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Shape transition in some rare-earth nuclei in relativistic mean field theory
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~Received 15 September 2000; published 19 January 2001!

A systematic study of the temperature dependence of the shapes and pairing gaps of some isotopes in the
rare-earth region is made in the relativistic Hartree-BCS theory. Thermal response to these nuclei is always
found to lead to a phase transition from the superfluid to the normal phase at a temperatureTD;0.4– 0.8 MeV
and a shape transition from prolate to spherical shapes atTc;1.0– 2.5 MeV. These shape transition tempera-
tures are appreciably higher than the corresponding ones calculated in the nonrelativistic framework with the
pairing plus quadrupole interaction. Study of nuclei with continued addition of neutron pairs for a given
isotope shows that with increased ground state deformation, the transition to the spherical shape is delayed in
temperature. A strong linear correlation betweenTD and the ground state pairing gapD0 is observed; a
well-marked linear correlation betweenTc and the ground state quadrupole defromationb2

0 is also seen. The
thermal evolution of the hexadecapole deformation is further presented in the paper.
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I. INTRODUCTION

Heating can have a profound effect on nuclear shap
causing a variety of shape transitions. Experimentally, s
responses to the thermal excitations have been studied
the shapes of the giant dipole resonances~GDR! built on
excited states@1–3#. Theoretically, they have been studie
earlier in a finite temperature nonrelativistic microscop
Hartree-Fock @4,5# and Hartree-Fock-Bogoliubov~HFB!
framework @6–9# with a pairing plus quadrupole (P1Q)
interaction. For the nuclei studied, it has been found t
while the superfluid nuclear phase has transition to the n
mal phase typically atT;0.5 MeV, the deformed shape
have transition to the spherical ones at a higher tempera
mostly betweenT;1.0 to 1.8 MeV for rare-earth nucle
These calculations, however, have some limitations; t
employ a simplistic model Hamiltonian in a limited mod
space, an inert core is assumed, moreover, the Coulom
teraction has not been taken into account realistically. T
understanding of the universal pattern of the mean fi
shape evolution with temperature has also been tried
macroscopic approach@10,11# commonly referred to as th
Landau theory of phase transition. A quantitative estimate
the persistence of the ground state deformation@12# with
temperature is, however, seen to be missing in some ca

Recently, we have undertaken a study@13# of the thermal
evolution of nuclear properties, particularly the phase tran
tion in the nuclear shape and the superfluidity in the rela
istic mean field~RMF! theory. The pairing effects have bee
included in the BCS approximation. The RMF theory@14–
16# has proved to be an extremely powerful tool in expla
ing the gross properties of nuclei over the entire perio
table. In contrast to the nonrelativistic models, this the
employs a single set of parameters to explain all these p
erties. Moreover, in such calculations, the model space u
is sufficiently large and all the nucleons are treated on eq
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footing. The calculations reported in Ref.@13# are performed
for only two rare-earth nuclei, namely,166Er and 170Er. It is
found that the phase transition for the nuclear shape from
prolate to the spherical occurs at a temperature significa
higher than that obtained in the (P1Q) model and that the
transition is relatively smooth. A very recent calculation
Egido et al. @17# in a nonrelativistic approach but with th
realistic Gogny force reveals that the characteristics of
nuclear shape transition are very similar to those obtaine
the RMF theory. We have therefore undertaken a more s
tematic study of the shape transition for the rare-earth nu
in the relativistic mean field theory in the present paper. F
this purpose, we have considered various even-even isot
of Sm, Gd, and Dy. A more quantitative study, particula
of the shape transitions, calls for the inclusion of therm
fluctuations@13,18,19#. However, this is too computer inten
sive and is not included in the present paper.

The organization of the paper is as follows. We discu
the theoretical framework briefly in Sec. II. The results a
discussions are presented in Sec. III and the concluding
marks are given in Sec. IV.

