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Energy and isospin dependence of nuclear chaos
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Energy levels and wave functions, obtained in realistic shell-model calculations for Ca and Sc isotopes up to
A552 and 46Ti, are analyzed using standard statistics such as the nearest level spacing distribution, the
Dyson-MehtaD3, and the mean localization length. These statistics are calculated for different energy regions
of the spectrum. For all the Ca isotopes, in the ground state region the energy levels show strong deviations
from Gaussian orthogonal ensemble predictions. It is shown that a transition to a more chaotic regime takes
place as excitation energy increases. However, even when the full spectrum is taken into account, theD3 and
the degree of localization of the eigenfunctions in the mean-field basis prove that Ca isotopes are less chaotic
than Sc isotopes. A comparison with46Ti shows that this nucleus is still more chaotic. Thus we find a clear
isospin dependence in the degree of nuclear chaoticity.
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I. INTRODUCTION

Quantum chaos has made important progress during
last two decades. As far as stationary systems are conce
the amount of compiled results shows a clear relations
between the fluctuation properties of the energy levels o
system and the large time scale behavior of its classical
log. The pioneering work of Berry@1#, Bohigaset al. @2#,
and others leads to an important and concise statement
spectral properties of simple systems known to be ergodi
the classical limit follow very closely those of the Gaussi
orthogonal ensemble~GOE! of random matrices. In this cas
the distribution of the nearest-neighbor spacings is given
good approximation by the Wigner surmise@3,4#. It corre-
sponds to the existence of linear repulsion between adja
levels. On the contrary, integrable systems lead to level fl
tuations that are well described by the Poisson distribut
i.e., levels behave as if they were uncorrelated.

However, real and complex systems are usually not fu
ergodic; neither are they integrable. The chaotic orbits o
occupy a certain part of its phase space. There exist stu
considering a class of Hamiltonians that depend on so
parameters and whose behavior ranges from integrabl
chaotic depending on the parameter values. When the sy
is quantized and its fluctuations studied, it is shown that
first neighbor distribution is progressively modified fro
Poisson- to Wigner-like. Intermediate cases where mixed
tistics occur are well described by the Berry-Robnik@5# dis-
tribution. These intermediate situations are often describe
terms of a single parameter by means of the Brody distri
tion @6#, which is just an interpolation formula between th
Poisson and Wigner distributions and has no obvious ph
cal meaning.

The atomic nucleus can be considered as a small lab
tory where the principles obtained in schematic systems m
be tested. The information on regular and chaotic nuc
motion available from experimental data is rather limite
because the analysis of energy levels requires the knowle
of sufficiently large pure sequences, i.e., consecutive le
samples all with the same quantum numbers (J,p,T) in a
given nucleus. The situation is rather clear above the o
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nucleon emission threshold, where a large number of neu
and protonJp51/21 resonances are identified. The agre
ment between this Nuclear Data Ensemble~NDE! @7# and the
GOE predictions is excellent. In the low-energy doma
however, it is rather difficult~if not impossible! to get large
enough pure sequences. For this reason, even if the
coming from different nuclei are conveniently scaled a
gathered, the conclusions are less clear. There is some
dence that, at low energy, the spectral fluctuations are c
to GOE predictions in spherical nuclei while they devia
towards the Poisson distribution in deformed nuclei@8–11#.

In order to get a deeper understanding of what happen
the low-energy region we can use the shell model with c
figuration mixing. Since the nucleus has no classical lim
there is no rigorous interpretation of regular or chao
nuclear motion. One can, however, distinguish an appro
mate independent particle motion from the true correla
particle motion. In spherical nuclei, the nuclear shell mo
has been very successful in the description of low-ene
nuclear states. This model is based on the existence
symmetric mean-field potential which gives rise to sing
particle states characterized by several good quantum n
bers. This picture is destroyed by the strong nuclear resid
interaction, leading normally to a chaotic nuclear motio
However, the perturbation of the independent particle mot
is expected to be less effective in the ground state reg
where the level density is much lower than at higher en
gies.

