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Seniority isomerism in proton-rich NÄ82 isotones and its indication to stiffness of theZÄ64 core
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The 101 and 27/22 isomers of theZ.64, N582 nuclei are investigated in the shell-model framework. We
derive an extended seniority reduction formula for the relevantE2 transition strengths. Based on the extended
formula, as well as on the approximate degeneracy among the 0h11/2, 2s1/2, and 1d3/2 orbits, we argue that the
B(E2) data require the146Gd core excitation. The energy levels of both parities and theB(E2) values are
simultaneously reproduced by a multi-j shell-model calculation with the modified surface-delta interaction, if
the excitations from (0g7/21d5/2) to (0h11/22s1/21d3/2) are taken into account.

PACS number~s!: 21.60.Cs, 23.20.2g, 23.40.Hc, 27.70.1q
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I. INTRODUCTION

Through recent experiments on unstable nuclei, it
been recognized that the nuclear magic numbers are not
orous and somewhat depend onZ and N @1#. The magicity
observed around theb-stable line may disappear in a regio
far from the stability. For instance, the magicity ofN58 no
longer holds in the neutron-rich nucleus11Be. Although
there has been no clear evidence, it is also of interest whe
new magic numbers emerge in proton- or neutron-rich
gion. So-called submagic numbers such asZ540 and Z
564 have been known, which have been distinguished fr
the magic numbers partly because their magicity disapp
as Z or N changes. However, we now know that even t
usual magic numbers depend more or less onZ or N. A
question should be recast: what is the difference betw
magic numbers and submagic numbers? In this respect,
worthwhile reinvestigating the stiffness of the subshell c
sure.

The 146Gd nucleus shows several indications of theZ
564 subshell closure~e.g., relatively high excitation energ
of 21

1) @2#. In theZ.64, N582 isotones, high-spin isomer
with Jp5101 ~for even-Z nuclei! and 27/22 ~for odd-Z nu-
clei! have systematically been observed@3–6#. In connection
to these isomers, the single-j shell model with thep0h11/2
orbit was successfully applied to theZ.64, N582 isotones
@7#. In the single-j shell model, the seniority reduction for
mula ~SRF! is available for theE2 decay strengths of th
high-spin isomers. The SRF had predicted a strong hindra
for the decay strengths of the isomers aroundZ570, which
is in coincidence with the measuredE2 properties of the 101

and 27/22 isomers. At a glance, this seems to indicate t
the Z564 subshell is stiff enough for146Gd to be treated as
an inert core. On the other side, the stiffness of theZ564
core has been argued so far. For instance, by analyzing
excitation energy of the 101 state in 146Gd as well as those
in the Z.64 isotones, it was insisted that significant p
excitation acrossZ564 exists@8#.

In this paper, we investigate the 101 and 27/22 isomers in
theZ.64, N582 nuclei, primarily focusing on the stiffnes
of theZ564 core. For the decay strengths of the isomers,
0556-2813/2000/62~5!/054304~13!/$15.00 62 0543
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extend the SRF so that it could apply to the multi-j cases.
This formula shows that the decay strengths reflect the s
ness of theZ564 core. If the approximate degenera
among the 0h11/2, 2s1/2, and 1d3/2 orbits is taken into con-
sideration, the hindrance of theE2 strengths of the isomer
turns out to indicate the presence of the pair excitation ac
Z564.

II. SINGLE- j SHELL MODEL FOR ZÌ64, NÄ82
ISOTONES

The proton-richN582 isotones have been explored e
perimentally. After the discovery of theZ564 submagic na-
ture at 146Gd @2#, several low-lying levels have been esta
lished up to154Hf @9#. In this region, the excitation energie
of the yrast states are nearly constant from nucleus
nucleus, both for even-Z (148Dy, 150Er, 152Yb, and 154Hf)
and odd-Z (149Ho, 151Tm, and153Lu) isotones. Furthermore
high-spin isomers were observed systematically; 101 iso-
mers for the even-Z isotones aroundEx;3 MeV, and
27/22 isomers for the odd-Z isotones around Ex
;2.5 MeV.

Whereas state-of-the-art shell-model calculations with
realistic effective interaction have been applied to theZ
<64, N582 isotones@10#, there have not been many the
retical studies in theZ.64 region. Lawson carried out
single-j shell-model calculation withp0h11/2 on top of the
146Gd core@7#. The residual interaction was empirically de
termined from the experimental energy levels of148Dy. The
levels of theZ>66 isotones were reproduced to a certa
extent, apart from the odd-parity levels for the even-Z nuclei
and the even-parity ones for the odd-Z nuclei, which are
outside the model space. It is noted that, while the measu
excitation energies of the 21, 81, and 101 states gradually
decrease asZ increases, this tendency is not reproduced
the single-j model.

In the single-closed nuclei, it has been known that
seniority v is conserved to a good approximation. This
true also in Lawson’s results. The 101 and 27/22 isomers
decay via theE2 transition. The 101 isomers and their
daughters 81 have the seniorityv52, which is carried by
the (0h11/2)

2 configuration. Similarly, the 27/22 isomers and
©2000 The American Physical Society04-1
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their daughters 23/22 havev53. TheE2 transition is usu-
ally described by a one-body operator. The seniority red
tion formula ~SRF! is well-known in the single-j configura-
tion. By representing the 0h11/2 orbit by j, the SRF for the
seniority-conservingE2 transitions gives@11#

^jnvJf
puuT~E2!uujnvJi

p&5
Vj2n

Vj2v
^jvvJf

puuT~E2!uujvvJi
p&,

~1!

where Vj5 j j11/2. In the present casej j511/2 andVj

56. In Lawson’s model the particle numbern should beZ
264. Equation~1! shows hindrance of theE2 strengths by
the factor@(62n)/(62v)#2 when n deviates fromv. This
hindrance factor gives the parabola behavior ofB(E2) as a
function ofZ and leads to a remarkably long lifetime arou
Z570, i.e., 152Yb. This stabilization mechanism is calle
seniority isomerism.

The experimental data on theB(E2) values of the iso-
mers fit well the parabola in the 66<Z<70 region. Further-
more, bothE2 strengths of the 101 and the 27/22 isomers
are described by a single effective charge (eeff;1.5e). In
particular, the strong hindrance of theE2 transition is actu-
ally detected for 152Yb, with B(E2;101→81)50.9
60.1 e2fm4 @6#. In comparison with the data, theE2
strengths are overestimated for153Lu and 154Hf in the single-
j model to a certain extent, as will be shown later. T
discrepancy should be attributed to an effect of the or
other than 0h11/2.

