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We investigate the rates of production and thermalizatiorv pfand v, neutrinos at temperatures and
densities relevant to core-collapse supernovae and protoneutron stars. Included are contributions from electron
scattering, electron-positron annihilation, nucleon-nucleon bremsstrahlung, and nucleon scattering. For the
scattering processes, in order to incorporate the full scattering kinematics at arbitrary degeneracy, the structure
function formalism developed by Reddy, Prakash, and Lattiireys. Rev. D58, 013009(1998] and Bur-
rows and SawydiPhys. Rev. (B8, 554(1998 ] is employed. Furthermore, we derive formulas for the total and
differential rates of nucleon-nucleon bremsstrahlung for arbitrary nucleon degeneracy in asymmetric matter.
We find that electron scattering dominates nucleon scattering as a thermalization process at low neutrino
energies §,<10 MeV), but that nucleon scattering is always faster than or comparable to electron scattering
above &,=10 MeV. In addition, forp=10" g cm 3, T<14 MeV, and neutrino energies60 MeV,
nucleon-nucleon bremsstrahlung always dominates electron-positron annihilation as a production mechanism
for v, and v, neutrinos.

PACS numbd(s): 25.30.Pt, 26.50:x, 13.15+g, 97.60.Bw

I INTRODUCTION cay (ypi>v,v,) [2]; nucleon-nucleon bremsstrahlung was
neglected as a source. Recent developments, however, call
The cores of protoneutron stars and core-collapse supeppth these practices into question and motivate a reevalua-
novae are characterized by mass densities of ordejon of these opacities in the supernova context. Analytic
~10'-10" g cm® and temperatures that range frerl  formulas have recently been deriviet-6] which include the
to 50 MeV. The matter is composed predominantly offull nucleon kinematics and Pauli blocking in the final state
nucleons, electrons, positrons, and neutrinos of all speciegt arbitrary nucleon degeneracy. These efforts reveal that the
For v, and v, types(collectively v,’s), which carry away  average rate of energy transferip-nucleon scattering may
50-60 % of the~2—-3x 10°° ergs liberated during collapse surpass previous estimates by an order of magnifGde—
and explosion, the prevailing opacity and production pro-11]. Hence, this process may compete witfrelectron scat-
cesses arev,-electron scattering,v,-nucleon scattering, tering as an equilibration mechanism. Similarly, estimates
electron-positron annihilatiore(e” v, v,), and nucleon- for the total nucleon-nucleon bremsstrahlung rate have been
nucleon bremsstrahlung. While all of these processes corpbtained[7,12—14 which indicate that this process might

tribute for the electron typesvg’s and ».’s), the charged- Compete withe"e™ annihilation. _
current absorption processesn«—pe- and 7p<—>ne* These results suggest that the time is ripe for a technical
e

dominate their opacity so completely that in this paper WQ?IUdy otfhthe reillauz(e |m1portan((j:e ?f ea(r:]h prtocdess for proc_i(ljjc-
address only, production and thermalization. 'on orthermalization. 10 conduct such a study, we consider

Supernova theorists had long hetf] that v, -nucleon  “» neutrinos in an isotropic homogeneous thermal bath of
M

scattering was unimportant as a mechanism for neutrin(§catterers and absorbers. In this system, the full transport

equilibration. While this process was included as a source tig(?lbﬁﬁnmctli?) ,Zeg:u)cﬁg ;On:rn e\;olg(t;gglc;fnteheArlltﬁl;tunnr? tﬂliztgs,b:_
opacity[2,3], it served only to redistribute the neutrinos in v 9y sp : 9

! : simplification of the true problem, it provides a theoretical
space, not in energy. In contrast,-electron scattering was ) . e
. . o o laboratory in which to analyze the rates both for equilibration
thought to dominate’,, neutrino thermalization. In addition,

—_ ) i ) of an initial neutrino distribution function with dense nuclear
the only v, v, pair production mechanisms employed in full natter and for production of the neutrinos themselves. From
supernova calculations weeg' e~ — v, v, and plasmon de- these rates we determine the importance and particular char-

acter of each process, and discover in which energy, tem-
perature, or density regime each dominates. We employ a

*Electronic address: thomp@physics.arizona.edu general prescription for solving the Boltzmann equation in
Electronic address: burrows@jupiter.as.arizona.edu this system with the full energy redistribution collision term.
*Electronic address: foton@orion.iagusp.usp.br We compare quantitatively, via direct numerical evolution of
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an arbitrary neutrino distribution function, the rates for ther-scattering processes, bgthand y, require an integral over
malization and production by each process, at all neutringhe scattered neutrino distribution functidgf . Similarly, in
energies. Furthermore, we present the total nucleon-nucleasyolving F, via the production and absorption processes,
bremsstrahlung rate for arbitrary nucleon degeneracy and dend y, involve an integration over the antineutrino distribu-
rive the singlev,, andv,, production spectra. This facilitates tion function 7,. Therefore, 7, must be evolved simulta-
a more comprehensive evaluation of its relative importancaeously withF, . While j,, andy, may be fairly complicated
in neutrino production than has previously been possible. integrals over phase space, the numerical solution of Egq.
In Sec. Il, we discuss the general form of the Boltzmannis straightforward.

equation and our use of it to study, equilibration and pro- Given an arbitrary initialF7,, we divide the relevant en-
duction rates. In Sec. Ill, we provide formulas for each of theergy range intom energy bins. We then solve E@) for each
four processes we considerv,-nucleon scattering, bin individually and explicitly. Angular integrals over scat-

v,-electron scattering, and, v, pair production via both tering cosines, which appear in the,-nucleon and
nucleon-nucleon bremsstrahlung aetle™ annihilation. In ~ ¥,-€lectron scattering formalism, as well as the electron en-
Sec. IV, we present the results of our equilibration calcula£rgy integration needed fa"e™ annihilation, are carried
tions, showing the time evolution of, distribution func- ~ ©ut with a four-point Gauss-Legendre integration scheme.
tions as influenced by each of these processes individuallylh® double integral over dimensionless nucleon momentum
We include plots of thermalization and production rates forvariables needed to obtain the contribution from nucleon-
each process as a function of neutrino energy and time. Fdtucleon bremsstrahlung is computed using nested 16-point
the scattering interactions we include figures of the time evo$auss-Laguerre quadratures.

lution of the net energy transfer to the medium as a function

of incident neutrino energy. We repeat this analysis at points Rates for F, evolution and energy transfer

in temperature, density, and composition space relevant to
supernovae and protoneutron stars, taken from snapshots oﬁg
stellar profile during a realistic collapse calculati®j. Us-
ing these results, we discuss the relative importance of ea
process in shaping the emergent spectrum. In Sec. V, we
recapitulate our findings and conclusions.

Scattering, emission, and absorption processes, at a given
utrino energy,,, produce and remove neutrinos from the
hase-space density at that energy. The former achieves this
transferring energy to the matter during scattering, the
latter two by emitting or absorbing directly from that bin.
The Boltzmann equation can then be written in terms of an in

and an out channel, the former a source and the latter a sink
Il. THE BOLTZMANN EQUATION

oF,
. ot

n

. . . J d
The static(velocity=0) Boltzmann equation for the evo- T = P

lution of the neutrino distribution functionX,), including at at
Pauli blocking in the final state, and for a spherical geom-
etry, is Consequently, for any interaction, there are two rates to con-
sider: the rate for scattering or production into a given en-
190 g 1—u? 9 ) ergy binI’;, and the inverse rate for scattering or absorption
cat Mt M Fo=A=F)iv=Fuxv, O outof that binl",,. The ratexj, andcy, yield time scales
for an interaction to occur, but fail, in the case of the former,
where t is the time, r is the radial coordinate, ang to fold in Pauli blocking in the final state. Equati@8) in-
(=cos) is the cosine of the zenith anglg, andx, are the cludes these effects and provides natural time scaleg for
total sourceandsink respectively. For emission and absorp- evolution
tion, j, is the emissivity andy, is the extinction coefficient.

