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We use(3+1)-dimensional hydrodynamics with exact longitudinal boost invariance to study the influence of
collision centrality and initial energy density on the transverse flow pattern and the angular distributions of
particles emitted near midrapidity in ultrarelativistic heavy-ion collisions. We concentrate on radial flow and
the elliptic flow coefficient, as functions of the impact parameter and collision energy. We demonstrate that
the finally observed elliptic flow is established earlier in the collision than the observed radial flow and thus
probes the equation of state at higher energy densities. We point out that a phase transition from hadronic
matter to a color-deconfined quark-gluon plasma leads to nonmonotonic behavior in both beam energy and
impact parameter dependences which, if observed, can be used to identify such a phase transition. Our calcu-
lations span collision energies from the Brookhaven A@8ernating Gradient Synchrotryrio beyond the
LHC (Large Hadron Collider the QGP phase transition signature is predicted between the lowest available
SPS(CERN Super Proton Synchrotrpand the highest RHICBrookhaven Relativistic Heavy lon Collider
energies. To optimize the chances for applicability of hydrodynamics we suggest studying the excitation
function of flow anisotropies in central uranium-uranium collisions in the side-on-side collision geometry.

PACS numbgs): 25.75—q, 24.10.Nz, 25.75.Ld

I. INTRODUCTION transition region was predicted to lead to a reduction of the
directed flow, making the phase transition visible as a mini-
At a given beam energy, the highest energy densities camum in its excitation function. Sordé,6] suggested analo-
be reached in central collisioriBnpact parameteo=0) be-  gous features for the elliptic floj—9] which were further
tween the largest available nuclei. Hence for many years thstudied in Refs[10—12. The effects of a phase transition on
experimental and theoretical attention has focused on sudhe excitation function of radial flow in central collisions
collisions. Noncentrallf# 0) collisions are, however, inter- between spherical nuclei were discussed earlier in Refs.
esting in their own right since they exhibit new phenomeng13—-15. An important difference between the radial flow
which are forbidden by azimuthal symmetry in central colli- observed in azimuthally symmetric central collisions and the
sions between spherical nuclei. For noncentral collisions thanisotropic directed and elliptic flows in noncentral colli-
directions of the beam axis and the impact parametée-  sions and/or central collisions between deformed nuclei was
fine the collision plane, and many interesting physical phepointed out by Sorge in Ref5].
nomena are now nontrivial functions of the azimuthal angle (1) Directed flow affects mostly particles at forward and
¢ relative to the collision plane. These include, in particular,backward rapidities whickat energies above a few hundred
the transverse geometry of the collision fireball as measureMeV/nucleon are deflected away from the beam direction
with two-particle Bose-Einstein correlatiortsee, e.g., Ref. by the pressure built up between the colliding nuclei during
[1], and references thergimnd momentum-space anisotro- the time of their mutual overlap. Since the thus affected par-
pies in the transverse plane due to anisotropic transverse floticles quickly leave the central region where this transverse
of the fireball mattef2]. pressure force acts, the finally observed directed transverse
Aside from changing the collision energy, limited varia- flow pattern is established very early in the collision. Its
tions of the energy density of the reaction zone are also posyatural time scale is given by the transition time of the two
sible by varying the collision centrality. Variation of the ini- colliding nuclei which decreases with increasing beam en-
tial energy density provides the handle for studying phasergy; this causes a decrease at high collision enefgitsr
transitions in nuclear matter, in particular the quark-hadroran initial rise at low beam energiesf the directed flow2].
transition at a critical energy densitg,<1 GeV/fn? [3]. This decrease is amplified by a lack of thermalization during
Noncentral collisions between spherical nuclei and/or centrathe very earliest stages of the collision which prohibits fast
collisions between deformed nuclei provide new opportunienough buildup of transverse pressure and thus eventually
ties to correlate phenomena related to azimuthal anisotropigavalidates the applicability of hydrodynamic concepts for
with the initial energy density. This may yield novel phasecalculating the directed flow. Such preequilibrium features
transition signatures. In Reff4] this idea was exploited for may even cover up5] the phase transition signpd] in the
the so-called directed flow at forward and backward rapidi-excitation function of directed flow.
ties: the softening of the equation of stafDS in the phase (2) The elliptic flow is strongest near midrapidit¥6]. Its
driving force is the azimuthal anisotropy of the transverse
pressure gradient, caused by the geometric deformation of
*On leave of absence from Institutrfitheoretische Physik, Uni- the reaction region in the transverse plane. As pointed out in
versita Regensburg. Electronic address: Ulrich.Heinz@cern.ch  Refs.[6,11], elliptic flow acts against its own cause by elimi-
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nating the geometric deformation which generates it, therebyninated by a freeze-out criterigin our case a fixed decou-

shutting itself off after some time. This time is, at least atpling energy density At this point the energy and baryon

high energies, longer than the nuclear transition time. Ellipticdensities are converted into temperature and chemical poten-

flow is thus generatelhter than directed flow, and hydrody- tials for baryon number and strangeness, using the EOS, and

namic concepts for its description may have a larger chanc#e particle spectra are calculated using the Cooper-Frye pre-

of being valid, even if the spatial deformation which causesscription[26]. With these spectra and the hydrodynamic flow

elliptic flow exists only for a fraction of the total fireball Pattern on the freeze-out surface the average radial flow ve-

lifetime. An important focus of this work will be a quantita- 10¢ity {v.) and the elliptic flow coefficient, are evalu-

tive determination of the time scale over which elliptic flow at€d- _ _ _ _

is generated, as a function of the collision energy. We will  The present paper gives technical details for our previous

see that this time scale grows with the overall size of thdWo short reports in Ref.11] and significantly extends the

(initially deformed collision region[8,9]. Studying central esults presented there. The excitation function deris

collisions between large deformed nuclei such Z&U complemented by a similar one for_ the average radial flow

[17,18 therefore improves the chances that thermalizatio?"d calculated up to very much higher energies. We also

happens sufficiently early for a hydrodynamic description ofcOmpute the impact parameter dependence at fixed beam en-

elliptic flow evolution to be valid. Such collisions are the €9y of the elliptic flow scaled by the initial spatial aniso-

preferred proving ground for hydrodynamic predictions fortropy. The time evolutions of_ rf';\dlal and elliptic _flow and _

the excitation function of elliptic flow. thelr_ dgpendence on the_ collision energy are dl_scusseq in
(3) Radial flow is generated by the pressure gradient pedetail, in .order to establish to wh_at extent elliptic flow is

tween the interior of the collision fireball and the external'€ally a signature foearly pressurein the systen{5,6,11).

vacuum: this force persists throughout the fireball expansioffinally, we suggest that central+l collisions in the side-

until freeze-out. Of all three transverse flow patterns it thus°n-Side configuration represent an optimum system for

has the strongest weight at late times. Comparing the excit&{Udying the hydrodynamic evolution of elliptic flow and the

tion functions of elliptic and radial flow with their intrinsi- 9quark-hadron phase transition signature in its beam energy

cally different weights for the EOS at early and late timesdependencgll]. We give predictions for the time evolution

(i.e., at high and low energy densitynay help with the of radial and elliptic flow, for their excitation function and

identification of phase transition signatures and their disfor the pr dependence of the elliptic flow coefficient at SPS

crimination against possible nonequilibrium effects from in-€nergies for this particular collision system.

complete local thermalization. Of course, the final proof for

the pha;e transition to quarl_< matter will reql_Jire an additiona}l Il. THE HYDRODYNAMIC MODEL

correlation of the here predicted structures in the anisotropic

flow pattern with other “quark-gluon plasma signatures” The equations of relativistic ideal hydrodynamics follow

(see Refs[19,20). from the local conservation laws for energy, momentum, and
As already indicated, here we study the evolution of transother conserved currents.g., baryon numbgr

verse flow in a macroscopic hydrodynamic framew(itkbe

contrasted with microscopic kinetic approachés6,21]). 3, T#(x)=0 and 4,j*(x)=0, 2.0

This approach, which is based on the assumption of rapid

local thermalization, allows the most direct connection of_ . . . . o

observables to the EOS of the hot matter in the collisiorPy inserting the ideal fluid decompositions

fireball, including possible phase transitions. Its validity can

be tested both experimentally and by comparison with ki- T (x) = ((X) + p(x))u#(x)u”(x) —g*”p(x), (2.2
netic approaches. We will not do so heeee, for example,
Refs.[10,22) but rather concentrate on qualitative predic- 400 =n(X) UA(x). 2.3

tions resulting from the hydrodynamic approach.