III. EXTENSION OF THE SENIORITY REDUCTION
FORMULA

Despite its success in predicting the seniority isomeris
the single-j model will be too simple to be realistic, since th
p0h11/2 orbit is not isolated. In the odd-Z N582 isotones,
1/21 and 3/21 states are present in the vicinity of the 11/22

states, indicating the approximate degeneracy among
proton orbits 0h11/2, 2s1/2, and 1d3/2. A certain number of
levels with opposite parities~odd-parity levels for the even-Z
isotones and even-parity ones for the odd-Z isotones! are
also observed in the low-energy regime, which cannot
described in thep0h11/2 single-j model. We shall reinvesti-
gate the 101 and 27/22 isomers in the multi-j shell-model
framework.

There is no evidence for a breakdown of the neut
magic numberN582 in the low-energy region, except for
few states relevant to the octupole collectivity. We, hereaf
maintain theN582 inert core. For the proton degrees
freedom, the 50,Z,82 major shell is considered.

While the seniority isomerism in this region has been d
cussed based on the SRF for the single-j orbit p0h11/2, in
the following we show that the formula~1! can be extended
to the multi-j model space with a simple modification.

Let us define the seniority in the multi-j space by the sum
of the seniorities of each orbit,v5( jv j . The seniority is
expected to be a good quantum number in single-closed
clei, at least for their low-lying states. In the high-spin is
mers under interest, the seniority is carried only by
05430
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p0h11/2 orbit, to a good approximation. In the 50,Z,82
major shell,Jp5101 with v52 is uniquely formed by the
(0h11/2)

2 configuration, andJp527/22 with v53 by
(0h11/2)

3. The decays of the isomers occur via theE2 tran-
sition without changing the seniority. Within this majo
shell, the 81 state with v52, the final state of the 101

decay, also has the (0h11/2)
2 configuration. The 23/22 state

having v53, the daughter of the 27/22 decay, is predomi-
nantly (0h11/2)

3. Although this state may have an admixtu
of (0g7/2)

2(0h11/2)
1 and (0g7/2)

1(1d5/2)
1(0h11/2)

1, the ad-
mixture will be small, because these configurations need
citation acrossZ564 by two protons. Moreover, the remain
ing part consisting of 01 pairs is expected to have almo
identical structure between the isomers and their daug
states. This is in accordance with the spherical BCS@12# or
Talmi’s generalized-seniority picture@13#, where quasiparti-
cles are defined on top of the coherent 01 pairs distributing
over the valence orbits. Keeping this situation in mind,
derive an extended formula in a somewhat general mann

Suppose that~a! the seniority is a good quantum numbe
~b! for a seniority-conservingE2 transition, the seniority is
carried by a single orbit~labeled byj) both for the initial and
the final states of the transition, and~c! the wave functions of
the paired particles are identical between the two states. C
dition ~c! will be given below in more definitive manner. W
represent all valence orbits other thanj by r. In the present
N582 case,j5p0h11/2 and r 5p(0g7/21d5/21d3/22s1/2).
The shell-model bases are decomposed into the produc
the jnj and r nr configurations, where the valence partic
number is given byn5nj1nr . Because of~b!, the seniori-
ties of thej and r subspaces arevj5v and v r50, respec-
tively. The initial and final states are expanded as

u~jr !nvJi
p&5 (

nj(>v),a
cnjaujnjvj5vJi

p&ur n2njav r5001&,

~2!

and

u~jr !nvJf
p&5 (

nj(>v),a
cnjaujnjvj5vJf

p&ur n2njav r5001&.

~3!

Here a represents composition of the 01 pairs within the
r n2nj configuration. For instance, a distinguishes
(0g7/21d5/2)

14(1d3/2)
2(2s1/2)

2 from (0g7/21d5/2)
14(1d3/2)

4.
The condition~c! is defined as the expansion coefficien
(cnja) being equal betweenuJi

p& and uJf
p&. For zero-range

interactions like the surface-delta interaction~SDI!, this con-
dition results from~a! and~b!, as is verified in the Appendix
The normalization yields

(
nj ,a

cnja
2 51. ~4!

Because of condition~c!, the occupation number on the orb
j is equal between the initial and the final states:
4-2
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^Nj&5 (
nj ,a

cnja
2 nj , ~5!

whereNj stands for the number operator onj.
Since ther subspace carries no seniority under condit

~b!, the E2 transition is forbidden within this subspac
Namely, in the seniority-conservingE2 transition, ther sub-
space behaves as a spectator. TheE2 matrix element is then
written as

^~jr !nvJf
puuT~E2!uu~jr !nvJi

p&

5 (
nj ,a

cnja
2 ^jnjvj5vJf

puuT~E2!uujnjvj5vJi
p&. ~6!

ThisE2 transition is a noncollective one, contributed only
the j orbit. Substitution of the SRF for the orbitj @see Eq.
~1!# into the right-hand side~rhs! yields

^~jr !nvJf
puuT~E2!uu~jr !nvJi

p&

5 (
nj ,a

cnja
2 Vj2nj

Vj2v
^jvvJf

puuT~E2!uujvvJi
p&, ~7!

with Vj[ j j11/2. Because of Eqs.~4! and ~5!, we finally
obtain

^~jr !nvJf
puuT~E2!uu~jr !nvJi

p&

5
Vj2^Nj&

Vj2v
^jvvJf

puuT~E2!uujvvJi
p&. ~8!

Equation~8! links the E2 matrix element tô Nj&, occupa-
tion number on the orbitj. If the effective charge paramete
in T(E2) is fixed in advance, theE2 matrix element is de-
termined only from̂ Nj&. Conversely,̂ Nj& can be extracted
from theE2 matrix element. What determines^Nj& is cnja ,
which represents the configuration mixing due to the pair
correlation. Thus theE2 strengths of the isomers are a pa
ing property, sensitive to the mixing via the pairing intera
tion.

Compare formula~8! to the SRF for the single-j orbit ~1!.
Although the multi-j matrix element is under discussion, th
only difference in the rhs is that the particle numbern is
replaced by the expectation value^Nj&. We call Eq.~8! ex-
tended seniority reduction formula~ExSRF!. The hindrance
of the transition strength occurs via the factor@(Vj

2^Nj&)/(Vj2v)#2, in parallel to the argument in the single
j case, and extraordinarily long lifetime is expected if^Nj&
.Vj . The ExSRF~8! obviously contains the single-j for-
mula ~1! as a limiting case. Equation~8! reduces to Eq.~1! if
cnja51 for nj5n and 0 for the others. Still the differenc

from the single-j case should be remarked. Even when
seniority is conserved, there could be configuration mix
due to the pairing correlations. While the SRF~1! in the
single-j model requires that any mixing should be negligib
the ExSRF~8! holds with the pairing mixing. The presen
conditions for theE2 hindrance are thereby much more r
alistic than in the single-j case, and the hindrance due
05430
g
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^Nj& may be found in a variety of the single-closed nuc
and their neighbors. We call this mechanismextended se-
niority isomerism.

