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Pion elastic scattering and double charge exchange on heavy nuclei
in the generalized seniority model
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The p-nucleus optical potential is extended to open shell nuclei by employing the generalized seniority
model and partial Pauli blocking. The calculated optical potentials are fit top-nucleus elastic scattering data on
90Zr and 208Pb at resonance as well as low energies. The ranges of thepN interaction are determined by a best
fit to experimental data. The angular distribution at 48 MeV pion lab energy and energy dependence of the
double charge exchange cross section on Te isotopes are calculated. The existing experimental data are
reproduced by using the ranges in the vicinity of the averaged ranges of90Zr and 208Pb determined in fitting
elastic-scattering data.

PACS number~s!: 13.75.Gx, 25.80.Gn, 24.10.Ht, 21.60.Cs
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I. INTRODUCTION

The pion-nucleus double charge exchange~DCX! reaction
is a unique tool for revealing nucleon-nucleon correlations
nuclei @1,2#. However, the existing studies of the DCX rea
tion are mainly on light nuclei. Since for medium and hea
nuclei the nucleon-nucleon correlation also plays a very
portant role, one can hope that the study of DCX reacti
may bring about new opportunities to deepen our und
standing of the structure of these nuclei.

There exist several theoretical studies of the DCX re
tion on Te isotopes@3,4#, but they are in a less quantitativ
stage, compared to the study of DCX in the light nuclei.
@3# the quasi-particle-random-phase approximation~pn-
QRPA! is applied to account for nucleon-nucleon corre
tions in nuclei, and the authors are able to explain the D
rates by adjusting the particle-particle interaction streng
@3#. While pnQRPA has gained some success in the stud
double beta decay, one needs to be more careful when
method is applied to the study of the DCX reaction, sinc
prominent feature of the pnQRPA is the nonconservation
particle numbers. The DCX reaction is a complex mu
stage process, which involves two charge exchanges,
propagation of intermediatep0 and the scattering of incom
ing and outgoing pions. Pion scattering from the remain
of the nucleons is crucial in calculating the DCX cross s
tion and requires a realisticp-nucleus optical potential@5#.
Therefore, it seems more appropriate to employ a nuc
model with well-defined nucleon numbers, from which o
can derive a realisticp-nucleus optical potential. In this re
gard, the shell model appears more advantageous, as it
vides a nuclear wave function that conserves the numbe
nucleons. However, the huge configuration space prese
formidable obstacle. As is done in the nuclear struct
study, one often employs simplifications of the shell mo
in dealing with the nuclear wave function. The generaliz
seniority model is one such simplification, and it has be
applied@4# to the DCX reaction. It was shown in that stud
that nuclear structure, while relatively unimportant in t
0556-2813/2000/62~4!/044614~9!/$15.00 62 0446
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double isobaric analog state~DIAS! transition, plays an im-
portant role in the ground-state~g.s.! transition. However,
that investigation is only schematic, since it is based on
plane-wave limit.

In the present work we study the DCX reaction on
isotopes based on the generalized seniority model toge
with the most important ‘‘realistic’’ elements of the DCX
reaction: the nuclear density distribution, and distortions
the incoming and outgoingp waves and thep0 propagation.

The paper is organized as follows: Sec. II discusses
calculation of thep-nucleus optical potential with Pau
blocking in an open shell nucleus. In Sec. III the calcula
optical potential is fine tuned by fitting to elastic scatteri
data on90Zr and 208Pb. The DCX reaction on Te isotope
which is the primary aim of this work, is discussed and c
culated in Sec. IV. Section V contains the conclusions a
discussion.

II. CALCULATION OF p-NUCLEUS OPTICAL
POTENTIAL FOR OPEN SHELL NUCLEI

To investigate thep-nucleus optical potential a formalism
was proposed in@6,7# and applied to closed shell nucle
However, for open shell nuclei the nucleon-nucleon corre
tion makes all the single-particle orbits in the valence sh
partially filled, and the Pauli blocking, which has bee
shown important in the calculation of optical potential@7#,
becomes complicated~for convenience, hereafter, we ca
this blocking in a partially filled shell ‘‘partial Pauli block
ing’’ !. In this work we modify the formalism of Refs.@6,7#
to incorporate the partial Pauli blocking by using the sche
of the generalized seniority model.

