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Radiative pion capture by a nucleon
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The differential cross sections forp2p→gn and p1n→gp are computed up toO(p3) in heavy baryon
chiral perturbation theory~HBChPT!. The expressions atO(p) andO(p2) have no free parameters. There are
three unknown parameters atO(p3), low energy constants of the HBChPT Lagrangian, which are determined
by fitting to experimental data. Two acceptable fits are obtained, which can be separated by comparing with
earlier dispersion relation calculations of the inverse process. Expressions for the multipoles, with emphasis on
thep-wave multipoles, are obtained and evaluated at threshold. Generally the results obtained from the best of
the two fits are in good agreement with the dispersion relation predictions.

PACS number~s!: 12.39.Fe, 13.40.2f, 13.75.Gx
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I. INTRODUCTION

Radiative pion capture by a nucleon is one of the obvio
reactions to use as a testbed for heavy baryon chiral pe
bation theory~HBChPT!. For charged pions, the reactio
begins atO(p), which is leading order in HBChPT, and it i
known that theO(p3) result for thes-wave multipole is in
reasonable agreement with most measurements@1#. The
p-wave multipoles, however, seem never to have been ca
lated. This is in contrast to the neutral pion case where b
s- and p-wave multipoles have been extensively discus
@2#. A calculation beyond thes wave provides insight into
the convergence of the chiral expansion and also serve
determine some of the HBChPT parameters that are requ
for other reactions, such as radiative muon capture b
nucleon, where the existing experimental data are in surp
ing disagreement with theoretical expectations@3#. Thus an
investigation of thep-wave multipoles in the charged case
a useful thing to do and is the primary aim of this work.

In the present work, the only explicit fields in the chir
Lagrangian are the pions and nucleons. Other physical
ticles will enter the calculation through their implicit contr
butions to the Lagrangian’s parameters~LEC’s!. For some
reactions it is advantageous to include theD(1232) explic-
itly, as done for example in Ref.@4#, and it is possible tha
this could be a useful approach for radiative pion capture
well, once one goes away from threshold. However, it
consistent to absorb such resonances into the LEC’s and
shall see that for the present reaction a reasonable fit to
data can be obtained when theD(1232) is left implicit in the
HBChPT parameters.

Experimental data for thep2p→gn differential cross
section was reported 15 years ago from a TRIUMF exp
ment at beam energies ofTp527.4 and 39.3 MeV@5#. A
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recent TRIUMF experiment has taken data atTp59.88,
14.62, and 19.85 MeV@6#. There are also very recent da
@7# for the inverse reactiongp→np1 taken very near
threshold atTg.153 MeV corresponding toTp.3 MeV. In
this study, we will not attempt to apply HBChPT when th
pion energy is greater than 40 MeV.

There are at least two modern theoretical discussion
radiative charged-pion capture~both discussions actually ad
dress the inverse reaction: charged-pion photoproducti!.
One is an HBChPT study of thes wave at threshold by
Bernard, Kaiser, and Meißner@1#, and another is a dispersio
theoretical analysis ofs andp waves by Hanstein, Drechse
and Tiator@8#. The present work goes beyond threshold a
also explicitly computes thep-wave multipoles. The com-
parison of our work to the threshold results of Ref.@8# is
found to be quite interesting and to provide a useful co
straint on our results.

In Sec. II, we establish the general expressions for ki
matics, multipoles and the differential cross section. Sec
III discusses the HBChPT calculation and Sec. IV prese
and discusses our results, both at threshold and in gen
Section V contains a summary of what has been lear
from this effort, and what the next steps could be.

II. KINEMATICS AND MULTIPOLES

In radiative charged-pion capture by a nucleon, a low
ergyp6 with four-momentumqm5(Ep ,qW ) in the center-of-
mass system gets absorbed by a slowly moving nucleo
massmN . In the final state, one observes a recoiling nucle
and a low energy photon with polarization four-vectorem

5(e0 ,eW ) and four-momentumkm5(v,kW ). The pion’s
center-of-mass energy is related tos, the square of the tota
energy in the center of mass, and toTp , the kinetic energy in
the lab frame by

Ep5
s1mp

2 2mN
2

2As
5

mp
2 1mN~mp1Tp!