Realistic shell-model calculations have shown that thesd
shell nuclei show a strong chaotic behavior@12–14#. In the
p f shell nuclei, however, the situation seems to be m
interesting. In two previous papers@15,16# the spectral prop-
erties of the Ca isotopes and theA546 isobars were studied
It was found that in the low-energy domain the Ca isotop
did not follow the GOE predictions. Moreover, the simp
addition of a proton led to spectral fluctuations compati
with the GOE. Thus in this region of the nuclear chart
becomes possible to study with realistic shell-model calcu
tions how nuclei evolve from quasiregular to chaotic moti
as a function of isospin and excitation energy.

In this paper we present a detailed study of the ene
©2000 The American Physical Society11-1
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level and wave function statistics of46Ti and the Ca and Sc
isotopes fromA546 to A552. We calculate three statistic
~a! the nearest-neighbor level distributionP(s), associated to
short-range energy level correlations;~b! the D3 introduced
by Dyson and Mehta@17#, which measures the departure
the spectrum from uniformity and is mainly related wi
long-range level correlations@12,18#; and~c! the localization
lengthl H @19#, which is related to the complexity of the wav
functions. The large shell-model spaces involved, with f
diagonalization of matrices with dimensions up to 6107, p
vide reliable values for these statistics. We shall see how
order to chaos transition takes place as the excitation en
increases in Ca isotopes. A similar, but more abrupt tra
tion takes place as one or two neutrons are replaced by
tons in these nuclei, showing the existence of a clear iso
dependence in the degree of nuclear chaoticity.

The paper is organized as follows: First, the model, i
the valence space, the interaction, the unfolding method,
the three statisticsP(s), D3, andl H , are briefly presented in
Sec. II. Then, the results for these statistics in Ca, Sc, an
isotopes are discussed in Sec. III. Finally, we summarize
conclusions in Sec. IV.

II. BASIC FORMULAS

We follow the shell-model procedure to obtain the lo
energy levels for a given nucleus. The most bound partic
are assumed to form an inert core while the remaining nu
ons move in a few single-particle orbits, the so-called
lence space. For the lower part of thep f shell it is usual to
take a core of40Ca and a valence space made of thef 7/2,
p3/2, f 5/2, andp1/2 shells. We extract the single-particle e
ergies from experiment and the residual two-body interac
is a monopole improved version of the Kuo-Brown intera
tion called KB3 @20#. The construction and subsequent d
agonalization of theJT matrices was carried out using th
codeNATHAN @21# in an Alpha 500au workstation.

Fluctuations are somehow defined as the departure o
actual level density from a local uniform density. For th
reason, and because of the exponential-like increase o
nuclear density, it is essential to eliminate this secular va
tion. There are several methods to map the actual spec
onto a quasiuniform spectrum. We introduce a mean le
densityr̄(a,E), wherea stands for some parameters defi
ing the functional form of the density. The mean cumula
level density is

N̄~a,E!5E
0

E

r̄~a,E8!dE8. ~1!

The a optimal valuea0 is obtained minimizing the ‘‘dis-
tance’’

G~a!5E
Emin

Emax
@N~E!2N̄~a,E!#2dE, ~2!

whereN(E) is the actual number of levels with energies le
than or equal toE, andEmin andEmax are taken as the firs
and last energies of the level sequence. It is easy to show
01431
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the ‘‘unfolded energy levels’’$ei5N̄(Ei ,a0)% i 51,d consti-
tute a quasiuniform spectrum. Hered is the dimension of the
given JT matrix.

It has been known, since the pioneering work of Mon a
French@22#, that the smoothed level densityr̄ for n nucleons
in a major shell interacting via one- plus two-body forces h
asymptotically Gaussian form. Sometimes Edgeworth c
rections are added to improve the agreement between
smoothed and actual level densities, especially at the s
trum edges. Therefore, when the full spectrum or an app
ciable part of it has been calculated, we take

r̄~E!5
d

ApA~11BE0!
expS 2

~E2E0!2

A2 D ~11BE!,

~3!

as a reasonable approximation to the true shell-model den
@13#, whereE0 , A, andB are thea set we must fit in order to
minimize the distance~2!.