The generalized seniority model is a good approximat
when the nucleus has valence nucleons~or protons! only @8#.
In this case the ground state is well approximated by a c
densate of angular momentum zero~monopole! pair, where
the internal structure of these monopole pairs is mass in
pendent. For the heavier nuclei investigated in this pap
such as the isotopes of Te, we will use a less restric
©2000 The American Physical Society14-1
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H. C. WU AND W. R. GIBBS PHYSICAL REVIEW C62 044614
interpretation in which the ground state is still described a
condensate of monopole pairs but where the internal st
ture is taken to be mass dependent and determined fro
ground-state energy minimization procedure, as is done
Ref. @9#. It has been shown that this less restrictive gene
seniority scheme yields an excellent approximation to
results of a complete shell-model calculation for a series
medium and heavy nuclei@9#. In the following we will use
this extension of the generalized seniority scheme.

In the extension of the generalized seniority scheme u
in this work, the ground state is written as

ug.s.&5uSp
NpSn

Nn&, ~2.1!

where

Sr
†5(

j
ar jSr

†~ j !; Sr
†~ j !5AV j

2
~cj ,r

† cj ,r
† !(0);

~r5p,n!. ~2.2!

The pair-structure coefficients,ar j , are determined by a
variational calculation to minimize the energy of the grou
state and are thus mass dependent. As an example, in Ta
we list the pair structure coefficients~taken from Ref.@9#! for
130Te and 130Xe. In the generalized seniority scheme t
particle number conservation is strictly obeyed.

Following Refs. @6,7#, the optical potential can be ex
pressed as

^k8uVopt~E!uk&5
A21

A (
i

^k8f i utp i~E!ukf i&, ~2.3!

wherek andk8 are the initial and final momenta of pion,A is
the number of nucleons,f i is the bound state of thei th
nucleon, and the operatortp i(E) is T matrix of the scattering
of the p from the i th nucleon~@6#!. For heavy nuclei the
factor (A21)/A is almost equal to one, thus it can be n
glected.

For open shell nuclei it is more convenient to work in t
second quantized formalism, in which the above optical
tential ~for closed shell nuclei! can be expressed by the fo
lowing operator:

V̂5(
j ,m

t j j ajm
† ajm , where t j j 5^k8f j utpN~E!ukf j&,

~2.4!

TABLE I. Pair structure coefficients of130Te and 130Xe in the
generalized seniority scheme.

j 7/2 5/2 3/2 1/2 11/2

ap j 1.9403 0.8561 0.4510 0.3937 20.3792
gp j 0.2015 0.0392 0.0109 0.0083 0.0077
an j 1.3390 1.5898 0.3694 0.5418 20.4719
gn j 0.9583 0.9698 0.5932 0.7736 0.7162
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wherej represents the single-particle orbit while other no
tions are the same as in above. The extension to open
nuclei is trivial:

V̂5 (
j 2 j 1 ,m

t j 2 j 1
aj 2m

† aj 1m ,

where

t j 2 j 1
5^k8f j 2

utpN~E!ukf j 1
&, ~2.5!

which is different from Eq.~2.4! by including the off-
diagonal matrix elements (j 15” j 2), since all the single-
particle orbits in the valence shell are partially occupied.

The optical potential can be taken as the expectation
the operatorV̂

^k8uVopt~E!uk&5^g.s.uV̂ug.s.&, ~2.6!

where ug.s.& is the ground state in the generalized senior
scheme. It is obvious that, for closed shell nuclei this form
ism is identical to that in Refs.@6,7#, however, it also works
for open shell nuclei.

Since off-diagonal terms in Eq.~2.5! break the seniority
zero pairs,Sp

† andSn
† @Eq. ~2.2!#, their contribution to optical

potential in Eq.~2.6! will vanish and only diagonal terms ar
relevant. Therefore, we can have

^k8uVopt~E!uk&5^Sn
NnSp

NpuV̂uSn
NnSp

Np&

5(
j

^k8f j utpN~E!ukf j&~2 j 11!g j ,

~2.7!

where

g j5(
m

^Sn
NnSp

Npuajm
† ajmuSn

NnSp
Np&, ~2.8!

which can be calculated by a pair-operator expansion te
nique of @10#, and the results are listed in Table I.