()

out

For scattering, botk, and x, are energy redistribution inte- _lor,| (1-F) .

grals which couple one neutrino energy bin with all the oth- nTE ot F, Clv @
ers. The matrix element and associated phase-space integra-

tions that comprisegj, and y, for electron and nucleon

scattering yield the probability that a given collision will

scatter a particle into any angle or energy bin. A full trans- 1 oF

port calculation couples energy and angular bins to each == ——| =cCx,. (5)
other through the right hand side of Ed). Fo It oy

In a homogeneous, isotropic thermal bath of scatterers

and absorbers no spatial or angular gradients exist. Consklote that although Ed5) does not explicitly contain a Pauli
quently, the Boltzmann equation becomes blocking term,y, contains an integral over (1), in the
case of scattering, and an appropriate final-state blocking
term, in the case of absorption. At a given, then, T,
incorporates information about the, phase-space density at
that energy. Conversely, at that samg, I',, contains in-

By dealing with this system, the transport problem reduces téormation about the phase space at all other energies. Re-
an evolution of 7, in just energy and time. Note that for gardless of the initial distributiors, 7, /dgt=0 in equilibrium.

v

c at

=(1=F)iv=Fuxo- )
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This impliesT";,= T, in equilibrium and, hence, we build in pair emissivity, and the singlev, spectrum due to

a test for the degree to which the system has thermalized. e"e” v, v, . Our derivations of , andx,, as well as the
Just as there are distinct rates for the in and out channekingle and pair spectra from nucleon-nucleon bremsstrahlung

of the Boltzmann equation during equilibration, so too areat arbitrary nucleon degeneracy and in the nondegenerate

there distinct scattering energy transfers. kgrscattering  limit, are presented in Sec. Il D. In what follows, we take

with a scatteres (electron or nucleon at a specificc,, two ~ G?=1.55x10" % cm® MeV ?s™!, sirf4,=0.231, and

thermal average energy transfers can be defined employ natural units in which=c=kg=1.
<w>m:J d3p,’, o F, Iin[vﬂs(_y;tsl]/ Jd3p; F A. Nucleon scattering: v, n<w n and v ,p<v,p
Researchers working on supernova and protoneutron star
Al V,S— V/'LS’] (6) evolution have recently reevaluated the issue of energy trans-
fer via v,-nucleon scattering5,7-10. Originally, the as-
and sumption was made that the nucleons were statiofdnyif

a neutron of masm, is at rest with respect to an incoming

<w>0ut:f d3p,’,w(1—]-"y)I°”‘[vMs—> V,'LS']/ f d3p, neutrino of energy,, one finds that the energy transfes)(
is ~—¢&2/m,. For £,=10 MeV, o~—0.1 MeV, a frac-
X(1=F)I"v,5—v,s'], (7)  tional energy lost of 1%. Using these simple kinematic argu-
ments and disregarding neutrino and nucleon Pauli blocking,
where primes denote the scattered neutrinp=¢,—¢,) is  one finds that the thermalization rate figf-electron scatter-
the energy transfer, arl” andZ°" are the kernels for scat- ing should be approximately a factor of 20 larger than that
tering into and out of a given energy bin, respectively. As afor v,-nucleon scattering. In the context of interest, how-
consequence of detailed balance between the in and oever, at temperatures of order 10 MeV and mass densities of
channels of the Boltzmann equatigi"=e #“Z°" where order 16° gcm 3, free nucleons are not stationary, but have
B=1kgT and T is the matter temperaturéThe scattering thermal velocities. The fractional energy exchange per colli-
kernels are discussed in detail in Sec. Il for both scatteringsion, in the case of ,-neutron scattering, is ther p,/m,c
processesNote that the denominators in Eq6) and(7), up  [5]. ForT~10 MeV this gives a~10%—-20% change in,
to constants that divide out in the definitions (@), and  per collision. This calls the naive estimate of the relative
(w)ou, are justj, andy,, respectively. importance ofv,,-nucleon scattering as a thermalization pro-
In an effort to provide more than one measure of the timecess into question and a more complete exploration of the
scale forF, equilibration due to scattering and to make con-relative importance of the two scattering processes is neces-
tact with previous neutrino thermalization studigb—-17  sary.

we also define a set of time scales in termg®f,, and the Recently, analytic formulas have been derived which in-
higher  moment,{ w?), clude the full kinematics of,,-nucleon scattering at arbitrary
nucleon degeneradyi—6]. At the temperatures and densities

(@)out encountered in the supernova context noninteracting

Fo=cx, e, ®  nhucleons are not relativistic. Due to nucleon-nucleon

interactions, however, at and around nuclear density

and (~2.68x10* gcm 3), the nucleon’s effective mass drops
5 and is expected to be comparable with its Fermi momentum

I—c (@ out ) [4]. In such a circumstance, a relativistic description of the

EZRX T o v,-nucleon scattering interaction is warranted. In addition,

14

spin and density correlation effects engendered by these
I'p is the rate for shifting the centroid of a given distribution nucleon-nucleon interactions have been found to suppress
and[l'g is the rate for spreading an initial distributipts]. In -~ the v,-nucleon interaction rate by as much as a factor of
contrast with the work of Ref§15—17, we include the full ~2-3[5,10,11.
effects of Pauli blocking in the final state, allowing us to deal In this study, we focus om, equilibration rates at densi-
consistently with cases in which the's are partially degen- ties =1X 10" gem™® where it is still unclear if nucleon-
erate. nucleon interactions will play an important role. This ambi-
guity is due in part to uncertainties both in the nuclear
IIl. INDIVIDUAL INTERACTIONS equation of state and the nucleon-nucleon interaction itself.
For this reason, in considering neutrino-nucleon scattering,
This section details the source and sink terms necessary t@e choose to treat the nucleons as nonrelativistic and nonin-
solve the Boltzmann equation for the time evolutionZaf. teracting, thereby ignoring collective effects which might en-
Sections IIl A and Ill B are dedicated to the presentation anchance or reduce the,-nucleon scattering rate. Particularly,
discussion of the collision terms fow,-nucleon and in calculating this scattering rate, we ignore the effect of
v,-electron scattering, respectively. Section Il C describesnelastic nucleon-nucleon scatterifegg.,v,nn« v, nn) [7].
the Legendre series expansion approximation and the use Making these assumptions, we find thatand y,, in Eq. (2)
it to compute the contribution to the Boltzmann equation, theare given by
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dF,
j,= d°p!, Iyc F, e P® 10 L= fds’ ’Zf dul,
J (2ﬂ)3f P Lne (10 ot (ZWV JNle
and {[1-FFe Po-F[1-F1. (16
2 32, , B. Electron scattering: v, e~ v "~
Xv= 5] 4°P Inc [1-F1, 11 o :
(2m) At the temperatures and densities encountered in superno-

vae and protoneutron stars, electrons are highly relativistic.

whereg=1/T, 5; is the final state neutrino momentum, and A formalism analogous to that used fey,-nucleon scatter-
w is the energy transfer. In Eq&L0) and (11), the neutral-  ing is desired in order to include the full electron kinematics

current scattering kernel is given by at arbitrary electron degeneracy. Reddy, Prakash, and Lat-
timer [4] have developed a relativistic generalization of the
Ine=S(q,0)[ (14 u)V2+(3— u)A?], (12 structure function formalism described in Sec. Il A. They

obtain a set of polarization functions which characterize the

where u(=cosd) is the cosine of the scattering angle be-relativistic medium’s response to a neutrino probe in terms
tween incident and final state neutrinos a®d],w) is the  Of polylogarithmic functions. In analogy with E§16), we
dynamic structure function. In Eq12), V and A are the  can write the Boltzmann equation for the evolutionffdue
appropriate vector and axial-vector coupling constants; fof0 v,-electron scattering as

v,-neutron scatteringy = —1/2 andA= —1.26/2. The dy-

namic structure function is iF, G?
= fd3 v Inc {[1-F)Fe Po—F1-F,1},
. it (4m)?
1
saw=2] - " )2 s(wte—s) 0
(2m)* whereZ | is the relativistic neutral-current scattering kernel
=2 ImIIO(q,w)(1—e #) "1, (13 for v,’s, analogous tdyc in Eq.(12). All the physics of the

interaction is contained iff c, which can be written as
_ A — 2 12 ! 1/2 .
where q=|p,—p.|=[ei+e.°—2¢e,e,u]"* is the magni-
tude of the momentum transfer, atkdand 7' are the inci- i 5
dent and scattered nucleon distribution functions, respec- ne=——IM{A“PII3}(1—e P*) 74, (18)
tively. In Eq.(13), p is the incident nucleon momentum s Ery
the incident nucleon energy, ard is the scattered nucleon

energy. The imaginary part of the free polarization is givenwhered,(=(w, q)) is the four-momentum transfer. As in the
by [5,18] nonrelativistic case7 ¢ is composed of the lepton tensor