Hydrodynamics cannot describe the earliest collision
stage of nuclear energy loss and entropy production by the®(X) is the energy densityp(x) the pressure, and(x) the
malization of the energy deposited in the reaction zone durconserved number density at poirt = (t,x,y,z); u*(x)
ing the stopping process; this must be replaced by appropri= y(1vy,vy,v,) With y= 1/\/1—11)(2—1;3—1)22 is the local
ate initial conditions for the hydrodynamic expansion. Thefour velocity of the fluid. Ideal hydrodynamics assumes that
evolution of azimuthally asymmetric reaction zones requiredocal thermalization by the strong interactions among the
a (3+1)-dimensional hydrodynamic approach. This is verymatter constituents happens fast on the scale defined by the
time consuming and makes a tuning of initial conditions tospace-time gradients of these quantities and therefore ne-
data difficult[23,24]. However, near midrapidity and espe- glects such gradient termi27].
cially for high collision energies the longitudinal expansion We always use for the transverse coordinate inside the
dynamics is expected to be given by the Bjorken scalingeaction plane, with positive values in the direction of the
solution [25] which can be implemented analytically. The impact parameteb, andy for the transverse coordinate per-
remaining hydrodynamic equations for the transverse dypendicular tob. (In momentum spacg denotes the rapidity;
namics live in 2 space and 1 time dimension and are muckvhich meaning is implied should follow from the context.
easier to solvg8,11,13. The hydrodynamic evolution is ter- points in beam direction.
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FIG. 1. The three equations of state discussed in the text,
vanishing net baryon density.

A. The equation of state

The set(2.1) contains five equations for six unknown longitudinal boost invariance is broken by the finite amount
fields e,n,p,vy,vy,v,. To close the system one needs anof total available energyAs a result, the longitudinal veloc-
equation of statéEOS which relates pressure, energy, andity field scales ag,=2z/t, and it is convenient to use a co-
baryon density. The EOS for strongly interacting matter in-ordinate system spanned by longitudinal proper time
volves a phase transition from a hadron resonancelg@ =t/ 1—v7 and space-time rapidity= 3 In[(t+2)/(t—2)] in-
phase to a color-deconfined quark-gluon plast@GP stead oft and z (see the Appendijx Longitudinal boost in-
phase. Similar to many others befofsee, e.g., Refs. variance is then equivalent tp independence.

[28,29) we accomplish this by separately constructing an Assuming the validity of this scaling ansatz near midra-
EOS for a resonance gas (E@$ and for the QGP phase pidity, the longitudinal expansion of the fireball can be dealt
(EOSI) and matching the two via the Maxwell construction, with analytically, thereby reducing the numerical problem to
invoking a bag constarB to describe the different vacuum the two transverse dimensions and tifgg This greatly re-
energy in the two phases. E@®Sis constructed from the duces the numerical effort. However, by doing so one gives
contributions of all known hadron resonances of masses upp the possibility of studying the rapidity dependence of the
to 2 GeV; their repulsive short-range interactions are param@nisotropig¢ transverse flow patteri23,24] as well as other
etrized via a mean-field potentiab(n)=31Kn? with K interesting effects which occur at AGS and SPS energies,
=0.45GeV fni [29]. The QGP is described as an ideal gassuch as the tilt of the longitudinal axis of the collision fireball
of massless quarks and gluons (EQSnside a large bag away from the beam directiof24,30,1. For such studies a
with bag constanB. The latter is tuned to the desired phasecomplete solution of th€3+ 1)-dimensional hydrodynamics
transition temperature:B¥4=230MeV gives T(n=0) [23,24,30,31is required. Here we will concentrate entirely
=164 MeV at vanishing net baryon density. EDOB given  on the midrapidity region where th@+1)-dimensional ap-

by the simple equatiop(e,n)=3e or dp/de=3, indepen- proach with exact longitudinal boost invariance is expected
dent ofn. to yield reasonable results even at SPS energies. At higher

In order to investigate the influence of the phase transitiorenergies the model should become better and better.
on the anisotropic transverse flow pattern, we studied sepa- The implementation of longitudinal boost invariance and
rately the equations of state EGSand EOS as well as the transformation from ,z) to (7, ) is described in the Ap-
combined equation of state E@Bwhich includes the phase pendix. The rewritten hydrodynamic equations read
transition between the first two as obtained from the Max-

well construction. Comparisons to data are only performed 3T+ 0,(0 T ) + 0y (0, T = —p,
for EOSQ. Figure 1 shows all three equations of state for
vanishing net baryon density=0 while Fig. 2 gives for anrTeraX(v_xfrfoay(v_yﬁ-TX):_aXB,

EOSQ the pressure as a function of baghandn.

B. Reduction to 2+1 dimensions 9T+ 0y(vyT7) + 0y (vy TY) = = dyp,
At high collision energies, relativistic kinematics and its ~. — —
influence on the particle production process implies longitu- 3,7+ dx(vyJ7) +dy(vyJ7) =0, (2.4
dinal boost invariance of the collision fireball near midrapid-
ity [25]. (Of course, near the target and projectile rapiditieswhere
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Tuv=gTHY B: ™, (25) Pb+be b=7fm U+U, b=0fm

10 ............... vvvvvvvvvvvvvvvvvvvvvvvvv 10 ............ ............ Lo d

— ~ T (e+p)yPu
v;=v;coshy, v,= =
T (e+p)y’—p

(i=xy). o

We call v; the transport velocities and; the energy flow Eo SRR
velocities in the transverse directions. Since we work at™
midrapidity, =0, the transverse transport velocities agree _g| .
with the corresponding fluid velocities in the c.m. frame.

In hydrodynamic problems phase transitions generically :
lead to the formation of shock waves which complicate the 10t~ i ‘ : : :
numerical solution. To integrate the differential equations ~10 -5 X(?m) 5 10 -5 0 5
(2.4) we use the “sharp and smooth transport algorithm”

(SHASTA [32]) which was shown to perform excellently  FIG. 3. Left: initial transverse energy density distribution for a
even under difficult conditiong31]. typical 158\ GeV/c Pb+Pb collision at impact parameteb
=7 fm. Indicated are contours of constant energy density between
e=7.0GeV/fn? (innermost contoyrand e=0.5 GeV/fn? (outer-
C. Initialization of the fields most contourin steps ofAe=0.5 GeV/fnt. The dashed lines rep-

. . . o . resent the colliding nuclei before impact. Right: the same
In this subsection we discuss the initial conditions for thef,, 5 central 158 GeVic side-on-side WU collision—the

solution of Egs.(2.4). Strong interactions between the par-jnnermost  (outermost  contour  corresponds  to e
tons of the colliding nuclei lead to the deposition of a large=g.0 Gev/in? (0.5 GeV/ing).

fraction of the beam energy and the creation of many sec-

ondary particles in the reaction zone. The newly producegnq similarly for nucleus.

partons interact strongly with each other and, after only a \ye further assume that the initial transverse density pro-
few scatterings during a time intervab=0O(1 fm/c), the fjle of net baryon number is proportional to the initial trans-
system is expected to reach a state of approximate local thejarse energy density profile

mal equilibrium. Following Refs[8,33] (to which we refer
for detaily we take the energy deposition in the transverse n(X,Y: 7o) = Le(x,y; o). 2.9
plane to be proportionalby a factorK) to the number of
collisions producing wounded nucleons:

For Pb-Pb collisions we use in E¢R.8) a nuclear radius
Ry=6.5fm and a surface thickness=0.54fm [34]. For
U-U collisions we takeR,=6.8fm, with a deformations
=0.27 (Ref. [34], Vol. 2, p. 133. This leads to a ratio

R /Rs=1.29 between the long and short axes of this nucleus;

b B in absolute term$};=8.0fm andR,=6.2fm [35]. For the
X— _,y) ground-state nuclear density we taikg=0.17 fm 3 [34].

2 Three parameters thus describe the initial conditigs:

B the maximum energy densitg, in a central collision §§
=0), this fixes the parametdf in Eq. (2.6) at the given
X— 9 y) beam energwiii) the ratioL in Eq. (2.9) between energy and
2’ baryon density(iii ) the equilibration timery. In Sec. Il E we
b A adjust the parameters by tuning the output of our calculations
X+ —,y) with EOSQ for central p=0) Pb+Pb collisions to experi-

2 mental datdtransverse mass spectra of negative hadrons and
net protons at midrapidity36]) at 158\ GeV/c beam mo-
mentum. We use the same parameterk, andr, for U+U
Here T, is the nuclear thickness function of the incoming collisions at 158 GeV/c.
nucleusA, In Fig. 3 we illustrate the initial conditions resulting from

) this tuning procedure. It shows contour plots of the energy
N density in the transverse planezt 0 for Pb+Pb collisions
Tatx.y) f—w dzoa(x.y.2). @D with b=7 fm and central W&-U collisions in the side-on-side
configuration at the highest SPS beam momentum of 400
where the nuclear density, is given by a Woods-Saxon X (Z/A) GeV/c. Note that at fixed collision energy the cen-

e(X,y;79)=K| Tp

b
X+ E,y

O'TB

x| 1-\1-

+Tp

O'TA

X[ 1| 1m . (2.6

profile tral energy density fob=0 side-on-side WU collisions is
8% lower than forb=0 Pb+Pb collisions, but about 14%
Po 2.9 higher than in PbPb collisions atb=7 fm which corre-

PAlN)= 1+exd(r—Rg)/ €]’ spond to about the same initial spatial deformation. At simi-
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lar deformation, the initial volume of the elliptic fireball 10* — . ; ;
formed in central side-on-side U collisions is almost
twice that of the corresponding semicentral+fb colli- *
sions. _10°
q
>
D. Freeze-out and particle spectra (5'_102 I negative hadrons