Next we consider the Pauli blocking for the partially fille
orbits. Since the coefficientg j is the occupation probability
of the single-particle orbitj, it seems reasonable to assum
that the effectiveness of Pauli blocking is proportional tog j ,
thus, the Pauli-blockedT matrix, t j j , can be taken as the
following combination:

t j j 5g j^k8f j uvpN~E!ukf j&1~12g j !^k8f j utpN~E!ukf j&,
~2.9!

i.e., thepN T-matrix element with the partial Pauli blocking
t j j , takes the value of thepN potential when the orbit is
blocked, and it takes the value of thepN T matrix when the
orbit is not blocked. We calculate the optical potential
90Zr, 208Pb, and128,130Te, and the results are to be tested
elastic scattering and double charge exchange reac
which are discussed in the following two sections.
4-2
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PION ELASTIC SCATTERING AND DOUBLE CHARGE . . . PHYSICAL REVIEW C 62 044614
III. ELASTIC SCATTERING ON MEDIUM
AND HEAVY NUCLEI

Due to the crucial importance of thep wave distortion in
the DCX reaction@5#, we shall test the validity of the calcu
lated optical potential by fitting thep-nucleus elastic scatter
ing on heavy nuclei. A recent work@11# has shown that the
calculated optical potential can reproduce well the ela
scattering on light nuclei such as14C, 16O, and 40Ca. To
serve the purpose of this work the ideal test objects would
the isotopes of Te. However, restricted by the availability
experimental data, we will instead test the optical poten
calculation by fitting the elastic scattering on208Pb and90Zr
@12–14#. The fitting will be conducted on low energies 3
40, and 50 MeV as well as on the resonance regionEp

5162 MeV!.
The optical model for the pionic elastic scattering and

fitting strategy are described in Ref.@11# and references
therein. Here we only note the following:

~1! In calculating thep-nucleus interaction six rangesa i
are employed~as in Ref.@11#!, which correspond to the six
pN partial waves. Due to the influence of the nuclear en
ronment, those ranges are expected to be different from
pN data and from the results which are derived from fitti
light nuclei. However, because of their origin in thepN
system, we will take those values as ‘‘reasonable’’ if they
not too far away from their correspondingpN values.

~2! For the true absorption we use the form obtained fr
40Ca,

Wabs5
Z•N

202
515

G2/4

~E2E0!21G2/4
, ~3.1!

whereE05215 MeV, G577 MeV, Z andN being the total
number of protons and neutrons of the nucleus, respectiv
This quantity is to be multiplied by the product of the ne
tron density times the proton density with each normalized
unit integral probability over the radial variable only.

~3! When the incomingp1 reaches the surface of th
target nucleus its kinetic energy will be decreased roughly
an amount of

DE5
Ze2

1.4~A!1/3
, ~3.2!

and hence the optical potential for thep1 should be evalu-
ated with an appropriately reduced kinetic energy. The v
ues ofDE are about 14 MeV for208Pb and 9 MeV for90Zr.
One needs to take into account this kinetic energy reduc
in the optical potential calculation, especially, if one de
with low-energy pions. Likewise, when leaving the nucle
surface the kinetic energy ofp2 is increased by an amoun
DE, and the same treatment is needed in the calculatio
the optical potential.

~4! The single-particle wave functions are importa
since~in the present work! they constitute the nuclear den
sity, which determines the distortion of the incoming a
outgoing pionic wave, and, in turn, influence the DCX rea
tion. We calculate the single-particle wave function by so
04461
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ing a Schro¨dinger equation with a Woods-Saxon type of p
tential well, the parameters of the well being determin
under the condition that the nuclear density has the cor
rms proton radius (̂r 2&) and diffuseness, which are listed i
the electron scattering data@15#. The charge radii are cor
rected for the finite size of the proton.

However, the neutron density remains poorly known. O
strategy is to survey a series of different neutron radii and
find the minimal value ofx2, as is done in@16#. We create a
series of radii for both proton and neutron parts of the d
sity for the nucleus under investigation. For each pair
proton and neutron radii, a minimum is reached forx2 with
a search on the ranges and multipliers. With those min
we make a contour diagram, then find the lowest minim
x2 value and thus determine the proton and neutron rad
Figures 1 and 2 show these contour diagrams for90Zr and
208Pb, respectively. These diagrams indicate that the r
which give lowestx2 values areRp55.30 fm,Rn55.60 fm
for 208Pb, andRp54.17 fm andRn54.25 fm for 90Zr. These
proton radii are very close to the corresponding values de
mined by electron scattering.