; A=F=8[2kkF+ (k- 0)g ~ (kg + qk?) —i e kg,

1+e Q*7 ]
. (19 (19

1+e Q*trpo

m ]
27T,Bq'n

ImIO(q,0)=

which is just the squared and spin-summed matrix element

where for the scattering process written in termskgf, the incident
v,, four-momentum. The scatterlng kernel also contains the

QZ(”‘TB _@ i) (15) retarded polarization tensoH , which is directly analo-

q i 2m)’ gous to the free polarization in the nonrelativistic case given
in Eq. (13). The retarded polarization tensor is related to the

7 is the nucleon degeneracy{T), andm is the nucleon causal polarization by

mass. The factoe #“ that appears in Eq10) is a conse-

quence of the fact th&(q, — w) =e #“S(q,w), itself a con- Im H5ﬁ=tanf{—%,8w)lm I,z (20)

sequence of detailed balance between the in and out channels

of the Boltzmann equation. The dynamic structure functiongnq

can be thought of as a correlation function that connegts

12

ande,. 4
The ¢ angular integrations implicit in Eq$10) and (11) = —if d p4Tr[Ge(p)JaGé(p+q)JB]_ (21
can be computed trivially assuming the isotropy/f. Fur- (2m)

thermore, by defining the coordinate system with the mo-

mentum vector of the incident neutrino, the scattering anglén Eg. (21), p,, is the electron four momentum adg is the

and the direction cosine are equivalent. Combining these twourrent operator. The electron Green’s functioi®, (and
equations in the Boltzmann equation for the evolutiof  G[), explicit in the free polarization, connect points in elec-
due to neutral-current,-nucleon scattering, we obtain tron energy space and characterize the effect of the interac-
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tion on relativistic electrons. The polarization tensor can bea neutrino/anti-neutrino pair is related to neutrino-electron
written in terms of a vector part, an axial-vector part, and ascattering considered in Sec. Il B via a crossing symmetry.

mixed part, so that In order to make the problem tractable, we follow the stan-
by A VA dard procedur¢?] of expanding the production kernel in a
U=V, g+ Al s~ 2VAIl 4. (22)  Legendre series in the scattering angle to first orcee

Appendix B. Near the neutrino spheres, at densities which

In turn, the vefctor p_a(rjt of thg polarization tﬁnfsoré:ﬁn be Writ-onder neutrino transport diffusive, this approximation holds.
ten in terms of two independent componeris:andIl, . In- 5 ¢ neutrino transport algorithm, however, which must

contrast with Eq.(12), sincev/c~1 for the electrons, the pangie poth the diffusion and free-streaming limits, the
angular terms which were dropped from the matrix elemente .o order term, with proper closure relations, must be

in the nonrelativistic case, leading to a single structure funcygaq in the semitransparent regime between the neutrino

. : " :
tion, must now be retained.\c can then be written as a set spheres and the shofk9]. Having made this approximation,

of three structure functiorist] including only the zeroth- and first-order terms, the single
q2 spectrum is
Ne=8—"5[AS1(0,0) +Sx(q,0) 3
ErEy dQ €y * 2
=(1-F) 4f de, > Of(e,,&,)(1-F,),
+BS3(0,0)](1-e )71, (23 de, gm*Jo

(29
where A= (4¢,8/+92)/29?> and B=¢,+¢/,. These struc-
ture functions can be written in terms of the vector parts ofwhere ®§(e, ,¢;) is the zeroth-order production kernel ex-
the retarded polarization tensdd§ andII), the axial part pansion coefficient, an integral over the electron enésge

(1R, and the mixed partI{,) Appendix B [2]. With the differential spectrum or emissiv-
o . ity (dQ/de,) in hand, it is a simple matter to extract the
S1(q, @)= (V2+A*)[IMII(q, @) + 1M I17(g, )], contribution to the Boltzmann equation dueetée™ annihi-

(24 lation. As Eq.(29) already contains the, blocking factor,
5 2 R ) R the contribution to the Boltzmann equation, the in channel
S2(9,0)=(V-+ A9 Im1IT(q,0) —ATImIIA(q, »), 5 explicit in Eq. (3) can be written a§2]
and dF,| _ 1 (2m)°*dQ

at in_477 g3 de,’ (30

S5(q,w)=2VAIMII{A(q, ). (26)

The retarded polarization functions, in terms of differenced” order to obtain the out channel for absorption due'te

between polylogarithmic integrals, can be found in Appendixannih"ation’ we need only_ replacke- e+ in Eq. (28) with
A an electron/positron blocking term, {1F.-)(1— F.+), and

replace thev,, and;ﬂ blocking terms in Eq(29) with F,F, .
Finally, the Boltzmann equation for the evolution 87, in

C. Electron-positron annihilation: e*e”—» . N i
time due toe*e < wv,v, can be written as

nVu
Fermi's Golden Rule for the total volumetric emission
rate for the production of,’s via electron-positron annihi-

2 % €
lation can be written as Mr”: 2G j dgfggj deHg(e,,e5,¢)
) ) ) i ot (277)3 o ey 0 vi1©uv
Q f b b _d% 1% 1= F)(1= F) Fo For—F, F

= €, X -F, —F, ~S et — Iy
(2m)328 (2m)32¢" (2m)32¢, (27)326 U JA=F)Fe 7
. X (1= Fe-)(1—Fer)}, (3D

x| =2, IM?||(2m)*s*(P)E[F], 2

4 2s | l)( ) o (P)ELF] @) wheree=¢,+¢,andHy(e,,&,,¢) is given in Eq.(B5). In

solving Eq.(31), 7, must be evolved simultaneously with
where F,. To do so, in addition to making the appropriate changes
—_r . to the vector and axial-vector coupling constantsand A,
BlFI=A=F)A=F)Fe Fer, (28) one needs to integrate ovey, instead ofe;,. Note that the
electron and positron distribution functions appear explicitly
in Eq. (31). We take these distributions to be Fermi-Dirac at
temperaturel and with 7, determined byT, p, andY,.

and 6*(P) conserves the four momentufi,- and.F .+ are
the electron and positron distribution functions. In E2j7),

Po(=(&,p)) andp,(=(e',p")) are the four-momenta of the Equation(27) may also be used to find the total volumet-

elfctron a{‘d positron, respectively, agfi(= (s, ,q,,_)) and ¢ v, v, pair spectrum by replacing, in the numerator with
q,(=(e7,q;)) are the four-momenta of the, andv,, re- . Ignoring neutrino blocking in the final state one can show
spectively. The process of electron-positron annihilation intathat[20]
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J T 9 - we assume the quantity in square brackets to be of order
Q,,»,=2.09x 107 Moy f(7e) ergsem®s %, (32)  unity, but possibly as low as 0[12]. To acknowledge our
ignorance, we introduce the factgr and assume these mo-

where mentum terms are constant. Furthermore, we neglect the mo-
mentum of the neutrinos relative to the momentum of the
Fa(7e)Fa(— 7me) + Fa(— 7o) Fa( 70) nucleons. We are left with a simple, but general, form for the
f(ne)= 2F ,(0)F4(0) (33 premsstrahlung matrix element
and e 6=
2 [MP=AL—5, (38)
oo Xn E
Faly)= J dx (34)
0e"Y+1 2025474
where A=64G-g,f*/m_.. In the case of nn or pp brems-
are the Fermi integrals. strahlung, as appropriate for identical particles in the initial

state, the symmetry factdis) in Eq. (35 is 1/4. Such a
symmetry factor does not enter for the mixed-nucleon pro-
cess np, which is still further enhanced by the fact that a
The importance of nucleon-nucleon bremsstrahlung ircharged pion mediates the nucleon exchaffd. This in-
late-time neutron star cooling has been acknowledged fogreases the matrix element in E88) by a factor of 7/3 in
some time[13,14]. Recently, however, this process has re-the degenerate nucleon limit ard5/2 in the nondegenerate
ceived more attention as a contributorgfv, pairs and as limit [21]. Considering the already substantial simplifications
an energy transport mechanism in both core-collapse supemade by choosing not to handle the momentum terms di-
nova and nascent neutron star evolutjghl2,21,22 The rectly, we will adopt the more conservativex47/3) en-
contribution from nucleon-nucleon bremsstrahlung is a comhancement for the np matrix element. The total volumetric
posite of neutron-neutror(nn), proton-proton (pp), and emission rate combining all processes is ju3:=Qnn
neutron-proton(np) bremsstrahlung. Fermi's Golden Rule +Q,,+Qn,. What remains is to reduce E(®5) to a useful
for the total volumetric emissivity of single,’s due to nn,  expression in asymmetric matter and at arbitrary neutron and
pp, or np bremsstrahlung, including, and », blocking in proton degeneracy. _
the final state, is given by Following Ref.[21], we define new momenta.. = (p;
+py)/2 and Pz 4c=Ps4— P+, New direction cosinesy;