A~mN1mp!212mNTp

, ~1!
©2000 The American Physical Society06-1
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where mp and mN are, respectively, the pion and nucleo
masses. The analogous formulas for the photon energy in
center of mass are

v5
s2mN

2

2As
5

mNTg

AmN
2 12mNTg

, ~2!

whereTg is the corresponding laboratoryg energy for the
inverse process. All energy dependence will be expressed
the pion energy in the center-of-mass system. For the en
of the final state photon we therefore employ

v5Ep2
mp

2

2mN
1

Epmp
2

2mN
2

1O~1/mN
3 !. ~3!

The differential cross section for the pion capture proc
in the center-of-mass frame is

dspN→gN

dVg
5

v

uqW u

1

2 (
pols

uMu2, ~4!

and that for the inverse~photoproduction! reaction is

dsgN→pN

dVp
5

uqW u
v

1

4 (
pols

uMu2, ~5!

whereM is the amplitude defined below. Notice that Eq
~4! and~5! explicitly contain the average over initial and su
over final spins and polarizations and that the two cross
tions are related by the usual detailed balance relation.

Essentially all previous work has dealt with the invers
photoproduction, process,gN→pN and the conventions fo
that process are by now well established. Thus in the C
lomb gauge withe050 and the transversality conditio
eW•kW50 the amplitude for that process can be written in ter
of the T matrix as@9,10#

M gN→pN5
mN

4pAs
T•e

5F1~Ep ,x!ix†sW •eWx1F2~Ep ,x!x†sW •q̂

3sW •~ k̂3eW !x1F3~Ep ,x!ix†sW • k̂eW•q̂x

1F4~Ep ,x!ix†sW •q̂eW•q̂x, ~6!

wheres i is a Pauli matrix in spin space between the tw
component spinors of the incoming/outgoing nucle
(x/x†), e is the photon polarization vector andx5cosu cor-
responds to the cosine of the angle between the photon
the pion momenta.

Furthermore, each structure amplitudeFi(Ep ,x),
( i 51,2,3,4), can be decomposed into three isospin chan
(a51,2,3)

Fi
a~Ep ,x!5Fi

(2)~Ep ,x!i ea3btb1Fi
(0)~Ep ,x!ta

1Fi
(1)~Ep ,x!da3, ~7!
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whereta denotes a Pauli matrix in isospin space. The phy
cal structure amplitudes are then obtained from the lin
combinations

Fi
gn→p2p5A2@Fi

(0)2Fi
(2)#, ~8!

Fi
gp→p1n5A2@Fi

(0)1Fi
(2)#. ~9!

The full physics content of this process is encoded in
four structure amplitudesFi , which are complicated func
tions ofEp andu, and in the amplitude of Eq.~6!, the square
of which is used to get the cross section. However it may
more intuitive to discuss the underlying physics in terms o
multipole decomposition. The HBChPT formalism which w
are employing in the following sections involves an expa
sion in terms of the pion energy divided by a scale of a
proximately 1 GeV, i.e., it is only reliable in a kinemat
region of low energy pions. With this in mind we restrict th
multipoles we consider tos andp waves only. They can be
found from theF amplitudes via@9,10#

E01~Ep!5E
21

1

dxH 1

2
F1~Ep ,x!2

1

2
xF2~Ep ,x!

1
1

6
@12P2~x!#F4~Ep ,x!J , ~10!

M11~Ep!5E
21

1

dxH 1

4
xF1~Ep ,x!2

1

4
P2~x!F2~Ep ,x!

1
1

12
@P2~x!21#F3~Ep ,x!J , ~11!

M12~Ep!5E
21

1

dxH 2
1

2
xF1~Ep ,x!1

1

2
F2~Ep ,x!

1
1

6
@12P2~x!#F3~Ep ,x!J , ~12!

E11~Ep!5E
21

1

dxH 1

4
xF1~Ep ,x!2

1

4
P2~x!F2~Ep ,x!

1
1

12
@12P2~x!#F3~Ep ,x!