The structure of the oscillations of the 162 Me
p1-208Pb data turns out to be sensitive to the nuclear d
fuseness, and a diffuseness of 0.65 fm seems give the be

FIG. 1. Contour diagram of thex2 on 90Zr.

FIG. 2. Contour plot ofx2 on 208Pb.
4-3
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FIG. 3. Pion elastic scattering on90Zr. The
solid line represents the calculation, and poin
are the experimental data@13,14#.
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This skin value is also in the vicinity of the electron scatt
ing data@17#.

Figures 3 and 4 show the comparison of the experime
and calculated cross sections of the elastic scattering on90Zr
and 208Pb, respectively. The agreement between experim
04461
-

al

nt

and calculations is excellent. Table II lists the ranges
tained by fitting the two nuclei. For a comparison we list al
the ranges for40Ca from Ref.@11#.

x2 for 208Pb is 1083 for 172 data points, andx2 of 90Zr is
163 for 52 data points. The ranges from fits to the elas
FIG. 4. Pion elastic scattering on208Pb. The
points are the experimental data@12–14#.
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PION ELASTIC SCATTERING AND DOUBLE CHARGE . . . PHYSICAL REVIEW C 62 044614
scattering on208Pb and 90Zr, as is expected, are differen
from those for 40Ca, but these fitted ranges all seem ‘‘re
sonable’’ and the two sets of ranges for208Pb and90Zr are
not very different from each other, even though the two n
clei have a large difference in mass. Due to lack of exp
mental data on elastic scattering, we are unable to determ
the ranges for the Te isotopes through a similar fitting p
cedure. However, it is reasonable to look for the ranges o
isotopes in the vicinity of an average of the ranges of208Pb
and 90Zr. In Table II, column 5, we list one such set o
ranges for the Te isotopes~see Sec. IV!. The normalizations
and multiplying factors, as defined in Ref.@11#, are shown in
Table III.

IV. THE DCX REACTION ON TE ISOTOPES

A. DCX operators in a multi- j shell

The extension of the formalism of the DCX reaction fro
a single-j shell case@1# ~AGGK! to a multi-j shell case is
straightforward. We use the same notations as AGGK exc
as stated otherwise. The DCX operator~in coordinate space!
is expressed as

F12~k,k8!5@F0~r1 ,r2!1F1~r1 ,r2!s1•e1s2•e2#

* T2~1!T2~2!, ~4.1!

where F0 and F1 are related to non-spin-flip~NSF! and
double-spin-flip~DSF! processes, respectively. The negle
of single-spin-flip~SSF! term is for simplicity and is though
to be a reasonable approximation, since the SSF contribu

TABLE II. Ranges from fits to208Pb and90Zr.

Partial a i a i a i a i

wave 90Zr 208Pb 40Ca 128,130Te

S11 404 265 147 300
S31 497 576 556 550
P11 277 202 343 400
P31 210 563 237 400
P13 253 518 173 380
P33 1173 1309 1207 1130

TABLE III. Normalization and scaling factors from fits to208Pb
and 90Zr.

Incoming Energy Normalization Normalization
particle ~MeV! 208Pb 90Zr

p1 30 0.81 1.24
p1 40 0.96 1.39
p1 50 0.82 1.07
p1 162 1.25
p2 162 1.31

s multiplier 1.24 1.21
p multiplier 1.22 1.14
04461
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is zero for the DCX reaction in a shell with same-par
single-particle orbits and for the forward in the plane-wa
limit @4#. However, we note that an in-depth investigation
the SSF contribution in heavy nuclei is needed. In the mu
j case it is more convenient to express the DCX operato
pair form:

F5 (
J,$ j 1 j 2%,$ j 3 j 4%

GJ,$ j 1 j 2%,$ j 3 j 4%~bj
†

1bj
†

2!J
•~ ã j 3

ã j 4
!J, ~4.2!

where$ j 1 j 2% meansj 1> j 2, and the scalar product is define
as

AJ
•BJ5(

M
~21!MAM

J B2M
J . ~4.3!