D. Nucleon-nucleon bremsstrahlung

L od%p | dq, dq, , =p;-p-/lp+llp-| and ye=p; - pac/|p+|[pscl, and lety
QIJ iljl(z | 2my2s. (272 —&,| s> [M| =p?/2 mT. Furthermore, we note thatd®p,d®p,
7 T8y L eT) L8y =8d°p. d3p_ . Using the three-momentum conserving delta
X (2m)*6HP)E[ F], (35 function, we can do thd3p, integral trivially. Rewriting Eq.

(35) with these definitions, we find that
where

E[F-AR(-F)(A-F)A-F)(1-F). @5  Q-2As2mD¥2m ™

The product of differential phase space factors in &%) xf dsvsif de, du_du, dugdy,dy.(s,/€)?
includes a term for each of the four nucleons involved in the
process; 1 and 2 denote initial-state nucleons, whereas 3 and X (U_U Use) Y25(E)E[ 7], (39)

4 denote final-state nucleons. In E85), s is a symmetry

factor for identical initial-state fermionsﬁ,, is the neutrino  where

three-momentumeg , is the neutrino energy, and the four-

momentum conserving delta function is explicit. In a one- 4

pion exchange model for the nucleon-nucleon interaction, 5(5):5(2 si—e)=5(2T(u_—u30—e/2T)). (40)
the spin-summed matrix element can be approximated by i=1

(13,21

The nucleon distribution functions in the tef&[ F] in Eq.

2 M[?=64G ’ L)“ k? 2+... (39) have b(_een re_written in terms of the new_d_ir_ection co-
S - 9a m, K2+ m?2 sines, the dimensionless momentg)( and the initial-state
” nucleon degeneracy factofg ,= g /T
><6_2(81)8;_(:]1)' kq; k)! (37) .
ef(a1+b’71)
where e=¢,+ ¢, k is the magnitude of the nucleon mo- 1= ,
mentum transferg,=—1.26, f~1 is the pion-nucleon cou- 2 costia; +b’yy)

pling, andm_, is the mass of the pion. In order to make the
18-dimensional phase-space integration in B§) tractable and
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—(ag=b’7y) 1+coshe,)
e 2 o —1 +
= , 41 ®(€,u ,uzc)=sinh (f)In —)
2 costta,— b’ y;) “1 1+coshe_)
coshf)+coshg,)|| . 1

where aj,=a;Jf2=3(us+u-—7) and b'=b/2 costif)+costig_)) |°" M
— 1/2
=(u,u_)"% Furthermore, 1+cosr(h+))

o(ch+d 7o) 1+coshh_)

1-F3)= i
( 3) 2 costic,+d’ o) cosm_)+cosr(k+) a7
cosh(j)+coshik_)

and and

o(ch—d 0 (u1/2+u1/2 2,

(1-Fy)= — (42)
2 costic,—d"ye) f=u,+u_— 92— 9l2,

where c¢j,=CyJ2=3(u,+Uz—7;) and d'=d/2 g.=*2(u u_)2— 5,12+ /2, (48)
=(u,uz) Y% F, and F,, in contrast with the nucleon dis- 1 12
tribution functions, are independent of angle; for a given set h.= (Uit uge) "= 72,
of thermodynamic conditions, they remain functions of en- i
ergy alone. While nontrivial, the integrations over and y, J=Uy +Use— m/2— 712,
can be performed. For example, the result for fhentegra- 2
tion is of the form K= *2(UyUse) "= 112+ 775/2.

Though u_ has been integrated out via the energy-
B 5 2 conserving delta function, it appears here in an attempt to
In[(B—(1+2B)¢ +2§J§(B+l)(§ I, make this expression more compact and should be read as
2\B(B+1) _ _

(43) U_=ug.+ €/2T. Importantly, if »,= 7, the right-hand term
within both logarithmic terms in®(e,u, ,us.) becomes
unity.

Using Eg.(30), we can easily obtain the contribution to
the Boltzmann equation due to nucleon-nucleon bremsstrah-
lung for arbitrary nucleon degeneracy, in asymmetric matter,
and including the full nucleon and neutrino Pauli blocking

whereB=sinlfa’ and £=coshb’y;. With a proper evalua-
tion of the integration limits and some algebra one can re-
write this result as

1 (1+ cosha coshb+ sinha sinhb) terms. We find that
2 sinha’ cosha’ n (1+ cosha coshb—sinha sinhb) |’
(44) jsz’sgf de du, duss(e;/€)?u;; Yo P2
Similar operations yield a result for thg, integral in terms XD (€U, ,Ug)(1—F), (49)

of c andd. In addition, Eq.(40) can be used to eliminate the

integral overu_. Collectively, these manipulations reveal whereK’=[(2)%4x]K. The nucleon phase-space integra-

that the differential,, bremsstrahlung emissivity at arbitrary tions above are identical in form for the, v, absorption

neutron and proton ner is simpl hr imensional
eutron and proto dege eracy is simply a three-dimensio %I’OCGSSV L«Nn—nn. In this case, then, the primed ener-

gies are now associated with nucleons 1 and 2 in the above

manipulations and the incident nucleof® and 4 have

dQ _ ng(l—fv)«?af de; du. dus, unprimed energies. If we take the form de_rived above for the

de v nucleon phase-space terms, the absorption chapnetust
then contain a factor o#?¢. In addition, the blocking term
(1—F,) becomesF,. The Boltzmann equation for the evo-

(45) lution of F, in time is then

integral overu, , uz., ande,

14

X (,1€)2u; Y2 PRD(e,u, ,ug)(1-F,),

where

F
- =K’s§f de; du, duss(e;/€)?u;; Yo P2

)9’2( f )4g2T7,2, . X (U Uz (1= F,) (1= F,) — F,F 2.
(50
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For the nn or pp bremsstrahlung contribution, we simply set 1. The nondegenerate nucleon limit

s=1/4 in Eq.(50) and uses,=7,= 1, OF 1= 1= 17, In the nondegenerate nucleon limit, the tetfF,(1
respectively. For the mixed nuclegnp) bremsstrahlung we — F5)(1—F,) reduces toe”ie72e~2(++u-) [12] which is

sets=1, multiply Eq.(50) by 7/3, and sety,=7, and 7, jndependent of angle. This tremendous simplification allows
=7, While Egs.(45) and(50) may not appear Symmetric (o easy integration ove, andus. in Egs.(45), (50), and

in », and », the logarithmic terms conspire to ensure that 1. The total vol i issivity of 4 Si —
the rates for both np and pn bremsstrahlung are identical, ag) ) ) 'e .0 a YO UMELric emissivi y 0 'a smgh.;m pair |n.
they should be. That is, it makes no difference whether wdhis limit, ignoring v, and v, blocking in the final state, is
set 7y, or n, equal ton; or »,. [12]