Blomqvist suggested, without proof, thatn in the SRF~1!
can be reinterpreted as the occupation number@14#. Discus-
sion based on the BCS approximation was given in Ref.@15#.
The BCS argument leads to the factor (uj

22vj
2) in terms of

the u and v coefficients@16#, which is proportional to (Vj

2^Nj&). However, the degree of the approximation was n
clear enough. The BCS approximation presumes cohe
pairing and ignores some dependence on the seniority@e.g.,
the seniority dependence in the denominator of Eq.~8!#. On
the other hand, we have derived the ExSRF in more rigor
and general manner, which is exact as far as the condit
~a!–~c! are satisfied.

We here comment on the relation of the ExSRF~8! to the
multi-j quasispin~QS! formula for the degenerate single
particle orbits @17#. The multi-j QS formula is available
when the pair distributes over all the valence orbits w
equal amplitudes. We then have

nj2v
n2v

5
Vj2v
V2v

, ~9!

where we use the notation

V5 (
j P(j,r )

V j5 (
j P(j,r )

~ j 11/2!. ~10!

By employing Eqs.~4! and ~9!, Eq. ~7! reduces to

^~jr !nvJf
puuT~E2!uu~jr !nvJi

p&

5
V2n

V2v
^jvvJf

puuT~E2!uujvvJi
p&. ~11!

Because of condition~b!, Eq. ~11! is equivalent to the multi-
j QS formula

^~jr !nvJf
puuT~E2!uu~jr !nvJi

p&

5
V2n

V2v
^~jr !vvJf

puuT~E2!uu~jr !vvJi
p&. ~12!

We now return to the case of theN582 isotones. Since
j50h11/2 ~therebyVj56), the 101 or 27/22 isomer has
remarkably long life for a nucleus satisfyinĝN0h11/2

&.6.

Namely, the observed long lifetime of the 101 isomer in
152Yb implies ^N0h11/2

&.6. As long as 2s1/2 and 1d3/2 lie

closely to 0h11/2, there should be mixing among these orb
due to the pairing interaction, causing a decrease
^N0h11/2

&. However, it can be compensated by the excitat

from 0g7/2 or 1d5/2 to 0h11/2, which increaseŝN0h11/2
&. As

we discuss in the following sections, this should be wh
happens in the isomers in theZ.64, N582 isotones.
4-3
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FIG. 1. Comparison of the ob-
served and calculated energy le
els for 145Eu, 146Gd, and 147Tb.
The levels of146Gd and the lowest
five levels of 145Eu and147Tb are
employed to fit the parameters i
the shell-model Hamiltonian. The
experimental data are taken from
Ref. @9#.
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IV. MULTI- j SHELL MODEL FOR Zœ64, NÄ82 ISOTONES

A. Model space

In this section, we present how the properties of the hi
spin isomers are described by a calculation in the mulj
shell-model framework. As discussed in the preceding s
tion, the model space should include all the five orbits in
50,Z,82 major shell. Large-scale shell-model calculatio
were carried out for the 62<Z<65, N582 isotones with
moderate truncation@18#, as well as for theZ<64, N582
isotones in the full major shell@10#. On the other hand, ou
main purpose is to illustrate the extended seniority isom
ism in theZ.64, N582 isotones. In order to avoid time
consuming computations, we adopt a relatively small sp
by truncation.

The space for diagonalization is truncated as follows. P
tially maintaining theZ564 subshell structure, we restric
the excitation out of the 0g7/2 and 1d5/2 orbits to four par-
ticles. Furthermore, the total seniority is limited tov<3 (v
<2) for the odd-Z ~even-Z) nuclei. The seniorities of the
101 and the 27/22 states are pure in this space as well
those of their decay daughters; condition~a! in Sec. III is
satisfied. Condition~b! is exact for the 101 decay, while the
final state 23/22 of the 27/22 decay has a small admixture o
the (0g7/2)

2(0h11/2)
1 and (0g7/2)

1(1d5/2)
1(0h11/2)

1 configu-
rations, as stated in Sec. III.

B. Energy levels

The shell-model Hamiltonian is written as

H5E01(
j

e jNj1V. ~13!

Here E0 is a constant shifting the origin of the energy,e j
represents the single-particle energy of the orbitj, andNj the
number operator onj. The residual two-body interaction i
denoted byV, for which we adopt the modified surface-del
interaction~MSDI!,

V524pAT51(
l

Y(l)~ r̂1!•Y(l)~ r̂2!1B. ~14!
05430
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There are eight parameters in the Hamiltonian,E0 , e j for the
five orbits, AT51 and B. They can be classified into two
groups. One is comprised of the differences ofe j ’s ~four
parameters! andAT51. These five parameters are relevant
the excitation spectra for an individual nucleus. The oth
consists ofE0 , B, and overall shift ofe j ’s. They do not
change excitation spectra, but affect the gross behavior o
binding energies. It is noticed that effects of the Coulom
repulsion between protons are principally contained inB. As
is proven in the Appendix, the ExSRF~8! becomes exact for
the 101 decay with the present seniority-truncated mod
space and the interaction.

In describing the extended seniority isomerism, it is im
portant to reproduce the degree of the pair excitation ou
theZ564 core. In147Tb and 149Ho, a 5/21 and a 7/21 level
have been observed at very low energies (Ex&1 MeV) @9#.
These levels could be another manifestation of the core
citation. It is hard to reproduce these levels without includi
the 0g7/2 and 1d5/2 orbits. Analogously,145Eu has low-lying
(Ex&1 MeV) states with 11/22, 1/21, and 3/21. The cou-
pling constantAT51 and thee j differences are determined s
as to reproduce the lowest levels ofEx&1 MeV in 145Eu
and 147Tb, as well as theEx&3 MeV low-lying levels of
146Gd. The adopted value ofAT51 is 0.210 MeV. The results
of the fitting are depicted in Fig. 1, together with seve
higher-lying levels, in comparison with the experimen
data.

There are a few levels which are not described by
calculation. The 32 state of146Gd has been interpreted as a
octupole collective mode including the neutron excitatio
@3#. Therefore, this state has been excluded from the fitti
The 9/22, 7/22, and 13/22 states of145Eu are considered to
be pd5/2

21
^ 32 or pg7/2

21
^ 32 @10#. Since they involve the

octupole collective excitation, these states are beyond
model space in the present calculation as well. The 151

and 17/21 states of147Tb are also regarded asph11/2^ 32.
The remaining parameters,E0 , B, and the constant shif

of the single-particle energies, are fixed from the bindi
energies of the 63<Z<74, N582 isotones@19#. We obtain
E0590.10 MeV andB50.409 MeV, representing the en
ergies by relative values to the experimental ground-s
energy of 146Gd. The resultant single-particle energies a
4-4
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listed in Table I. The calculated binding energies are co
pared with the data in Fig. 2. We have sufficiently go
agreement, with the largest discrepancy of 0.45 MeV
145Eu.