The NSF two-body matrix elements consist of direct a
exchange terms

GJ,$ j 1 j 2%,$ j 3 j 4%
NSF 5

2V

D1234
2 ~21!12 j 22 j 41 l 11 l 22 l 32 l 4

3(
L

H H j 1 j 2 J

j 4 j 3 LJ QL~ j 1 j 3!QL~ j 2 j 4!

3I L
0~1234!1~21!JEx.J , ~4.4!

whereQL( j j ) and integralI L
0(1234) in the direct term stand

for

QL~ j 1 j 3!5A 1

4p
l̂ 1 l̂ 3~ ĵ 1 ĵ 3!1/4S l 1 l 3 L

0 0 0D H l 1 l 3 L

j 3 j 1 1/2J ,

I L
0~1234!5E dr1dr2F0~r1 ,r2!YL~ r̂ 1!•YL~ r̂ 2!

3r l 1l 3
~r 1!•r ł 2ł 4

~r 2!, ~4.5!

and

V5$~ j 111/2!~ j 211/2!~ j 311/2!~ j 411/2!%(1/4),

r l 1l 3
~r 1!5cn1l 1 j 1

p ~r 1!cn3l 3 j 3

n ~r 1!,

D12345A~11d j 1 j 2
!~11d j 3 j 4

!,

ĵ 52 j 11. ~4.6!

The expression for the exchange term~Ex.! is the same as
that for direct term except that the orbitsj 3 and j 4 are inter-
changed. The multipolarityL takes even values only whe
the parities ofj 1 and j 3 orbits are the same, whereas it tak
odd values only when the parities ofj 1 and j 3 are opposite.

The DSF two-body matrix elements consist of
4-5
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H. C. WU AND W. R. GIBBS PHYSICAL REVIEW C62 044614
GJ,$ j 1 j 2%,$ j 3 j 4%
DSF 5

2V

D1234
2 ~21!12 j 22 j 32 l 32 l 4

3 (
Lll8

H H j 1 j 2 J

j 4 j 3 LJ DlL~ j 1 j 3!Dl8L~ j 2 j 4!

3I L
1~1234!1~21!JEx.J , ~4.7!

where

DlL~ j 1 j 3!5A2 l̂ 1 l̂ 3l̂~ ĵ 1 ĵ 3!(1/4)S l 1 l 3 l

0 0 0D
3H l 1 L

l 1
1
2 j 1

l 3
1
2 j 3

J ,

I L
1~1234!5E dr1dr2F1~r1 ,r2!YlL~ r̂ 1!•Yl8L~ r̂ 2!

3r l 1l 3
~r 1!r ł 2ł 4

~r 2!, ~4.8!

in which the vector spherical harmonicYlL( r̂1) is defined as

YlL~ r̂1!5@Yl~ r̂1!Y1~ ê1!#L. ~4.9!

The multipolarityL takes odd values only when the pariti
of j 1 and j 3 orbits are the same, whereas it takes even va
only when the parities ofj 1 and j 3 are opposite.

In multipole form the DCX operator looks the same as
the AGGK paper,

F5V (
L,$ j 1 j 2%,$ j 3 j 4%

FL$ j 1 j 2%,$ j 3 j 4%~k,k8!

3~bj 1

† ã j 3
!L
•~bj 2

† ã j 4
!L/~2L11!, ~4.10!
ffi

a

04461
es

however, the actual expression of the matrix elementsFL is
more complex. The matrix elementsFL andGJ can be trans-
formed to one another according to the following formula

GJ,$ j 1 j 2%$ j 3 j 4%5V~21!12 j 22 j 3(
L

H j 1 j 3 L

j 4 j 2 J J
3FL,$ j 1 j 2%,$ j 3 j 4% , ~4.11!

FL,$ j 1 j 2%$ j 3 j 4%5
1

V
~21!11 j 21 j 3(

J
H j 1 j 3 L

j 4 j 2 J J
3GJ,$ j 1 j 2%$ j 3 j 4%ĴL̂. ~4.12!

As a verification of these formulas, one can let allj ’s be
equal and the formulas ofFL in the AGGK paper are repro
duced.

