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Transition quadrupole moments in superdeformed bands
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We have recently proposed a method to select core and cluster in a binary component description of atomic
nuclei. The choice is based on the mismatch between measured binding energies and the underlying trend
supplied by the liquid drop model. A key point is that the charge to mass ratios of parent, core, and cluster
should be as nearly equal as possible. This approach implies that superdeformation should be ubiquitous across
the Periodic Table. In these binary models, the transition quadrupole momentsQt of superdeformed~SD!
bands depend strongly on the charge and mass splits, but are rather insensitive to other details. In fact, given
the cluster chargêZ2&, Qt can be determined algebraically. We compare calculations of transition quadrupole
moments with the measured values for the 41 SD bands in 21 even-even nuclei for which experimental data are
available. The mass range is fromA;60 to A;240 and the values ofQt vary from ;3 e b to ;30 e b. A
good level of agreement is obtained.
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I. INTRODUCTION

After their initial observation in152Dy by Twin et al. @1#,
bands of superdeformed~SD! states were found in abun
dance in four distinct regions of the Periodic Table, neaA
580, 130, 150, and 190. In addition, Svenssonet al. @2,3#
have recently found SD bands in theA;60 region. Since the
fission isomers atA;230 may also be regarded as examp
of superdeformation, it is clear that the occurrence of t
feature is truly widespread. We can thus say that many nu
ranging in mass fromA;60 to A;240 @4,5# have bands of
states which exhibit superdeformation.

These observations are well explained by theoretical
culations employing the macroscopic-microscopic method
Strutinsky@6–8#, which in many cases predated the expe
mental work. Satisfactory descriptions of superdeformat
in the A;60 region in terms of the configuration-depende
shell-correction approach with the cranked Nilsson poten
@9# and the cranked relativistic mean field formalism@10#
have also been given. In addition a generator coordin
method treatment of superdeformation has been propose
Danceret al. @11#.

Nevertheless, many of the detailed properties of th
bands remain obscure. Because the linking transitions
other, well-established states are rarely seen, it is usually
case that neither the excitation energies, nor even the
values of the SD states are precisely determined. This m
a detailed comparison between experiment and theory d
cult. Often the main evidence of superdeformation is a la
transition quadrupole momentQt . It is the purpose of this
paper to point out that a systematic reproduction of the m
sured values ofQt for the 41 SD bands in 21 even-eve
nuclei listed in Ref.@5# can be obtained from a simple alg
braic formula arising from a binary cluster model. Th
model is plainly phenomenological rather than microscop
but transparently clear, intuitively appealing, and sim
enough to be accessible to nonexperts. The use of the
0556-2813/2000/63~1!/014312~5!/$15.00 63 0143
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mula requires only the identification of the two compone
into which a given nucleus is to be decomposed and a ra
parameter common to all the 41 cases considered.

II. CLUSTER SELECTION

We suggest@12,13# that likely binary clusterizations of a
given parent nucleus can be identified from the local maxi
of the functionD(Z1 ,A1 ,Z2 ,A2) defined by

D~Z1 ,A1 ,Z2 ,A2!5@BE~Z1 ,A1!2BL~Z1 ,A1!#

1@BE~Z2 ,A2!2BL~Z2 ,A2!#, ~1!

whereBE is an experimentally determined binding energ
and BL the corresponding liquid drop value for each of t
fragments of~charge, mass! (Zi ,Ai) with i 51,2 into which
the parent of~charge, mass! (ZT ,AT) may be divided. This
means we are searching for the largest deviations of
summed binding energies of the two fragments from the
derlying trend, as given by liquid drop values, in a tw
dimensional (Z1 ,A1) landscape. A convenient form forBL is
@16#

BL5avA2asA
2/32ac

Z2

A1/3
2aa

~A22Z!2

A
1d, ~2!

where

av515.56 MeV, as517.23 MeV, ac50.697 MeV,
~3!

aa523.285 MeV.