The ground-state wave function of146Gd holds theZ
564 closure only by 11% in this calculation. The core
broken due to the pairing correlation, with keeping the
niority a good quantum number. Having 53% excitation o
single pair and 36% of two pairs, the average number
protons excited out of theZ564 core amounts to 2.5. Thi
result is barely influenced even if we relax the seniority tru
cation tov<4. As was pointed out in Ref.@8#, the Z564
core is broken to a sizable extent by the pair excitation.

We carry out a shell-model calculation with the abo
Hamiltonian for the 66<Z<72, N582 nuclei. The calcu-
lated energy levels for the even-Z nuclei are compared with
the observed ones@9# in Figs. 3~for even-parity levels! and 4
~for odd-parity levels!, up toEx.3 MeV. Almost all levels
in this energy range are in reasonably good agreem
Among them, theEx(2

1) values are somewhat higher tha
the data. This discrepancy seems mainly concerned with
quadrupole collectivity, and could be ascribed to the tru
cated model space or to the interaction which might be
simple. On the other hand, theE2 decay of the isomers ha
noncollective character, occurring via the transition with
0h11/2. Therefore, it is not quite relevant to the quadrupo
collectivity. As presented in Fig. 4, the odd-parity levels a
also reproduced, except for the octupole collective state2,
which is not shown in the figure. This is an obvious adva
tage over against the previous single-j calculation, since the

FIG. 2. Binding energies for 63<Z<74, N582 isotones. All
values are plotted relative to the experimental binding energ
146Gd. The data are taken from Ref.@19#.

TABLE I. Adopted values of the single-particle energies.

j 0g7/2 1d5/2 0h11/2 2s1/2 1d3/2

e j ~MeV! 28.33 27.73 26.88 26.73 26.43
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odd-parity levels are out of the model space in the singlj
calculation. As mentioned in Sec. II, the excitation energ
of 21, 81, and 101 states slightly decrease asZ goes up.
This behavior is well reproduced by the present calculati
while the energies slightly increase in the single-j model.

In Figs. 5 and 6, the calculated yrast levels are compa
with the experimental data for the odd-Z nuclei, up toEx
.3 MeV. The energies relative to the 11/22 state are pre-
sented both for the data and the calculated results. The ag
ment is sufficiently good, as in the even-Z nuclei. The even-
parity states, which are beyond the space in the singj
model with 0h11/2, are also reproduced~Fig. 6!. In all of the
calculated levels presented in the figures, the seniority
conserved to an excellent extent. The 11/22, 1/21, 3/21,
5/21, and 7/21 states lying inEx&1 MeV have v51,
while the others havev53. It should be remarked that th
5/21 and 7/21 levels, the 1d5/2 and 0g7/2 states with the pair
excitation, are also reproduced well, in149Ho and 151Tm.
The intruder level 15/21 is not shown in the figure, which
should be an octupole collective state withp0h11/2^ 32.

C. E2 strengths of the high-spin isomers

Let us turn to theE2 transition strengths of the high-spi
isomers. TheE2 operator is given by

T~E2!5eeff(
j , j 8

1

A5
^ j 8uur 2Y(2)~ r̂ !uu j &@aj 8

† ã j #
(2), ~15!

where ã jm5(2) j 1maj 2m . The single-particle matrix ele
ment ^ j 8uur 2Y(2)( r̂ )uu j & is evaluated by using the harmon
oscillator single-particle wave functions with the oscillat
parametern(51/b2)5Mv/\50.98A21/3 fm22.

It should be noticed that, in theE2 calculation, there re-
mains only a single adjustable parametereeff , the effective
charge. It is found thateeff52.3e fits well to all of the 101

and 27/22 decays. This value is significantly larger than t
effective charge of 1.5e which was adopted in the single-j
calculation @7#. This is in contrast to the collective trans
tions, whereeeff should be smaller as the model space
extended, since the matrix elements ofT(E2)/eeff tend to
increase. For theE2 transitions of the isomers, which do no
have collective character, the matrix elements ofT(E2)/eeff
are smaller in the multi-j case than in the single-j case at
148Dy and 149Ho, as is recognized from Eq.~8!.

While the effective charge of 1.4e was recommended in
realistic calculations in theZ,64 region@10#, several calcu-
lations in the Z>64 region assumedeeff5(2.0;2.25)e
@18,20#. The origin of the difference in the effective charg
betweenZ,64 andZ>64 is not clear, because in both cas
the model space consists of all the five orbits in the 50,Z
,82 shell, and the orbital dependence of the effective cha
is normally weak@21#. We just point out that our value
seems consistent with those of the previous studies in thZ
>64 region.

In Fig. 7, we show theB(E2;101→81) values for the
66<Z<72, N582 isotones. The calculated values are co
pared with the measured ones, as well as with those obta

at
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FIG. 3. Comparison between
the experimental and calculate
even-parity energy levels fo
even-Z, N582 nuclei. The ex-
perimental data are taken from
Ref. @9#.
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in the single-j calculation by Lawson@7#. TheE2 hindrance
at Z570 ~i.e., 152Yb) occurs also in the present multi-j cal-
culation. Our calculation givesB(E2)50.6 e2fm4, in good
agreement with the data 0.960.1 e2fm4 @6#.

As has been shown by the ExSRF~8!, theE2 strengths of
the 101 states are essentially determined from the occupa
number^N0h11/2

&. In the present calculation, the wave fun

tions of the 101 state and of 81 yield ^N0h11/2
&55.7 in

152Yb. This occupation number close toV0h11/2
56 gives rise

to the strongE2 hindrance. We view this hindrance from
another standpoint. See Eq.~6!, recallingj50h11/2. By de-
composing the wave functions as in Eqs.~2! and~3!, we look
into the contribution of eachnj component. Table II illus-
trates(acnja

2 , ^jnjvj5vJf
puuT(E2)uujnjvj5vJi

p& and their

product, for eachnj(52,4,6,8,10). As the SRF tells us, th
matrix element̂ jnjvj5vJf

puuT(E2)uujnjvj5vJi
p& changes

its sign atnj56, where it vanishes. The coefficient(acnja
2

has the same sign and the same order of magnitude bet
nj and 122nj , causing a large cancellation. As a result, t
E2 strength is significantly hindered for152Yb. Although the
single-j picture discussed by Lawson@7# does not apply any-
more, this mechanism,̂N0h11/2

&.6 or in other words the

cancellation of the matrix elements, explains why theE2
05430
n

en

hindrance occurs in152Yb. Thus the 101 state of 152Yb
yields a typical example of the extended seniority isomeris

The E2 strengths in the other even-Z isotones are also in
remarkably good agreement with the data. We clearly vi
improvement over the single-j model in 154Hf.