1
1

10
@x2P3~x!#F4~Ep ,x!J , ~13!

with the Pi(x), i>2 being Legendre polynomials.
The formulas above are those conventionally defined

the photoproduction reactiongN→pN, whereas we are in-
terested particularly in the capture processpN→gN. The
cross sections for these two processes are related triviall
the detailed balance equation arising from Eqs.~4! and ~5!.
The relation between the amplitudes is however more co
plicated, arising from time reversal and depending explic
on the phases of the parts of the amplitude. In our conv
tions we find~up to a possible overall, and thus irreleva
phase!
6-2
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M pN→gN52@M gN→pN#* . ~14!

If we apply Eq.~14! to Eq. ~6! to get the amplitude for
pion capture the structure functionsFi attract various phase
and a complex conjugate and the order of the structures
responding toF2 is reversed. Putting theF2 structures back
in the original order generates extra terms and makes s
of the coefficients of the four independent structures lin
combinations of theFi . Thus if we were to define the am
plitude for the pion capture reaction to be of the origin
general form of Eq.~6! then theFi for pion capture will be
linear combinations, complex conjugated, with various ph
changes, of theFi for photoproduction. An alternative, an
probably more sensible choice, is to define the amplitude
the capture reaction via the action of Eq.~14! on the defini-
tion used for the photoproduction direction. This elimina
the problem of linear combinations, but still leaves the t
sets ofFi related by a complex conjugate and various ph
changes.

The third alternative, which is the one we adopt, is to j
do the calculation for the photoproduction direction in t
first place, and then make the connection to the pion cap
direction at the level of the cross section. This has the
vantage of keeping a close connection with the conventi
and the large body of previous work dealing with photop
duction. Thus the formulas for theFi which we quote, and
more importantly those for the multipoles, are actually
the gN→pN direction. This means, for example, that o
numerical results for the multipoles can be compared dire
and without ambiguity with the dispersion relation calcu
tion for photoproduction of Ref.@8#, even though the param
eters are being fixed primarily by the pion capture data.

III. THE HBChPT CALCULATION

The HBChPT Lagrangian is ordered in powers of m
menta and pion masses, which are small compared to
the chiral scale, 4pF, and the nucleon massmN

LpN5L pN
(1)1L pN

(2)1L pN
(3)1•••. ~15!

The lowest-order Lagrangian is

L pN
(1)5N̄v~ iv•¹1gAS•u!Nv , ~16!

where@11,12#

Nv~x!5exp@ im0Nv•x# 1
2 ~11v” !c~x!, ~17!

Sm5
i

2
g5smnvn, ~18!

um5 iu†~]m2 ir m!u2 iu~]m2 i l m!u†, ~19!

¹m5]m1Gm2 ivm
(s) , ~20!

Gm5 1
2 @u†~]m2 ir m!u1u~]m2 i l m!u†#, ~21!
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with m0N and gA being the lowest-order nucleon mass a
axial coupling, respectively. The external photon field is
cluded viar m5 l m52(e/2)t3Am , andu is a nonlinear rep-
resentation of the pion fields, for example,

u5expF i

2F0
S p0 A2p1

A2p2 2p0 D G . ~22!

The parameterF0 corresponds to the pion decay constant
the chiral limit ~normalized so that the physical valueF
592.4 MeV).

The higher-order LagrangiansL pN
(n) will be written in the

notation of Ecker and Mojzˇiš @11# and are exactly the sam
as those used in Ref.@12#. Results for the multipoles in the
present work depend on four combinations of parame
from L pN

(3) , namely b10, b19, b21
r (m), and 2b22

r (m)1b23,
wherem is the renormalization scale. The numerical valu
of b19 and b23 were determined in Ref.@12#. The three re-
maining parametersb10, b21

r (m), andb22
r (m), will be deter-

mined in the present work.
The calculation requires an evaluation of tree-level a

one-pion-loop diagrams, which can be organized into fo
classes depending on whether the radiated photon is em
from the initial nucleon, the final nucleon, the pion, or fro
thepNN vertex. The calculation was performed in a gene
gauge~and is fully gauge invariant!. While this meant more
work, the ability to check gauge invariance provided a ve
important tool for eliminating errors in what was an algeb
ically complex calculation. The result was then reduced
the special case ofv•e50. In this gauge, only one of the
four classes of diagrams has any dependence on the
known HBChPT parametersb10, b21

r (m) and b22
r (m),

namely, photon emission from thepNN vertex.
Adding all contributions together gives the amplitude

Eq. ~6! with the structure amplitudes,Fi(Ep ,x), given ex-
plicitly in the Appendix. Although only charged-pion pro
cesses are discussed in this work, the calculation was a
ally performed for general isospin. We have verified that
p0 amplitudes agree with Ref.@2#.

