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Effects of the neutron spin-orbit density on the nuclear charge density in relativistic models
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The neutron spin-orbit density contributes to the nuclear charge density as a relativistic effect. The contri-
bution is enhanced by the effective mass stemming from the Lorentz-scalar potential in relativistic models.
This enhancement plays an important role to explain the difference between the cross sections of elastic
electron scattering off40Ca and 48Ca which is not reproduced in the present nonrelativistic models. The
spin-orbit density will be examined in more detail in electron scattering off unstable nuclei which would be
available in the future.

PACS number~s!: 21.10.Ft, 21.30.Fe, 21.60.2n, 25.30.Bf
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In recent years, it has been shown that many of
nuclear ground-state properties are well reproduced by
Hartree-Fock calculations using the Skyrme effective for
~SHF! @1# and by the relativistic mean-field calculation
~RMF! @2#. For a long time, however, the problem remai
that SHF and RMF cannot explain the difference between
cross sections for elastic electron scattering from40Ca and
48Ca. Since they are described as closed-shell nuclei, it
expected that the difference could be easily understood
SHF and RMF, but the problem is not yet solved.

In 1972, Bertozziet al. @3# took into account effects of the
neutron spin-orbit charge density as a relativistic correct
to SHF. The relativistic correction was derived by expand
the Pauli current of the free nucleon in terms of 1/M , M
being the mass of the free nucleon. They found that the r
tivistic correction was not negligible, but not enough to e
plain the difference between the two cross sections. In 1
Miller @4# analyzed the same data using RMF, but ag
could not reproduce the experimental data. The Pauli cur
made rather worse the agreement between his results
experiment. Since then, there have been no efforts to s
this problem, as far as the authors know@5#.

Recently, new parameter sets of the Skyrme forces
the relativistic models have been proposed for better desc
tion of the nuclear ground-state properties. The purpose
this paper is to show that RMF with the new parameter s
can reproduce well the experimental data, but SHF still fa
to explain them. Our relativistic models discussed below
in principle the same as Miller’s, but we will make clear th
relationship between the relativistic and nonrelativistic mo
els. In the relativistic models the effective mass coming fr
the Lorentz scalar potential yields an additional spin-or
charge density as a relativistic correction. This correct
improves the agreement between experimental data
RMF results. We will also show that those effective-ma
effects will be able to be explored in more detail, if electr
scattering from unstable nuclei would become available.

We calculate the cross section for elastic electron sca
ing using phase shift analyses@6#. For this purpose we hav
to obtain the nuclear charge density, which is given by
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rc~r !5E d3q

~2p!3
exp~2 iq•r !^0ur̂~q!u0&, ~1!

whereq denotes the momentum transfer from the electron
the nucleus. In the relativistic theory, the ground-state exp
tation value of the time component of the nuclear curren
given by

^0ur̂~q!u0&5^0u(
k

exp~ iq•r k!

3S F1k~q2!1
mk

2M
F2k~q2!q•gkD u0&, ~2!

where F1k(q
2) and F2k(q

2) stand for the Dirac and Pau
form factors of the nucleon, respectively, andmk the anoma-
lous magnetic moment. The above equation is rewritten
using the Sachs form factor,GE(q2), as

^0ur̂~q!u0&5E d3x exp~ iq•x!

3(
t

@GEt~q2!rt~x!1F2t~q2!Wt~x!#

5E d3x d3y exp@ iq•~x1y!#

3(
t

@GEt~y!rt~x!1F2t~y!Wt~x!#, ~3!

where the sum oft is performed with respect to the proto
and the neutron,t5p,n. The functions,GEt(y) andF2t(y),
are obtained by the inverse Fourier transformation of
Sachs and Pauli form factors, respectively. The nucleon d
sity rt(x) and the spin-orbit densityWt(x) are given by

rt~r !5^0u(
k

d~r2r k!u0&, ~4!
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Wt~r !5
mt

2M S 2
1

2M
“

2rt~r !1 i“•^0u(
k

d~r2r k!gku0& D ,

~5!