Just as in Sec. Il C, in considering'e” —v,v,, F,

55
must be evolved simultaneously wiif, . In this case, how- Q, ; =1.04x 103°§(Xp14)2(i ergscm3s 1,
ever, the situation is simpler. Suppose we wish to compare wom MeV
electron-positron annihilation with nucleon-nucleon brems- (53

strahlung by starting at=0 with F,=F,=0 over all ener- ) )

gies. We then solve Eq31) and itsF, counterpart at each FOF nn and pp bremsstrahluny,is the number fraction of
time step and at each energy. Fdre~ annihilation, 7, and ~ NeutronsX, or protonszxp, respectively. For the mixed-
F; will evolve differently: they will be visibly different at nucleon procesgnp), X becomes (28/3,X,. Figure 1
each time step, because of the weighting of the vector anfoMPares the nondegenerate nucleon lifeig. (53] with
axial-vector coupling constants that appear in the matrix elth€ arbitrary nucleon degeneracy generalizafieg. (S1)] in
ement. In contrast, Eq(50) for bremsstrahlung must be the case of nn bremsstrahlung, as a function of the neutron

solved only once. Since there is no difference in weighting?®9eneracyz = u,/T. The filled square shows the degener-

betweeny andy.  we can seff-—=F. at every eneray. at ate limit obtained by Ref.14]. Note that at,=0, the frac-
Wy, AUV, i andid y 9 Al yional difference between the two is justL2%. At realistic
every time step, as long &,=F, att=0. Of course, if we

wish to considerF,# F, initially, the two distributions neutron degeneracies within the corgy(-2), this differ-

0,
would need to be evolved separately and simultaneouslye,n%i:psﬁ;%?gh;?f;(érﬁialv

coupled through the blocking and source terms on the rightferms of the pair emissivit{l;lze]mlsswlty can be written in
hand side of the Boltzmann equation. P

Equation(35) can also be used to find the total volumetric - ,
v, v, pair emissivity. To facilitate this we replaeg, with € dQ e Q”ﬂu 83f°°e qyx(xz—x)l’zdx
and insert [ 5(e—(e,+¢&;))de. Assuming the neutrinos de, T4 )1 X8
are radiated isotropically, we can use this delta function to do
the integral oved®q; and leave the total rate in terms of an Q.. g™
i =C| —"|e| ——Ku(a)(a—a,)*dq, (54)
integral overe , from zero toe and another ove¢ from zero T4 " Jo. g 1(9)(9—q,)"aq,

to infinity. Momentarily ignoring neutrino blocking in the
final state, the former can be integrated easily. Making the

same momentum, angle, and nucleon distribution functio§’hereC=2310/2048-1.128,q,=¢,/2T, q=¢/2T, andK,
substitutions we used in deriving the single spectrum we is the standard modified Bessel function of imaginary argu-

. . ment. A useful fit to Eq(54), good to better than 3% over
can reduce the pair spectrum to an integral aver, usc, : .
andq= e/2T. We find that the full range of relevant neutrino energies[12]

dQ ~0.23 QV/A;# i 2.4e— 1.1e, /T (55)
Q,,5,=Ds(T®® f dadusedu, gle™ Ui M (e,u, ,Us), de, 0T OIT '
51
6 Using Eq.(30), we obtain the contribution to the Boltzmann
where equqtion including Pauli blocking of, andv,, neutrinos in
the final state
8 G5/ f )4 oF, * Be
_ _ 9/2 v _ — .2 P - Bel2
D 15 \/Ewg(mw m>'’<, (52 P CS{fO dey (e7]€) Kl( 5 e
: o X{(1-F) (1= F,)— F,F e}, (56)
and®(e,u, ,us;) is defined in Eq(47). Note that Eq(51)
allows us to easily calculate the pair differential volumetric\yhere
emissivity @Q, , /de). ForQ"'~ andQ®- , s=1/4. As
nop nop
with the singlev,, spectrum, forQ""-- multiply Eq. (51) by G m*S f A\, . 2G%g3 [ f \*mb®
. ot Sl n C= %5 | m| 9aTemem=—7pz"| -] —5 M2
7/3 and ses=1. Finally, Q- =Q""~ + Q" + Q™ . 72 \My 7> \My/ T
nop nop nop nop (57)
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36 —

Neutron—Neutron Bremsstrahlung

Non-Degenerate Limit
sar- 7 Le-mTT s

FIG. 1. The total volumetric emissivity due to
neutron-neutron bremsstrahlun®,, in ergs
4 cm~2 s in the nondegenerate neutron limit
[solid line, Eq.(53)] and at arbitrary nucleon de-
generacy dashed line, Eq(51)] for T=6 MeV,
Y.=0.0, and for a range of densities from
5x10°° gem 2 to nuclear density {2.68
x 10 gcm 3). The filled box denotes the de-
generate neutron limit obtained by Flowers, Suth-
erland, and Bond14].

32

log,,[Q,, (erg cm— s71)]

[ ] Flowers, Sutherland, and Bond (1975)

— — — — Arbitrary Degeneracy

28 -

No=Hy/T

In obtaining Eq(57), we have used the thermodynamic iden-nucleon bremsstrahlung, should have approximately zero

tity in the nondegenerate limit chemical potential. Furthermore, even in the dense core, the
v,’s will diffuse outward in radius and, hence, from higher
27\ %2n; to lower temperatures. By starting with a Fermi-Dirac distri-

e’i= (m-) > (58)  pution at twice the temperature of the matter at that radius,

we learn more about how equilibration might affect the

wheren is the number density of nucleons considered and €Mergent, spectrum in an actual collapse or protoneutron

is 1 or 2 for neutrons or protons, depending on whichStar coollng calculation. ) ,
nucleon bremsstrahlung process is considered. For the production and absorption processes, we start with

zero neutrino occupancy and let each build to an equilibrium

distribution of v,’'s andv,,’'s. As a check to the calculation,
the asymptotic distribution should be Fermi-Dirac at the tem-
perature of the ambient matter with zero neutrino chemical
The numerical algorithm we have developed accepts arbigytential. Throughout these simulations, we take the fagtor
trary initial v, and v, phase-space distributions. Using the in Eq. (50) for nucleon-nucleon bremsstrahlung to be 0.5.
scattering formalism developed in Sec. Ill, we evolve two(This factor represents our ignorance of the importance of
initial distribution functionsi(1) a broad Gaussian in energy the nucleon momentum transfer terjns.
centered at 40 MeV with a maximum @f,=0.80 and a full We repeat these calculations for four temperature, den-
width at half maximum of~28.6 MeV; and(2) a Fermi-  sity, and composition pointgStarA, StarB, StarC, and
Dirac distribution at a temperature two times the temperatur&tarD) taken from the one-dimensional collapse calculation
of the surrounding matter and with zero chemical potentialprofile, Star[3], corresponding to four radii below the shock
While the former is unphysical in the context of supernova(~80 km). Roughly, these points have densities%a0",
calculations, it illustrates the effects of blocking on both the10'2 and 18* gcm 2. The actual numbers are shown in
average energy transfer and the rates for each scattering prpaple 1.
cess. Furthermore, its evolution is more dynamic than the
Fermi-Dirac distribution. As a result, the way in which the A. Scattering
distribution is spread and shifted in time is more apparent.
The essential differences between the two processes are thBU
more easily gleaned. The latter initial distribution is moti-
vated by consideration of the environment within the core o

IV. RESULTS

Figures 2 and 3 show the evolution of a Gaussian distri-
tion att=0 to an equilibrium Fermi-Dirac distribution at
fthe temperature of the surrounding matter due teneutron
(v,n) and v, -electron @,e") scattering, respectively. The
a supernova. The, and v, distribution functions, having equilibrium distribution has a nonzero neutrino chemical po-
been generated as pairs vide —wv,v, and nucleon- tential set by the initial total number of,’s, which is con-
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TABLE |. RadiusR, temperaturel, densityp, lepton fractionY,, and degeneracy factosg= /T for
neutrons, protons, and electrons for four points from the model, Star, a one-dimensional core-collapse cal-
culation evolved through collapse for 0.24 s. At this point in the core evolution, the shock is at abouf80 km.