As the matter expands and cools, the mean free path o g
the matter constituents grows, and the hydrodynamical de &
scription eventually breaks down. The system reaches the¢g 44 |
point of “kinetic freeze-out” after which the momentum 3,_
spectra are no longer significantly affected by scattering &€
among the particles. One should stop the hydrodynamic so =q° |
lution when the average time between scatteringg;
=1Kvo)n becomes comparable to the expansion time scale
Texp= 1/d-u (inverse “Hubble constant’ [37-39. (It was 107
shown in Ref.[40] that in relativistic heavy ion collisions
freeze-out happendynamically rather than geometrically,

i.e., it is driven by the expansion of the fireball and not by its  FIG. 4. Particle spectra from central PBb collisions at
finite size) Numerical calculation§40,41] have shown that, 158A GeV/c at midrapidity[36] together with the hydrodynamical
since the particle density in the denominatorrgf,;is a very ~ model predictions after tuning of the model parametsadid lines.

steep function of, this leads to freeze-out at nearly constant

temperature. For low net baryon freeze-out densities, as thépns at SPS energies were compared in Rif].) A signifi-

arise in heavy ion collisions at and above SPS energies negant fraction of the measured pions arises from the decays of
midrapidity, this corresponds to almost constant energy derdnstable resonances after freeze-out. These decays usually
sity. We therefore impose freeze-out at a constant energappen isotropically in the rest frame of the resonance and
densityege. Which is the most easily implemented condition tend to smear out flow anisotropies, thereby reducing the
in hydrodynamics. The value @ (or, almost equivalently, ~anisotropic flow signal§11,23. The fraction of pions from
Tged is another model parameter to be tuned to the data. resonance decays depends strongly on the freeze-out tem-

After the freeze-out hypersurfac® of constant energy perature: their diluting effect on the elliptic flow,, for ex-
density e has been determined, the temperatligg(x),  ample, is much stronger @i~ 140 MeV [23] than atT 4e.
chemical potentialg:;(x), and flow velocity fieldu,(x) are =~ =120 MeV[11]. All our calculations fully account for reso-
evaluated on this surface. To this end a tabulated version dfance decay contributions including the complete relativistic
EOSH is used for interpolation whicliin addition to the decay kinematic§44].
pressurg) gives the intensive thermodynamical variables as
functions ofe andn. Each cellx on this freeze-out hypersur-
face contributes particles of specieévherei runs over all E. Tuning the model
resonances included in E®§ with a local equilibrium dis-
tribution

0 05 1GI v 15 2
mT—mO( eV)

Since the hydrodynamic approach cannot describe the ini-
tial thermalization stage directly after nuclear impact, the
initial conditions for the hydrodynamic expansion stage can-
(2.10 not be predicted but must be obtained by fitting experimental

data. However, once the initial conditioitis our case the
parameterX, L, and 7o) have been fixed in central colli-
gi is the spin-isospin degeneracy factor for particle speicies sjons, the Glauber modé?.6) uniquely predicts their depen-
The complete momentum spectrum is obtained by summingence on the impact parameter. The validity of the hydrody-
the corresponding particle flux currents across the threengmic model can thus be tested by checking the impact
dimensional freeze-out hypersul’faf)én Space—time over all parameter dependence of its predictions_ In qdﬁs'4a we
cells inX (Cooper-Frye prescriptiof26]): showed that, after being tuned to centrakfb collisions at
158A GeV/c, the model successfully reproduces the mea-
Eﬂ: dn; :f p-d3o()f (x,p). (2.1 sured pion and proton spectra near midrapidity up to impact
d°p dyprdprde s A ' parameters of 8—10 fm. This was better than expected.

We here provide some details of the tuning procedure
This prescription is strictly correct only for freeze-out sur- which were not previously reported in R¢L1] due to space
faces whose normal vecta’o(x) is everywhere timelike limitations. In particular we show in Fig. 4 our fit to the
because otherwise some particles flow back into the fourmidrapidity m; spectra of negative hadron& () and net
volume inside> . A discussion of this issue which still awaits protons measured by the NA49 Collaborat[@6]. The the-

a fully consistent solution can be found in R€i$2,43. oretical spectra are absolutely normalized. The correspond-

In the present paper we concentrate on flow patterns reng fit parameters for the initial state aeg=9.0 GeV/in?
flected in pion spectrdFlow anisotropies for pions and pro- for the initial energy density in the center of the fireball

gi 1
(27)3 glP-u()—wi () TgedX)+ 1 °

fi(xvp)z
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[corresponding tK =2.04 GeV/fm in Eq.(2.6) and to an  dN/dy. The beam energy dependencedd/dy will even-
initial central temperaturd,=258 MeV [46,47], n,=1.1  tually be provided by experiment, thus allowing us to present
fm~3 for the initial baryon density in the fireball cenfeor-  our results directly againsfs. Higher initial particle produc-
responding td.=0.122GeV ! in Eq. (2.9)], and a starting tion leads to higher particle and energy densities and thereby
time 7,=0.8fmic for the hydrodynamic expansioftorre- to accelerated t_hermallzz_itlon_. From relativistic kmema_tlcs
sponding toT,re /% =1.05). 7, controls the dilution of the e}nd the uncertainty rela_t|on. |t. follows that the pr_oductlon
matter via boost-invariant longitudinal expansion and thudime Of & secondary particle is inversely related to its energy

the length of time available for the buildup of transverse flow: 52], by dimensional analysis this suggests that the thermal-

before freeze-out; the latter affects the slope of the|zat|on tlme_ro scales in inverse pr(_)portlon to ttlﬁ initial tem-
eratureTy: To7p=const or, equivalently,K~*= const.

my-spectra. The total time until freeze-out and the amount o his is what we use in the present paper; in Hef] we
f[rz_atnslverse fIO\év gef‘tera;eftﬁ?” e}lso bf? cr:a?r?ed by V""ITV"P ti stead leftry constant. Within the range of collision ener-
initial energy density, but this also attects the normaliza Ior‘gies studied in Refl11] the difference is negligible, but for
of the midrapidity spectraey and =, result from a suitable

i i the higher energies investigated here a reductionrgf
balance between these two effects is then essentially _ /1 “causes a significant shrinkage of the horizontal axis

fixed by the measured ratio between the protonfangpec- g the excitation function in Fig. 14 below.
tra. For energies above the SPS we leave the initial baryon
The different shapes of the proton aind spectra provide  density n(x,y; 7o) unchanged. As a result, the ratio of
a handle to separate collective transverse flqw,()) from  baryon to energy density drops, qualitatively consistent with
thermal motion Tye) at freeze-out. However, it is known the expectation of decreasing baryon stopping. Since already
that a thermal model analysis of particle spectra in generadt the SPS the influence of the baryons on the EOS is minor,
results in strong correlations between these two parameteitsdoes not really matter in which waly approaches zero as
[39,4Q. Our best fit givesT 4o~ 120 MeV (corresponding to  the collision energy goes to infinity. Note that we do not
egec=0.06 GeV/in?) and((v, ))=0.45, albeit with a signifi-  predict the normalization of the baryon spectra at other than
cant uncertaintysomewhat loweT g With higher{v, )) and  SPS energies. Below SPS energies we léavenstant, lack-
vice versa cannot be excludedhis is in good agreement ing motivation for a different choice. Once a better under-
with other analyses of particle specti48] and hydrody- standing of the beam energy dependence of the initial con-
namic simulations[49]; a combined analysis of spectral ditions becomes available, this can be easily improved.
slopes and two-particle Bose-Einstein correlati¢b8,51]
tends to give somewhat larger transverse flow velocities

coupled to lower freeze-out temperatures, but still inside the Ill. TRANSVERSE FLOW PHENOMENOLOGY
region of uncertainty from the analysis of the single-particle , ) )
spectra. In this section we study generally the space-time evolu-