When we want to analyze the low-energy part of the sp
trum or when dimensionalities are so large that we only c
obtain a small fraction of the energy levels, we describe
mean level density by the constant temperature formula@10#

r̄~E!5
1

T
exp@~E2E0!/T#, ~4!

where the constantsT andE0 are taken as parameters.
The distributionP(s) of the nearest-neighbor spacing

si5ei 112ei , is the best statistic to study the short-ran
correlations in the level spectrum. It is obtained by count
the spacingssi that lie in a certain interval@s,s1Ds# and
normalizing the resulting distribution. To quantify the cha
ticity of P(s) in terms of a single parameterv, we fit it to
the Brody distribution@12#:

P~s,v!5b~v11!sv exp~2bsv11!,

b5FGS v12

v11D Gv11

. ~5!

Although it has no obvious physical meaning, the interest
feature of this distribution is that it interpolates between
Poisson distribution (v50) and the Wigner distribution (v
51). The true GOE nearest-neighbor spacing distribut
gives a fitted value (v50.953) slightly smaller than the
Wigner surmise. Thev value for which we obtain the best fi
to the actualP(s) is calculated using the least-squar
method.

The long-range correlations between unfolded energy
els can be characterized by theD3 statistic, defined for the
interval@a,a1L# in the cumulative unfolded level density a

D3~a,L !5
1

L
min
A,B

E
a

a1L

@N~e!2Ae2B#2de. ~6!
1-2
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TABLE I. Nuclei, J values, and number of energy spacings for the different cutoff energies includ
the calculations. OnlyT5Tz states are considered.

Nucleus 46Ca 48Ca 50Ca 52Ca 46Sc 48Sc 50Sc 52Sc 46Ti

J 0-12 0-12 0-12 0-12 0-12 0-4, 7-12 0-1, 9-12 0, 11, 12 0-5, 8-
E,5 MeV 96 128 140 133 155 173 120 55 77
E,10 MeV 441 654 818 658 1050 1328 950 405 553
All E 3937 11981 17203 11981 25498 14207 8031 11493 450
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Thus it measures the deviations of the quasiuniform sp
trum from a true equidistant spectrum. To calculateD3 as a
function of the lengthL we follow the method explained in
Ref. @2#.

The complexity of a normalized stateua& can be mea-
sured by means of the information entropy@23#

I H~ ua&)5(
i 51

d

2uwi
au2 ln~ uwi

au2!, ~7!

wherewi
a is the set of amplitudes of this state in the mea

field basis. For any state of the basisI H50, and it takes its
maximum value, ln(d), for a uniformly distributed state. Ob
viously, there cannot exist many states with all their com
nents nearly equal to 1/d. Orthogonality and also symmetrie
like rotational and time-reversal invariance give rise to
smaller average value. For GOE matrices^I H&5 ln(0.48d)
@12#. The information entropyI H measures, somehow, th
degree of delocalization of a certain state with regard to
mean-field basis. However, its dependence on the dimen
d of the matrix raises a problem when we are compar
states with differentJpT. In order to circumvent this prob
lem the normalized localization length@19# has been intro-
duced as

l H5
exp~ I H!

0.48d
. ~8!

To avoid strong fluctuations from one state to another
mean localization length is defined@24#,

^ l H&5
exp~^I H&!

0.48d
, ~9!

where ^I H& is obtained averaging the entropy over all t
eigenstates of a givenJpT matrix.