II. FORMALISM

We employ the nonlinears2v2r version of the RMF
theory @15#. The Lagrangian density for the nucleon-mes
many body system is taken as

L5C̄ i~ igm]m2M !C i1
1

2
]ms]ms2U~s!2gsC̄ isC i

2
1

4
VmnVmn1

1

2
mv

2 vmvm2gvC̄ ig
mvmC i2

1

4
RW mnRW mn

1
1

2
mr

2rW mrW m2grC̄ ig
mrW mtWC i2

1

4
FmnFmn

2eC̄ ig
m
~12t3!

2
AmC i . ~1!
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The arrows indicate isovector quantities. The mesons
cluded in the description are thes, v, andr mesons. For an
appropriate description of the nuclear surfaces@20#, a non-
linear scalar self-interaction termU(s) of the s meson is
included in the Lagrangian

U~s!5 1
2 ms

2s21 1
3 g2s31 1

4 g3s4. ~2!

The meson masses are given byms , mv , and mr , the
nucleon mass isM andgs , gv , gr , ande2/4p51/137 are
the coupling constants for the mesons and the photon.
field tensors for the vector mesonsv andr are given byVmn

andRW mn, for the electromagnetic field, it isFmn. Recourse to
variational principle followed by the mean field approxim
tion treating the fields asc-number results in the Dirac equa
tion for the nucleon and the Klein-Gordon-type equations
the mesons and the photon. For the static case, along with
time-reversal invariance and charge conservation, the e
tions get simplified. The resulting equations, known as R
equations, have the following form. The Dirac equation
the nucleon is

$2 ia•“1V~r !1b@M1S~r !#%C i5e iC i , ~3!

whereV(r ) represents thevectorpotential

V~r !5gvv0~r !1grt3r0~r !1e
~12t3!

2
A0~r !, ~4!

andS(r ) is thescalar potential

S~r !5gss~r !, ~5!

which contributes to the effective mass as

M* ~r !5M1S~r !. ~6!

The Klein-Gordon equations for the mesons and the e
tromagnetic fields with the nucleon densities as sources

$2D1ms
2%s~r !52gsrs~r !2g2s2~r !2g3s3~r !, ~7!

$2D1mv
2 %v0~r !5gvrv~r !, ~8!

$2D1mr
2%r0~r !5grr3~r !, ~9!

2DA0~r !5erc~r !. ~10!

The corresponding densities are

rs5(
i

niC̄ iC i ,

rv5(
i

niC i
†C i ,

r35(
i

niC i
†t3C i ,
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i

niC i
† ~12t3!

2
C i . ~11!

Here the sums are taken over the particle states only, i.e.
negative-energy states are neglected. The partial occup
(ni) at finite temperature in the BCS approximation is

ni5
1

2 F12
e i2l

ẽ i

@122 f ~ ẽ i ,T!#G , ~12!

with f ( ẽ i ,T)51/(11eẽ i /T); ẽ i5A(e i2l)21D2 is the qua-
siparticle energy wheree i is the single-particle energy for th
state i. The chemical potentiall for protons ~neutrons! is
obtained from the requirement

(
i

ni5Z~N!. ~13!

The sum is taken over proton~neutron! states. The gap pa
rameterD is obtained by minimizing the free energy

F5E2TS, ~14!

where

E~T!5(
i

e ini1Es1EsNL1Ev1Er

1EC1Epair1Ec.m.2AM ~15!

and

S52(
i

@ f i ln f i1~12 f i !ln~12 f i !#, ~16!

with

Es52
1

2
gsE d3rrs~r !s~r !, ~17!

EsNL52
1

2E d3r H 1

3
g2s3~r !1

1

2
g3s4~r !J , ~18!

Ev52
1

2
gvE d3rrv~r !v0~r !, ~19!

Er52
1

2
grE d3rr3~r !r0~r !, ~20!

EC52
e2

8pE d3rrC~r !A0~r !, ~21!

