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Nucleus-nucleus proximity potential and superheavy nuclei

W. D. Myers and W. J. S´wia̧tecki
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~Received 13 April 2000; published 13 September 2000!

Using up-to-date values of nuclear radii and of the nuclear surface tension, the 1977 proximity treatment of
nucleus-nucleus interaction is confronted with 113 measured fusion barriers. The'4% overestimate of theory
with respect to experiment, seen in a similiar comparison in 1981, is no longer present. The calculated
proximity barriers, when applied to fusion reactions used to produce heavy elements with atomic numberZ
5102–118, suggest that the unexpectedly large cross section observed in the reaction86Kr1208Pb→293118
11n may be due to the sinking of the Coulomb barrier below the level of the bombarding energy. Tests of this
hypothesis are suggested. Some consequences of the appearance of such ‘‘unshielded’’ reactions for very
heavy systems are discussed. An Appendix supplies very accurate analytic formulas for the universal nuclear
proximity force and potential functionsf andF. This does away with the need to consult the tables published
in 1977.

PACS number~s!: 21.10.Dr, 25.70.Jj, 27.90.1b
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I. INTRODUCTION

Knowledge of the nucleus-nucleus interaction potentia
an essential ingredient in the analysis of elastic and inela
scattering, as well as of fusion reactions between nuclei
particular, information concerning this potential is necess
for interpreting and estimating cross sections for the syn
sis of superheavy elements.

The proximity potential@1# provides a simple formula fo
the nucleus-nucleus interaction energy as a function of
separation between the surfaces of the approaching nu
The formula is free of adjustable parameters and makes
of the measured values of the nuclear surface tension an
surface diffuseness. However, in order to relate the sep
tion between the nuclear surfaces to the distance betwee
centers of the approaching nuclei one needs, in addition
accurate expression for the relevant nuclear radii~and, in the
case of deformed nuclei, for other geometrical properties
the nuclear density distributions!. In the early applications o
the proximity potential to the calculation of fusion barrier
the surface energy was taken from@2#, and the nuclear radi
from a rough semiempirical formula@1#, dating back to 1967
and 1977, respectively. In 1981 proximity barriers calcula
in this way were compared with 96 measured fusion barr
for systems ranging from9Be110B to 40Ar1197Au @3#. The
result was that the theory overestimated the measurem
by about 4% on the average. For a parameterless theory
could be considered a success, but in practice a deviatio
4% for a barrier of the order of 200 MeV implies a signi
cant deviation of 8 MeV.

In the past 25 years considerable progress has been m
in the accurate determination of nuclear properties, includ
the surface energy coefficient@4# and nuclear radii@5#. Using
such up-to-date values of nuclear parameters, the presen
per reanalyzes the confrontation of the proximity barri
with the 1981 set of measurements in@3#, as well as with
more recent data. The result is that the 4% discrepancy
tween theory and measurement is no longer present.

In the second part of the paper~Sec. IV! we present an
application of the proximity treatment to a discussion of
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cently measured cross sections for the synthesis of v
heavy nuclei.

II. THE PROXIMITY POTENTIAL

For two approaching nuclei with atomic numbersZ1 and
Z2 , center separationr and density distributions assume
spherical and frozen, the nucleus-nucleus interaction po
tial may be approximated as follows:

V~r !5
Z1Z2e2

r
1KF~z! for s.0. ~1!

Heree is the charge unit andz stands fors/b, whereb is the
~Süssmann! measure of the diffuseness of the nuclear surf
@1#, taken as 1 fm@4#, and s is the separation between th
half-density surfaces of the nuclei, given by

s5r 2~C11C2!, ~2!

whereC1 andC2 locate the half-density radii of the matte
distributions of the two nuclei.~The most comprehensiv
measurements of nuclear sizes refer tocharge radii, from
which the matter radii have to be inferred. This may be do
with the help of the droplet model, as described in Appen
A.! The dimensionless proximity potential functionF, based
on a Thomas-Fermi treatment of the nuclear surface,
tabulated in@1#, and an analytic representation is given
Appendix B. The strength factorK is given by

K54pgCb, ~3!

whereC is the reduced radius defined by

C5C1C2 /~C11C2!, ~4!

and where forg we shall take the mean of the surface te
sion coefficients appropriate for the two nuclei~explicit ex-
pressions are provided in Appendix A!.
©2000 The American Physical Society10-1
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In what follows we shall be concerned only with the ca
when s.0, where the electrostatic repulsion is given to
adequate approximation byZ1Z2e2/r .