IV. RESULTS

A. The differential cross section

Using our calculation from the previous section with Eq
~4! or ~5! and theM of Eq. ~6! and theF’s of the Appendix,
we can immediately compute the differential cross secti
At O(p) and O(p2) the result is completely determined
whereas atO(p3) it depends on three unknown paramete
which will now be determined via a least-squares fit to t
experimental data.

Reference@6# provides 11 measurements of the differe
tial cross section forp2p→gn at Tp59.88, 14.62, and
19.85 MeV and Ref.@5# provides an additional 16 measur
6-3
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TABLE I. Values of the three coefficients in theO(p3) HBChPT Lagrangian which are obtained from
least-squares, three parameter, fit to various subsets of the experimental data. In each case there
roughly equivalent well defined minima ofx2 per degree of freedom labeled by A and B. The data consis
~a! 11 measurements ofp2p→gn with Tp<19.85 MeV @6#; ~b! 16 measurements ofp2p→gn with Tp

>27.4 MeV@5#; and~c! eight measurements ofgp→np1 at Tg.153 MeV @7#. The arguments of A and B
correspond to the number of data in the set chosen so that 11;set ~a!, 16;set ~b!, 27;sets (a)1(b), and
35;sets (a)1(b)1(c). As input, we useb19520.760.4 andb23523.160.3 as determined in Ref.@12#.
Note thatb22

r appears only in the combination 2b22
r 1b23, so that its value obtained from fitting these da

depends on the value taken forb23. As discussed in the text, A~35! is considered to be the best result.

x2/d.o.f. b10 b21
r (mN) b22

r (mN)

A~11! 2.79 8.8616.1 28.261.1 9.261.1
A~16! 1.12 6.169.1 27.661.1 9.360.8
A~27! 1.62 11.965.4 28.260.7 9.360.6
A~35! 1.59 13.764.5 28.260.7 9.260.6
B~11! 2.81 240.5615.7 28.261.1 9.361.0
B~16! 1.15 236.269.2 27.661.0 9.460.8
B~27! 1.63 242.465.3 28.360.7 9.460.7
B~35! 1.67 245.664.6 28.460.7 9.460.7
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ments atTp527.4 and 39.3 MeV. A further eight measur
ments, these for the inverse reactiongp→np1 very near
threshold (Tp.3 MeV), come from Ref.@7#. We have per-
formed fits to several subsets of this set of data, as well a
the complete set. A comparison of these fits allows us
check for consistency among the data sets and also f
possible breakdown of the HBChPT form asTp increases.

The values of the three fitted parameters are given
Table I. It is reassuring to see that within the uncertainties
of the various data sets lead to the same numerical value
these parameters, though the fit becomes more stable an
uncertainties smaller as we increase the number of
points included in the fit. It should also be noted that each
our least-squares fits actually finds two sets of parame
characterized by nearly identical values ofb21

r and b22
r but

quite different values ofb10, depending on where the leas
squares routine begins in parameter space. This presum
reflects the fact that the cross section is quadratic in thebi ’s
and that the data are not sufficiently good to distinguish
two solutions. We refer to these two minima in parame
space as A and B, and then label our solution sets as An)
and B(n), wheren is the number of experimental measur
ments used in the fit. For the various subsets of pion cap
data, A(n) and B(n) give essentially indistinguishablex2

values and differential cross sections. Addition of the ve
low energy photoproduction data of Ref.@7# produces a
small improvement in thex2 of the A~35! solution relative to
the B~35! one. The two solutions can be distinguished, ho
ever, by their quite different values ofb10 and also by the
different individualp-wave multipoles, as will be discusse
below.