As is viewed in Fig. 3, the 41 and 61 states have not ye
been detected in152Yb and 154Hf. The ExSRF~8! approxi-
mately applies also to the 81→61 and 61→41 E2 transi-
tions. These transitions are hindered by the same mecha
as in the 101→81 transition. Hence it is not easy to popula
the 41 and 61 states in the experiments.

TheE2 strengths of the 27/22 states are shown in Fig. 8
for the 67<Z<71, N582 isotones. As in the 101 isomers in
the even-Z isotones, the present calculation reproduces
measured values remarkably well. The hindrance atZ571
~i.e., 153Lu), which was not described well in the singlej
model, is reproduced. In light of the ExSRF, this hindran
occurs because of^N0h11/2

&56.2 in 153Lu. It should be em-

phasized that theE2 properties of the isomers are natura
reproduced, by adjusting the energies relevant to the exc
tion out of theZ564 core.

Figure 9 depicts the occupation number^N0h11/2
& in the

101 or 27/22 isomers, which corresponds to theirE2 decay
strengths via the ExSRF. We view the almost linear incre
d
-

FIG. 4. Comparison between
the experimental and calculate
odd-parity energy levels for even
Z, N582 nuclei. The experimen-
tal data are taken from Ref.@9#.
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FIG. 5. Comparison between
the experimental and calculate
odd-parity energy levels relative
to 11/22, for odd-Z, N582 nu-
clei. The experimental data ar
taken from Ref.@9#.
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of ^N0h11/2
& in the isomers, in coincidence with the schema

illustration by Blomqvist~Fig. 3-2 of Ref.@14#!. The number
of the particles excited out of theZ564 core ^Nexc&[14
2(^N0g7/2

&1^N1d5/2
&) in the isomers is plotted as well, in th

right panel of Fig. 9. It is found that the number of excit
particles diminishes only gradually, asZ increases.

V. DISCUSSION — NECESSITY OF ZÄ64
CORE EXCITATION

The ExSRF derived in Sec. III accounts for the senior
mechanism to hinder theE2 decay of a certain class of iso
mers. In Sec. IV, we have demonstrated that the strongE2
hindrance in152Yb is reproduced by taking theZ564 core
excitation into account. However, the ExSRF itself does
exclude the possibility of the single-j solution to the hin-
drance for152Yb. In this section we argue that theE2 prop-
erties of the isomers exclusively indicate the presence of
excitation acrossZ564.

According to the ExSRF~8!, the vanishingE2 strength at
152Yb indicateŝ N0h11/2

&.6. In respect to the stiffness of th

Z564 core, the following two possibilities result:~i! p0h11/2
couples to the surrounding orbits very weakly and the sing
05430
t

e

-

j picture holds to a good approximation, or~ii ! the pair ex-
citation acrossZ564 compensates the pairing mixing o
0h11/2 with (2s1/21d3/2), the possibility first suggested b
Blomqvist @14#. We have shown in Sec. IV that~ii ! is plau-
sible, by reproducing the energy levels and theE2 strengths
simultaneously. We here discuss whether~i! is possible or
not.

For this purpose we consider theE2 strength of152Yb in
the 3j model of 0h11/2, 2s1/2, and 1d3/2, keeping theZ
564 closure. The major point will be the amount of mixin
of 0h11/2 with the surrounding orbits 2s1/2 and 1d3/2 due to
the pairing interaction. The possibility~i! requires that the
mixing should be negligibly small. The valence partic
numbern is 6 for 152Yb in the 3j model. In order for the
strong hindrance to be reproduced, the wave function
152Yb should havenj56 (j50h11/2) as the main compo-
nent, with a small admixture of thenj54 component. By
using the effective charge of Ref.@7#, the measuredB(E2)
leads to the admixture of thenj54 component by no greate
than 10%.

For the sake of simplicity, let us first consider mixin
between two configurations. In reality, this mixing could
either of the 0h11/2-2s1/2 or the 0h11/2-1d3/2 pairing mixing.
d
e

e

FIG. 6. Comparison between
the experimental and calculate
even-parity energy levels relativ
to 11/22, for odd-Z, N582 nu-
clei. The experimental data ar
taken from Ref.@9#.
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The degree of the mixing is connected to the ratio of
off-diagonal matrix elements of the pairing interaction~de-
noted by ^Vpair

off &) to the energy difference of the releva
orbits ~denoted byDE). The mixing probability is given by
^Vpair

off &2/@(2DE)21^Vpair
off &2#. The above 10% mixing indi-

cates^Vpair
off &/2DE50.45. If the mixing among the three o

bits is considered, this ratio should be regarded as the u
limit for each of the 0h11/2-2s1/2 and the 0h11/2-1d3/2 mixing.
The level scheme of the odd-Z isotones147Tb, 149Ho, and
151Lu implies that the three orbits keep nearly degener
within the 0.2 MeV accuracy in this region. Hence we c
setDE,0.2 MeV. We thus find that, in order for the po
sibility ~i! to be realized,̂ Vpair

off &,0.18 MeV is necessary.
Generally speaking, interactions with the shorter ran

yield the larger off-diagonal pairing matrix elements. W
estimatê Vpair

off & in the SDI and in the Yukawa form with th
range of the one-pion exchange, as representatives of s
range and long-range interactions. After fitting the

FIG. 7. B(E2;101→81) for even-Z, N582 nuclei. The crosses
show the results of the present calculation, while the thin solid
those of thep0h11/2 single-j calculation of Ref.@7#. The circles
stand for the experimental data taken from Ref.@3# for 148Dy, Ref.
@5# for 150Er, and Ref.@6# for 152Yb and 154Hf.