This set of fit parameters, adjusted to SPS data, is odion of the transverse flow pattern and how it is influenced by
starting point for extrapolations towards noncentral colli-& Phase transition in the EOS. Since the finally observed
sions and into different collision energy regimes. Whenparticle spectra and their azimuthal anisotropies reflect the
studying the impact parameter dependence at fixed colIisio_ﬂJ” space-time history of the fireball expansion, their proper

energy we leave all parameters unchanged. This may be umterpretatiqn requires an accurate understanding of the
realistic for very peripheral collisions where the midrapidity {ransverse fireball evolution. In Refl1] we showed that the

fireball is smalier and geometric freeze-out can cut the exSOftening of the EOS in the phase transition region leads at
pansion short, leading to higher decoupling temperaturesc.on's'on energies above the SPS to a reduction of the elliptic
For the spectral slopes this is a second order effect sinckPW coefficientv, below the value expected from a hadron
earlier freeze-out at highdf,e. is partially compensated for €Sonance gas. At even higher energies, however, one ex-
by a smaller transverse flow velocig, ). As we will see pects to enter a regime W_h_ere the initial energy density is so
below (see Fig. 7, the elliptic flow anisotropy, builds up fe}r above the phgsg transition that nearly.all of the expansion
early in the collision and, even at SPS energies, has almo&{Story happens |n5|d1e the QGP phase. Since far abptree
reached its final value already several éntiefore decou- EOS Of @ QGP g=3e—B) is much harder than EQ$
pling; a possible earlier decoupling in very peripheral colli- (which in the region relevant for us can_be parametrized by
sions thus will not strongly affect, either. We thus feel P~0.1%), v, should eventually rise again and approach the
justified in leaving the model parametdia particular, the ~Valué characteristic of EOSwhich is 30—-40 % higher. In
decoupling temperatureinchanged when studying the im- qrder to see whether thls is true we have now studied colli-
pact parameter dependence. sions at very much higher energies, even far beyond the
When investigating the excitation function of radial and LHC.
elliptic flow we changeK and ry. This is rationalized as
follows: At higher energies we expect higher particle produc-
tion per wounded nucleon; we cannot predict the beam en-
ergy dependence of secondary particle production, but we
can parametrize it by changirig and plotting our results as In this subsection we investigate PPb collisions at an
a function of the finally observed multiplicity density impact parameter of 7 frileft panel in Fig. 3. We begin by

A. Semiperipheral Pb+Pb collisions
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FIG. 5. Time evolution for EO$ of the transverse energy den- FIG. 6. Same as Fig. 5, but for E@5which features a phase

sity profile (indicated by constant energy density contours spacedransition. The spacing between energy density contours is again
by Ae=150 MeV/fn?) and of the flow velocity fieldindicated by 150 MeV/fnt, and the snapshots are taken at the same times. The
arrows for Pb+Pb collisions at impact parametbr=7.0fm. The  corresponding maximum energy densities are 5.97, 3.97, 1.67, and
four panels show snapshots at times 7,=3.2, 4.0, 5.6, and 0.55 GeV/fni, respectively. See text for discussion.

8.0 fm/c. At these times the maximal energy densities in the center

details see text. at 1.6 GeV/fri). When the QGP matter finally pushes the

showing the evolution of the energy distribution and flow Mixed phase shell apafthe “nutcracker phenomenon” dis-
field in the transverse x(y) plane for the cases with coveredin Refl12]), the energy density contours develop an
and without a phase transition. We do so for an initialiNteresting structure vaguely reminiscent of two separated
central energy density ib=0 Pb+Pb collisions of e, half shells. Qompared to Fig. 5, the elliptic flow clggrly
—175GeV/in? (T,=510MeV) at r,=0.38fm/c. The re- needs more time to p_ush the ma.tterfro_m.a state of positive to
sulting total pion multiplicity density with an EOQ of ~ ©N€ of negative elliptic deform_atlon. This is due_tc_) the inertia
de/dy|y:0=107O atb=7fm is at the upper end of the of th_e mixed phase shell which does not participate in the
range of predictions for RHIC energi€s3]. This study was pushing.

motivated by the work of Teaney and Shuryak who predicteﬂ

under similar conditions an interesting phenomenon whic
they called “nutcracker flow’{12] and which shows up only
in the presence of a phase transition. In Fig. 5 we show th
evolution for EOS, i.e., a hard EOS without a phase transi-
tion. One sees smooth expansion and a continuous transition

Figures 5 and 6 emphasize the spatial structure of the
ireball at fixed time steps. Let us now study the time evolu-
tion in more detail. To this end we condense the information

ontained in the density and flow patterns into three time-
ependent scalar quantities.
(i) The “spatial ellipticity”

from an initial state of positive elliptic deformatiditonger (y?—x2)
axis perpendicular to the collision plan® one with nega- €=+ (3.1
tive deformation, caused by the developing in-plane elliptic y=+x9

flow. The thicker contours correspoitfifom the inside out-

ward) to e=1.6, 0.45, and 0.06 GeV/finfor the more real-  characterizes the spatial deformation of the fireball in the
istic equation of state EOQ the first two values limit the transverse plane. The angular brackets denote energy density
mixed phase while the latter indicates freeze-out. weighted spatial averages at a fixed timg. causes azi-
Figure 6 shows the analogous situation for EQ@vhich  muthal anisotropies in the transverse pressure gradients
includes a phase transitipffior identical initial conditions.  which would eventually drive it to zero if the hydrodynamic
Compared to Fig. 5 one sees clear differences: the lack of @volution were not cut short by the freeze-out process.
pressure gradient in the mixed phase inhibits its transverse (ji) The momentum anisotropy
expansion; the hadronic phase outside the mixed phase ex-
pands quickly and freezes out, leaving a shell of mixed phase (=T
matter behind which inertially confines the QGP matter in €p=————— (3.2
the center. The matter with the softest E@®allestp/e) is (TX+TYYY
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measures in an analogous way the anisotropy of the trans- 0.3
verse momentum-space density. It is directly calculated from
the spatial components of the energy momentum tensor but,
as shown in Ref[11], at freeze-out it is nearly equal to the
p%—weighted elliptic ﬂOWUZ’p% for pions as calculated from

their final momentum spectif&4]. Its time dependence thus
provides a picture of the dynamical buildup of the elliptic
flow even at early times when the elliptic flow coefficient
(which is calculated from hadronic momentum spectra, see
Sec. V) is not yet defined. For pions at freeze-aut is
given by 2v,~ V2p2~€p [11].

(i) The time dependence of the average radial flow ve-
locity

(it vd) o P T

= p T it T i
(o) e (3.3 016 LT I [ 7
0.14f e e 1
characterizes the buildup of the overall transverse expansion o.12} ¢ ]
which is modulated by the elliptic flow. Comparing the time ol V2 S e * -~
dependencies dfv, )) ande, allows to answer the question g
to which stages of the expansidie., to which domains of 0.08¢ Rt
the EOS each one is most sensitive. 0.06}
We now give a detailed discussion of Fig9a)~-7(c) 0.04l a

which show(using EOS)) the time evolution for the above

three quantities for a sequence of collision energies, param- 0.02r
etrized by the initial central energy density lir=0 Pb+Pb % 5 10 15
collisions, e,: €,=9, 25, 175, and 25000 GeV/fjcurves =T, (fm/c)
(@)—(d) in Fig. 7]. With increasingg, the initial time 7y was ] . '
scaled down as described at the end of Sec. Il E. The lowest e
of thesee, values corresponds to 1A&eV Pbt+Pb colli- R e
sions at the SPS, while the highest value is far beyond the 0.8 d 1
reach of even the LHC.

A calculation with EOS is shown for comparison as 0.6 4 e
curve(e). Since EOS3(e=3p) is completely scale invariant, LT
the time evolution of the dimensionless rati(&1), (3.2), oal e
and(3.3) is invariant under a rescaling ef, as long asr is ’ LW
held fixed[see Eqgs(2.4)]. Changingr,~e, “* breaks this 2
scaling, but only weakly as we have checked. Cuein 02 fo
Fig. 7 shows the time evolution for EQSn the limit e, :
—, 79— 0. Not shown is a calculation with EG® which o s m 5
was initialized with an extraordinarily high initial tempera- ™1, (fm/c)

ture of Ty=~20 GeV (g,=25x 1P GeV/fn); during the first

16 fm/c covered by Fig. 7 it fully coincides with curve). In
this case almost all of the matter stays in the QGP phas
during this time period whose EOS coincides with HBQ%$

to the(here negllg|blé bag. cons.tant. Therefore, as expected,EOSQ_ Curve () shows the limiting behavior for EOSas e,
the hydrodyngmlc eVO'Eﬂ'O” W'th,Eas approaches at as- _, (see text In the lower two panels the two vertical lines below
ymptotically high energies that with EQS each of the curve&)—(d) limit the time interval during which the
Inspection of Fig. 7 shows that the elliptic flowy satu-  firepall center is in the mixed phase. In the upper panel the dots
rates at large times while the radial flajw , )) keeps rising  (crossegindicate the time at which the center of the reaction zone
forever, albeit at a decreasing rate. The driving force folpasses from the QGP to the mixed phésem the mixed to the HG
radial flow, the radial pressure gradient between the matter iphase. For curvega) and(b) the stars indicate the freeze-out point;
the fireball and the surrounding vacuum, never vanishefor curves(c)—(e) freeze-out happens outside the diagram.
completely. The spatial ellipticitye,, on the other hand,
which is responsible for azimuthal anisotropies in the transperpendicular to the reaction plane, hinto the reaction
verse pressure gradients and thus drives the evolutieg of plane. A vanishinge, implies a vanishing growth rate for
passes through zero after some time. Afterwards the longes,; as e, turns negative, smaller oppositely directed
axis of the transverse fireball cross section no longer pointanisotropies of the pressure gradients develop which can ac-

FIG. 7. Time evolution of the spatial ellipticity, , the momen-

m anisotropye,, and the radial flow{v, ). The labels(a)—(d)
enote systems with initial energy densities of 9, 25, 175, and
25000 GeV/frd, respectively, expanding under the influence of
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tually causee, to decrease again. This can be seen in Fig. 1= =
7(b) for large values ofe, where the sign ofe, changes _10 3.2 finie 4.0 finvc
sufficiently early in the collision that pressures are still high 5;
enough to generate this effect. 5

Qualitatively one hence can say that the final value pf
is established roughly at the point whep passes through
zero. For SPS energies this happens just before decouplin
(implying that the fireball freezes out in a nearly circular
configuration, but at high energies this occurs well before _y,
freeze-out. Generically the freeze-out valueegf(and thus
v,) is sensitive to the EOS at significantly higher energy
densities than the radial flo@w , )). The elliptic flow indeed
measures the early pressuiEs6].