The pairing termd in Eq. ~2! is taken as 12/AA MeV be-
cause in this paper we consider only the fragmentation
even-even nuclei into even-even fragments.
©2000 The American Physical Society12-1
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We can reduce our search to one dimension by restric
attention to fragments which have the same charge to m
ratio as the parent nucleus, so that they obey the condit

Z1

A1
5

Z2

A2
5

ZT

AT
~4!

as closely as possible. This restriction is motivated by
experimental observation that electric dipole transitions
even-even nuclei are found to be very weak. This com
about in our cluster model because the proposed const
forces the centers of mass and charge to be coincident.
appropriate operator for dipole transition rates involves
multiplicative factor (Z1 /A12Z2 /A2), so that even though
the mass asymmetry between the two clusters may be
large (A1@A2), the electric dipole transition rates still van
ish identically. That the centers of charge and mass in
nucleus almost coincide is an effect of the strong neutr
proton force. In general, no single choice of cluster can
isfy this dipole constraint exactly. However, if we are willin
to consider that the nuclear state is a superposition of sev
possible cluster partitions then it becomes feasible to sa
Eq. ~4! by using effective or average cluster charges a
masses@13#. To keep things as simple as possible, we use
even-even cluster closest to this average in what follows

Figure 1 showsD(Z1 ,A1 ,Z2 ,A2) as a function of cluster
chargê Z2& for six nuclei representative of the mass regio
where SD bands have been reported. The behavior illustr
is completely typical of most of the nuclei we have examin
to date, which leads us to expect bands of strongly deform
states essentially everywhere. In our model the deforma
of the parent nucleus is related to the ratior of cluster to total
mass~or charge!. Values ofr &1/6 are associated with nor
mally deformed ground state bands@13–15,17,18#, and
larger values indicate larger deformations. In Fig. 1 we th
apply cutoffs at̂ Z2&55, 10, and 15 for nuclei in the charg
ranges 30–40, 58–66, and 80–92, respectively, and take

FIG. 1. Calculations of̂ D(Z1 ,A2 ,Z2 ,A2)& as a function of
cluster chargêZ2& for 62Zn, 86Zr, 134Nd, 154Dy, 194Pb, and236U.
Dashed curve: full calculation; full curve: smoothed calculatio
Arrows indicate the preferred cluster charge.
01431
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most prominent local maximum of the resultingD plot to
indicate the most likely SD cluster in the parent nucleus~at
an excitation energy which we are, at present, unable to
termine!. Collective motion of this structure gives rise to S
bands in the parent nucleus.

Experiment often shows several SD bands in a giv
nucleus, sometimes with similar values ofQt , but also with
different ones. In microscopic terms this is explained
terms of particle-hole structures, and the blocking of sing
particle level crossings in highly rotating nuclei. It can b
interpreted in our model as follows. We expect several ba
with very similar quadrupole deformations associated w
any given cluster structure because excitations of cluste
core or both can all produce closely related bands with co
parable excitation energies. The significance of the les
maxima of D(Z1 ,A1 ,Z2 ,A2) is currently under investiga
tion, but we strongly suspect that bands associated with th
clusterizations may be present as well. This would lead to
coexistence of several clusterizations in the same nuc
marked out by their different quadrupole deformations.
the moment we cannot tie a given observed band uniquel
a given clusterization, but the measurement of linking tra
sitions to known bands would enable this to be done.

The SD clusterizations presented in Table I result from
straightforward and rigorous application of the above cri
ria. Very often this yields a completely unambiguous res
for the preferred superdeformed clusterization. Howev
there are a few cases where the choice is not clear cut,
additional criteria such asQ values and cluster penetrabilit
of the Coulomb barrier need to be considered. For exam
in each of the lightest nuclei,60,62Zn and 80,82Sr, the pre-
ferredD maximum at̂ Z2&56 is very close to the cutoff, and
in Table II we show the effect of choosing another promine
D maximum of almost equal magnitude in the region of
terest which occurs at̂Z2&514. We note that although
^Z2&56 gives a better fit to the transition quadrupole m
mentsQt in the present work, a more microscopic calcu
tion for 60Zn ~which includes fitting the SD spectrum! sug-
gests that̂ Z2&514 may be better overall@15#.

We also note that no maxima stand out strongly for132Ce
or 134Nd, our two nuclei in theA'130 region. The most
prominent of these maxima in each case is at^Z2&514, and
results in far too large a value forQt . For these nuclei we
supplement our considerations by calculating half-lives
cluster emission~as done in a previous study of some heav
isotopes of Ce and Nd@18#, where details may be found!.
Taking the shortest half-lives to indicate the most likely clu
ters we propose an16O cluster structure for both these nu
clei, leading to the results of Table II. The question of ho
best to choose a cluster for an arbitrary parent nucleus is
yet completely answered, and is an ongoing problem. In
dition to ourselves, several other groups have worked on
problem@19–21#.