TABLE II. Contribution of eachnj component (j50h11/2) to
theE2 matrix element of the 101→81 transition in152Yb @see text
and Eq. ~6!#. The third row shows the matrix elemen
^jnj;81uuT(E2)uujnj;101&/eeff , which is evaluated by using th
harmonic-oscillator single-particle wave functions withn
50.18 fm22.

nj 2 4 6 8 10 Sum

(acnja
2 0.028 0.282 0.498 0.181 0.010 1.0

Matrix element (fm2) 21.9 11.0 0 211.0 221.9
Product (fm2) 0.614 3.09 0 21.98 20.219 1.50
05430
e

er
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e
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strengths to the observed energy levels in the 3j model, the
SDI and the Yukawa interaction givêVpair

off &;1 and 0.5
MeV, respectively@22#. As a consequence of the weak co
pling between 0h11/2 and (2s1/21d3/2), the long-range inter-
action gives very low 02

1 states, low enough to be first ex
cited states, in148Dy and 150Er. Such 02

1 levels have not
been observed. Nevertheless, even the long-range intera
gives significantly larger̂ Vpair

off & than required in~i!. It is
practically impossible to avoid a considerable mixing
(2s1/21d3/2) due to the pairing interaction. Indeed, in bo
calculations with the SDI and the Yukawa interaction in t
3 j model space, the three orbits mix well with one anoth
via the pairing interaction. Thereby theE2 strengths of the
high-spin isomers are almost described by formula~11!, the
QS formula for the degenerate single-particle orbits, w
V59. This is obviously inconsistent with the measureme

We thus conclude that the possibility~i! cannot be realis-
tic. As has been discussed in Sec. III, in order to reprod
the E2 hindrance for152Yb the admixture of the 2s1/2 and
1d3/2 orbits must be compensated by theZ564 core excita-
tion. Therefore, with the near degeneracy between 0h11/2 and
(2s1/21d3/2) taken into consideration, theE2 properties of
theN582 isomers are exclusive evidence for the presenc
the excitation acrossZ564, not indicating the stiffZ564
core. The seniority isomerism in this region is a probe s
sitive to theZ564 core excitation due to the pairing corr
lations. It is difficult to handle the influence of theZ564
core breaking on theE2 properties of the isomers by reno
malization. The presence of substantial pair excitation i
clear difference of the submagic numberZ564 from the
ordinary magic numbers.

It is commented here that, in contrast to the SDI adop
in Sec. IV, Weneset al. applied a finite-range interactio

e
FIG. 8. B(E2;27/22→23/22) for odd-Z, N582 nuclei. See

Fig. 7 for symbols. The experimental data are taken from Ref.@5#
for 149Ho and 151Tm, and from Ref.@6# for 153Lu.
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FIG. 9. Left: occupation num-
bers ^N0h11/2

&. Right: numbers of
particles excited out of theZ564
core, ^Nexc&[142(^N0g7/2

&
1^N1d5/2

&). The plus symbols
show the expectation values fo
the 101 states, and the diamond
those for the 27/22 states.
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with the Gaussian form to the nuclei in this region@23#. As a
result of the weak coupling between 0h11/2 and (2s1/21d3/2),
their calculation predicted 02

1 states at unusually low ene
gies in 148Dy and 150Er, quite similar to the above 3j case
with the Yukawa interaction.

Wildenthal proposed an effective Hamiltonian for theN
582 isotones@24#. Starting from the SDI1QQ interaction,
the interaction matrix elements are fitted to the 50,Z<72
nuclei. While Wildenthal’s Hamiltonian~with the assumed
truncation! nicely describes the energy levels, it does n
reproduce theZ dependence of theE2 properties of the iso-
mers; in particular, the strong hindrance around152Yb. This
is because the pair excitation out of theZ564 core is too
small, at least for the high-spin isomers.

The above possibilities~i! and ~ii ! can also be judged by
future experiments. Though the ExSRF~8! connects theE2
strength to the occupation number^N0h11/2

&, the ambiguity in

eeff prohibits us from extractinĝ N0h11/2
& directly from

B(E2) of the isomers, in practice. The two possibilities~i!
and~ii ! give somewhat similarE2 strengths for the high-spin
isomers on account of the difference ineeff , in the discus-
sions so far. However, this does not apply to the transit
from the lowest 21 state to the ground 01 state. In Table III,
the B(E2;21→01) values calculated in the multi-j model
are compared with those in the single-j model. Without state
dependence of the effective charges, we predict 2.5–5 ti
largerE2 strengths in the multi-j space@i.e., ~ii !# than in the
single-j space@i.e., ~i!#. In the multi-j model of Sec. IV,
there seems to be a problem with respect to the quadru
collectivity. Hence we should not expect an excellent pre
sion on the multi-j prediction; indeed, by a slight variation o
the interactionB(E2;21→01) can deviate by 30% withou
influencing theE2 strengths of the isomers. Still the b
difference between the single-j and multi-j models would
enable us to judge which of the two possibilities~i! or ~ii ! is
reliable.

VI. SUMMARY AND OUTLOOK

We have investigated the 101 and 27/22 isomers of the
Z.64, N582 nuclei. The extended seniority reduction fo
05430
t

n

es

le
i-

mula has been derived for theE2 decay strengths of the
isomers, under reasonable assumptions. This formula l
the E2 strength to the occupation number on thep0h11/2
orbit, apart from the ambiguity in the effective charge. T
extended formula accounts for the mechanism of theE2 hin-
drance, which we have called extended seniority isomeri

By taking into account the excitations from (0g7/21d5/2)
to (0h11/22s1/21d3/2), the binding energies, the energy leve
of both parities, and theB(E2) values have simultaneousl
been reproduced in a multi-j shell-model calculation with the
MSDI. The E2 hindrance in153Lu as well as in152Yb has
been described quite well. Combined with the approxim
degeneracy among the 0h11/2, 2s1/2, and 1d3/2 orbits, the
strongE2 hindrance aroundZ570 exclusively indicates the
presence of the pair excitation out of theZ564 core. Thus
the Z564 core is not very stiff. It is not always justified t
assume the146Gd inert core, even for the relatively low-lying
states in theN582 isotones. In this respect, the numberZ
564 should be distinguished from magic numbers likeN
582, though it would be fair to call it asubmagicnumber.

The extended seniority isomerism may exist in oth
single-closed nuclei and their neighbors. While we have
stricted our discussion to theZ.64, N582 nuclei, focusing
on the stiffness of theZ564 core, it is of interest to apply
similar approaches to nuclei in other mass regions. W
along this line is in progress.
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TABLE III. Calculated B(E2;21→01) values (e2fm4). The
0h11/2 single-j results using the parameters of Ref.@7# and those of
the present work~PW! are compared.

66
148Dy 68

150Er 70
152Yb 72

154Hf

Ref. @7# 187 298 335 298
PW 967 960 886 787
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APPENDIX: ARGUMENT ON CONDITION „c… IN SEC. III

Condition ~c! in Sec. III is expected to be a good approximation. Indeed, it is exactly derived from~a! and ~b! if the
interaction within thej subspace has zero-range character. We prove it in this Appendix.