We are interested in calculating the DIAS and g.s. tran
tions which involve only the zeroth component of the DC
operator. In the generalized seniority scheme the amplit
of DIAS transition can be calculated as follows@4#:

^F̂&DIAS85N d
21(

j ,k,J
(

$ j 1 j 2%,$ j 3 j 4%
~21!11JGJ,$ j 1 j 2%,$ j 3 j 4%

3^Spu@~ b̃ j b̃k!
(J)~bj 1

† bj 2

† !(J)# (0)uSp&

3^Sn
Nnu@~aj

†ak
†!(J)~ ã j 3

ã j 4
!(J)# (0)uSn

Nn&, ~4.13!

whereN d
21 is the normalization of the double analog state

Xe isotopes, and
^Sn
Nnu@~aj

†ak
†!(J)~ ã j 3

ã j 4
!(J)# (0)uSn

Nn&5H 2A2J11~^Sn
Nnu~aj

†ak
†!0

(J)uSn
Nn22

~ajak!0
(J)&!2d j j 3

dk j4
J.0

2^Sn
Nnu~aj

†aj
†!(0)~aj 3

aj 3
!(0)uSn

Nn&d jkd j 3 j 4
J50,

~4.14!
nd
which can be calculated easily with the pair structure coe
cientsar j ~listed in Table I!.

The amplitude of the g.s. transition are much simpler th
that of DIAS @4#:

^F̂&g.s.
0 5^Xe,g.s.uF̂uTe,g.s.&.^Sp

2 Sn
Nn21uF̂uSpSn

Nn&

5 (
j 1 , j 3

G0,$ j 1 j 1%,$ j 3 j 3%^Sp
2 u~bj 1

† bj 1

† !(0)uSp&

3^Sn
Nn21u~ ã j 3

ã j 3
!(0)uSn

Nn&. ~4.15!
-

n

From the discussion in Ref.@4# the only relevant configu-
rations are

$ j a j a%$ j b j b% or $ j a j b%$ j aj b%, ~4.16!

which greatly simplifies the calculations.

B. Angular distribution of DCX cross section at E labÄ48 MeV

Due to their special importance in both DCX reaction a
doubleb decay, the isotopes128Te and130Te have attracted
attention from nuclear physicists@3,4#.
4-6
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PION ELASTIC SCATTERING AND DOUBLE CHARGE . . . PHYSICAL REVIEW C 62 044614
The valence shell protons and neutrons are in the s
shell consisting of the following orbits:g7/2, d5/2, d3/2,
s1/2, andh11/2. Since they are near-spherical nuclei,
application of generalized seniority model is appropriate@9#.
In the generalized seniority model the number of nucle
pairs with nonzero contribution to the DCX amplitude
limited to 35, Eq.~4.16!.

The rangesa i play an important role in double charg
exchange reaction as well as in elastic scattering. It is p
erable that one calculates the DCX reaction for Te isoto
with the ranges which are determined in fitting elastic sc
tering. However, since there are no such elastic-scatte
data available, we instead look for a set of ranges, wh
reproduce well the DCX data of Te isotopes and which are
the vicinity of the averaged ranges of90Zr and 208Pb. Since
the two sets of ranges of90Zr and 208Pb are very close de
spite the big difference in mass between the two nuclei,
has reason to expect that Te isotopes, with an intermed
mass, should have ranges not too far away from the range
90Zr and 208Pb.

We list such a set of ranges for Te in column 5 of Tab
II. The angular distribution of the DCX cross section on
isotopes is calculated at the pion lab energy equal to
MeV. Figures 5 and 6 show a comparison between exp
mental data@18# and calculations with this set of ranges f
128Te and 130Te, respectively. Two types of nuclear wav
function are used in the calculation: the generalized senio
model wave function~realistic! and the seniority model wav
function. The upper solid line and long-dashed line repres
the DIAS transition with realistic and seniority wave fun
tions, respectively. The lower solid line and dot-dashed l
are the g.s. transition with realistic and seniority wave fu
tions, respectively. The two-orders-of-magnitude differen
between DIAS and g.s. transition data at 30 degrees is
reproduced. It is found that the DCX cross section is v
sensitive to theP33 range. Therefore, one may be more