Epair52
D2

G
, ~22!

Ec.m.52
3

4
\v052

3

4
41A21/3. ~23!
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SHAPE TRANSITION IN SOME RARE-EARTH NUCLEI . . . PHYSICAL REVIEW C 63 024002
HereG andA are the pairing strength and the mass numb
respectively. The single-particle energies and the fields
pearing in Eqs.~15!–~21! are obtained from the self
consistent solution of Eqs.~3!–~10!. The temperature depen
dent occupancies of the fermions induce tempera
dependence in the bosonic fields through the source term
seen from Eqs.~7!–~10!. We generate these self-consiste
solutions using the basis expansion method@15,21#; this
yields the quadrupole deformationb2, the hexadecapole de
formationb4 and the proton and neutron pairing gapsDp and
Dn as a function of temperature.

III. RESULTS AND DISCUSSIONS

We have chosen even-even isotopes of the nuclei Sm,
and Dy for the study of the pairing and shape transitions. T
NL3 parameter set is chosen for the values of the coup
constants and the masses of the mesons and the nucl
This parameter set reproduces best the ground state as
as the compression properties of finite nuclei simultaneou
@22#; however, it has already been reported in Ref.@13# that
the results for shape transition are not that sensitive to
choice of the parameter set. The pairing gapsDn

0 andDp
0 for

neutrons and protons for a nucleus in the ground state
determined from the experimental odd-even mass differen
@23#. The single-particle states are calculated using sphe
oscillator basis with twelve shells. The values of the che
cal potential and the pairing gap at a given temperature
determined using all the single particle states up to 2\v0
~the model space! above the Fermi surface without assumi
any core.

At finite temperature, because of the partial occupanc
of nucleons above the Fermi surface, it is in principle nec
sary to have a larger basis and an extended model space
further necessary to take effects due to continuum into
count @24#. In order to check the convergence of the calc
lations, we have enlarged the basis space from twelve sh
to twenty shells and have extended the model space to
clude single-particle states up to 3\v0 above the Fermi sur
face. For this extended model space, the pairing strengthG is
adjusted to reproduce the ground state pairing gap.
changes in the values of the observables are found to
insignificant due to this extension of the basis and mo
space even at the highest temperature of our interesT
;3.0 MeV!. To estimate the importance of the continuu
corrections on the observables we report here, we calcul
the occupancyn(1) of the single particle states with positiv
energy. ForT,1 MeV, practically there is no particle in th
positive energy states (n(1)50) and at the highest tempera
ture of interest studied here (T52.7 MeV!, n(1)/A50.011
which is very small. It is therefore expected that continuu
corrections may not play an important role in the temperat
range we study. Calculations of nuclear level density in e
lier studies@13,25#, have shown that the continuum corre
tions are not important forT up to;3 MeV. The continuum
effects may grow stronger forT.3 MeV, however, this is
beyond the shape transition temperatures and so we hav
taken this into account.
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The temperature evolution of the quadrupole deformat
b2 with neutron numberN586 and 88 for the systems Sm
Gd, and Dy are displayed in Fig. 1. It is well known th
addition of nucleons beyond the closed shell gives nu
progressive prolate deformation up to around the middle
the next shell closure. This is reflected in the figure for all t
isotopes and isotones. It is also seen that the critical temp
ture increases with addition of nucleons for these system
is not immediately apparent whether there is a close corr
tion between the ground state deformationb2

0 and the critical
temperatureTc for shape transition; we come back to th
issue later. In the top panel of this figure, particula
for 148Sm, it is seen that the deformation increases a li
with temperature before finally falling to zero. This is du
to the delicate balance between the temperature depend
of the pairing force and the nuclear interaction as deriv
from the RMF theory. The dramatic build-up of a deform
tion in a temperature window for this nucleus as seen ea
@6,7# in the nonrelativistic framework is absent in our calc
lations.