III. CHAOTICITY OF Ca AND Sc ISOTOPES: ANALYSIS
OF THE P„s…, D3, AND l H STATISTICS

Recently@15,16# we studied the spectral fluctuations
the Ca isotopes in the low-energy domain and signific
discrepancies with GOE predictions were found. Howev
other A546 nuclei such as46Sc, 46Ti, and 46V showed a
clear chaotic behavior in the low-energy region. It was s
gested, as a plausible explanation, that because of its la
strength, the proton-neutron interaction disturbs the reg
mean-field motion more than the neutron-neutron interac
does. In order to verify this effect we have performed a
01431
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tailed comparative analysis of spectral properties and w
functions of theA546, 48, 50, and 52 Ca and Sc isotop
and 46Ti. To get information on theT dependence for a given
mass numberA, it is sufficient to study theT5Tz states in all
the cases. The dimensions of the shell-modelJpT matrices
involved are very large, up to 36 287. We have made a
lection ofJ matrices in which a full diagonalization could b
performed, including up to dimension 6107 for theJpT
5015 states of52Sc. For some largerJ spaces in48Sc, 50Sc,
and 52Sc only some thousand energy levels and wave fu
tions were calculated.

The spectral fluctuations are measured by means of
two statisticsP(s) and D3 described in Sec. II. To get a
deeper understanding of the statistical properties of these
clei we have also studied the behavior of the wave functi
analyzing the localization lengthl H . The first neighbor spac
ing distributionP(s) has been studied including all the leve
up to 5 MeV and 10 MeV above the yrast line and witho
any cutoff. In the first case the mean level density~3! was
used to unfold the spectrum, while Eq.~5! was employed in
the other two cases. The unfolding is performed for ea
Jp,T5Tz pure sequence separately and then the unfol
spacings are gathered into a single set for each nucleus t
better statistics. Table I shows the differentJ matrices con-
sidered for each nucleus and also the total number of s
ings included, depending on the energy limit. Obviously t
number of spacings increases quickly with the energy cu
and with the number of active particles, and for the full e
ergy spectrum the large number of spacings provides ex
lent statistics, ranging approximately between 4000 a
25 000 spacings per nucleus.

The values of the Brody parameter are displayed in Fig
separated in three subpanels according to the energy cu
Figures 2–4 compare theP(s) distributions of Ca and Sc
isotopes forA548, 50, and 52, depending on the ener
cutoff. Up to 5 MeV above the yrast line, Ca isotopes sh
spectral fluctuations intermediate between those of reg
and chaotic systems, except52Ca which essentially is a regu
lar system. On the contrary, all the Sc isotopes and46Ti are
very close to GOE fluctuations. For a givenA, the big dif-
ferences between Sc and Ca isotopes must be due to
residual two-body interaction, because the single-particle
ergies are the same in both cases. In Ref.@16# the results for
A546 were introduced and it was argued that the neutr
neutron force is much weaker than the neutron-proton fo
and thus the central field motion is less affected in the form
case.

Another interesting feature observed in Fig. 1 is that
1-3
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parameterv for the Ca isotopes shows a strong fall fromA
548 toA552, wherev50.25. It can also be observed loo
ing at Fig. 2. As we go down from the top left to the botto
left panel, the Brody line moves away from the Wigner cur
and progressively approaches the Poisson line. This asto
ing result means the two-body interaction is almost unabl
perturb the single-particle motion in the low-energy levels
52Ca. The large slope ofv as a function ofA raises the

FIG. 1. Brody parameterv for theA546, 48, 50, and 52 Ca an
Sc isotopes and46Ti, using all the energy levels up to 5 MeV an
10 MeV over the yrast line, and the full spectrum.

FIG. 2. Distribution of nearest-neighbor spacingsP(s) for Ca
and Sc energy levels up to 5 MeV over the yrast line. The dot
dashed, and solid curves stand for the GOE, Poisson, and be
Brody distributions, respectively.
01431
sh-
to
f

question why spectral fluctuations are so different in48Ca
and 52Ca. Actually, in our description, both nuclei are relat
to each other by a particle-hole transformation. Therefore
the former nucleus consists of eight particles, the latter
be viewed as eight holes evolving in thep f shell. As the
particle-particle and hole-hole interactions are identical,
observed differences can only be due to the central field
we call« j the single-particle energies and«̄ j the correspond-
ing single-hole energies, it can be shown that

