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Quantum Monte Carlo calculations of pion scattering from Li
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~Received 26 May 2000; published 21 December 2000!

We show that the neutron and proton transition densities predicted by recent quantum Monte Carlo calcu-
lations forA56,7 nuclei are consistent with pion scattering from6Li and 7Li at energies near theD resonance.
This has provided a microscopic understanding of the enhancement factors for quadrupole excitations, which
were needed to describe pion inelastic scattering within the nuclear shell model of Cohen and Kurath.
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Quantum Monte Carlo~QMC! methods have been suc
cessfully developed to predict the properties of low-lyi
states of light nuclei starting with realistic two- and thre
nucleon potentials@1#. While the reproduction of the energ
spectra is the essential first step in such an effort, the
namical content of the resulting nuclear wave functions m
be tested against various reactions. This has been achiev
far mainly by considering electroweak processes@2,3#. In
this paper we report on an additional test by using pion e
tic and inelastic scattering.

Let us first briefly review the status of our understand
of pion inelastic scattering at medium energies (80 M
,Elab,300 MeV). Because of the excitation of theD reso-
nance, the pion-nucleus interactions in this energy region
dominated by the strong absorption mechanism. Con
quently, the pion-nucleus inelastic scattering leading to d
crete final nuclear states can be described by the disto
wave impulse approximation~DWIA !. This has been wel
established@4–13# in very extensive investigations of th
data from meson factories. Following the momentum-sp
approach@7#, the inelastic scattering amplitude can be wr
ten as

Tf i~kW08 ,kW0!5E dkW8E dkWxkW0 , f
(2)* ~kW8!U f i~kW8,kW !xkW0 ,i

(1)
~kW !,

~1!

where thekW ’s are pion-nucleus relative momenta in the pio
nucleus center-of-mass frame, and the distorted wavesx (6)

are generated from an optical potential which is adjusted
fit the pion-nucleus elastic scattering.

The nuclear excitations are contained in the transition
tential U f i . It can be calculated from thepN scatteringt
matrix and nuclear transition form factors. The details
given in Ref. @7#. To simplify the presentation, the spin
isospin variables will be suppressed here. Then the trans
potential can be written as

U f i~kW8,kW !5tpn~kW8,kW ,v0! f f i
21/2~qW !1tpp~kW 8,kW ,v0! f f i

1/2~qW !,
~2!

whereqW 5kW82kW , tpn(tpp) is an appropriately parametrize
pion-neutron~pion-proton! scattering amplitude, andv0 is
the collision energy calculated from using the fixed-scatte
0556-2813/2000/63~1!/014006~5!/$15.00 63 0140
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approximation. With t3521/2,1/2 denoting neutron an
proton, respectively, the nuclear transition form factors
defined by

f f i
t3~qW !5E drWe2 irW•qWr f i

t3~rW !, ~3!

with the transition densities defined by

r f i
t3~rW !5K C fU 1

A (
i 51,A

d~rW2rW i !
112t3tz~ i !

2 UuC i L , ~4!

wheretz is thez component of the nucleon isospin operato
andC i andC f are the initial and final nuclear states, respe
tively. The transition dynamics can be better understo
from the multipole expansion of transition densities:

r f i
t3~rW !5(

KM

1

r 2
YKM~ r̂ !^JfM f uJiKMiM &FK0,t3

f iK ~r !. ~5!

Here we recall the notation of Ref.@7# to include possible
spin transitionsS50,1 in FKS,t3

f iJ (r ), where K denotes the

orbital angular momentum transition andJW5KW 1SW is the to-
tal angular momentum transfer.

In the DWIA study@7# for 1p-shell nuclei, the transition
densities were calculated from the shell model of Cohen
Kurath @14#:

FKS,t3
f iJ ~r !5(

ab
AJ(KS)t3

~a,b; f i !~4p j a!1/2

3^~ l a1/2! j auu@YK~ r̂ !sS#Juu~ l b1/2! j b&

3Rna l a
~r !Rnb ,l b

~r !, ~6!

with s051, s15sW , and

AJ(KS)t3
~a,b; f i !5^C f uu@bat3

† 3hbt3
† #J[KS] uuC i&, ~7!

where a(na ,l a , j a) denotes the single-particle orbital
Ra(r ) is the radial wave function, andba

† and hb
† are the

creation operators for the particle and hole states, res
tively.