The temperature dependence of the pairing gapsDp and
Dn for protons and neutrons for the two isotopes each of S
Gd, and Dy are shown in Figs. 2 and 3. The pairing ga
decrease monotonically with temperature, vanishing aT
;0.6– 0.7 MeV for neutrons and at;0.65– 0.85 MeV for
protons. The sudden collapse of the pairing gap and
nuclear deformation at some specified temperatures sign
phase transitions; these correspond to transition from the

FIG. 1. The evolution of the quadrupole deformationb2 as a
function of temperature for the Sm, Gd, and Dy isotopes.
2-3
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perfluid nuclear phase to the normal phase and a trans
from the deformed shape to the spherical shape, respecti
These transitions show up as bumps~displayed in Fig. 4 for
148Sm and 150Sm) in the temperature evolution of the he
capacity defined as

C~T!5
]E*

]T
, ~24!

whereE* is the excitation energy of the nucleus in questio
At a temperatureTD;0.6 MeV, the twin peaks are seen fo
both the nuclei referring to the dissolution of the neutron a
proton pairing gaps. These are the characteristic signatur
second order phase transition from the superfluid to the
mal phase. A somewhat more prominent bump is seen
temperatureTc;1.15 MeV for 148Sm ~upper panel!. This
corresponds to the nuclear shape transition. Addition of
neutrons~lower panel for150Sm) shifts the shape transitio
temperature toTc;1.6 MeV. This is possibly due to th
larger ground state deformation of the150Sm nucleus.

From the study of the hot148Sm and150Sm nuclei, it was
conjectured earlier@7# that addition of two neutrons migh
increase the critical temperature for deformation collapse
test this conjecture in detail, we have calculated the gro
state quadrupole deformation and shape transition temp
tures for a host of even-even Sm isotopes. The results

FIG. 2. Temperature evolution of the proton pairing gap for
systems indicated.
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FIG. 3. Same as in Fig. 2, but for the neutron pairing gap.

FIG. 4. Variation of heat capacity as a function of temperat
for 148Sm and150Sm.
2-4



to
i
n

bo

d

e
a

n
te
re
m
o
a
a
(

ce

he
c-
ul
ch

y to
pla-

as

F
efer
fit
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displayed in Fig. 5. In the vicinity of the closed shell (N
582), the ground state quadrupole deformationb2

0 increases
fast with the addition of two neutrons as seen from the
panel of Fig. 5. As the neutron number approaches the m
shell, the deformation levels off, and then, as is well know
switches over to the oblate shape@26# ~not shown in the
figure!. The critical temperature (Tc) for the shape transition
also increases with neutron pair addition as seen in the
tom panel of Fig. 5. The functional behavior ofb2

0 and Tc

with neutron numberN are found to be very similar . Indee
there is a strong correlation betweenb2

0 andTc as displayed
in Fig. 6. The filled circles refer to the results from th
present calculation; they can be fairly well fitted with
straight line

Tc57.75b2
0 . ~25!

The fit is obtained using results from the twelve differe
isotopes of Sm, Gd, Dy, and Er nuclei. The results calcula
@7,8,27# in the (P1Q) model are also presented in the figu
~open squares! for a comparison with those obtained fro
the RMF theory. TheTc-b2

0 correlation is then also found t
be approximately linear with a smaller slope. The shape tr
sition temperatures obtained in the present calculations
somewhat higher compared to those obtained in theP
1Q) model; one may be inclined to attribute this differen
to the higher effective mass in the (P1Q) model. However,
calculations with different sets of field parameters in t
RMF theory with considerably different values of the effe
tive masses yield conflicting results. We have done calc
tions for 150Sm with the parameter sets HS and NL2 whi
yield very differentM* /M @15# ~0.54 and 0.67!, but theTc

FIG. 5. ~a! Variation of the ground state deformationb2
0 with

neutron numberN for the isotopes of Sm and~b! the shape transi-
tion temperatureTc for different isotopes of Sm.
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comes out to be 1.45 and 1.75 MeV, respectively, contrar
the simple-minded expectations. Therefore no simple ex
nation for the higher values ofTc in the RMF theory is
obvious.