On a more detailed level, the time evolution shows an
interesting additional feature: In curvéy and(c) the ellip- 0
tic flow €, is seen to peak evebefore €, passes through
zero. The origin of this phenomenon, which is related to the -s
phase transition, will be discussed in Sec. Il C below.

Comparison of the lower two panels in Fig. 7 shows that -10
the softening effect on the EOS of the phase transition affect:s
the buildup of((v, )) and e, at similar times. However, the
influence one,, is stronger since elliptic flow is a smaller .
effect (which feels only the anisotropies in the transverse FIG. 8. Same as Figs. 5 and G 175GeV/it at 7
pressure gradient, not its overall magnitud@ad thus more =0.38fmic, EOSQ), but for central side-on-side tlU collisions.

fragile than radial flow. This results in a relatively larger The spacing between energy density contours is again
sensitivity of elliptic flow to the phase transition. 150 MeV/fn?, and the snapshots are taken at the same times. The

corresponding maximum energy densities are 8.71, 6.06, 3.27, and
1.47 GeV/in?, respectively. See text for discussion.
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B. Central U+U collisions in the side-on-side configuration The origin of this difference between centrat-l and pe-

. . . . ripheral Pb-Pb collisions will be discussed in the followin
As discussed in Sec. Il C, centrallJ collisions in the sEbsection 9

side-on-side configuration provide 14% higher energy den- In Fig. 9 we compare the time evolutions of the three

sity over nearly twice the volume at the same initial spatial i o ;
: L ~ ) characteristic quantities,, e,, and{v, ) in central U+U
deformation as PbPb collisions ab=7 fm. This leads to a and semiperipheral PEPb collisions, at SPS e

longer lifetime for nonzero spatial ellipticity,, the driving ~ _ g GeV/fnP) and RHIC (,=175 GeV/fn?) energies. We

force for elliptic flow, and also for the whole fireball until | "~ o0 freeze-oUT(= 120 MeV) both systems give
H H ec
freeze-out. Hence the system has more time for thermal'z"’}iearly the same radial and elliptic flow, in spite of the dif-

tion, fa_lvoring the applicability of our hydrodynz_;\mi_c method. ferent time evolution: in the large system both flow types
For this reason we decided to perform quantitative CalCU|aaeveIop more slowly, but over a longer time. This does not

tht?]S for Fh|s Eystem a;nanl"ngke grfglénons for experimenty, e into account that the flow gradients are smaller in the

with uranium beams & an L . larger system, leading to later freeze-out at a lower tempera-
We first look once more at the space-.tlme evoluthn of theture [49]. This would not change the elliptic flow sineg

transverse energy density and flow profiles, shown in Fig. 8has already saturatédctually, it would lead to a very slight

The initialization corresponds to the same collision energy a3 acrease of.  see Fig. &)]. The radial flow((v, ) would
D . . L ,

n Ftlg'l 6 Eeooz 17ﬁ_GeV/fth12 b.Ut.’t. s||nce we QOW .?Ons'(:ﬁr however, be somewhat larger. Since we enforced freeze-out
central p=0) collisions, the initial energy density in eeat the same valug 4, we do not see this.

center of the deformed collision region is higher than in th
semiperipheral PbPb collisions of Fig. 6. As seen in Fig. 9,
the whole time evolution is slower for centrattl than for
semiperipheral PbPb collisions, due to the larger system
size: At 7— 7o= 3.2 fm/c (the first shown snapshothe cen- In this subsection we analyze two questions which have
tral energy density is 50% higher, and7at 7,=8 fm/c (the  so far remained operil) Why does the “nutcracker” phe-
last snapshotit is even by a factor 3 larger than ih nomenon arise in semiperipheral PBb collisions, but not
=7 fm Pb+Pb collisions at the same beam energy. Freezein central U+U collisions, in spite of their identical initial
out occurs nearly 30% later in centralW than in semipe- deformation?2) What is the origin of the decrease gf( 7)

C. What makes the nut crack?

ripheral Pb-Pb collisions(see Fig. 9. beforee, passes through zero which is observed in Fip) 9
We note with surprise that the “nutcracker” phenomenonand curvegb) and(c) of Fig. 7(b)?
[12] is conspicuously missing in the U collisions. We To answer them requires a more detailed look at the time

could not find it at lower and higher collision energies either.evolution of the transverse pressure gradigicsuse and
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a roughly 0.5 fm thick layer of mixed phase matter with
vanishing transverse flow velocity; for centrallW colli-
sions the initial energy density drops to zero so steeply that
the mixed phase layer is initially practically absent.
As the matter begins to expand and dilute, a mixed phase
layer begins to develop also in thetl collisions; however,
due to the buildup of transverse flow in the expanding mat-
ter, it is automatically created withreonvanishingransverse
flow velocity. Thus, even without pressure gradients inside
the mixed phase which could accelerate it, the mixed phase
matter flows in the transverse directions, with velocities ex-
ceeding those of the enclosed QGP mafsee Fig. 11 The
resulting transverse flow profiles are monotonous functions
of x andy, with a self-similar(linear “scaling”) pattern in-
side the mixed phase exactly as given by the analytic solu-
tion recently found by Birg55]. The monotony of the trans-
verse flow profiles is related one-to-one to the absence of the
nutcracker phenomenon.
In the semiperipheral PbPb collisions, on the other
hand, the initially present mixed phase layer is at rest and,
due to the lack of pressure gradients, cannot accelerate itself
in the transverse direction. As the transverse pressure gradi-
ents in the enclosed QGP matter begin to accelerate the QGP
matter, the latter “slams” into the motionless mixed phase.
This is clearly seen in the first four panels of Fig. 10 which
show a strong radial increase of the transverse flow velocities
inside the QGP phase, followed by a dramatic drop inside the
mixed phase and a second rise in the HG matter near the
edge. Inside the mixed phase the radial velocity profile is
thus completely different from the selfsimilar scaling pattern
seen in Fig. 11. As time proceeds, this anomalous structure
in the Pbt-Pb collisions weakens, and the velocity profile
begins to approach a scaling form inside the mixed phase;
scaling violations survive longest near the outer edge of the
mixed phase layer. In the direction they disappear slightly
earlier than in the shorterdirection; this is the origin of the
“nutcracker phenomenon.”

Now we can also understand the decrease,aéven be-
fore e, passes through zero: Figs. 7, 10, and 11 show that
this happens while most of the fireball is in the mixed phase.
(Actually, €, begins to decrease while there is still a small
QGP core in the centgrDuring this stage the matter ex-
pands essentially without transverse acceleration, featuring a
nearly self-similar transverse flow pattern. While it lasts, the
self-similar flow dilutes the earlier developed momentum an-
isotropy €,, . This feature is therefore also directly related to

the phase transition.

FIG. 9. Same as Fig. 7, but now comparing centralW(solid)
to semiperipherall{=7 fm) Pb+Pb collisions(dashedl at two se-
lected beam energies. The curves labeled “SPS” corresporg to
=9 GeV/fnT (8.3 GeV/fn?) for central Pb-Pb (side-on-side
U+U) collisions, those labeled “RHIC” havey,= 175 GeV/fnt in
both cases. While the time evolution ok, , €,, and{v )) is interest-
ing and helpful for an understanding of the relevant physical

transverse flow profilegeffect. In Figs. 10 and 11 we show mechanisms, only the final values at freeze-out are observ-
a series of six snapshots each for semiperipheral®band  able (through the momentum spectra and, in the case, of
central U+ U collisions, plotting the pressure and flow veloc- possibly indirectly via two-particle momentum correlatipns

ity profiles along thex andy axis, respectively. The crucial The flow observables thus represent time integrals over the
difference between the two collision systems is that in theexpansion history and EOS, and their measurement in a
semiperipheral PBPb collisions the initial fireball contains single collision system at fixed beam energy provides very

IV. EXPERIMENTAL PREDICTIONS
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FIG. 10. Transverse pressutsolid) and velocity (dashedl profile, in x (thick) andy (thin) directions, for PB-Pb collisions atb
=7 fm. The six panels show snapshots at the indicated times. The region of nearly constant pressure is in the mixed phase. The velocity
profiles (dashedl are cut off at the freeze-out point. Initial conditions as in Fig. 6.

little information. Using flow signatures as indicators for preceding section, a time-differential measurement is to
properties of the equation of state for strongly interactingsome extent possible by comparing the radial and elliptic
matter requires their measurement over a wide range of extow as functions of these parameters.