The maximum in the interaction potential is obtain
from

2
dV

dr
5

Z1Z2e2

r 2
1

K

b
f~z!50, ~5!

wheref, the proximity force function~the negative deriva-
tive of F with respect toz) is also tabulated in@1# and
represented by a formula in Appendix B. Equations~1! and
~5! define a nominal fusion barrier. It is ‘‘nominal’’ becaus
it refers to frozen, spherical density distributions. Such b
riers can serve as baseline estimates with respect to w
one may discuss the effects of degrees of freedom other
the single approach variabler. These may include deforma
tion and orientation degrees of freedom, changes in
nuclear density distributions, as well as effects of quan
fluctuations in these variables.

III. COMPARISON WITH MEASUREMENTS

Figure 1 displays, as a function ofZ1Z2, the percentage
deviations (Bexp2Bth)/Bth of 98 calculated barriers from
the 96 measured values listed in@3#. ~In one case there wer
three different calculations with slightly different radii a
sumed for the interacting nuclei—hence the extra two ca
lated entries.! Figure 1 may be compared with the botto
panel of Fig. 5 in@3#, which displays the negative of (Bexp
2Bth)/Bexp as a function of logZ1Z2. The diamonds in Fig.
1 refer to a set of 29 ‘‘light’’ reactions with bothZ1 and
Z2,9, the circles to a set of 35 ‘‘mixed’’ reactions wit
eitherZ1 or Z2,9, and the triangles to a set of 34 ‘‘heavier
reactions with bothZ1 andZ2.8. The average deviation fo

FIG. 1. The percentage deviations of experimental from ca
lated fusion barriers. Diamonds refer to a group of ‘‘light’’ rea
tions, circles to ‘‘mixed’’ reactions, and triangles to ‘‘heavier’’ re
actions, all dating back to 1981~see text!. Stars refer to mean value
of barrier distributions deduced from more recent measureme
The two vertical bar symbols indicate typical variances of su
distributions.
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r-
ch
an

e
l

-

all 98 points is20.01% to be compared with a deviation o
about24% according to Fig. 5 in@3#. The rms spread of the
deviations in Fig. 1 is 3.30%. For the three separate gro
of reactions the corresponding numbers are as follows: m
2.74%, rms 3.64%~‘‘light’’ !; mean 20.68%, rms 3.37%
~‘‘mixed’’ !; mean 21.66%, rms 2.89%~‘‘heavier’’ !. The
stars in Fig. 1 refer to more recent data, ranging from16O
1144Sm to 86Kr1104Ru @6#. In those references the fusio
data were analyzed not in terms of a single barrier, as in@3#,
but in terms of distributions of barrier heights. A star in Fi
1 indicates the approximate mean of such a distribution. T
variances of the distributions are typically 2% to 6% and
nominal value of 4% is indicated by a vertical bar attached
two of the stars in Fig. 1.~These are not experimental error
but illustrations of typical variances of the distributions d
duced from the analysis of the data.!

Figure 2 displays the actual values ofBexp2Bth in MeV.
For the 98 points~excluding the stars! the mean deviation is
20.35 MeV. For the three separate groups from ‘‘light’’
‘‘heavier’’ the corresponding numbers are 0.18 Me
20.34 MeV, and20.80 MeV.

Figures 1 and 2 suggest the following conclusions. Fi
the systematic 4% overestimate of the measured value
the old proximity barriers is no longer present. This is t
result of using accurate values of nuclear radii~either based
on measurements@7# or on accurate systematics@5#! as well
as the use of the nuclear surface energy coefficient given
the well-tested Thomas-Fermi model of@4#. ~See Appendix
A.! Thus, the one-degree-of-freedom proximity barriers p
vide a baseline close to measured values of fusion barrier
is quite remarkable that even for the ‘‘light’’ reactions th
observed barriers differ on the average by a mere 0.18 M
~2.74%! from the values calculated using the proximi
scheme, which formally is supposed to be accurate only
large nuclei, whose surface curvatures are small.~The
‘‘light’’ reactions include 5 cases where4He was the projec-
tile.! But note that for the combined group of 49 ‘‘heavier
reactions~34 triangles and 15 of the 17 stars in Fig. 2! the
experimental barriers are on average 1.07 MeVbelow the
proximity baseline. This small difference may or may not

-

ts.
h

FIG. 2. The same data as in Fig. 1, but displayed as the ac
rather than the percentage differences between experimental
calculated barriers.
0-2
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NUCLEUS-NUCLEUS PROXIMITY POTENTIAL AND . . . PHYSICAL REVIEW C62 044610
significant in view of the uncertainties in the analysis of t
data, but the implied trend in the deviations would not
unexpected as a possible effect of degrees of freedom o
than r, whose presence is suggested by the observed wi
of the barrier distributions.