where the sum overk is performed up toZ for t5p and up
to N for t5n. By inserting Eq.~3! into Eq. ~1!, the nuclear
charge density is given by

rc~r !5(
t

@rct~r !1Wct~r !#, ~6!

where the nucleon charge densityrct(r ) and the spin-orbit
charge densityWct(r ) are written as

rct~r !5
1

r E0

`

dx xrt~x!@gt~ ur 2xu!2gt~r 1x!#, ~7!

Wct~r !5
1

r E0

`

dx xWt~x!@ f 2t~ ur 2xu!2 f 2t~r 1x!# ~8!

with

gt~x!5
1

2pE2`

`

dq eiqxGEt~q2!,

f 2t~x!5
1

2pE2`

`

dq eiqxF2t~q2!.

In RMF the single-particle wave function is written as

cam5S i
Ga~r !

r
Yl jm

Fa~r !

r

s•r

r
Yl jm

D .

The large and small components in the present model sa
the Dirac equation:

dGa

dr
52

ka

r
Ga1@«a2Ut~r !1M* ~r !#Fa ,

dFa

dr
5

ka

r
Fa2@«a2Ut~r !2M* ~r !#Ga , ~9!

where ka5(21) j 2 l 11/2( j 11/2) denotes the eigenvalue o
2(11s• l), andM* (r ) the nucleon effective mass given b

M* ~r !5M2Us~r !.

The Lorentz scalar potentialUs(r ) is due to thes meson,
while the Lorentz vector potentialUt(r ) is due to thev and
r mesons and photons in the present model. Then
nucleon density in Eq.~4! is given by

rt~r !5(
a

2 j a11

4pr 2
~Ga

21Fa
2 !. ~10!
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On the other hand, the spin-orbit densityWt(r ) in Eq. ~5! is
described as

Wt~r !5
mt

M (
a

2 j a11

4pr 2

d

dr S M2M* ~r !

M
GaFa

1
ka11

2Mr
Ga

22
ka21

2Mr
Fa

2 D . ~11!

The relationship between the relativistic model and no
relativistic models is very clear. In nonrelativistic mode
usually the neutron charge and spin-orbit charge densities
neglected in estimating the electron scattering cross sec
Bertozziet al. @3# took into account the neutron charge de
sity and a part of the spin-orbit charge density in the non
ativistic framework. Their spin-orbit density is obtained fro
Eq. ~11! by settingM* (r )5M and neglectingFa

2 term,

Wt~r !'
mt

2M2r 2

d

dr
r(

a

2 j a11

4pr 2
~ka11! Ga

2 ~12!

'2
1

r 2

d

dr
r K 0U mt

2M2 (
k

d~r2r k!sk• lkU0L .

~13!

We will show that the spin-orbit density due to the effecti
mass in Eq.~11! is very important in the relativistic mode
for reproducing the experimental data.

The nucleon form factors used in the present calculati
are the dipole type as in Ref.@3#, but obtained using more
recent experimental data for the neutron@7#. The Sachs form
factor for the proton is given by

GEp5
1

~11r p
2q2/12!2

, r p5^r 2&1/250.81 fm,

while the one for the neutron is given by

GEn5
1

~11r 1
2 q2/12!2

2
1

~11r 2
2 q2/12!2

,

r 6
2 5~0.9!270.06 fm2.

The Pauli form factors for the proton and the neutron are

F2p5
GEp

11q2/4M2
, F2n5

GEp2GEn /mn

11q2/4M2
.

The values of the anomalous magnetic moment are given
mp51.793 andmn521.913.