It was found that the pion inelastic scattering fro
1p-shell nuclei can be described by using the above sh
model input only when the quadrupole excitation compon
©2000 The American Physical Society06-1
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J(KS)52(20) is enhanced by a factorEN;2. In Ref. @7#,
these enhancement factors were estimated from a system
analysis ofB(E2) transitions from 1p-shell nuclei. For pro-
ton excitation, this enhancement factor is consistent w
what is needed for explainingB(E2) values. ForZ5N nu-
clei, one can assume that the neutron excitation also ha
same enhancement because of isospin invariance. How
for the NÞZ nuclei, such as7Li, the enhancement factor
for neutron excitations cannot be obtained without mak
some additional assumptions. The predicted pion inela
cross sections thus are not well justified theoretically. F
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thermore, it would be desirable if the calculations do n
include any enhancement factors. This, however, is very
ficult, if not impossible, in practice within the shell mod
since the collective quadrupole excitations can only be
scribed by a very large model space.

In this work, we calculate the transition densities for
given multipolarity by using wave functions from the rece
QMC calculations for light nuclei. The input, Eq.~6!, to the
DWIA calculations for pion inelastic scattering is then d
fined by the following matrix element:
FKS,t3
f iJ ~r !5

^CJf M f
u (
i 51,A

d~r 2r i !r i
K@YK~ r̂ i !3sS#JM$@112t3t~ i !#/2%uCJi Mi

&

^JfM f uJiJMiM &
. ~8!
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The QMC calculations use a realistic Hamiltonian contain
the Argonnev18 two-nucleon@15# and Urbana IX@16# three-
nucleon potentials, which we refer to as the AV18/U
model. Both variational and Green’s function Monte Ca
~VMC and GFMC! calculations have been made for lig
nuclei @1#. The AV18/UIX model reproduces the experime
tal binding energies and charge radii of3H, 3He, and4He,
in the numerically exact GFMC calculations, but underbin
6Li and 7Li by 2–5 %. The VMC energies are 2% above t
GFMC results forA53,4 nuclei and 10% above forA
56,7. However, the known excitation spectra are well rep
duced by both the VMC and GFMC calculations, as are
charge radii. The VMC and GFMC calculations also produ
very similar one-body densities, while two-nucleon dens
distributions differ by less than 10%.

The VMC wave functions have been used successfully
describe the elastic and transition electromagnetic form
g

s

-
e
e
y

o
c-

tors for 6Li @2# without introducing effective charges. The
have also given an excellent absolute prediction for the sp
troscopic factors in7Li( e,e8p) reactions@3#. Consequently
we expect the VMC wave functions to give a good estim
for both the elastic and transition densities required in p
scattering calculations.

The variational wave function forA56,7 nuclei used here
is the trial wave functionCT that serves as the starting poi
for the GFMC calculations. It has the general form

uCT&5F11 (
i , j ,k

Ũ i jk
TNIGFS)

i , j
~11Ui j !G uCJ&, ~9!

whereUi j andŨ i jk
TNI are two- and three-body correlation op

erators and the Jastrow wave functionuCJ& is given by
lations
ell.
CJ&5AH )
i , j ,k<4

f i jk
c )

i , j <4
f ss~r i j ! )

k<4, l<A
f sp~r kl!

3(
LS

S bLS[n] )
4, l ,m<A

f pp
LS[n]~r lm!uFA~LS@n#JMTT3!1234:56 . . .A& D J . ~10!

The S and A are symmetrization and antisymmetrization operators, respectively. The central pair and triplet corre
f xy(r i j ) and f i jk

c are functions of relative positions only; the subscriptsxy denote whether the particles are in the s- or p-sh
The uFA(LS@n#JMTT3)& is a single-particle wave function with orbital angular momentumL, spinS, and spatial symmetry
@n# coupled to total angular momentumJ, projectionM, isospinT, and charge stateT3:

uFA~LS@n#JMTT3!1234:56 . . .A&5UFa~0000!1234 )
4, l<A

fp
LS~Ra l !H F )

4, l<A
Y1ml

~Va l !G
LML[n]

F )
4, l<A

x l~
1
2 ms!G

SMS

J
JM

3F )
4, l<A

n l~
1
2 t3!G

TT3
L . ~11!
6-2
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Particles 1–4 are placed in ana core with only spin-isospin
degrees of freedom, denoted byFa(0000), while particles
5–A are placed inp-wave orbitalsfp

LS(Ra l) that are func-
tions of the distance between the center of mass of thea core