Label R (km) p (gem?d) T(MeV) Ye Tn M Te
StarA 10.75 1.28%x 10 10.56 0.2752 2.37 0.70 15.75
StarB 18.75 1.028 103 14.51 0.2021 -1.62 -3.04 3.79
StarC 34.75 1.08210% 6.139 0.0907 —2.48 -4.81 3.03
StarD 49.75 1.07% 101 4.527 0.1671 —4.45 —6.06 1.93
aSee Ref[3].

served to better than 0.001% throughout the calculationthat »,n scattering is about ten times faster thare™ scat-
Multiple curves on each plot show snapshots7fin time  tering at equilibratingr,’s with energies greater than ap-
from t=0 to 1000us. Both calculations were carried out at proximately 25 MeV.

the thermodynamic point StarB, whose characteristics are This situation is reversed at low,’s. Comparing curve E
shown in Table I. StarB is indicative of the core of a super-at t=33.0 us in both Figs. 2 and 3, we can see that at
nova, a region of moderate to high temperaturés ( ~10 MeV both distributions have filled to approximately
~15 MeV) and densities of-10'* gcm 3. These two fig- the same percentage of the asymptotic, equilibrigin
ures illustrate the fundamental differences betwege™ However, belowe,~8 MeV, v,n scattering has not filled
and v,n scattering as thermalization processes. Curve A inF, to the extentv,e” scattering has. In fact, the rate at
Fig. 2 and curve C in Fig. 3 indicate that at higfy energies  which these low energy states are filled iyn scattering is
(e,= 30 MeV) v,n scattering is a much more effective very low; the energy transfer) is much smaller than the
thermalization mechanism. At , =40 MeV both curves incident v, energy. In this regime, the Fokker-Planck ap-

o
show the distribution is within-30% of equilibrium. Impor-  proximation for the time evolution ofF, in energy space
tantly, however, curve A is at 0.3@s for v,n scattering,

may be applicable. In marked contrast, Fig. 3 indicates how
whereas curve C is at 3.30s for v e~ scattering. Curve C,

effective v,e~ scattering is at filling the lowest, states.
in Fig. 2 for v,,n scattering, also at=3.30 us, shows that Curves F from Figs. 2 and 3, taken at 1008, show that
above~25 MeV the distribution has almost equilibrated. For although the distribution has reached equilibrium wvige™
v,e" scattering, similar evolution at high neutrino energiesscattering, forv,n scattering the very lowest energy states

takes approximately 2s. These simple estimates reveal remain unfilled. For each of the four points in the Star profile

0.8

0.6

0.4

0.2

(A) t=0.33 us
(B) t=1.00 us
(C) t=3.30 us
(D) t=10.0 us
(E) t=33.0 us
(F) t = 1000 us

T=14.51 MeV

p=1.02x10"% g em-3
Y, =0.202
7N, =—1.62

40

60

e, (MeV)

80

035802-10

100

FIG. 2. The time evolution viaw,-neutron
scattering of the neutrino distribution functidh,
for an initial Gaussian distribution centered on 40
MeV, for the thermodynamic characteristics
specified by StarB in Table |. The curves show
the distribution at snapshots in timgA) t
=0.33us, (B) t=1.00 us, (C) t=3.30 us, (D)
t=10.0 us, (E) t=33.0us, and (F) t
=1000 us. The solid dots denote an equilibrium
Fermi-Dirac distribution at the temperature of the
surrounding thermal bath with a neutrino chemi-
cal potentialu,=2.32T set by the initialv,, neu-
trino number density.
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(F) t = 1000 us

T=14.51 MeV
p=1.02x10"% g em-3
Y, =0.202

n,=3.79
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FIG. 3. The same as Fig. 2, but for
v,-electron scattering.

we considerv,n scattering dominates at high energies tribution at two times the temperature of the surrounding

(=20 MeV), whereay,e” scattering dominates at low,
energies £10 MeV) and particularly foe ,<3 MeV.
Figures 4 and 5 depict the evolution &, via v,n and

neutrons and electrons and with zero neutrino chemical po-
tential. This calculation was carried out at Ste@e Table
I), which is representative of the outer core, in the semitrans-

v,e" scattering, respectively, for an initial Fermi-Dirac dis- parent regime, where the neutrinos begin to decouple from

0.8

0.6

0.4

0.2

(E)

T
-
l/Ml'l Uﬂl’l

(A) t=0.10 ms
(B) t =0.33 ms
(C) t=1.00 ms
(D) t=3.30 ms
(E) t=33.0 ms

T=6.14 MeV
p=1.08x102 g cm~3
Y, =0.091

7, = —2.48

035802-11

80

FIG. 4. The time evolution viav,-neutron
scattering of the neutrino distribution functidh,
for an initial Fermi-Dirac distribution at two
times the ambient temperature, for the thermody-
namic characteristics specified by StarC in Table
I. The curves show the distribution at snapshots
in time: (A) t=0.10 ms,(B) t=0.33 ms,(C) t
=1.0 ms,(D) t=3.3 ms, and(E) t=33.0 ms.
The solid dots denote an equilibrium Fermi-Dirac
distribution at the temperature of the surrounding
thermal bath with a neutrino chemical potential
#,=2.55T set by the initialv, neutrino number
density. Comparison of this plot with Fig. 5
shows thatv,,n scattering dominates thermaliza-
tion abovee,~10 MeV.



TODD A. THOMPSON, ADAM BURROWS, AND JORGE E. HORVATH PHYSICAL REVIEW 62 035802

1 —
N -
l/Me Uue

08 |
!
{
| (A) t=0.10 ms
sl / AN (B) t = 0.33 ms |
(C) t=1.00 ms |
ol (D) t=3.30 ms i FIG. 5. The same as Fig. 4, but for
(a) (E) t=33.0 ms | v,-€lectron scattering. Comparison of this plot
o4 L ] with Fig. 4 shows thatv,-electron scattering

dominates thermalization below,~10 MeV.

T=6.14 MeV
p=1.08x102 g cm~3
Y, =0.091

7, = 3.03

0 20 40 60 80

e, (MeV)

the matter(near the neutrino sphereThe same systematics
highlighted in the discussion of the evolution of the initial
Gaussian distribution for StarB are borne out in these figures.
Curves A and B on both plots, denoting 0.10 and 0.33 ms of S A LA I N R
elapsed time, respectively, confirm that above, ol VetTVLR 1
~15 MeV v,n scattering dominates thermalization.

Figures 6 and 7 show);, and(w)e, as defined in Egs.
(6) and(7), for v,n scattering and’,e” scattering, respec-
tively. The separate curves portray the evolution in time of A

. . (A) t=0.0033 ms

the thermal average energy transfers as the distribution: | (8) t =038 ms
evolve to equilibrium(cf. Figs. 4 and & As one would ex- (C) t=33.0 ms
pect from kinematic arguments, the magnitudes of Kat}), 51 7
and (w)q, for v,n scattering are much less than those for
v,e  scattering. Although the energy transfers are much-£
smaller, even at the highest energiegn scattering still ™~
dominatesy,e” scattering in thermalizing the,, distribu-
tion because the rate for scattering is so much larger. At low
neutrino energies, however, both average energy transfers fc
neutron scattering go to zero, whereas they approach larg
negative values {—20 MeV) for electron scattering. At
these low energies, the fact that the ratesfon scattering is Fe=o
larger than forv,e™ scattering fails to compensate for the Loty Levileiitenily,
vanishing energy transfer. For examplegat=3 MeV and 0 20 40 60 80 100 0 20 40 60 8 100
t=33 ms, the energy transfer for,e” scattering is more &, (MeV) &, (MeV)
than 100 times that for,,n scattering.

(MeV)
(@)ont  (MeV)

\ t=33.0 ms

IS\‘,arCI IStarCI

o s FIG. 6. The thermal average energy transfées,, and{w) o,
In order to fold in information about both the rate of scat- defined in Eqs(6) and (7), respectively, as a function of neutrino

tering and the average thermal energy transfer, we ot gnergy e, for v,-neutron scattering at the thermodynamic point
andI'g [_Eqs. (8) and (9)]_ in Fig. 8 for all four points con-  starC. The curves show snapshots of the average energy transfers in
sidered in the Star profile. We show here a snapshot of thgme as, evolves(see Fig. 4 For ()i, (A) t=0.0033 ms(B)

rates for both scattering processes for a Fermi-Dirac distrit=0.33 ms, and(C) t=33.0 ms. We show ), at t=0 (thin

bution initially at twice the local matter temperature, with jine) and t=33.0 ms (thick line). Note that in equilibrium {
zero neutrino chemical potential. Note that the spikeEjgn  ~33.0 ms){(w)in={(®)ou.
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40

(@), (MeV)

FIG. 7. The same as Fig. 6, but for,-electron scattering. For

B
LN -
Vﬂe V'u'e

| (A) t=0.10 ms
| (B) t=0.33 ms
(C) t =33.0 ms

(0)on  (MeV)

[ T N B |
0 20 40 60 80 100
e, (MeV)

40

20

StarC |
[N |

40
g, (MeV)

60 80 100

{(@)in, (A) t=0.10 ms,(B) t=0.33 ms, andC) t=33.0 ms.

indicate the neutrino energy at whi¢mw),,~=0 (cf. Figs. 6
and 7. In general, we find that as,—0, 'y andI'z go to
zero for v,-neutron scattering, whereds, approaches a

constant andl’z becomes very large for,e” scattering
[15]. This is a consequence of the fact that, regardless, of

(®)ou—0 for v, n scattering ag,—0, as shown in Fig. 6.