Now, we calculate the differential cross sectionss(u) for
elastic electron scattering off40Ca and 48Ca and compare
their differenceD(u) given by

D~u!5
s40~u!2s48~u!

s40~u!1s48~u!
, ~14!
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with experiment. In Fig. 1 are shown the results of SHF. T
solid and dashed curves show the results using the Sky
force I @1# and SLy4@8# without pairing correlations, respec
tively. The thin curves are obtained by taking into accou
the only proton charge density. When we include the neut
charge density and the proton and neutron spin-orbit cha
density in Eq.~13!, we obtain the thick curves. It is seen th
the discrepancy between the theory and the experimen
reduced, in particular, at the electron scattering angle aro
u560° to 90°. This improvement is mainly due to the sp
orbit charge density from the neutrons in the 1f 7/2 shell, but
is not enough to explain the experimental data@9# in both
Skyrme forces.

Figure 2 shows the results of RMF. The solid and das
curves are calculated using the linear@10# and nonlinear

FIG. 1. The differenceD(u) for 40Ca and 48Ca given by Eq.
~14! as a function of scattering angleu for elastic electron scattering
at 250 MeV. Numerical values are calculated by the nonrelativi
Hartree-Fock approximation with the Skyrme force I~solid curves!
and SLy4~dashed curves!. The thin curves show the results with th
only proton charge density, while the thick curves with the f
charge density. Experimental data points are taken from Ref.@9#.

FIG. 2. Same as Fig. 1, for the numerical results of the rela
istic models. The solid and dashed curves are calculated using
linear and nonlinear~NL-SH! s-v-r models, respectively.
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~NL-SH @11#! s-v-r models, respectively. The thin curve
are obtained by taking into account the only proton cha
density, while thick curves by the full density, Eq.~6!. It is
seen that in the relativistic models, the proton charge den
itself is fairly improved, compared with the one in the no
relativistic models. Moreover, the experimental data are
most reproduced by taking into account the neutron sp
orbit charge density enhanced by the effective mass. We
that in the linears-v-r model, the spin-orbit density wors
ens a little the agreement with experiment in the range ou
530° – 50°, but not in the nonlinear model. Detailed analy
of these two models is required in order to improve t
agreement between theory and experiment.

We note that both in nonrelativistic and relativistic mo
els, the center-of-mass correction to the cross section is
ligible in Ca isotopes@12#.

As seen in Eq.~11!, the effects of the spin-orbit charg
density appear, when the sub-shell is occupied by the n
trons. In closed shell nuclei, the effects disappear. Moreo
if protons also occupy the subshell as in208Pb, the proton
and neutron spin-orbit densities almost cancel each othe
in nonrelativistic model@3#, since the anomalous magnet
moment of the proton has the opposite sign to that of
neutron. Another interesting result of the spin-orbit density
found in neutron rich nuclei. In Fig. 3 are shown the resu
with respect to40Ca and52Ca in the same designation as
Fig. 2. We see that effects from the spin-orbit charge den
of the 1f 7/2 neutrons are almost canceled by those from
2p3/2 neutrons. Similar results are obtained in Zr isotop
@12#. The effect of the neutron spin-orbit charge density
enhanced in the cross section of90Zr, compared with the one
of 80Zr, but disappears in96Zr. It is interesting to observe
experimentally these predictions of the relativistic model
electron scattering off unstable nuclei which is planned
RIKEN @13#.

In conclusion, the effective mass due to the Lorentz sca
potential, which is a necessary ingredient of the relativis
models, enhances the neutron spin-orbit charge density
peculiar way. The relativistic mean-field models with the e
hanced density well explain the difference between the cr

c

-
he

FIG. 3. Same as Fig. 2, for the difference as to40Ca and52Ca
calculated by the relativistic models.
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sections of elastic electron scattering off40Ca and 48Ca,
which seems not to be reproduced in the present Sky
Hartree-Fock calculations. Electron scattering off unsta
nuclei is desirable in order to explore in more detail t
spin-orbit density. More detailed discussions on the result
y
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v
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nonrelativistic and relativistic models will be published els
where@12#.
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