FIG. 1. The transition densitiesrE2
n,p for 6Li and 7Li.
n

e

on
in
a

01400
and particlel. Different amplitudesbLS[n] are mixed to ob-
tain an optimal wave function by means of a small-ba
diagonalization. For6Li, the (Jp;T)5(11;0) ground state
is predominantly a3S@2# amplitude, with small admixtures
of 3D@2# and 1P@11# components, while the (31;0) first

excited state is pure3D@2#. For 7Li, the (Jp;T)5( 3
2

2; 1
2 )

ground and (12
2; 1

2 ) first excited states are predominant
2P@3#, with small admixtures of2,4P@21#, 2,4D@21#, and
2S@111# components. The (Jp;T)5( 7

2
2; 1

2 ) and (5
2

2; 1
2 ) ex-

cited states are predominantly2F@3#, again with small ad-
mixtures of 2,4P@21# and 2,4D@21# components. Mixing pa-
rameter values are given in Ref.@1#.

The two-body correlation operatorUi j is defined as

Ui j 5 (
p52,6

F )
kÞ i , j

f i jk
p ~r ik ,r jk!Gup~r i j !Oi j

p , ~12!

where the Oi j
p52,65ti•tj , si•sj , si•sjti•tj , Si j , and

Si j ti•tj . The six radial functionsf ss(r ) and up52,6(r ) are
obtained from two-body Euler-Lagrange equations w
variational parameters@17#. The f sp and f pp

LS[n] correlations
are similar tof ss for small separations, but include param
etrized long-range tails. The parameters used in construc
these two-body correlations, as well as the description of
three-body correlation operatorŨ i jk

TNI and the operator-
independent three-body correlationsf i jk

c and f i jk
p , are given

in Ref. @1#.
In Ref. @7# it was found that inelastic transitions induce

by pion scattering are dominated by the quadrupole tra
tion J(KS)52(20). In our QMC calculations, we evalua
the quadrupole transition density
rE2
t3 ~r !5

A2Jf11K CJf M fU (
i 51,A

d~r 2r i !r i
2Y2

M~ r̂ i !$@112t3t~ i !#/2%UCJi MiL
^JfM f uJi2MiM &

. ~13!
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These neutron and proton transition densities are show
Fig. 1 for four transitions in6Li and 7Li. The integrated
B(E2↑,t3) values,

B~E2↑,t3!5

U E rE2
t3 ~r !d3rU2

2Ji11
, ~14!

are given in Table I, where they are compared to the exp
mental proton values obtained from (e,e8) scattering and
Coulomb excitation experiments@18–20#. Our evaluations
are made with 160 000 Monte Carlo samples for transiti
in 6Li and 120 000 Monte Carlo samples for transitions
7Li. This number of samples is sufficient to give statistic
uncertainties that are as small or smaller than the errors
the experimentalB(E2) values. OtherJ(KS) transition am-
in

ri-

s

l
on

plitudes can contribute to pion inelastic scattering, parti
larly in the 6Li case, and are evaluated in a similar mann

We see from Fig. 1 and Table I that the predicted diffe
ences between the neutron and proton excitations in7Li are
very significant. Such differences can be most effectiv
verified by using an important characteristic of pion scatt
ing at energies near theD excitation. At a typical energy
Ep5164 MeV, one finds that thepN amplitude in Eq.~2!
has an interesting ratioutp1p /tp1nu5utp2n /tp2pu;3. Con-
sequently, thep1 scattering is dominated by the proton e
citations whilep2 scattering is dominated by neutron exc
tations. The agreement with both thep1 andp2 data will be
a nontrivial test of the QMC wave functions. Thus th
present study is complementary to that of Ref.@2# using elec-
tron scattering which mainly probes the proton excitation

We first investigate pion scattering from6Li. Here data
for Ep5100, 180, and 240 MeV@13# are available for test-
6-3



o

e

n

w
o
-
a

a-
a

-
er
ce-

t

d
cat-
dif-
of
see
the
ep-
it is
ss

ude
2 is
-
e
ion

for
the

der
but

n.

Re
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ing the energy dependence of our predictions. The pion
tical potential and thepN t matrix are taken from Ref.@7#.
The pN amplitudes we employ are taken from th
Karlsruhe-Helsinki analysis@21#, and differ only slightly
with the more recent VPI analysis@22#, mainly in theS11
partial wave~as discussed in Ref.@23#!. This partial wave
and the other non-P33 partial waves are much weaker tha
the P33 channel in the energy region of interest near theD
excitation. For the present exploratory investigation,
therefore do not make any effort to improve the optical p
tential employed in Ref.@7#. Such an improvement is prob
ably needed in the future when the data at low energies
for the spin observables are investigated.

