full range of values considered in recent

FIG. 2. Dependence of the transverse energyEt on the total
excitation energyE* for the reaction197Au1129Xe, as predicted by
the SMM @7# ~lines! and MMMC @8# codes. The solid and dashe
lines represent calculations made assuming equal excitation e
gies E* or equal temperaturesT of the projectile- and targetlike
fragments, respectively.
4-3
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pers @10–13,24#. This relationship is illustrated by th
dashed line in Fig. 3, in which case the abscissa param
1/T is assumed to be proportional to 1/AE* . Accordingly,
the persistent@10,11# striking linearity of experimenta
pseudo-Arrhenius plots implies a similarly persistent non
earity of such plots when converted to a true Arrhenius
scissa 1/T. To further demonstrate this point, the solid line
Fig. 3 represents a typical experimental plot converted t
representation where 1/T is the abscissa variable instead
1/AEt. The solid line is obtained based on experimental d
@11# for a representative atomic number ofZ58 using the
relationship betweenEt andE* seen in Fig. 2, and assumin
thatT is proportional toAE* . Obviously, the nonlinearity of
the Arrhenius-like plot in Fig. 3 renders the conclusions
thermal @10,11# or microcanonical@12,13# scaling of IMF
distributions unfounded. These observations also dem
strate independently that true and pseudo-Arrhenius plots
not equivalent to each other, a fact that has been pointed
earlier @9,14,15# on somewhat different grounds.

For the sake of completeness, in Fig. 3 an Arrhenius p
is shown as a dot-dashed line. This curve has been ded
from the experimental data@11# using a typical functional
dependence ofT on E* predicted by SMM,@25# instead of

FIG. 3. Nonlinearity of the relationship between the inver
square root ofEt and 1/T ~dashed line! and the resulting nonlinear
ity of an Arrhenius-like plot, obtained by converting the abscissa
a previously published@10,11# pseudo-Arrhenius plot for the sys
tem 197Au1129Xe ~solid and dot-dashed lines!. The solid line was
obtained using the approximationT2}E* , while the dot-dashed line
was obtained using a typical@25# SMM relationship betweenT and
E* .
ci
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the simple proportionality,T}AE* . The prominent ‘‘back-
bending’’ feature seen in this plot is a direct reflection of t
fact that, at an excitation energy of approximately 3 Me
nucleon, the SMM predicts the temperature first to fall w
increasing excitation energy and then to rise again at hig
excitation energies, so as to become proportional toE* in
the limit of the gas of free nucleons. Clearly, an experimen
Arrhenius plot as illustrated by the dot-dashed line in Fig
is inconsistent with the concept of thermal scaling propo
in the literature@10,11#. It is important to note that the latte
concept is inherently incompatible with models such
SMM @7# and MMMC @8#, which predict a much more com
plex dependence ofT on E* than the direct proportionality
T}AE* , critically relied upon by the above concept.

In conclusion, the joint distributions of neutron an
charged-particle multiplicities offer a powerful tool for scru
tinizing certain theoretical models and concepts. This
been demonstrated here for two different examples. W
the equilibrium-statistical model GEMINI@20# and the
Copenhagen model of simultaneous multifragmentat
SMM @7# provide a quantitative account of these distrib
tions, the Berlin model of microcanonical fragmentatio
does not predict the characteristic longmLCP'0 segment in
themn vs mLCP correlation ridge. The experimental jointmn
vs mLCP multiplicity distributions confirm predictions by
phase-space models that there is an appreciable offse~in
E* ) in the approximately linear functional relationship b
tween average transverse energyEt of charged particles and
average total excitation energyE* at energies above som
threshold energy ofEo* '340 MeV. This observation chal
lenges conclusions regarding thermal@10,11,24# or microca-
nonical @12,13# scaling of multifragmentation, which are a
based on the assumption of a direct proportionality betw
Et and E* . The present study has demonstrated again
difficulty to interpret in an unambiguous fashion isolated
fects observed in complex nuclear reactions. This experie
stresses the necessity of a more holistic analysis of energ
nuclear reactions, where many facets of experimental ob
vations are considered simultaneously. Such an approac
quires the simultaneous measurement of as many experim
tal observables as possible and singling out all ‘‘probativ
correlations that contradict some but not other theoretica
intuitive concepts. More specifically, the present work h
demonstrated the great importance of measuring neutron
along with those for charged reaction products.

This work was supported by the U.S. Department of E
ergy Grant No. DE-FG02-88ER40414.
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