On the whole, it is likely that displaying experiment
data with respect to the nominal proximity barriers m
throw light on the participation of additional degrees of fre
dom in fusion. One may also hope that the calculated barr
will prove to be a fair guide for estimating fusion barriers
cases where measurements do not exist.

IV. SUPERHEAVY NUCLEI

In this section we shall describe a recent application of
proximity potential to an examination of fusion cros
sections. The upper part of Fig. 3~taken from@8#! shows the
exponentially decreasing cross-sections for synthesiz
heavy elements by bombarding208Pb and 209Bi with pro-
gressively heavier projectiles, from48Ca, through70Zn to
86Kr @9,10#. The bombarding energies were always such t
the excitation energy of the compound nucleus was abou
MeV which, up to 58Fe1208Pb, appears to be optimal fo
emitting just one neutron.~With projectiles heavier than58Fe
excitation functions that would determine the optimum va
of the excitation energy are fragmentary or nonexiste!
Note the break in the systematics of the cross section
going from 70Zn to 86Kr. The thick curves in the lower par
of Fig. 3 show the interaction potentials in the entran
channel—electrostatic~dashed curve! plus proximity—in re-
lation to the bombarding energy, shown by the thick horizo
tal arrow. The potential energies are plotted against the o
all extension of the reacting system, i.e., as a function of
distance between the outer tips of the approaching part
~assumed spherical! before contact, and as a function of th
major axis of the fusing configuration after contact. Thus
medium weight vertical line corresponds to the diameter o
spherical compound nucleus, the thin vertical line to the c
tact of the half-density radii~‘‘firm contact’’ ! and the dashed
vertical line to the contact of the density tails~‘‘gentle con-
tact’’!. The latter is where for the first time the fastest nuc
ons in the approaching nuclei can be exchanged without
from quantal penetration. At ‘‘firm contact’’ the slowes
nucleons can be exchanged for the first time. According
Thomas-Fermi model of the nuclear surface, ‘‘gentle co
tact’’ is about 2.74 fm outside ‘‘firm contact’’@1#. The thick
dashed curve is a free-hand interpolation of the entra
channel energy between firm contact and the spherical
figuration. The medium weight curve is the macroscopic
formation energy along the fission valley in the absence
shell effects.~It is a liquid-drop estimate of the deformatio
energy along the ‘‘y-family’’ of saddle-point shapes—s
@15#.! The most important effect of shell structure is to pr
duce a ground-state hollow~indicated by a diamond!, which
is guarded against fission by a barrier, whose position
shown by a square@11#.

Figure 3 suggests a correlation between the break in
systematics of the measured cross-sections and the low
of the Coulomb barrier ‘‘shield’’ which, for the lighter sys
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tems, guards the compound nucleus against a direct atta
the low energies designed to result in the emission of
neutron. At these energies it is quite remarkable that in
approach degree of freedomr, the lighter projectiles up to
70Zn would be stopped already around gentle contact, wh
the tails of the nuclear densities are barely touching. T
system is then faced with either relying on quantal pene
tion of the Coulomb barrier~which can drastically reduce th
cross section!, or avoiding the barrier by making use of
neck-growth degree of freedom. The danger with the latte
that this injects the system into the fission valley, who
bottom at the elongation corresponding to gentle contac
not only below the level of the saddle-point barrier guardi
the compound-nucleus ground state, but also slopesaway
from that barrier, in the direction of fission. This is the phy
ics of the entrance channel hindrance that goes by the n
of ‘‘extra push’’ @9#. It is likely that this hindrance factor is
contributing to the rapid decrease of the cross sections in
3 @9#. By contrast, once the Coulomb shield is out of t
way, the system has a chance of proceeding for a time—
least to firm contact, if not beyond—along~or close to! the
simple approach degree of freedom, avoiding the near-f
growth of the neck. This will be the more likely the large
the stabilizing effects of the shell energy in the target a
projectile: the shell energy resists neck growth because
extra binding is certain to be destroyed by a growing neck
this connection it is interesting to note that the sha
dependent ‘‘congruence energy’’ of@12#, related to the
‘‘Wigner term’’ in nuclear mass formulas, acts like a she
effect: it too resists the transformation of two nuclei into on
resulting from the growth of the neck.~The negative congru-
ence energy is approximately halved after fusion.! As an
illustration, in the reaction70Zn1208Pb, the initial shell ef-
fects are 2.82 MeV and213.41 MeV, respectively, and th
change in congruence energy is from an initial value o
29.60 MeV ~the sum of25.49 MeV and24.11 MeV for
the projectile and target! to the final value of24.42 MeV,
for a total neck-resisting energy of (213.4112.8229.60
14.42) MeV5215.77 MeV. ~All the above estimates ar
based on@4#.!