With transition densities calculated from QMC simul
tions, there are no adjustable parameters in our DWIA c

TABLE I. B(E2↑,t3) values ine2 fm4 for different transitions
in 6Li and 7Li. Experimental values are from Refs.@18,19#. Experi-
mental uncertainties and Monte Carlo sampling errors are give

Experiment QMC
AZ(Ji→Jf) p p n

6Li(0 1→31) 21.864.8 21.160.4 21.160.4

7Li( 3
2

2→ 1
2

2) 7.5960.10 5.760.1 16.560.3

7Li( 3
2

2→ 7
2

2) 15.560.8 13.260.2 34.660.5

7Li( 3
2

2→ 5
2

2) 4.162.0 2.360.1 5.460.2

FIG. 2. Differential cross sections for6Li( p,p) and 6Li( p,p8)
scattering at multiple pion energies. The data are taken from
@13#.
01400
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culations. In Table I, we see that the calculatedB(E2) for
the transition to the (31,T50) state is in excellent agree
ment with the data. This is a significant improvement ov
the shell-model prediction which required a large enhan
ment factorEp5En52.5 to reproduce theB(E2) data, as
discussed in Ref.@7#. We thus expect a similar improvemen
in pion scattering calculations.

Our results for6Li are displayed in Fig. 2. We see goo
agreement with the differential cross sections for elastic s
tering. However, the discrepancies in reproducing the
fractive minima at 180 MeV indicate some deficiencies
the simple optical potential we have employed. We also
general agreement with the inelastic scattering to
(31;T50) excited state, although some noticeable discr
ancies are seen, particularly at 100 MeV. Nevertheless,
fair to say that our results agree with the differential cro
sections to a very large extent in both absolute magnit
and energy dependence. The agreement seen in Fig.
consistent with theB(E2) values listed in Table I. The over
all agreement is not surprising in view of the ability of th
QMC wave functions to reproduce the elastic and transit
form factors in electron scattering experiments@2#. To fur-
ther improve the agreement with the data and to account
the spin observables, it would be necessary to improve
reaction model. For example, we may have to consi
coupled-channel effects and refine the optical potential,
this is beyond the scope of the present investigation.

We next investigate the very old data for 164 MeVp1

andp2 inelastic scattering from a7Li target @24#. The final
f.

FIG. 3. Differential cross sections for7Li( p,p8) scattering at
Ep5164 MeV. The data are taken from Ref.@24#.
6-4
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QUANTUM MONTE CARLO CALCULATIONS OF PION . . . PHYSICAL REVIEW C63 014006
states we consider are (Jp;T)5( 1
2

2; 1
2 ) at 0.478 MeV,

( 7
2

2; 1
2 ) at 4.63 MeV, and (52

2; 1
2 ) at 6.68 MeV. Our results

are shown in Fig. 3. We see that the predicted cross sec
~solid curves! are in excellent agreement with the data. In t
same figure, we also show the contributions obtained us
just the proton excitations. The agreement with both thep1

and p2 data is evidently due to the delicate interplay b
tween the neutron and proton excitations. If the shell-mo
input given in Ref.@7# is used without the enhancement fa
tors En51.75 and Ep52.5 for the quadrupole transitio
J(KS)52(20), the predicted cross sections will be a fac
of about 5 lower than the data for all of the cases conside
here.

In conclusion, we have performed calculations of pi
scattering from6Li and 7Li using the nuclear transition den
sities predicted by the recent QMC calculations for light n
clei starting with realistic two-nucleon and three-nucleon p
tentials. The predicted cross sections are in very g
agreement with the data. In contrast with the previous ca
lations using densities from nuclear shell model, the calcu
tion does not include any enhancement factors. Becaus
pe

tt
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C
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the strong isospin dependence of thepN scatteringt matrix,
the present investigation has probed critically the predic
neutron transition densities which are not well tested in el
tron scattering studies. Our results suggest that the w
functions predicted by the QMC calculations are accurate
investigating various nuclear reactions.

It is highly desirable to extend the present work to re
vestigate the very extensive data of pion-nucleus scatte
on larger 1p-shell targets and other more complex proces
such as pion absorption and double-charge-exchange r
tions. We expect that QMC wave functions forA59,10 nu-
clei will become available in the next year. With the nucle
correlations correctly accounted for by using the wave fu
tions predicted by QMC calculations, one now can hope
resolve many long-standing problems in intermediate-ene
pion-nucleus reactions.

We wish to thank D. Kurath and S. C. Pieper for ma
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