1. General argument

With assuming conditions~a! and~b!, let us consider matrix elements of the general shell-model Hamiltonian betwee
bases appearing in Eqs.~2! and ~3!. We first prove the relation

~^jnj8vj5vJf
pu^r n2nj8a8v r5001u!H~ ujnjvj5vJf

p&ur n2njav r5001&!2~^jnj8vj5vJi
pu^r n2nj8a8v r5001u!

3H~ ujnjvj5vJi
p&ur n2njav r5001&!5dnj ,n

j8
da,a8~^j

njvJf
puVjujnjvJf

p&2^jnjvJi
puVjujnjvJi

p&!, ~A1!

as long as the Hamiltonian consists of single-particle energies and of a two-body residual interaction. HereVj stands for the
two-body interaction within thej subspace. The left-hand side~lhs! of Eq. ~A1! obviously vanishes for the single-partic
energy term ofH. It is sufficient to focus on matrix elements of the two-body interaction.

The two-body interaction is expressed, in the second-quantized form, by the sum of the terms composed ofaj 1

† aj 2

† aj 3
aj 4

operators~with coupling constants!. According to which of thej ’s belong toj or r, all the possible terms contributing to th
matrix elements are classified into the following categories:~i! aj

†aj
†arar terms and their Hermitian conjugates,~ii ! ar

†ar
†arar

terms,~iii ! aj
†ar

†araj terms, and~iv! aj
†aj

†ajaj terms. It is noted that, sincev r50, the terms having an odd number of (ar
† ,ar)

operators vanish. We decompose the operators into thej part and ther part, and denote them byĥj and ĥr . The matrix
elements are also decomposed into thej and r part,

~^jnj8vj5vJpu^r n2nj8a8v r5001u!ĥjĥr~ ujnjvj5vJp&ur n2njav r5001&!

5^jnj8vj5vJpuĥjujnjvj5vJp&^r n2nj8a8v r5001uĥr ur n2njav r5001&. ~A2!

It is obvious that thê r n2nj8a8v r5001uĥr ur n2njav r5001& part does not depend onJp. Therefore,

~^jnj8vj5vJf
pu^r n2nj8a8v r5001u!ĥjĥr~ ujnjvj5vJf

p&ur n2njav r5001&!2~^jnj8vj5vJi
pu^r n2nj8a8v r5001u!

3ĥjĥr~ ujnjvj5vJi
p&ur n2njav r5001&!

5^r n2nj8a8v r5001uĥr ur n2njav r5001&~^jnj8vj5vJf
puĥjujnjvj5vJf

p&2^jnj8vj5vJi
puĥjujnjvj5vJi

p&!. ~A3!
s

-

.

a

s

For the matrix elements between thev r50 bases,ĥr can-

not carry angular momentum, and thereforeĥj cannot either.

Thenĥj andĥr for each category are defined as, without lo

of generality, ~i! ĥj5@aj
†aj

†# (0), ĥr5@ ãr ãr #
(0), ~ii ! ĥj51,

ĥr5@ar
†ar

†ãr ãr #
(0), ~iii ! ĥj5@aj

†ãj#
(0), ĥr5@ar

†ãr #
(0), and

~iv! ĥj5@aj
†aj

†ãjãj#
(0), ĥr51. Vj in Eq. ~A1! represents the

collection of theĥj’s belonging to~iv!. We discuss the ma

trix elements ofĥj in the right-hand side~rhs! of Eq. ~A3!,
respective to the above four categories.

Category~i! leads tonj85nj62 off-diagonal elements

The ĥj5@aj
†aj

†# (0) operator in this case is proportional to
generator of the quasispin in the orbitj. Thus ^jnj12vj

5vJpuĥjujnjvj5vJp& depends only onnj and vj , not on
Jp. Namely,
05430
s

^jnj8vj5vJf
pu@aj

†aj
†# (0)ujnjvj5vJf

p&

5^jnj8vj5vJi
pu@aj

†aj
†# (0)ujnjvj5vJi

p&, ~A4!

and the rhs of Eq.~A3! vanishes.
Sinceĥj51 in category~ii !, the relevant matrix element

of the j part are

^jnj8vj5vJf
pujnjvj5vJf

p&5^jnj8vj5vJi
pujnjvj5vJi

p&

5dnj ,n
j8
. ~A5!

For category~iii !, ĥj5@aj
†ãj#

(0)}Nj , leading to
4-10
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^jnj8vj5vJf
pu@aj

†ãj#
(0)ujnjvj5vJf

p&

5^jnj8vj5vJi
pu@aj

†ãj#
(0)ujnjvj5vJi

p&}dnj ,n
j8
nj .

~A6!

Both terms do not contribute to the rhs of Eq.~A3!.
From Eqs.~A4!, ~A5!, and ~A6!, only the terms of the

category~iv! may contribute to the rhs of Eq.~A3!. Equation
~A1! follows, becauseĥr51 for category~iv!, with replacing
the sum ofĥj’s by Vj . The argument is now reduced to th
single-j matrix elements within thej orbit. Note again that
ve
tu

th

ra

d
t-
s

s

y

05430
we have not imposed any restriction on the Hamiltonian
the discussion so far, apart from it consisting of the sing
particle energies and two-body interaction.

2. Property of Vj

We next consider the property of Vj . If
^jnjvJpuVjujnjvJp& is independent ofnj or J, we have

^jnjvJf
puVjujnjvJf

p&2^jnjvJi
puVjujnjvJi

p&

5^jvvJf
puVjujvvJf

p&2^jvvJi
puVjujvvJi

p&. ~A7!

Substituting it into the rhs of Eq.~A1!, we obtain
~^jnj8vj5vJf
pu^r n2nj8a8v r5001u!H~ ujnjvj5vJf

p&ur n2njav r5001&!

2~^jnj8vj5vJi
pu^r n2nj8a8v r5001u!H~ ujnjvj5vJi

p&ur n2njav r5001&!

5dnj ,n
j8
da,a8~^j

vvJf
puVjujvvJf

p&2^jvvJi
puVjujvvJi

p&!. ~A8!
i-

.

The Hamiltonian matrix can be separated according toJ,
because of the angular momentum conservation. Moreo
since seniorityv has been assumed to be a good quan
number, it is sufficient to consider submatrices ofH for a
fixed v. The space to be diagonalized is spanned byujnjvj

5vJp&ur n2njav r5001& with variousnj anda @see Eqs.~2!
and~3!#. Equation~A8! implies that the submatrices ofH are
identical betweenu(jr )nvJi

p& and u(jr )nvJf
p&, except for a

constant shift of the diagonal elements. Diagonalized by
same unitary matrix, the lowest eigenstatesuJi

p& and uJf
p&

have equal coefficientcnja to each other; condition~c! is
exactly satisfied. It is now clear that Eq.~A7! is crucial to
condition ~c!.