The reason why unshielded reactions in Fig. 3 make th
appearance only with sufficiently heavy target-project
combinations is quite elementary. The energy needed to
form a compound nucleus into two tangent fragments is
sisted by the surface energy and favored by the Coulo
energy. Hence, the greater the charge on the compo
nucleus, the lower the Coulomb barrier~as measured with
reference to the ground-state energy!. Above some critical
charge the Coulomb barrier will sink below the ground-st
energy~or this energy augmented by some constant, like
13 MeV in the examples above!. This happens first for de
formation into two equal pieces, where the Coulomb ene
relief is greatest. For even higher charges there opens
range of fragment asymmetries for which unshielding ta
place.~Negative shell effects in the fragments will enhan
the unshielding by lowering the energy of the tangent c
figuration.!

Coming back to Fig. 3, is it really true that it is the un
shielding in the86Kr1208Pb reaction that is responsible fo
0-3



y
tion.
energy,
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FIG. 3. The upper part refers to cross sections for synthesizing heavy elements fromZ5102 to 118 in bombardments of208Pb and209Bi
with projectiles from48Ca to 86Kr. The lower part gives three examples of~center-of-mass! potential energy plots along the fusion valle
~thick curves! and fission valley~thin curves!. The plots are against the overall, tip-to-tip extension of the fusing or fissioning configura
~See text for details.! Somewhere between the reactions Zn on Pb and Kr on Pb the Coulomb barrier dips below the bombarding
indicated by the thick horizontal arrow.
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the enhancement of the corresponding cross-section by s
four orders of magnitude with respect to a simple extrapo
tion? It is very difficult to be certain, and we must regard th
interpretation as a tantalizing hypothesis that needs to
confirmed. But it turns out that it should not be too difficu
04461
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to make an experimental test of this conjecture. Thus,
ment 112 was produced with a picobarn cross-section at
GSI laboratory in the shielded reaction70Zn1208Pb
5278112527711211n @9#. The identical isotope can b
reached in the unshielded reaction136Xe1142Ce5278112
0-4
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NUCLEUS-NUCLEUS PROXIMITY POTENTIAL AND . . . PHYSICAL REVIEW C62 044610
527711211n. Will the cross section be one or more orde
of magnitude higher!? The two reactions are illustrated
Fig. 4. The compound nucleus is the same, the excitatio
the same, the only difference is in the entrance channel.~It is
also important to note that the neck-resisting shell a
conguence energies are not very different:215.77 MeV in
the shielded reaction and212.52 MeV in the proposed un
shielded reaction.!

A similar test of the unshielding hypothesis would cons
of comparing the shielded reaction58Fe1208Pb5266108
~which produced265108 with a peak cross section of abo
70 picobarns@9#! with the unshielded reaction128Te1138Ba
5266108. This comparison would be easier on account of
larger cross sections, but it is more ambiguous. This is
cause the neck-growth-resisting shell and congruence e
gies are rather different in the two cases:219.06 MeV for
the shielded reaction versus211.22 Mev for the unshielded
one, and this is expected to counteract the benefits of
shielding.

FIG. 4. This is like the lower part of Fig. 3. Here a comparis
is made between a shielded and an unshielded reaction to mak
same isotope of element 112, with the same excitation ene
~Note: In Fig. 4 the Coulomb barrier is a shade lower than in Fig
because in the latter case an attempt was made to allow for
anticipated slight attenuation of the shell and congruence ene
as the approaching nuclei begin to interact.!
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Unshielded reactions, if proved beneficial, would open
broad avenue for making several new elements and m
new isotopes in the region ofZ.104. In particular, the pros
pect for reaching the island of superheavy nuclei aroundN
5184 andZ5114–126 would be much improved. Of th
many fascinating candidate reactions, the unshielded com
nation 136Xe1170Er530512211n would be especially inter-
esting, because its alpha decay products would overlap
decay chain of289114, suggested last year by the Dubn
Livermore collaboration as the result of the reaction48Ca
1244Pu528911413n @13#. These reactions may represent t
closest approach to the predicted superheavy island cen
at about Z5114, N5182 according to@11#. The 136Xe
1170Er reaction has actually the advantage over the48Ca
1244Pu reaction of not using a rare projectile isotope an
radioactive target, and of being free of an alpha-decay ba
ground that may accompany transfer reactions on a he
target. Also, if the island of stability turns out to be stretch
or even shifted towards higher values ofZ ~for which there is
some recent evidence@14#!, then the Xe1Er reaction might
be close to sampling the most stable part of such an isla