ternal control parameters, such as impact parameter, size of Flow anisotropies reflect themselves as nonvanishing
the colliding nuclei, and beam energy. As discussed in théigher order Fourier coefficients in a Fourier expansion of
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FIG. 11. Same as Fig. 10, but for central-U collisions in the side-on-side configuration. Initial conditions as in Fig. 8.
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the azimuthal dependence of the measured single-particls Pb+Pb, b=7 fm U+U, b=0 fm, side-on-side
spectra around the beam directiiG®]: 0.4 : 0.4 :
v pions pions
dN 203 = === protons 03l =" protons
o N .
decogne) ——
J‘” Feos @)dyd(‘o 0.2 0.2
vn(y)= AN . n=12,... .41 : - .
|t dyes
Sinc_e most experirn_ents have Iimitq:df_ acceptance, one 00" ] 5 s % = 1 ) 3
studies these coefficients also as functions of the transvers p.(GeV) p{GeV)
momentum
FIG. 12. p; dependence of the elliptic flow coefficien} for
™ dN pions (solid) and protongdashed, for 158A GeV/c Pb+Pb colli-
f de COS(”@)W sions atb=7 fm (left pane) and 153 GeV/c U+U collisions at
va(Y,pp) = 7 3 T (4.2) b=0 in the side-on-side configuratigright pane].
aw
N
f_ Wd@—dypTd prdo very smallp; values,pr<<0.1 GeVCk; for protons the corre-

sponding scale is somewhat larger. We have no quantitative

The p2-weighted anisotropic flow coefficients are defined byanalytic understanding of this momentum scale but note that

qualitatively similar behavior was found in R¢E8] using
the kinetic UrQMD model.

w s, o GON
de cogne) [ prdpr——"F—
v o2(y)= o7 dydpsz‘P 4.3 B. Impact parameter dependence of elliptic flow
np . (4.
T f” d f p2d p2 dN As one changes the impact parameter, the initial spatial
g i Tdyd pede deformatione, of the transverse cross section through the

reaction zone varies as shown in Fig. 3 of R]. The
In symmetric collision system&vhich are the only ones we stronger the initial ellipticity, the stronger is the hydrody-
consider hergthe odd order coefficients, ,vs, ..., vanish hamic response to it, i.e., the larger ateor €, at freeze-out.
at midrapidityy=0 by symmetry. We here concentrate on Ollitrault [8] showed that for an EOS with a constant veloc-
the second harmonic coefficient which is conventionallyity of sound,de/dp= const, the ratice, /e, or, equivalently,
called “elliptic flow.” The v; are only defined at freeze-out v,/é is independent of the impact paramefég]. (Olli-
but we already discussed haw a”dvz,p$ can be related to trault[8] used the variablezypi which is closely related te,,

€, Which is known also before freeze-out. [54]. For pionsv, and e, are related by a factor of PL1].)

€ and €, are functions of time; in the present section, This scaling is broken only for very peripheral collisions
however, we only need theitial spatial deformatior,(7,) ~ Which freeze out before the elliptic flow builds up and satu-
and thefinal momentum-space deformatiep( ;). For sim-  rates; thus in hydrodynamies/e, is constant over most of

plicity we will quote them as, ande,, respectively, with- ~ the impact parameter range.
out the time arguments. A phase transition is characterized by a strong drop of the

sound velocity in the critical regioffor a first order phase
transition the sound velocity vanishes in the mixed phdse
is therefore interesting to reinvestigate the impact parameter
Since most experiments have a limited acceptance iglependence of,/e, in the presence of a phase transition.
transverse momentum, the measured elliptic flow signal musthe impact parameter not only controls the initial spatial
be corrected for th@ acceptance. In Fig. 12 we show the ellipticity of the fireball, but also(with less variatioh its
pr dependence o, for pions and protons for semiperiph- injtial energy density. At a given beam energy, it is therefore
eral PbtPb and central BU collisions. In spite of their possible to probe the EOS over a range of energy densities
different masses, the predicted(pr) is rather similar for by varying the impact parameter. For a beam energy, at
the two particle specigd.0]. At low pr, the heavier protons which in central collisions the initial energy density is not
show even a little less elliptic flow than the pions. To thetoo far above the phase transition, it may thus be possible to
extent that hydrodynamics is applicable, the largey) for  study the effect of the reduced sound velocity near the phase
protons than pions measured by NAAS] is thus predomi-  transition on the elliptic flow by changing the impact param-
nantly due to the differenpr windows for the two particle eter. Weak structures in Fig. 9 of R¢8&] first indicated that
species(the proton elliptic flow was measured at highmr  the quark-hadron phase transition might thus become visible.
[16])). Our analysis improves on that analysis by including reso-
According to general argumer|s7], v, must vanish with  nance decays which tend to dilute the elliptic flow signature
zero slope apr— 0. We checked that this is true. Figure 12 [11].
shows, however, that for pions the turnover from a roughly In Fig. 13 we study the impact parameter dependence of
linear behavior at large+ to zero slope apt—0 occurs at  v,/€, in Pb+Pb collisions for three different initial central

A. pt dependence of elliptic flow
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v, e transition this feature would be absent. Unfortunately, these

0.04 variations are smallat the level of a few perceptand very
e,=45 GeV/im® accurate measurements are required to identify them.

Preliminary data from 158GeV Pb+Pb collisions[16]
show a monotonous decreasewf/ e, with increasing im-
pact parameter, instead of the nearly constant behavior pre-
dicted by hydrodynamicésee Fig. 13 For b—0, however,
the data seem to approach the hydrodynamic prediction. It is
possible that semiperipheral #Pb collisions do not equili-
brate quickly enough to permit the elliptic flow to fully reach
the hydrodynamic limit. Indeed, kinetic simulations with the
0.18r RQMD code [6,16,29, where the collision centrality is
coupled to the degree of local thermalization, are able to
. qualitatively explain the observed decreasevef e, with
2 4 6 8 10 12 increasing impact parameter: more peripheral collisions lead

b (fm) to less equilibration and hence to a weaker elliptic flow re-
sponse to the initial spatial ellipticity. WherQmD is modi-
initial spatial ellipticity e, as a function of impact parametbrfor fied to simulate an FTOS with a q.uark-haQron phase trans!tlon
Pb+Pb collisions. Results for three values of the initial central en-L6]: the same generic decreasg is Superlmlpos_ed on thg rise of
ergy density ath=0 (e,=4.5, 9.0, and 25 GeV/i# are shown. U2/é€x at largeb shown hergmiddle curve in Fig. 18 this
Note the suppressed zero on the vertical axis. results in a decrease of{/e)(b) which is first steep, then
flattens, then finally steepens agaéi.

It is evident that a proper understanding of the interesting
features in the impact parameter dependence,@t, pre-
dicted in Ref[6] for Pb+Pb collisions require the separation

f preequilibrium effects from those induced by the soften-
. L o ng of the EOS near the phase transition. A collision system
40A GeV). The calculated total pion multiplicity densities at Wﬁich is large enough topensure sufficiently rapid the?/mali—

b=0 and midrapidilty arelew/dWyzo(b.:0):.8;139’. 460, " ation for hydrodynamics to apply would make life much
and 317, respectively. For later comparison wit Fig. 14 Weasier. We therefore suggest studying elliptic flow in side-
also quote the corresponding rapidity densities for semip

ivheral PB-Pb  collisions: dN._/d b—7 fm)= €on-side Ut U collisions at zero impact parameter and search-
ripheral PbrPb co ISions: N yly:O( =7 fm)=415, ing for the hydrodynamically predicted phase transition sig-
220, and 148, respectively.

: . natures in the beam energy dependence of elliptic flow.
Figure 13 shows that, at moderate impact parameters, the dy dep P

largest elliptic flow is generated at the lowest of these three
beam energies. At very large impact parametarsere hy-
drodynamics becomes doubtfithe generated elliptic flow The time dependence of the flow patterns discussed in
naturally drops to zero, since the overlap region and its initiaSec. Ill reflects itself also in the beam energy dependence of
energy density are then too small and the matter freezes oetliptic flow. We already noted in Refl1] that the phase
before flow can develop. What is interesting, however, is thatransition causes a nonmonotonic excitation function for the
at higher beam energies the elliptic flow starts out lower tharelliptic flow coefficientv,: as the collision energy is in-
at e,=4.5 GeV/fn?, but thenu, /e, riseswith increasingb.  creasedy, first rises(at low energies the fireball freezes out
In fact, for e,=9 GeV/fn? this ratio reaches ab=11fm  before the elliptic flow can saturatbut then decreases again
nearly the same value as for central collisions egt as the initial energy density rises above the QGP threshold.
=4.5GeV/fnt. We now understand that this decrease is intimately con-
The decrease with rising beam energyef e, at moder-  nected to the diluting effects of the self-similar fireball ex-
ate impact parameters was fourid] to result from the soft- pansion in the mixed phase, even before the spatial deforma-
ening of the EOS in the phase transition region. The softion €, passes through zefsee the discussion in Sec. Ill)C.
matter near the transition point inhibits the buildup of elliptic Without a phase transition (EQ$ this does not happen
flow. Going at fixed beam energy to larger impact param<{see dash-dotted lines in Fig.)l4he slight decrease af,
eters is similar to going at fixed impact parameter to lowerwith EOSH at asymptotically high energies has a different
beam energies: in both cases the initial energy density in therigin, namely, a reduction of, by the opposite sign of the
collision zone is reduced, and eventually the matter is domispatial fireball anisotropy after, has passed through zero.
nated again by the relatively hard hadron gas. When read The comparison of semiperipheral PBb collisions with
from right to left, the curves in Fig. 13 can thus be viewed ascentral U+ U collisions in the upper and lower panels of Fig.
different projections of the excitation function of elliptic 14 shows that this nonmonotonic behavior of the excitation
flow which will be discussed below. We emphasize in par-function forv, is not sensitive to the existence of the “nut-
ticular the rise ofv, /e, towards larger impact parameters at cracker phenomenon”: the decreasewf below its maxi-
the high SPS and the low RHIC energy: without a phasemum in the SPS regime is only slightly weaker in the-U