«̄ j5«02« j1
1

2 j 11 (
k

(
(J)

2J11

11d j ,k
Vjk jk

J,T51 , ~10!

where«0 is a constant given by

«05(
j

~2 j 11!« j1(
j <k

(
(J)

~2J11!Vjk jk
J,T51 , ~11!

with j ,kP$7/2,5/2,3/2,1/2%, and ~J! means that the sum i
restricted to angular momenta allowed by the Pauli princip

The single-particle and single-holep f spectra are com-
pared in Fig. 5. The gaps between adjacent single-hole le
are in general larger and therefore in this case single-h
motion is less disturbed by the residual interaction th
single-particle motion. Thus the combined effect of the we
neutron-neutron residual interaction and the large gaps in
single-hole energies seems to be the reason why the spe
fluctuations of the lower states of eight holes in thep f shell
follow rather closely the Poisson distribution.

d,
fit

FIG. 3. Same as Fig. 2, but setting the energy cutoff at 10 Me
1-4



b
er
od
e
er
v
.
t

ile
V

en
-
be-
vel
tion
her

dy
t-
ron
asi-
si-

the
ton

m-

e

low
re-

in
E

ise
up-
For

d a
he

on
ons
in-

e

c

d

ENERGY AND ISOSPIN DEPENDENCE OF NUCLEAR CHAOS PHYSICAL REVIEW C63 014311
As we go up in the energy spectrum, the new states
come more and more complex combinations of many diff
ent configurations and thus the details of the one-b
Hamiltonian will become progressively less important. Wh
the energy cutoff is set at 10 MeV over the yrast line, th
still exists a clear difference between the short-range le
correlations of the two isotope sets. Comparison of Figs
and 3 shows that Ca isotopes become more chaotic a
MeV than at 5 MeV, but theP(s) at 10 MeV are still inter-

FIG. 4. Same as Fig. 2, but using the whole energy level sp
trum.

FIG. 5. Comparison of the single-particle and single-hole ex
tation energy spectra in thep f shell.
01431
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mediate between Poisson and Wigner distributions, wh
they are clearly Wigner like for Sc isotopes. In this 10 Me
region v decreases smoothly from48Ca to 52Ca, as Fig. 1
shows. Finally, when the whole energy spectrum is tak
into account, theP(s) distribution is dominated by the high
density central part of the spectrum and the Ca isotopes
come almost fully chaotic systems. Because of the high le
density at higher energies, the strong residual interac
mixes each independent-particle state with many ot
nearby states.

Thev value for 46Ti has been included in Fig. 1 to show
that, for all the energies, the Brody parameter alrea
reaches its maximum for46Sc. Therefore, according to shor
range level correlation behavior, replacing a single neut
by a proton in Ca isotopes causes a transition from a qu
regular to a chaotic regime. It is remarkable that this tran
tion takes place abruptly at all excitation energies in all
isotopes. A second replacement of a neutron by a pro
does not seem to produce appreciable effects.

In order to confirm the previous results, we have co
puted theD3(L) statistic for someJp,T5Tz sequences. To
obtain theD3(L) value for eachL, we take its average valu
over many overlapping intervals ofL unfolded spacings
along the whole spectrum. Therefore, the results given be
concern the full spectrum and not only the low energy
gion. Figure 6 showsD3(L) values forL<50, using theJp