The above qualitative considerations, stimulated by
juxtaposition of the cross-section trends with proximity ba
riers in Fig. 3, suggest interesting perspectives for the fut
of heavy-element research. But it remains for the forthco
ing experiments to decide on the feasibility of realizing the
hopes.
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APPENDIX A

We used@7# to determine the half-density radiic either
from the quoted ‘‘two-parameter Fermi function’’ fits or, in
few cases of light nuclei, from other parametrizations of t
charge distributions. For nuclei not listed in@7# we had re-
course to the accurate formulas from@5# representing the
many measured rms values of the charge distributio
^r 2&1/2, expressed in terms of ‘‘equivalent rms radii.’’ Thes
are denoted byR00 in @5# ~and byQ in @15#! and are approxi-
mated in@5# by

R005A5/3̂ r 2&1/251.240A1/3S 11
1.646

A
20.191

A22Z

A D fm.

~A1!

To convertR00 to the half-density radiusc we use the rela-
tion

the
y.
3
he
ies
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c5R00S 12
7

2

b2

R00
2

2
49

8

b4

R00
4

1••• D , ~A2!

obtained by eliminating the ‘‘equivalent sharp radius’’R be-
tween Eqs.~4.17! in @15#.

According to the droplet model@16# the matter radiusC
of a nucleus withN neutrons andZ protons is related to the
charge radiusc by

C5c1~N/A!t, ~A3!

where the neutron skint is given by

t5
3

2
r 0

JI2 1
12 c1ZA21/3

Q1 9
4 JA21/3

. ~A4!

Here the radius constantr 0 has the value 1.14 fm, the sym
metry energy coefficientJ is equal to 32.65 MeV,I 5(N
2Z)/A, c15(3/5)(e2/r 0)50.757895 MeV andQ ~not to be
confused with the equivalent rms radiusQ in @15#! is the
neutron skin stiffness coefficient, equal to 35.4 MeV.~The
values of all these nuclear parameters are taken from@4#.!

Expressing the surface tensiong in terms of the surface
energy coefficienta2 defined bya254pr 0

2g, we may re-
write the strength factorK as

K5
bCa2

r 0
2

. ~A5!

For a given nucleus, the value ofa2, including its depen-
dence on neutron excess, is given by

a2518.63 MeV2Q~ t/r 0!2. ~A6!

For a2 in Eq. ~A5! we shall take the average of the valu
appropriate to the two interacting nuclei, viz.

a2518.36 MeV2Q~ t1
21t2

2!/2r 0
2 , ~A7!

wheret1 andt2 are evaluated using Eq.~A4!. @A subtle ques-
tion concerns the sign of the second term in Eq.~A6!, which
.

ta

nn

,
r,

04461
depends on how one splits the total energy of a finite nucl
into a bulk term and a surface correction. In@17# these two
versions of the surface tension coefficient are denoted byge
andgm , and are given by Eqs.~78! and ~79! and illustrated
in Fig. 5 in that reference. For finite nuclei, either definitio
of the surface tension will give the correct total energy~the
appropriate bulk term making up for the difference!, but it
can be shown@18# that only the version with the minus sig
is truly associated with the surface region, and thus rep
sents the nuclear surface tension that should be used in
proximity strength factor.#

APPENDIX B

The proximity functionsf(z) andF(z) tabulated in@1#
may be represented as follows:

f~z!5(
i 50

5

cn~2.52z!n,

F~z!520.13531(
i 50

5
cn

n11
~2.52z!n11 for 0,z,2.5,

~B1!

f~z!520.1331expF ~2.752z!

0.7176 G ,
F~z!520.09551expF ~2.752z!

0.7176 G for z.2.5. ~B2!

The values of the constantscn are as follows: c0
520.1886,c1520.2628,c2520.15216,c3520.04562,
c450.069136, andc5520.011454.

On the average, the above expressions reproduce the
lated values to within about three units in the fourth decim
in the case off and better than that in the case ofF. For
z.2.74 the exponential expressions are exact represe
tions of the Thomas-Fermi calculations of the proxim
functions@1#.
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