III. TRANSITION QUADRUPOLE MOMENTS

There is a well-known relationship between the cha
radii of a given nucleus and the core and cluster into whic
is decomposed~see, for example, Ref.@22#! of the form

.
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TABLE I. Transition quadrupole moments~expected clusterizations!.

Qt(calc) Qt(expt) @4,5# for different observed bands.
Nucleus (e b) (e b)

60Zn548Cr112C 2.560.1 2.7560.45
62Zn550Cr112C 2.660.1 2.720.5

10.7

80Sr568Ge112C 3.260.1 2.720.6
10.7; 2.220.5

10.6; 2.820.8
11.1; 3.621.1

12.0

82Sr570Ge112C 3.360.2 4.560.9
84Zr556Fe128Si 5.960.2 5.260.8
86Zr558Fe128Si 6.060.2 4.620.6

10.7; 4.060.3; 3.820.5
10.6; 5.421.1

12.2

132Ce5100Ru132Si 9.560.3 7.460.4; 7.360.3; 7.660.4
134Nd5102Pd132Si 9.860.3 6.860.3; 6.460.4
142Sm588Sr154Cr 13.660.5 11.760.1; 13.220.7

10.8

146Gd590Zr156Cr 14.260.5 1262
148Gd588Sr160Fe 14.760.5 14.660.2; 14.860.3; 17.861.3
150Gd588Sr162Fe 14.860.5 17.020.4

10.5; 17.420.4
10.5; 16.260.4; 15.020.4

10.6; 16.861.2
152Dy588Sr164Ni 15.660.6 17.560.5
154Dy588Sr166Ni 15.760.6 15.922.1

13.1

190Hg5142Nd148Ca 17.160.6 17.721.2
11.0; 17.661.5

192Hg5140Ce152Ti 18.160.6 20.261.2; 19.561.5
194Hg5140Ce154Ti 18.460.7 17.760.4; 17.660.6; 17.660.8
194Pb5144Nd150Ti 18.360.7 20.120.5

10.3

196Pb5144Nd152Ti 18.660.7 19.520.3
10.4

236U5134Te1102Zr 29.361.1 3265
238U5134Te1104Zr 29.561.1 2963
n

n

ul

o-
ole

uan-
r
f

r,
~Z11Z2!^R2&5Z1^R1
2&1Z2^R2

2&1a2^r L,L
2 &, ~5!

where (Zi ,Ai) are as defined in the previous section,^R2&,
^R1

2&, and^R2
2& are mean square charge radii for the pare

core, and cluster nuclei, respectively,

a25
Z1A2

21Z2A1
2

~A11A2!2 , ~6!

and

^r L,L
2 &5E

0

`

r 2uxL~r !u2 dr ~7!

with xL(r ) the radial wave function for the relative motio
of cluster and core with angular momentumL (L50 for
positive parity bandheads in even-even nuclei!. For inter-
nally unexcited even-even cluster and core, the total ang
01431
t,

ar

momentum is identical to the relative orbital angular m
mentum of the two bodies and so the transition quadrup
moment for statesJ5L12 andJ5L is simply

Qt52a2^r L12,L
2 &, ~8!

where

^r L12,L
2 &5E

0

`

r 2xL* ~r !xL12~r !dr. ~9!

Cluster bands are characterized by a large value of the q
tum numberG52n1L, so that the radial wave functions fo
states with low angular momentumL have a large number o
nodesn. Clearly, the radial functions for states withJ5L
12 andJ5L differ in their node number by one. Howeve
TABLE II. Transition quadrupole moments~alternative clusterizations!.

Qt(calc) Qt(expt) @4,5# for different observed bands
Nucleus (e b) (e b)

60Zn532S128Si 3.960.2 2.7560.45
62Zn534S128Si 4.060.2 2.720.5

10.7

80Sr552Cr128Si 5.560.2 2.720.6
10.7; 2.220.5

10.6; 2.820.8
11.1; 3.621.1

12.0

82Sr554Cr128Si 5.660.2 4.560.9
132Ce5116Sn116O 6.060.2 7.460.4; 7.360.3; 7.660.4
134Nd5118Xe116O 6.260.2 6.860.3; 6.460.4
2-3
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B. BUCK, A. C. MERCHANT, AND S. M. PEREZ PHYSICAL REVIEW C63 014312
we have previously shown that@23#, even up to rather highL
values, such pairs of radial functions are practically identic
except very close to the origin (r 50) where the extra node
is accommodated. It is therefore a good approximation
replace^r L12,L

2 & by ^r L,L
2 & and write

Qt'2@~Z11Z2!^R2&2Z1^R1
2&2Z2^R2

2&#. ~10!