The results of our best fits to the cross section data
shown in Fig. 1, along with the parameter-freeO(p) and
O(p2) calculations and the experimental data. As these p
indicate, theO(p) calculation disagrees with the data.O(p2)
contributions reduce the discrepancy, but do not eliminat
TheO(p3) terms are necessary for a good fit to the data. T
O(p) terms clearly dominate~note the suppressed zero in th
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plots!, but the contributions ofO(p2) andO(p3) are compa-
rable at most angles. Forgn↔p2p the two contributions
seem to add, whereas forgp↔p1n they have opposite sign
and tend to cancel. The fact that theO(p2) andO(p3) terms
are more or less equal may raise some concern that
HBChPT expansion has not yet fully converged atO(p3).
This point can also be made from Table I, which gives t
values of the three parameters that were determined in
fits. For a nicely converging chiral expansion that just co
tains pions and nucleons as effective degrees of freedom,
probably would have expected each of thebi to acquire val-
ues near unity. The fact that we find values somewhat lar
than this perhaps can be seen as an indication of the ro
explicit matter fields like theD isobar and vector mesons
The discussion of such issues, however, has to be delaye
a future communication. Here we only provide the first st
and fix the contact terms numerically at the scalem5mN .
Note, however, that the value ofb10 obtained from the A~but
not the B! solution is quite consistent in magnitude with th
value of the parameterbP , which is a linear combination o
b10 andb9, obtained in Ref.@2# by fitting p0 data.

B. Threshold results

Expressions are simplified somewhat at threshold, tha
in the limit in which the pion kinetic energyTp goes to zero.
Using M115vuqW um11 , M125vuqW um12 , and E11

5vuqW ue11 , the multipoles, given for the photoproductio
processgN→pN, follow directly from Eqs.~10!–~13! and
the expressions for theF ’s given in the Appendix. The re-
sulting expressions are given purely in terms of physi
quantities. For the (0) isospin channel we obtain

E01
(0)~mp!5

mN

4p~mN1mp!

eGA

2F F2
mp

2mN
1

mp
2

4mN
2 ~mp1mn!G ,

~23!
6-4
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m11
(0)~mp!5

mN

4p~mN1mp!

eGA

2F F ~mp1mn!

6mpmN
2

1

12mN
2

1
~mp1mn!

6mN
2

1
2b10

3GA~4pF !2G , ~24!

m12
(0)~mp!5

mN

4p~mN1mp!

eGA

2F F2
~mp1mn!

3mpmN
1

7

24mN
2

2
~mp1mn!

3mN
2

1
2b10

3GA~4pF !2G , ~25!

e11
(0)~mp!5

mN

4p~mN1mp!

eGA

2F

1

24mN
2

, ~26!

and for the (2) isospin channel

FIG. 1. The cross section for the pion capture reaction, quoted as the reduced center-of-mass cross section for the inversegn→p2p or
@for ~f!# gp→p1n reaction. Experimental data are compared to the HBChPT predictions atO(p) ~dotted line!, O(p2) ~dashed line!, and
O(p3) ~solid line!. The O(p3) result corresponds to A~35! and B~35! which are indistinguishable in these plots.~a! Tp59.88 MeV, ~b!
Tp514.62 MeV, ~c! Tp519.85 MeV, ~d! Tp527.4 MeV, ~e! Tp539.3 MeV, ~f! Tg5153 MeV, Tp53.06 MeV.
054006-5
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E01
(2)~mp!5

mN

4p~mN1mp!

eGA

2F F11
mp

2

8mN
2

2
mp

2

4mN
2 ~mp2mn!1

p2mp
2

4~4pF !2

2
mp

2

GA~4pF !2 S 2b1922b21
r ~m!22b22

r ~m!2b231GA ln
mp

2

m2 D G , ~27!

m11
(2)~mp!5

mN

4p~mN1mp!

eGA

2F F2
1

6mp
2

2
1

12mpmN
2

~mp2mn!

6mpmN
1

5

48mN
2

2
~mp2mn!