In the quasispin~QS! regime within the single orbitj,

@aj
†aj

†ãjãj#
(0) can be QS-scalar, vector or tensor, in gene

If Vj is purely QS scalar, the matrix element^jnjvj

5vJi
puVjujnjvj5vJi

p& is independent ofnj , and Eq.~A7! is
fulfilled. Equation ~A7! is also satisfied if QS-vector an
QS-tensor parts ofVj are J independent. This is indeed a
tained when the QS vector and tensor parts can be expre
by the QS generators (@aj

†aj
†# (0), @ ãjãj#

(0), and @aj
†ãj#

(0),
besides appropriate constant factors!. An immediate example
is the monopole pairing (@aj

†aj
†# (0)@ ãjãj#

(0)). A sufficient
condition to Eq.~A7! is thatVj consists only of QS-scalar
and of the QS generators.

The general form ofVj can be represented by

Vj52 (
l5even

gl

2
@aj

†aj
†# (l)

•@ ãjãj#
(l). ~A9!

The corresponding ‘‘particle-hole’’ interaction is defined b
@17#
r,
m

e

l.

sed

V̄j5(
l

f l@aj
†aj

†# (l)
•@ ãjãj#

(l), ~A10!

with

f l5 (
l85even

~2l811!W~ j j j j j j j j ;l8l!gl8 . ~A11!

In Eq. ~A10!, only l5even terms remain owing to the ant
symmetrization. According to the QS argument@17#, we
have

^jnjvJpuVjujnjvJp&5H ~Vj22v !~2Vj2nj2v !

4~Vj2v !~Vj2v21!

3~g012 f 0!2 f 0J ~nj2v !

1
~Vj2v !~Vj2v22!1~nj2Vj!

2

2~Vj2v !~Vj2v21!

3^jvvJpuVjujvvJp&

1
~Vj2v !22~nj2Vj!

2

2~Vj2v !~Vj2v21!

3^jvvJpuV̄jujvvJp&. ~A12!

By subtracting out thenj- and J-independent terms, Eq
~A12! derives
4-11
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~^jnjvJf
puVjujnjvJf

p&2^jnjvJi
puVjujnjvJi

p&!

2~^jvvJf
puVjujvvJf

p&2^jvvJi
puVjujvvJi

p&!

5
~nj2Vj!

2

2~Vj2v !~Vj2v21!
$^jvvJf

pu~Vj2V̄j!ujvvJf
p&

2^jvvJi
pu~Vj2V̄j!ujvvJi

p&%. ~A13!

The nj dependence is eliminated if we have

^jvvJf
pu~Vj2V̄j!ujvvJf

p&5^jvvJi
pu~Vj2V̄j!ujvvJi

p&.
~A14!

Equations~A9! and ~A10! lead to

Vj2V̄j52 (
l5even

gl12 f l

2
@aj

†aj
†# (l)

•@ ãjãj#
(l).

~A15!

As long as the seniority is not large, only a limited number
l ’s in Eq. ~A15! contribute to the rhs of Eq.~A13!. For
instance, only thel5Ji and Jf terms are relevant to thev
52 case, and Eq.~A14! then derivesgJi

12 f Ji
5gJf

12 f Jf
.

WhenVj is QS scalar,Vj5V̄j andgl12 f l50 for any even
l.

3. Zero-range interaction

We here verify that Eq.~A7! is exactly fulfilled if Vj is a
zero-range interaction. The one-body operator@aj

†ãj#
(l) is

QS scalar for an oddl @17#. An easy way to construct a
QS-scalar interaction is to take

(
l5odd

ql@aj
†ãj#

(l)
•@aj

†ãj#
(l), ~A16!

whereql is an arbitrary constant.
Suppose thatVj is a zero-range interaction, which w

here define as

Vj
S5u~r 1 ,r 2!d~ r̂12 r̂2!, ~A17!

with the exchange symmetryu(r 1 ,r 2)5u(r 2 ,r 1). The SDI
adopted in the text is of this type@u(r 1 ,r 2)}d(r 1
2r 2)d(r 12R)/R2#. SinceVj is under discussion, the radia
part of the interaction is unimportant, giving only an over
factor to the matrix elements. Expanding the angular par
Vj

S by the Legendre polynomials, we obtain

Vj
S5u~r 1 ,r 2!(

l

2l11

2
Pl~cosu12!

52pu~r 1 ,r 2!(
l

Y(l)~ r̂1!•Y(l)~ r̂2!. ~A18!
05430
f

l
f

On the other hand, the zero-range interaction given in
~A17! acts on the spatially symmetric two-body state
Therefore, if the two-body states are antisymmetrized,
zero-range interaction automatically picks up the spin-sing
two-body states for identical fermion systems. This leads
@11#

Vj
S52

4

3
~s1•s2!Vj

S52
8p

3
u~r 1 ,r 2!

3~s1•s2!(
l

Y(l)~ r̂1!•Y(l)~ r̂2!. ~A19!

With the angular momentum recoupling, we rewrite it as

Vj
S52

8p

3
u~r 1 ,r 2!(

l,k
@Y(l)~ r̂1!s1# (k)

•@Y(l)~ r̂2!s2# (k).

~A20!

We now switch to the second-quantized representat
The equivalent one-body operator to@Y(l)( r̂ )s# (k) in the j
subspace is

1

2k11
^juu@Y(l)~ r̂ !s# (k)uuj&@aj

†ãj#
(k). ~A21!

The single-particle matrix element in Eq.~A21! is evaluated
by

^juu@Y(l)~ r̂ !s# (k)uuj&5A2k11~2 j j11!H l j 1/2 j j

l 1 k

l j 1/2 j j

J
3^ l juuY(l)~ r̂ !uu l j&^1/2uusuu1/2&.

~A22!

In order for^ l juuY(l)( r̂ )uu l j& in the rhs not to vanish,l must
be even~parity selection rule!. On the other hand, owing to
the symmetry of the 9j -symbol in Eq.~A22!, the above ma-
trix element vanishes ifl111k is odd. This is a conse
quence of the time reversality. Therefore, the single-part
matrix element of Eq.~A22! vanishes for evenk. Back to
Eq. ~A21!, we find that@Y(l)( r̂ )s# (k) is QS scalar becausek
is always odd. HenceVj

S is also QS scalar via Eq.~A20!.
Thus, the zero-rangeVj has gl12 f l50 in Eq. ~A15! for
any possiblel, and therefore satisfies Eq.~A7!.

In reality,Vj will not fully be zero range. However, as fa
as the short-range interaction dominates, the matrix elem
of Vj are not very different from the zero-range interactio
having gl12 f l.0. Condition ~c! is therefore expected to
be a good approximation.
4-12
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