PHYSICAL REVIEW C 62 035802

from our analysis of the evolution ¢f, in Figs. 4 and 5, at
approximately 40 MeV the thermalization rate fegn scat-
tering for StarB is about an order of magnitude greater than
that forv,e~ scattering. Specifically, thEp’s cross at-15
MeV, whereas thd'c’s cross at~20 MeV. Below these
energies, bothv,n rates drop off precipitously as a conse-
quence of the fact thatw),,—0. Belowe,~5 MeV, the
thermalization rate fon,e~ scattering dominates by 2-5
orders of magnitude. As evidenced by the other panels in
Fig. 8, this same trend holds in the other regions of the stellar
profile. In general, the rates drop over the whole energy
range for both processes as the density and temperature de-
crease, but the same systematics hold. In fact, for StarA,
StarC, and StarD, th€ and 'y crossing points for both
processes are lower than those for StarB. As a result of the
higher temperature at this radiu§<£14.5 MeV) v,e"
scattering is important in thermalizing slightly higher energy
neutrinos than at the other radii. For StarC and StarD, spe-
cifically, both rates cross at neutrino energies less than 12
MeV.

These results demonstrate thgtnucleon scattering is an
important thermalization process from the dense core
through the semitransparent regime fgy's with energies
greater than approximately 15 MeV. The addition of this
energy transfer mechanism implies that thgs stay ener-
getically coupled to the surrounding matter longer than has
been previously estimatd@3]. We can approximate the ra-
dius at which thev,’s energetically decouple from the mat-
ter (the E,, spherg¢ [23] by observing when the diffusion
time scale is approximately equal to the equilibration time

For v,e scattering the situation is different. As Fig. 7 re- scale given byl';'=7p, as defined in Eq(8). Using this

veals,( )y, approaches- —20 MeV ate,=0. As expected

8

log, [T (s71)]

:\ — —— T, (y,n) -

Ty (v,n)

-
-
-

logy,[T (s71)]

_ T

- = T (v,n)

— _ Iy (V”e‘) B

StarC

{
; ----- Iy (”,‘e_) 1
|
|

40 80 80 100

log,o[T" (s74)]

log [T (s71)]

crude approximation we find that by including,-nucleon

8

—
- Ty (ym

- Ty ()

FIG. 8. T'p andT'¢ as defined in Eqg8) and
(9), respectively, for bothv,n andv,e” scatter-
ing for an initial Fermi-Dirac distribution at
StarA, StarB, StarC, and Star®ee Table)l at a
snapshot in time. The spikes in thg curves are
a consequence of the fact tHai),,— 0 at those
neutrino energiegcompare the plot above for
StarA with Figs. 6 and )7 The solid and the
short-dashed lines in all four plots afg and

I'p, respectively, forv,n scattering. The long-
dashed and long-short-dashed lines Bge and

I'p, respectively, fon e~ scattering. At all four
points in the stellar profile Stam,n scattering
dominates v,e~ scattering at energies above
10-20 MeV by approximately an order of mag-
nitude. For StarA, the points where the rates for
v,~electron andv,-neutron scattering cross are at
~8 and~13 MeV. For StarB, they lie higher, at
~15 and~20 MeV, due predominantly to the
higher temperature at that radius. For both StarC
and StarD, the rates cross at between 7 and
12 MeV.
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l Star Total Bremsstrahlung

/ (Non-Degenerate Limit)
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e
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FIG. 9. The integrated total volumetric emis-
sivity in ergs cm 2 s~ ! for e"e™ annihilation and
nucleon-nucleon bremsstrahlung in the nonde-
T generate limifEq. (53)] and at arbitrary degen-
eracy [Eqg. (45)] as a function of radius in the
stellar collapse profile, Star. Note that the total
bremsstrahlung and* e annihilation emissivi-
ties cross at R~23 km where p=
6x10 gecm 2 and T=11 MeV. Above this
. radius,e”e” dominates.
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energy transfer thg , sphere is pushed outward in radius by matter, with zero neutrino chemical potential. Comparing
approximately 3 km. This difference in radius corresponds tacurve C on both graphs, which marks 10.0 ms of elapsed
a 1-2 MeV drop in the matter temperature in the model Startime, one can see that bremsstrahlung dominates production
The average energy of the emergent spectrum is roughly cobelow ~15 MeV. Indeed, bremsstrahlung overshoots its
related with the local matter temperature of g sphere.  equilibrium distribution at energies below 10 MeV before
Therefore, we conclude that,-nucleon energy transfer in finally filing the higher &, states. In contrast, electron-
full transport calculations will likely soften the emergent  positron annihilation fills the higher states first and moves
spectrum. slowly toward the low-lying neutrino energies, taking a fac-

tor of ten more time at this thermodynamic point to reach

B. Emission and absorption equilibrium.

Figure 9 shows the total integrated volumetric emissivity In Figs. 12 and 13, we plof;, and 'y, as defined in
as a function of radius in the model Star for nucleon-nucleorEgs. (4) and (5), for both production processes at the point
bremsstrahlung in the nondegenerate nucleon lifig.  StarB. As one would predict from our simple observations of
(53)], its generalization for arbitrary nucleon degeneracythe time evolution ofF,, the bremsstrahlung rates are much
[Eq. (51)], and the emissivity fore"e™ annihilation[Eq.  faster (~2 orders of magnitugethan thee™ e~ annihilation
(32)]. Note that not one of these expressions contains neuates at low neutrino energies. At Star,e” annihilation
trino blocking terms and that the general bremsstrahlung rateompetes with bremsstrahlung above~15 MeV. For
crosses that foe"e™ annihilation at~23 km wherep=  StarB, however, at a matter density an order of magnitude
6x102 gem 3, T=11 MeV, and Y,~0.13. While this greater than that for StarC, the energy at which nucleon-
plot gives a general idea of wheeé e~ annihilation should nucleon bremsstrahlung becomes more important &iaT
begin to compete with nucleon-nucleon bremsstrahlung, ifnnihilation is ~60 MeV. In this regime, wherel~12
fails to include the differential nature of the production in —14 MeV andp~10" gcm 2, we find that bremsstrah-
energy. In addition, it does not include absorption or block-lung dominates neutrino pair production via electron-
ing effects, which quantitatively alter the relative strength ofpositron annihilation. A close look at the evolution of the
the emission. total thermal average neutrino energy {)) reveals thatF,

To begin to understand the import of these terms and thgeaches its asymptotic equilibrium distribution via nucleon-
character of each pair production process, we include Figsucleon bremsstrahlung in1 ms. Electron-positron anni-
10 and 11, which show the time evolution®f via nucleon-  hjlation takes~50 ms to fill all but the very lowest energy
nucleon bremsstrahlung and electron-positron annihilationstates. This trend continues as the matter becomes more
respectively, for the point StarC, initialized with zerg and  dense. For StarA, well beneath the neutrinospherep at
v,, phase-space occupancies. The final equilibrium distribu= 10" gcm 3, the rates for bremsstrahlung and electron-
tion is Fermi-Dirac at the temperature of the surroundingpositron annihilation never cross. In fact, the former pro-
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FIG. 10. The time evolution ofF, due to
nucleon-nucleon bremsstrahlung via E§0) for
the point StarC described in Table | starting with
F,=F,=0 at all energies. Curves show snap-
shots of the evolution ofF, with time: (A) t
=0.66 ms,(B)t=3.30 ms(C)t=10.0 ms,D)
t=33.0 ms, andF) t=330 ms. The solid dots
denote an equilibrium Fermi-Dirac distribution at
the temperature of the surrounding thermal bath
with zero neutrino chemical potential.