FIG. 5. Angular distribution of the DCX reaction on128Te. The
curves labeled DIAS and g.s. represent the double isobaric an
state transition and the ground-state transition, respectively.
types of nuclear wave function are used: generalized senio
model and seniority model. See the text for a more detailed ex
nation of the correspondences. The experimental data are t
from @18#.
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less confident about the choice ofP33 range~1130 MeV/c),
although elastic-scattering fitting is not done. We note t
the results in Figs. 5 and 6 are only preliminary, since
elastic scattering is not fitted and the DCX data are so sca

As is pointed out in Ref.@4# that the general seniority
wave function, Eq.~2.1!, is not an isospin pure state. It has
mixing of higher isospin component~the probability is less
than 2%!, which we call ‘‘spurious’’ isospin mixing. The
amplitude of this mixing,d, can be calculated as follows@4#:

d5N d
21^Sp

2 SNn21uT2T2uSpSNn&. ~4.17!

To remove this mixing, the following subtraction needs to
done@4#

^F̂&g.s.5^F̂&g.s.
0 2d^F̂&DIAS , ~4.18!

where ^F̂&0 is the DCX matrix elements before removin
this spurious mixing. In Figs. 5 and 6 the dotted line rep
sents the g.s. transition with the realistic seniority model
ter removing this mixing. It seems that, while in general th
correction is not big, it is important for some angles.

It is interesting to note that while two type of nucle
wave functions produce very different g.s. transition rat
the DIAS transition rates are very close. It confirms the sa
conclusion in a previous study in the plane-wave limit@4#.
One may roughly state that the DIAS rates depend mainly
the two-step sequential process, whereas the g.s. rates
more to do with nuclear structure.

C. Energy dependence of the DCX cross section

In the studies of DCX reaction for light nuclei at low
energies, a peak was observed in the vicinity ofTp540
MeV. This peak has been understood as the consequenc
the pion propagation in the conventional two-step sequen
process, which includes not only the distortion ofp1 and
p2 but also the distorted Green function ofp0.

We calculate the energy dependence of the pionic D
reaction on128Te ~Fig. 7! by using the set of ranges listed i
Table II. A peak remains at around 40 MeV, however, t

og
o

ty
a-
en

FIG. 6. Angular distribution of the DCX reaction on130Te. See
Fig. 5 for an explanation of the meaning of the curves and poin
4-7
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shape of this peak depends very much on the set of ra
used. Therefore, the results in Fig. 7 can be viewed as o
tentative. To further test the theory, more experiments
needed.

V. CONCLUSION AND DISCUSSION

The application of generalized seniority model to t
study of DCX reactions is motivated by the success of t
model in the study of a series of medium and heavy nu
@9#. However, when dealing with DCX reactions one has
be more careful about the consequences of neglecting hi
seniority components.

First we consider the role of higher seniority compone
in the calculation of the optical potentials. One could im
prove the approximation by including a mixture of a sm
seniority-four component~denoted asun54&) as follows:

ug.s.&5uSp
NpSn

Nn&1hu~DpDn!0Sp
Np21Sn

Nn21&

[un50&1hun54&, ~5.1!

where un50& denotes the dominant component@Eq. ~2.1!#,
and one assumes thath!1. In the generalized seniorit
model the states with seniority higher than zero are not w
defined. Hereun54& is understood as a seniority four state
the sense that four nucleons are not forming angular mom
tum zero pairs. The optical potential produced by the vale
nucleons is

^k8uVopt~E!uk&5^g.s.uV̂ug.s.&

5^n50uV̂un50&12h^n50uV̂un54&

1h2^n54uV̂un54&. ~5.2!

FIG. 7. Energy dependence of the DCX cross section for128Te.
The rates are given for DIAS transition in the two cases: NSF~long
dashed line! and NSF1DSF ~full line!, respectively. The general
ized seniority model wave function is employed for both cas
NSF and DSF stand for non-spin-flip and double-spin-flip, resp
tively. The only experimental data point is taken from@18#, which
is extrapolated to the forward angle transition.
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The off-diagonal part in Eq.~2.5! ~with j 15” j 2) can change
seniority at most by two, therefore, the second term in E
~5.2! will vanish, and the only correction brought about b
the mixture ofun54& is the last term in the right-hand side
According to a phenomenological calculation in Ref.@19#,
the value of h for the near-spherical nuclei, such a
128,130Te128,130Xe, is less than 0.2 so that theh2 term is only
about 0.04, which is negligible.