FIG. 7. ~a! The ground state neutron and proton pairing gaps
a function of neutron number for the Sm isotopes and~b! the neu-
tron and proton pairing transition temperaturesTD for the different
Sm isotopes.

FIG. 6. The shape transition temperatureTc plotted as a function
of the ground state quadrupole deformationb2

0 for different rare-
earth nuclei. The full circles refer to the results from the RM
theory, the full line is the linear fit to these. The open squares r
to those from the (P1Q) model and the dashed line is the linear
to these points.
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How does the pairing transition temperatureTD depend
on the pairing gap atT50? Intuitively one would expect the
collapse of nuclear superfluidity at a larger temperature if
ground state pairing gapD0 is larger. To study it quantita
tively, we have done calculations for the different isotopes
Sm. The results are shown in Fig. 7. In its upper panel,
display the experimental neutron and proton ground s
pairing gaps as a function of neutron number for the
isotopes; in the lower panel, the pairing transition tempe
turesTD are displayed. An extremely strong correlation b
tweenTD andD0 for both neutrons and protons is seen; th
is manifest in the linear relationship

TDp
50.56Dp

0 , TDn
50.60Dn

0 , ~26!

for both neutrons and protons which is also shown in Fig
The points in the figure include, in addition to Sm, resu
from Gd, Dy, and Er isotopes. The relation betweenTD and
D0 is in very close agreement to that obtained in the non
ativistic (P1Q) model @7#.

The hexadecapole deformationb4, if any, also collapses
at the same shape transition temperatureTc as the quadru-
pole deformation. In Fig. 9, we plot the hexadecapole m
ment ~a measure ofb4) as a function of temperature fo
148Sm and150Sm. Addition of neutrons gives larger groun
stateb4

0. The deformation increases smoothly at low te
perature up toT;0.7 MeV and then collapses to zero atTc .
The initial enhancement of this deformation is related to
weakening of the pairing correlations with temperature. S
an enhancement is also seen in a finite temperature Har

FIG. 8. The correlation between the transition temperatureTD

and the ground state pairing gapD0 for different nuclei in the rare-
earth region.
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Fock-Bogoliubov~FTHFB! calculation using the finite rang
density-dependent Gogny force@17#.

IV. CONCLUSIONS

The relativistic mean field theory has been applied to
derstand properties of some rare-earth even-even nucl
finite temperature. Pairing effects have been includ
through the BCS approximation. Focus is made mainly
the temperature-induced transition from the nuclear sup
fluid phase to the normal phase and also on the shape
sition from a deformed shape to a spherical one. To find
the systematics of the dependence of the pairing and sh
transition temperatures on the values of the ground state p
ing gap and the ground state deformation, we have d
calculations for several isotopes of different rare-earth
clei. We find that there is a linear correlation between
above-mentioned transition temperatures and the equilibr
values of the pairing gap and deformation at zero tempe
ture. The linear relationship is extremely good for the pairi
gap and quite fair for the deformation. In the range of nuc
that are studied here, it is indeed possible to estimate v
closely the value of the pairing transition temperatureTD for
both neutrons and protons, as the ground state pairing
can be calculated from the systematics of binding ener
Similarly, it appears that the shape transition temperatu
can be well estimated since the ground state quadrupole
formations can be experimentally extracted. The transit
temperaturesTD are not too different from those calculate
earlier in a nonrelativistic framework; the shape transiti
temperaturesTc , however, seem to be higher than the co
responding values calculated in the (P1Q) model. These
higher values of the shape transition temperatures are, h
ever, found to be very compatible with the ones obtain
from the realistic Gogny force.

FIG. 9. Temperature evolution of the hexadecapole moment~in
units of b2) for the nuclei148Sm and150Sm.
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