0.22 8,=9.0 GeV/Am®

0.2r 8,=25 GeV/im®

FIG. 13. The ratio of the elliptic flow coefficient, and the

energy densitiese,=25 GeV/fnt (corresponding to a low
energy run at RHIE e;=9 GeV/fn? (corresponding to col-
lisions at the highest SPS energy of A58eV), ande,
=4.5GeV/fn? (corresponding to lower SPS energies aroun

C. Beam energy dependence of elliptic flow
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Pb+Pb, b=7fm tation functions for both PbPb and U+ U collisions to LHC
0.1 V. (EOS Q) ' ' ' 1 energies and demonstrates thatbegins to rise again, even-
Voo |- - v: (EOS H) (v, ) tually approaching the EOSlimit. The dip, which indicates
0.08} the presence of the phase transition, thus only covers the
energy range between SPS and RHIC. Note that in the same
energy region also the radial flofw , )) (dashed lines in Fig.
0.08 14) is predicted to grow more slowly witk/s than at lower
and higher beam energies where the expansion is predomi-
0.04} nantly driven by pure HG or pure QGP matter.
D. Elliptic flow as an estimator for the thermalization time
0'027?,3’3 e GTC-O.Q scale

Throughout this paper we have assumed early thermaliza-
o 500 1000 1500 2000 2500 3000 tion followed by hydrodynamic expansion. For a given initial

deformation of the collision zone in the transverse plane
(which can be calculated from geometry once the impact
parameter is known, for example, by a measurement of the

total pion multiplicity density at y=0

U+U, b=0fm, side—on-side

0.1

— v, (EOS Q) number of spectator nuclegnshis guarantees the maximum
V|- v, (EOS H) e n possible momentum-space response in the form of elliptic
0.08=-- (v, ) EOSQ) ___--"77 10.8 flow. Any delay in the thermalization process will lead to a

reduction of the elliptic flow: even without secondary colli-
sions the spatial deformation of the region occupied by the

0.06 produced particles decreases by free streaming, and if ther-
malization effectively sets in later, the resulting anisotropies
0.04} in the pressure gradients will be smaller, leading to less el-
liptic flow.
We can use the above demonstrated fact that, up to varia-
0.02 %P8 — 10.2 tions of the order of 20%, the hydrodynamic respongeo
P RHIC o ; : e
the elliptic spatial deformation at thermalization is essen-
o , , , tially constant Y% e,~ const=0.25. This allows us to in-
0 1000 2000 3000 4080 terpret the measuragd, in terms of areffectiveinitial spatial
total pion multiplicity density at y=0 deformation at the point of thermalization, i.e., at the begin-

o ) . . ning of the hydrodynamic evolution. It is clearly not a good

FIG. 14. Excitation function of the elliptic flow coefficient, 555 roximation to idealize the initial kinetic equilibration
(left vertical axis and the radial flow(v, )/c (right vertical axi$,  gtage of the collision by a stage of collisionless free stream-
E)izmﬁ.b.COIHSﬁ'lsoi?):? fm (;pﬁsr ﬁaf?e' atntli S'qe'(_m's'?he ing followed by hydrodynamic expansion, thereby assuming
cotisions ah=>1 oWeT panel. 1he horizonialaxis gives e - 3 sydden, but delayed transition from a nonequilibrium initial

total pion multiplicity density at midrapiditg Nv/dy|y:0 as a mea- . . . . e
sure for the collision energy. Horizontal arrows indicate the regionsState to a fully thermalized fluid. Still, this simple-minded

covered by SPS, RHIC, and LHC. In the lower panel LHC would picture can be used to Obta!'” a rqugh first order-of-
start around 5000. magnitude guess of the thermalization time scale, based on a

measurement af , [22].
To this end we note that under free streaming the phase-

case than for PbPb, although only the latter features a space distribution evolves as

“cracking nut.” Since elliptic flow is a fragile phenomenon
which is quite sensitive to incomplete thermalization, we be- p

lieve that the most promising route towards experimental f(r,p,t)=f(f—E(t—to)yp,to)- (4.9
verification of the phase transition signature suggested here

is to study the excitation function aef; in the largest avail-

able deformed collision system, namely,
U+U collisions.

In Ref.[11] we missed the fact that at asymptotically high
energies the elliptic flow coefficient, must approach the
larger value corresponding to the stiffer QGP equation of ) ) 2. 2
state EOS$. We calculated in Refl11] the excitation func- f(r.pt )=ex;{ CXT YT BThy
tion for b=7 fm Pb+Pb collisions only up to multiplicity o 2R, 2R; 247
densitiesdN,, /dy|,_,=500 and concluded prematurely that
v, saturates at high collision energies at a value below the
value corresponding to EG$. Figure 14 extends the exci- one easily finds

central Slde_On_s"d%sing a Gaussian parametrization for the initial phase-space
distribution of produced secondary particles

. (49
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a large subvolume of mixed phase matter which undergoes
f d?rr? C05(2<Pr)J’ d®pf(r.p,t) nearly self-similar, acceleration-free expansion while it lasts.
&(t)= In addition to thev, excitation function it leaves traces in the
f d2rr2f d3pf(r,p,t) impact parameter dependence of the respanse, of the
elliptic flow to the initial spatial deformation of the collision
R§+ Rf, zone, and in thénot directly measurab)eime evolution of
~ EX(tO)R§+ RCT2(CAD?" (4.6 the flow anisotropye,,.

When colliding spherical nuclei with each other, the mea-

whereAt=t—t, is the time delay between particle formation Surement of elliptic flow requires selecting collisions at
and thermalization. Assuming that(t,+At) can be ob- ratherlarge impact parameteis%5 fm) in order to achieve
tained from the measurag, by dividing by ~0.25, we can @ sufficiently large initial spatial deformation of the nuclear

extractAt by rewriting Eq.(4.6) as overlap region(reaction zong Correspondingly the overall
size of the elliptically deformed, expanding fireball is small,
e (toTAt) (cAt)? |71 and one may doubt the applicability of our hydrodynamic
Telty) + R1+69| (4.7 approach. We here point out that centrat-U collisions in

the side-on-side configuration provide nearly twice larger
where & parametrizes the initial deformation vR,=R(1 collision volumes at similar deformation asPBb collisions

—3), Ry=R(1+ 5) such thate,(to) =28/(1+ 5°). at b=7 fm and should thus exhibit hydrodynamic behavior
Inserting appropriate values f&and 5 one finds that for much more clearly. _ _
Pb+Pb collisions ab=7 fm a dilution by 50% of the elliptic We therefore carefully compared central side-on-side