If, in addition, the mean square charge radius of each of
nuclei may be related to its mass by^Ri

2&5R0
2Ai

2/3 then this
simplifies to

Qt'2R0
2@ZTAT

2/32Z1A1
2/32Z2A2

2/3# ~11!

which enables us to evaluateQt once the core-cluster binar
decomposition of the parent nucleus has been chosen a
value forR0 specified.

We take R051.0760.02 fm, determined from elasti
electron scattering by Ravenhall@24# as the radius paramete
of a Fermi density distribution for heavy nuclei. The resu
ing values forQt are compared with experiment in Tables
and II. We note the large number of magic proton and n
tron values amongst the cores and clusters in Tables I an
~reflecting the associated increase in stability!. Thus there are
magic proton numbers in the isotopes of O, Ca, Ni, and S
8, 20, 28, and 50, respectively. Also there are magic neu
numbers in16O, 48Ca, 88Sr, 90Zr, 134Te, 140Ce, and142Nd
of 8, 28, 50, 50, 82, 82, and 82, respectively.

Figure 2 shows the variation ofQt with cluster charge,
according to Eq.~11!, for the same six nuclei examined i
Fig. 1. We have takenR051.07 fm and relatedAi to Zi by
means of Eq.~4!. It is apparent thatQt is rather sensitive to
the core-cluster decomposition, ranging from about 1 to 4e b
in 62Zn as the cluster goes from He to Si, and from abou
to 29 e b in 236U as the cluster goes from He to Zr. Th
makes it all the more astonishing that a formula as simple
Eq. ~11! can account for the measuredQt values in so many
nuclei.

FIG. 2. Calculations of transition quadrupole momentQt (e b)
as a function of cluster charge^Z2& for 62Zn, 86Zr, 134Nd, 154Dy,
194Pb, and236U. Arrows indicate the cluster charge suggested
the D plots of Fig. 1.
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Equation~11! for Qt takes no account of the angular m
mentum of the SD states. However, previous experience
gests thatQt will decrease somewhat with increasingJ. Our
work in actinide nuclei@25# shows a small but systemati
decrease of̂r L12,L

2 &, the quantity which ought to be used t
evaluateQt , in all nuclei which were examined. This cen
trifugal antistretching may explain why rather large err
bars have been attributed toQt values deduced from long
sequences of SD states. They reflect a genuine chang
value ofQt between the band members with the highest a
lowest known spins. In addition to these statistical erro
Beausanget al. @26# warn that stopping power uncertaintie
of 10–20 % are also to be expected.

To calculate other properties of SD states, more deta
calculations are necessary. In principle this is a relativ
straightforward task. Once core and cluster have been id
tified, we can solve a Schro¨dinger equation for their relative
motion using a universal form for the ion-ion potential@27#.
A value for the relative motion quantum numberG52n
1L can also be assigned from systematic considerat
@14#. Then energies and wave functions are available for
calculation of whichever observables are desired. Howe
the details of such calculations depend on the precise ex
tion energy of the bandhead and the value ofG employed.
To attain maximum accuracy in these matters it is best to
tune the potential radius andG value so as to reproduce th
experimental excitation energies of a couple of states
known angular momentum. Because linking transitions
tween SD and ND bands are rarely seen, this informatio
not often available~although we have performed such calc
lations for 60Zn @15#, 194Hg, 236U, and 240Pu @14#, some of
the rare examples where it is possible!. We hope that this
situation will gradually improve as more experimental da
are gathered.

IV. CONCLUSIONS

We have applied a principle of maximum stability to d
termine the most favored core-cluster decompositions of
21 even-even nuclei for which transition quadrupole m
mentsQt of superdeformed bands have been measured
two cases where this is inconclusive~namely 132Ce and
134Nd) we have supplemented it by consideration of the c
culated half-life for cluster emission. Once the clusterizat
has been specified, we have used a simple algebraic form
to calculateQt , viz. Eq. ~11!. The single adjustable param
eter R0 was taken as 1.0760.2 fm from Ravenhall’s fits to
elastic electron scattering from heavy nuclei@24#. A gener-
ally good account was given of the data.
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