501,T5Tz levels of 46Ca, 46Sc, and46Ti. Of the three nu-
clei, only 46Ti follows the GOE line, at least untilL550. For
46Sc the D3 is close to GOE predictions up to a certa
separation valueLsep.30, where it unbends from the GO
curve. In 46Ca the upbending starts at a smaller valueLsep
.10. In a chaotic system, Wigner level repulsion gives r
to a rigid spectrum, where long-range correlations are s
pressed in comparison with a random sequence of levels.
such a systemD3 increases logarithmically following the
GOE prediction. The upbending from the GOE curve an
linear growth of this statistic reveal a departure from t
chaotic regime. This kind of behavior of theD3 statistic was
first seen in one-body systems like billiards@25,26# and then
in shell-model calculations by several authors@13,27#. The
values ofLsep differ from one case to another depending
the valence space or the effective interaction for reas
which are not fully understood as yet. But for the same
teraction and configuration space, theD3 behavior clearly

c-

i-

FIG. 6. AverageD3 for all the Jp501,T5Tz levels of 46Ca
~dots!, 46Sc ~squares!, and 46Ti ~diamonds!. The dotted and dashe
curves represent the GOE and PoissonD3 values, respectively.
1-5
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R. A. MOLINA, J. M. G. GÓMEZ, AND J. RETAMOSA PHYSICAL REVIEW C63 014311
shows a strong isospin dependence in theA546 nuclei, with
chaoticity increasing asT decreases. This happens not on
from Ca to Sc, but also from Sc to Ti. The same pheno
enon is observed for otherJ values.

As another example, we compare in Fig. 7 theD3 values
for the Jp501, T5Tz spectra of52Ca and52Sc. Here we
see again that52Sc is clearly more chaotic than52Ca. Notice
that in this caseLsep.50 for 52Sc, and comparing with Fig
6 it seems to be more chaotic than46Sc. The main reason
may be that there are more proton-neutron interaction
52Sc.

Summarizing the analysis of the spectral fluctuatio
there exists a clear excitation energy and isospin depend
in the chaoticity degree of nuclear motion. It increases fr
Ca to Sc and from Sc to Ti. It is observed not only in t
ground state region, but along the whole spectrum. When
full spectrum is taken into account, theP(s) distribution is
not very sensitive to the isospin dependence, but the effe
clearly seen in theD3 statistic.

We undertook the study of the wave functions to see
they also show the differences observed in the spectral fl
tuations. To be more precise, we have calculated the a
aged normalized localization lengtĥl H& for the Jp

501, T5Tz states of the Ca and Sc isotopes and46Ti. Be-
cause we calculate the mean value using the complete
quence of states, the results do not only concern a s
energy region, but all the spectrum. It can be seen in Fig
that there is a clear difference between the Ca and Sc ch
of isotopes and, again, the results for46Sc and46Ti are rather
similar. For all the Ca isotopeŝl H&.0.2, while it increases
to ^ l H&.0.4 for the Sc isotopes. A value of^ l H&.1 means
that the wave functions of the system are GOE like and h
thus maximum delocalization. The small^ l H& in Ca isotopes
means that the states are mainly localized in a relativ
small number of components. In Sc isotopes the wave fu
tions are much more spread, although still far from the G
limit.

The ^ l H& values give only the average spreading of t
whole set of eigenfunctions for fixedJpT. However,l H has a
strong energy dependence. This can be seen in Fig. 9, w
l H is plotted as a function of excitation energy for theJ56
states of50Ca and theJ51, T52 states of46Sc. We have
chosen this example because both spaces practically hav
same dimension, 2051 and 2042, respectively. The shap
essentially Gaussian@28#, and therefore the wave function

FIG. 7. Same as Fig. 6 for all theJp551,T5Tz levels of 52Ca
and 52Sc.
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at the lower and upper edges of the spectrum are very lo
ized, while ^ l H& practically coincides with thel H values in
the central part of the spectrum, where the level density
much higher. Fig. 9 shows that even in the most chao
central region of the spectra, the Ca are more localized t
the Sc states. Since the space dimensions are almost the
in both cases, the differences in localization cannot be
spurious effect related to the space dimensions. These re
are consistent with the spectral fluctuation results.

IV. DISCUSSION AND CONCLUSIONS

The spectral properties of experimental and theoret
nuclear energy levels have been studied by many aut
and, in most cases where large pure level sequences
available, nuclear motion was found to be very chaotic.
the ground state region pure experimental sequences
short and the analysis is less reliable. There is some evide
of chaotic motion in spherical nuclei, especially in the lig
ones, while deviations towards regularity appear for d
formed nuclei. But the available data are insufficient to
tablish border lines in mass number, excitation energy,

FIG. 8. Average localization length for theJp501,T5Tz states
of several Ca and Sc isotopes and46Ti.