6mN
2

1
2GA

2

3~4pF !2

2
2GA

2p

3~4pF !2
1

GA
2p2

12~4pF !2
1

1

6GA~4pF !2 S 2b1924b22
r ~m!22b2322GA

3 ln
mp

2

m2 D G , ~28!

m12
(2)~mp!5

mN

4p~mN1mp!

eGA

2F F 1

3mp
2

1
1

6mpmN
2

~mp2mn!

6mpmN
1

1

24mN
2

2
~mp2mn!

6mN
2

2
4GA

2

3~4pF !2
2

2GA
2p

3~4pF !2

1
GA

2p2

3~4pF !2
2

1

3GA~4pF !2 S 2b1924b22
r ~m!22b2322GA

3 ln
mp

2

m2 D G , ~29!

e11
(2)~mp!5

mN

4p~mN1mp!

eGA

2F F 1

6mp
2

1
1

12mpmN
2

5

48mN
2

2
b19

3GA~4pF !2G . ~30!
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To make contact with previous work, observe that t
O(p) andO(p2) parts of these expressions are just what o
would obtain from an expansion of the usual Born grap
using pseudovector coupling. TheO(p3) parts contain
higher order pieces of the expansion of the Born graphs, l
contributions, and contributions from the part of the L
grangian involving the LEC’s.

The numerical values of the threshold multipoles at e
order in HBChPT are displayed in Table II. TheO(p3) re-
sults are given for both solutions A(n) and B(n). Again the
results are essentially the same within errors for any of
subsets of data used, though the fit is most accurate whe
full 35 points are included. Them11 and m12 multipoles
differ dramatically between A(n) and B(n), as they have an
important dependence onb10 which is quite different for the
two solutions.e11 is constant, as it depends only on th
parameterb19 which was fixed from muon capture@12# and
E01 is nearly constant as it depends only on the parame
b22

r , b21
r , b19, andb23 which are all essentially the same fo

the two fits.
Also shown in Table II are the results of a dispersi

theory calculation by Hanstein, Drechsel, and Tiator@8#. For
the electric multipolesE01 ande11 the agreement with the
HBChPT results is quite good for both thep1 andp2 cases.
For the magnetic multipolesm11 and m12 the agreemen
with A~35! is good, albeit not spectacular. One must rec
nize, however, that there are uncertainties in the disper
relations results also, which were quoted only for theE01
05400
e
e
s

p
-

h

e
the

rs

-
n

multipole. For the B~35! fit, however, the HBChPT and dis
persion results for these multipoles are quite different. Th
comparison with the dispersion relation results strongly
vors the A~35! solution over the B~35! one.

One can gain some further insight via a more detai
comparison with the dispersion relation results. Observe
that Eqs.~23!–~30! give the eight observable multipole am
plitudes in terms of four parametersb10, b19, b21

r (m), and
2b22

r (m)1b23. This means that fourparameter-freerelations
exist among the multipoles in theO(p3) HBChPT calcula-
tion. For example, Table III gives a set of four quantiti
which are independent of these four parameters, along w
their values as obtained from HBChPT and dispers
theory. For these four quantities the convergence of the H
ChPT expansion is good and the results agree quite well w
the dispersion relation predictions of Ref.@8#.

This idea can be carried a step further by looking at co
binations of the multipoles which depend on only one
only a few of thebi ’s. Such results are tabulated in Table IV
The multipolee11

(2) depends, in fact only weakly, onb19 and
one can see from the table that the HBChPT results conv
well and agree with the dispersion theory result. The n
two entriesm11

(2) andm12
(2) depend in addition on the comb

nation 2b22
r 1b23 and also resemble the dispersion relati

results. The next entryE01
(2) depends in addition onb21

r and
the following one,E01

(2)13mp
2 (m11

(2)2e11
(2)) depends only on

b21
r . Both show good convergence and reasonable agreem

with the dispersion theory. Finally the last two entriesm11
(0)
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TABLE II. Thresholds- andp-wave multipoles for the reactionsgn→p2p andgp→p1n. TheE01 are in units of 1023/mp1 and the
reducedp-wave multipoles are in units of 1023/mp1

3 . Dispersion theory results are quoted from Ref.@8#.