Second, we discuss the importance of higher senio
components to the DCX amplitudes. As was demonstrate
this work and in a previous work@4#, the DIAS transition
mainly depends on the two-body sequential process,p scat-
tering andp wave distortion, in which the optical potentia
are of crucial importance. The dependence of DCX am
tude on the pair coefficients of the generalized senio
wave function is only minor. Therefore, one has good rea
to assume that the mixing of a small componentun54& will
not bring about significant changes to the DIAS amplitud
However, for the g.s. transition the mixing of higher senio
ity components may have a considerable effect. It is an
volved task to study the nuclear structure in a space with
the seniority four components which we leave to a futu
investigation.

The motivation of this work was to investigate the DC
reaction on heavy nuclei such as Te isotopes, based o
sequential scattering mechanism plus realistic nuclear w
function and pionic distortions. For this purpose the opti
potential is of crucial importance, therefore, the fine tuni
via fitting elastic scattering is indispensable. The fitting
the elastic scattering on208Pb and90Zr reproduce the experi
mental data very well, which shows that the extension of
model of @6,7# is applicable to more complex shells.

For a quantitative investigation on Te isotopes one wo
need to test the optical potential and to determine the par
eters also via fitting elastic scattering. However, this is
possible due to the lack of data. Instead we took the aver
of the parameters of208Pb and90Zr as guidance in determin
ing ranges for Te. This makes our calculation and the co
parison to data less quantitative. However, the reproduc
of ~rare! DCX data on Te isotopes with a set of ranges in t
vicinity of the ranges of90Zr and 208Pb is, at least, an en
couraging sign of the adequacy of the use of the two-s
sequential process and the generalized seniority model
further understand the double charge exchange reaction m
experimental data are needed, especially for heavy nucle

The nuclei128,130Te have been a focus of combined stu
ies of double charge exchange reaction and double beta
cay, since both reactions turn two neutrons into protons.
natural to demand that any successful nuclear model sh
be able to explain the two reactions at the same time.

The pnQRPA gained success in reproducing the dou
beta decay by adjusting the particle-particle coupli
strength gpp @20#. However, in dealing with 100Mo the
method encountered a fatal problem that is the collapse
ground state, which is due to the violation of Pauli princip
This collapse is repaired by introducing a numerical pro
dure called ‘‘renormalization’’@21#. However, the physics
behind the violation of Pauli principle and the renormaliz
tion procedure needs to be further explored.

.
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The generalized seniority model, as is shown in this wo
explains the elastic scattering and double charge exchan
a consistent manner, but it fails to reproduce the double b
decay data@22#: the calculated matrix elementMGT is about
seven times as big as the experimental value; and all o
shell-model-related models, such as the weak-coup
model@23# and interacting boson model@19#, have the same
problem. This discrepancy presents a serious challenge t
generalized seniority model.

In Ref. @22# a schematic analysis of the doubleb decay
revealed that the generalized seniority model~as well as
other shell-model related approaches! employs a wave func-
tion which has a small mixing of higher isospin compone
We call this a ‘‘spurious’’ mixing since it is caused not b
underline physics but by the special choice of the wave fu
tion for the ground state. By removing this spurious mixi
the matrix elementMGT is reduced by 10%, which is no
enough to explain data but is in the right direction. A furth
consideration of the isospin involves the ‘‘physical’’ mixin
of the isospin~caused by the Coulomb force and the cha
dependent and charge asymmetric nuclear interactions! in the
ground states of the isotopes Te and the intermediate
f-

ys

,

ity
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topesI. Although the probability of this mixing is very smal
it can contribute to the doubleb decay significantly, since
the matrix element of the Fermi operator is much larger th
its Gamow-Teller counterpart. Another phenomenon wh
could be related to our understanding of doubleb decay is
the singleb decay, since the ‘‘hindrance’’ factor in singleb
decay is not yet well understood. The hindrance factor i
number needed to modify the singleb decay operators in
order to reproduce data; the factor is about 0.8 for ds s
nuclei @24# and about 0.3 for medium-weight nuclei@25#.
The hope of understanding doubleb decay based on the
generalized seniority model might exist in a joint study
the singleb decay and doubleb decay with proper handling
of the isospin.
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