FIG. 9. Localization length as a function of excitation energy
the 2051JpT5615 states of50Ca and the 2042JpT5112 states
of 46Sc.
1-6
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gular momentum, etc., between order and chaos in nu
Therefore, theoretical calculations are essentially the o
tool to obtain that kind of information. All the shell-mode
calculations in thesd shell have shown that these light nucl
are very chaotic and thus they do not give insight into t
problem. But thep f shell is more interesting in this contex
As we have shown in this and previous papers, nuclear
tion in the ground state region of Ca isotopes is intermed
between regular and chaotic, and in one of the isotopes
essentially regular. Thus it has been possible to study
evolution of the chaoticity degree as a function of mass nu
ber, excitation energy and isospin.

We have studied the fluctuation properties of energy l
els in terms of theP(s) and D3 statistics, and the wave
functions in terms of the localization lengthl H . The shell-
model description of Ca isotopes involves only active n
trons and depends only on the single-particle energies
the residual neutron-neutron interaction. The short-range
relations of energy levels up to 5 MeV above the yrast l
are far from the GOE limit. The Brody parameterv falls
from 0.6 in 48Ca to 0.2 in 52Ca. Thus there is a strong de
pendence on the number of active neutrons. TheP(s) analy-
sis has also been performed for energy levels up to 10 M
above the yrast line and for the whole energy spectrum.
we move up in energy, the chaoticity in Ca isotopes
creases smoothly untilv.0.9.

In order to study if there is an isospin dependence,
made similar calculations for theT5Tz states of Sc isotope
and 46Ti. For all these nuclei and for all the excitation ener
regions the short-range energy level correlations are clos
GOE limit, although some increase with excitation energy
also observed. The variation of thev values from Ca to Sc is
always quite large, especially at low energies. Thus it se
that replacing a single neutron by a proton in Ca produce
abrupt order to chaos transition.

When the whole energy spectrum is taken into accou
the v values for Ca and Sc, are very similar, althou
slightly larger for Sc for allA. However, the behavior of the
D3 statistic is very different. TheD3(L) curve upbends from
et
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the GOE limit from a certainL value which clearly increase
for decreasing isospinT, both from Ca to Sc and from Sc t
Ti.

The wave function analysis in terms of the localizati
length l H shows clear differences between Ca and Sc i
topes as well. The Ca states are more localized than thos
Sc in the mean-field basis. The difference is evident eve
the central part of the energy spectrum, where the states
most chaotic. But even in this region thel H values are far
from the GOE value.

According to these results, it seems necessary to cons
various statistics simultaneously to assess the degre
chaoticity of a quantum system like the nucleus. The co
bined analysis of the three statistics considered for Ca,
and Ti isotopes reveals a smooth excitation energy dep
dence and a very sharp isospin dependence of nuclear c
ticity.

A possible interpretation of the isospin dependence is
effectiveness of the residual interaction in destroying
regular mean field motion. As is well known, the avera
neutron-neutron residual interaction is much weaker th
proton-neutron one. Since Ca isotopes only involve act
neutrons, the mean-field motion is less perturbed than in
and in Sc less than in Ti. Another possible explanation of
remarkably regular motion in Ca isotopes is the existence
an underlying symmetry, like the one related to senior
Although seniority is a broken symmetry of the nucle
Hamiltonian, it is well known that it becomes almost a go
quantum number for states in thef 7/2 shell. To the extent tha
seniority is a good quantum number, aJpT sequence of en-
ergy levels becomes a mixture of uncorrelated sequence
energy levels of different seniority. In that case there is
level repulsion between states of different seniority and
P(s) distribution becomes intermediate between GOE a
Poisson limits. These questions require further investigat
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