E01 m11 m12 e11

gn→p2p HBChPT O(p) 228.2 4.7 29.4 24.7
O(p2) 230.3 9.0 28.1 25.1
O(p3) A~11! 232.261.0 12.663.5 27.463.5 25.0460.04
O(p3) A~16! 232.760.9 12.162.0 28.062.0 25.0460.04
O(p3) A~27! 232.360.7 13.361.2 26.861.2 25.0460.04
O(p3) A~35! 232.260.7 13.761.0 26.461.0 25.0460.04
O(p3) B~11! 232.361.0 2.063.4 218.163.4 25.0460.04
O(p3) B~16! 232.760.9 2.962.0 217.262.0 25.0460.04
O(p3) B~27! 232.360.7 1.661.2 218.661.2 25.0460.04
O(p3) B~35! 232.260.7 0.961.0 219.261.0 25.0460.04

Dispersion theory 231.760.2 11.2 28.3 24.9

gp→p1n HBChPT O(p) 28.2 24.7 9.4 4.7
O(p2) 26.1 27.7 5.6 5.1
O(p3) A~11! 28.361.0 27.563.5 8.863.5 5.0960.04
O(p3) A~16! 28.860.9 28.162.0 8.262.0 5.0960.04
O(p3) A~27! 28.460.7 26.961.2 9.561.2 5.0960.04
O(p3) A~35! 28.360.7 26.561.0 9.861.0 5.0960.04
O(p3) B~11! 28.361.0 218.263.4 21.963.4 5.0960.04
O(p3) B~16! 28.860.9 217.362.0 20.962.0 5.0960.04
O(p3) B~27! 28.460.7 218.661.2 22.261.2 5.0960.04
O(p3) B~35! 28.260.7 219.361.0 22.961.0 5.0960.04

Dispersion theory 28.060.2 29.6 6.1 4.9
ion
e-
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and m12
(0) depend only onb10. Here the B~35! solution is

clearly ruled out by comparison with the dispersion relat
results. The A~35! solution agrees moderately well, esp
cially since the dispersion results come from taking the d
ference of two large numbers, and so probably have sig
cant uncertainties. As found before however, t
convergence of the magnetic multipoles is not as good as
the electric multipoles.

One can summarize the results of this evaluation of
threshold multipoles and comparison with the dispersion
lation calculation of Ref.@8# as follows. Generally the HB-
ChPT calculation produces results for the multipoles for
physical processes that converge and that agree with the
persion relation calculation. Likewise the various LEC
seem to be well determined. The second solution, B~35!,
05400
-
fi-

or

e
-

e
is-

which could not be distinguished from the other one on
basis ofx2 alone, seems to be ruled out by comparison w
dispersion relation results. The weakest link appears to b
the convergence of the HBChPT expansion for the magn
multipoles, which is not as good as that for the electric m
tipoles, and in the detailed combinations of multipoles d
pending onb10 alone.

To improve the calculation it might be interesting to e
tend it to one higher order, which can be done still within t
context of a one-loop calculation. Thus one could see if
O(p4) terms indicate real convergence. One might also th
about including theD(1232) as an explicit degree of free
dom. In the present calculationD effects are included implic-
itly in the LEC’s, which is a perfectly consistent approac
One alternatively could extract them explicitly along th
er-

TABLE III. Four combinations ofs- and p-wave threshold multipoles that are independent of allbi

parameters~includingb19) up to and includingO(p3) in HBChPT. Their values are compared to the disp
sion theory results of Ref.@8#. TheE01 are in units of 1023/mp1 and the reducedp-wave multipoles are in
units of 1023/mp1

3 .

HBChPT Dispersion theory
O(p) O(p2) O(p3)

E01
(0) 0 21.5 21.4 21.360.1

e11
(0) 0 0 0.02 0

m11
(0)2m12

(0) 0 1.3 1.3 1.3
2m11

(2)1m12
(2) 0 27.0 28.5 29.6
6-7
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TABLE IV. Some additional combinations ofs- andp-wave multipoles that depend on subsets of thebi

parameters up to and includingO(p3) in HBChPT. Their values are compared to the dispersion theory re
of Ref. @8#. TheE01 are in units of 1023/mp1 and the reducedp-wave multipoles are in units of 1023/mp1

3 .