within 3—4 orders of magnitude of the rates for bremsstrah-

the latter takes-10® s. This difference of 8 orders of mag- !ung at the same energy. Still, the difference is striking. As
nitude in time scale, however, is a bit misleading. Similar tothe temperature drops from Stai@4 MeV) to StarA (10
v,N scatteringe” e annihilation has trouble filling only the MeV) and the density increases by an order of magnitede,

very lowest neutrino energy states. In actuality, at the higheggoes from 3.79 to 15.75. Consequently, Pauli blocking of

energies, bothl'y, and I'y, for e*e™ annihilation come
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40

electrons in the final state suppresses the procegs,

FIG. 11. The same as Fig. 10, but fere”
annihilation via Eq(31). Curves show snapshots
of the evolution of F, with time: (C) t
=10.0 ms, (D) t=33.0 ms,(E) t=100.0 ms,
(F) t=330.0 ms,(G) t=1000 ms, and(H) t
=3300 ms.
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FIG. 12.T';, as defined in Eq4) for nucleon-
nucleon bremsstrahlun¢solid lineg and e*e”
annihilation (dashed lines for the point StarB.
Each curve shows a snapshotlgf as F, builds
from zero phase-space occupancy=a0: for (A)
and (A') t=10.0 us. (B) and (B') denotet
=33.0 us. (C) marks the equilibrium rate for
bremsstrahlung at=3.3 ms. Curve$D) and(E)
mark 100.0 us and 66.0 ms, respectively, for
e*e” annihilation. The latter marks the*e”
equilibrium rate. Note that the equilibrium rates
cross ate ,~65 MeV.

—e'e”, and the phase-space density of positrons is depletesphere, within the gain region and behind the shock, between

to such an extent thaga*e™ — v v

g

is Suppressed as well. 30 and 60 km atp~1012 gcm*3 and T~6-8 MeV,

We conclude that beneath the neutrino spheres and specitiemsstrahlung competes wigh e~ annihilation at all neu-
cally for p~10'® gcm 3, nucleon-nucleon bremsstrahlung trino energies and is the primary production process for the

is the primary and dominantl;ﬂ source. Near the neutrino low-lying &, ande, states.

10g o[ Toy (s71)]

5

g (A) and (A") t=10.0 us
(B) and (B') t =33.0 us
(C) t=3.30 ms
(D) t =100.0 us
(E) t =66.0 ms

-
e’e —>V“l/#
Nucleon-Nucleon Bremsstrahlung

20 40 60 80

&, (MeV)
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FIG. 13. The same as Fig. 12, for the same
times, but forl',,; as defined in Eq(5).
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The addition of nucleon-nucleon bremsstrahlung will 9 qz q q
have quantitative implications for the, and v, emergent  ImII¥(q,w)=—"—|l,+ol1+| =+ = +m?— )IO],
spectra. Specifically, they should be softer and brighter. Bur- 4mlql® 472 Q,,,
rows et al. [12] confirm this with their study of static super- (A2)
nova and protoneutron star atmospheres, having included

nucleon-nucleon bremsstrahlung in the nondegenerate limit. Im TR B m? | A3
In addition to observing a systematic softening, they also mIl(q,0)= 27|q| °© (A3)
find that thev,, spectrum is a factor of 2 more luminous at
e,=10 MeV. and
V. SUMMARY AND CONCLUSIONS R C]2
Im HVA(q,w)— [wlg+214]. (A4)

Our results for equilibration via, -electron scattering and 8lql®

v,,-nucleon scattering indicate that the latter competes with
or dominates the former as a thermallzer for neutrino enerThe authors of Ref4] were able to express thg's in terms
gies=10 MeV for p=1x 10" gcm 2 at all temperatures. Of polylogarithmic integrals such that

At neutrino energies=30 MeV the difference at all densi-

ties and temperatures is approximately an order of magni- | —Tz( 1— é) (A5)
tude. For the production and absorption processes, we find 0

that nucleon-nucleon bremsstrahlung, at the average energy

of an equilibrium Fermi-Dirac distribution at the local tem-

perature, is 5 and 2 orders of magnitude faster thaa~ |1:T22( Ne= 5~ 5
annihilation at StarA T~10 MeV, p~10* gcm 3) and

StarB (T~15 MeV, p~10' gcm °), respectively. Only apg

for p~10"* gcm ®andT~6 MeV doese*e™ —wv,v, be-

gin to compete with bremsstrahlung at all energies. We con- ) w2 2 & e & e’ &
clude from this study that the emergent and », spectrum 1,=T3%2| ni—zn.+ 33" 2? -2 T5 >
is (1) brighter and(2) softer than previously estimated. The Tz
former results from the inclusion of the new pair emission
process, nucleon-nucleon bremsstrahlung. The latter is a cop-
sequence of both the increased energy coupling between i
nuclear and neutrino fluids through,-nucleon scattering

: (A6)

(A7)

where .= /T is the electron degeneracy= Bw, w is
e energy transfer, and

and the fact that bremsstrahlung dominaeése‘ annihila- >
tion near the neutrino spheres at the lowest neutrino energies. _ v q m

. . . e.=—5+5\/1-4—. (A8)
While the full transport problem, including,-nucleon scat- 2 2 qM

tering energy redistribution and nucleon-nucleon bremsstrah-

lung, must be solved in order to delineate precisely whain Eqgs. (A5)—(A7), the £,'s are differences between poly-

consequences these processes have for the emergepéc- logarithmic integralsg,= Li,(— a;) — Li( — a5), where

trum, these calculations demonstrate that they should not be

omitted. yLip_1(X)
Lin(y)= | =2 ax (A9)
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APPENDIX A: NEUTRINO-ELECTRON SCATTERING dsﬁ daf)'

(2m)%2¢ (2m)%2¢’

1
o _ ) RP(e,,e,,c0S0) = f ~Fot
Each of the retarded polarization functions in E@s1)— 2e &,
(26) can be written in terms of one-dimensional integrals

over electron energye(), which we labell, [4]

X %2 |M|2)<2w>454<P>. (8D)

2

q
ImIIf(g,0)=—"—
- 2mqf?

2

q.
|2+w|1+ I

2 (A1)  The differential production spectrum for final statg’s can

then be written a§2]
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dQ &3 - 1 o where F .+ is a function ofe’' (=€ ,+&,—¢) and
—= 1—fy—”JdQJ —d;j du'| d
de, ( )(277)6 o o)t o ¢
XRP(g,,8,,c080)(1— F,), (B2) Ho(e,,8,8)=(V+A)2Jy(s, .8, ,8)
29l —
whered( is the differential solid angle for the,, neutrino, +(V=A)Jole, 87,8 (BS)

u'=cosé' is the cosine of the’,, angular coordinate, and

is the azimuthal angle betweer), and v, . Expanding the
production kernel in a Legendre series in the scatterin
angle, cog=puu’ +[(1—ud(1—u' 3] cose,

EachJ, in Eq. (B5) is a polynomial ing,, &, ande of

v

gﬁimension(energy. They are related to each other [8]

1
RP(e,,e,,c080) =7 Ell (21+1)®f(e,,&,) P (cosb) Jo(e,,65,8)=d0(e7,8,,€). (B6)
L pp = p =
~5Pole,,8,)+ 5 Pi(e,,£,)c0S0. Both J;, and Jy can be found in Ref[2] [correcting for the
83) typo in their Eq.(C67)]. From Egs(29) and(B5) we see that
the differences between the spectra fgrs and v,’s for a
®P, in Egs.(29) and(B3), is given by[2,24] given temperature and electron degenerggyarise solely
2 from the relative weighting constantsv¢A)? and (V
e,te, _ A2 | 1l ; ; ;
PP o _J’ F.H _ A) in Eq_. (B5) for Jy andJg , resp_ectlvely. In<_jeed, in tr_us
oes.&y) 7 Jo deFeFerHole, o0e), approximation the same can be said for the difference in the

(B4) spectrum betweem, and v, neutrinos.
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