flow signal by initial free streaming requires a time delay of U+U collisions with semiperipheral PbPb collisions at all
order 3.5 fm¢ until thermalization sets in; for central/lu  collision energies. We showed that the phase transition sig-
collisions in the side-on-side configuratiaht~5 fm/c of  hature in thev, excitation function manifests itself similarly
approximate free streaming would be required to dilute thdn both collision systems. The tlU system should thus be
elliptic flow signal by 50%. Thigadmittedly roughexercise  preferred for its presumed better hydrodynamical behavior
demonstrates two pointé) U+U collisions provide the bet- and for the larger particle multiplicities which improve the
ter chance to observe the full hydrodynamic elliptic flow statistics of elliptic flow measurements. The phase transition
signal and(ii) the observation of less elliptic flow than hy- signal appears to be slightly stronger in the smallet-Pb
drodynamically expected can be used to obtain a rough estpystem; we were able to trace this to the “nutcracker phe-
mate of the thermalization time scale in the initial collision Nomenon” of Shuryak and Teanejl2] which, unfortu-
stage. nately, only occurs in the PbPb system. In trying to under-
stand the fragility of “nutcracker flow” we found that it
V. SUMMARY crucially relies on the existence of a rather thick shell of
mixed phase matteat restin the initial state of fireball ex-
On the basis of hydrodynamic simulations we analyzedhansion, which surrounds a significant core of QGP. In re-
the sensitivity of radial and elliptic transverse flow at midra-sponse to internal pressure gradients the QGP core starts to
pidity to the quark-hadron phase transition. We modeled thigxpand and “slams” into the surrounding shell of mixed
phase transition as a strong first order phase transition with phase at rest. This cannot happen in centrallcollisions
latent heat of about 1.15 GeV/fmt manifests itself dynami-  since there the initial transverse energy density profile drops
cally as an expanding shell of mixed phase matter insidéo zero so steeply that no visible mixed phase shell forms.
which all pressure gradients and thus all hydrodynamic ac- We thus conclude that the interesting “nutcracker flow”
celeration forces vanish. Compared to the situation of a purphenomenon constitutes a very fragile variant of anisotropic
HG or a pure QGP phase this leads to a reduction of botfiow which is not generated in centraHlJ collisions. If the
radial and elliptic flow. Elliptic flow, as the more fragile fireballs formed in semiperipheral P#Pb collisions should
phenomenon which is generated only by azimuthal anisotroturn out to be too small to achieve sufficient local thermali-
pies in the pressure gradients, shows a larger sensitivity teation for hydrodynamics to work, it may be unmeasurable.
the phase transition than radial flow. Also, since we showedFortunately, the elliptic flow signature for the phase transi-
that it saturates well before freeze-out, it more directly re-tion is more robust and does not require the actual “cracking
flects the EOS during the early and dense stages of the ewf the nut”; it should be clearly visible in central U col-
pansion. lisions.
As a tell-tale signature for the phase transition we predict This raises the question of how to experimentally select
a nonmonotonic excitation function for the elliptic flow co- the side-on-side collision geometry. By requiring zero spec-
efficient v, as shown in Fig. 14. In the present paper wetators one can trigger on configurations in which the collid-
explored in great detail the origin of the dipin, which we  ing nuclei overlap completely in the transverse plane. This
predict to occur in the energy region between the SPS anstill allows for arbitrary, butup to a sign equal angles
RHIC, by performing a careful analysis of the space-time= = 6,) between the beam direction and the long axes of the
evolution of the anisotropic transverse flow pattern for a vatwo deformed nuclei. The interesting side-on-side configura-
riety of collision energies. As the dynamical origin of the tion corresponds ta@;= 6,=90°. Since this configuration
phase transition signature i we identified the existence of has the largest initial spatial deformation in the transverse
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plane, it generates the largest elliptic flawy; therefore, phase transition signature to our simple modeling of the
Shuryak[17] suggested a cut on large to select the side- phase transition: we used a Maxwell construction between
on-side collision geometry. Unfortunately, the event-by-the HG and QGP equations of state, leading to a strong first
event fluctuations ob, are so large that this off line trigger order phase transition with large latent heat. We do not be-
is not expected to be very efficief60]; furthermore, it lieve that smoothing the phase transition to a rapid crossover
would introduce an inconvenient trigger bias into our sug-Wwill qualitatively alter our results: the only major change will
gested investigation of the dependence obn various con- be a replacement of the acceleration-free mixed phase by a
trol parameters. transition region with nonzero, but nevertheless small pres-
We have not been able to come up with a more efficiensure gradients. However, since elliptic flow signals are ge-
selection criterium. We checked that with initial conditions nerically weak and the predicted effects from the phase tran-
calculated according to E@2.6), the produced charged par- Sition are at a level of only about 10% of this signal, further
ticle multiplicity densities at midrapidity vary by less than hydrodynamic simulations using a more realistic modeling of
5% between tip-on-tip and side-on-side collisiégngth side- the EOS may be required for a reliable quantitative assess-
on-side collisions producing more particles, with slightly ment of the expected experimental signal.
smaller{py) at freeze-out Again this difference is well be-
low the expected level of event-by-event fluctuations. Its ACKNOWLEDGMENTS
smallness is explained by the fact that with the an§ai@)
the amount of entropgl S/'dy stopped at midrapidity is es-
sentially independent of the orientatieh= = 6, (for 0 ° it
is 1.3% larger than for 90 °), and boost-invariant longitudi-
nal expansion conservelS/dy. At higher collision energies
minijet production may overtake the soft particle production
processes implicitly assumed in Eg.6); instead of scaling
with the number of wounded nucleons as in Exj6), minijet
production scales with the number of nucleon-nucleon colli
sions, involving the product rather than the sum of the
nuclear thickness functions appearing in Eg.6). In this
case tip-on-tip collisions are expected to generate consider- ~ APPENDIX! IMPLEMENTATION OF BOOST
ably more entropy in the transverse plane at midrapidity than INVARIANCE

side—o_n—side collisions, and one cou[d trigg(_ar on the latter by 5p, elegant method of introducing longitudinal boost in-
selecting for zero spectators combined with ldW/dy(y  yarjance with the longitudinal velocity field,=z/t makes

=0). use of the notation of general covariant derivatives. In an

In the absence of an efficient trigger for side-on-side,pitrary coordinate system the equations of motion can be
U+U collisions at present-day collision energies one will be,itten

forced to compare with data which are averaged over all

orientations#, = * #,. The computation of an orientation- T .=0, j™,=0, (A1)
averaged excitation function far, is, however, numerically

expensive; we therefore postpone it until experiments involvwhere the semicolon indicates a covariant derivative. For

We gratefully acknowledge fruitful discussions with Ta-
mas Birq Pasi Huovinen, Art Poskanzer, and Sergei Vo-
loshin. Our hydrodynamic code is(2+1)-dimensional gen-
eralization of a(1+1)-dimensional algorithm for central
collisions which was originally developed by M. Kataja,
P.V. Ruuskanen, R. Venugopalan, and P. Huovinen. We
thank these colleagues for allowing us to modify their code
for noncentral collisions. This work was supported in part by
BMBF, DFG, and GSI.

ing U+U are approved. tensors of rank 1 and 2 it reads explicitly
Our prediction of a dip in the excitation function of at G .
midrapidity is directly related to the one by Rischédeal. [4] Jp=lptTpd® (A2)
of a dip in the excitation function for directed flow at for- , , ) ,
ward and backward rapidities: both rely on the softening of T =TK o+ T TR TE T, (A3)

the EOS near the phase transition which results in reduced . . o
hydrodynamic pressure gradients_ We point out, however\{Vhere the comma denotes a Slmp|e partlal derivative and the
that, as the collision energy increases, the time interval durChristoffel symbold';; are given by derivatives of the metric
ing which directed flow is generatdthe nuclear transition tensorg®”(x):

time) becomes shorter and shorter, and the prospects for suf- s 1 ks

ficiently fast local thermalization to validate hydrodynamic = 29" Gik t Gjk,i — Gij k) - (A4)
concepts thus become worse and worse. The opposite is true . ) )

for elliptic flow: Figs. 7 and 9 show that the time interval /& Use this with the following transformation from Carte-
over which elliptic flow builds up approaches at high colli- Sian to light cone coordinates:

sion energies a finite limit of about 7 fimfor semiperipharal

Pb+Pb and about 12 fne/ for central U+U collisions. The x=(tx,y,2) =X"=(7.%Y,7),

density of produced particles, on the other hand, continues to —

increase, leading to shorter and shorter thermalization times. t=rcoshy, 7=\t°—2z°, (A5)
The hydrodynamic description of elliptic flow buildup .

should thus becomketterwith increasing collision energy. z=7sinhy,  p=1In—— (AB)

We finally comment on the sensitivity of the proposed t—z
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In the new coordinate system the velocity fi¢idter insert- _ _ T
ing v,=2/t) is given by TP O T7) ut (0, T7) y=—px— — (ALlD)
U= y(1p4,0y,0) (A7)
L— . — 7y
with v;=v; coshy, i=x,y, and y=1/1-vi—v2. T 4 (0T) + (0TY) = —p oy T_ (A110
Now we turn to the metric of the new system. We have TOTXE XYY Yoor

ds’=g,,, dx“dx"=dt*~ dx*—dy*—dz*

=dr?—dx®—dy?*—2dn? (A8 1
y-—7°dn=  (A8) =P ,=0, (A11d)
and therefore

1 0
0 L while the current conservatio\1) becomes
Imn= 0 0 -1 0 (A9)
> N
0 0 0 = I (0d )t (yi D y=— (A12)
The only nonvanishing Christoffel symbols are
Do=0o=" Ihy=m (A10)  we note the explicit appearance pion the right-hand side

of the differential equations, reflecting the dilution of the
Finally, by making use of the relatio& =y, T""+v;p and  Matter due to the boost-variant longitudinal expansion. Con-

T77= p/7-2 the energy-momentum conservation equationg'leCtEd with this is the initial equilibration tlrnQ) as one of

(A1) turn forn=r,x,y, 5 into the model parameters. Equati¢Alld) expresses the fact
o o that, due to longitudinal boost invariance, the evolutiomis

T A (0T x+ (0, TT) independent. Multiplying these equations bwand introduc-

D+ T ing the scaled quantitieg*=rj*, T#"=7T**, andp=p

= - —(pu) x—(pvy)y, (Alla leads to the simple forr2.4).
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