HBChPT
Depends on O(p) O(p2) O(p3) Dispersion theory

e11
(2) b19 3.3 3.6 3.5860.03 3.5

m11
(2) b19,2b22

r 1b23 23.3 25.9 27.160.1 27.4
m12

(2) b19,2b22
r 1b23 6.7 4.8 5.760.2 5.1

E01
(2) b19,2b22

r 1b23,b21
r 20.0 20.0 21.460.5 21.1

E01
(2)13mp

2 (m11
(2)2e11

(2)) b21
r 0 28.5 210.760.3 211.4

m11
(0) b10 0 0.4 2.660.7 A~35! 0.6

26.560.7 B~35!

m12
(0) b10 0 20.9 1.260.7 A~35! 20.8

27.860.7 B~35!
te
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lines of Ref.@4#. Very preliminary estimates seem to indica
that such effects are relatively small in the very near thre
old region we are considering, but it might be worth doing
full calculation.

Finally, as somewhat of a side issue, we note that
alternative representation of the near-threshold differen
cross section which is often used is

v

uqW u

dsgN→pN

dVp
5A1Bx1Cx2, ~31!

A5uE01u21
1

2
uP2u21

1

2
uP3u2, ~32!

B52 Re~E01P1* !, ~33!

C5uP1
2u2

1

2
uP2u22

1

2
uP3u2, ~34!

P153E111M112M12 , ~35!

P253E112M111M12 , ~36!

P352M111M12 . ~37!

However, this near-threshold result differs somewhat fr
the general result we have used. It is obtained by expan
the original amplitude, e.g., the pion pole contributions, a
keeping terms only throughx2, which is sufficient to give the
cross section in terms ofs- and p-wave multipoles. In con-
trast we used the square of the full HBChPT amplitude to
the cross section, and only later after fitting the data
tracted thes- andp-wave multipoles.

V. SUMMARY AND OUTLOOK

We have investigated the radiative capture of a char
pion by a nucleon using heavy baryon chiral perturbat
05400
-

n
al

ng
d

t
-

d
n

theory and have obtained explicit expressions for the am
tude and for thes- and p-wave multipoles, expressed, as
more conventional, as amplitudes for the inverse photop
duction process. Up toO(p3), these expressions depen
upon three parameters that were determined by fitting to d
for p2 capture by a proton and for very near threshold ph
toproduction. Two satisfactory fits were obtained, whi
were indistinguishable, based only on comparison with
data.

Using the LEC’s obtained from these fits, the eights- and
p-wave multipoles~four for thep1 case and four for thep2

case! were calculated and compared with results previou
obtained from dispersion theory@8#. In general the agree
ment was good for one of the fits, A~35!, whereas there were
significant differences when the other fit was used. T
same result held for combinations of the multipoles depe
ing on just a few of the parameters. We thus conclude t
the A~35! fit gives an acceptable result, and thus that
three parameters determined in that fit,b10,b21

r ,b22
r and

given in Table I are available for future studies of oth
reactions.

In general the convergence of the HBChPT expans
was very good for the electric multipoles, but somewhat l
good for the magnetic ones. This suggests that it might
valuable to consider extending the present work toO(p4) or
to include explicitD(1232) fields in the chiral Lagrangian.
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APPENDIX: STRUCTURE AMPLITUDES

Up to O(p3) in HBChPT, the structure amplitudes of Eq.~6!, corresponding to the photoproduction processgN→pN, are
found to be
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where uqW u5AEp
2 2mp

2 , mN is the renormalized nucleo
mass, andmp is the renormalized pion mass.

Note that all of the parameters in these expressions h
been renormalized. The calculation was performed using
bare Lagrangian parameters, which were then converte
renormalized parameters as follows:
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mp.2.79 andmn.21.91 are the magnetic moments of th
proton and neutron, respectively. The expression for the b
pion decay constantF0 in terms of the renormalizedF and
for the baregA in terms of the physicalGA.1.26 depend
somewhat on the explicit form of the Lagrangian used, a
are derived, for example, in Ref.@12#.
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