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Is the analysis of flow at the CERN Super Proton Synchrotron reliable?
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Several heavy ion experiments at SPS have measured azimuthal distributions of particles with respect to the
reaction plane. These distributions are deduced from two-particle azimuthal correlations under the assumption
that they result solely from correlations with the reaction plane. In this paper, we investigate other sources of
azimuthal correlations: transverse momentum conservation, which produces back-to-back correlations, reso-
nance decays such asD→pp, HBT correlations, and final state interactions. These correlations increase with
impact parameter: most of them vary with the multiplicityN like 1/N. When they are taken into account, the
experimental results of the NA49 Collaboration at SPS are significantly modified. These correlations might
also explain an important fraction of the pion directed flow observed by WA98. Data should be reanalyzed
taking into account carefully these nonflow correlations.

PACS number~s!: 25.75.Ld, 25.75.Gz
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I. INTRODUCTION

In ultrarelativistic heavy ion collisions, azimuthal distr
butions of the produced particles with respect to the reac
plane are of particular interest. Their anisotropies, which
refer to as ‘‘flow,’’ result from the interactions between th
produced particles. They thus probe the hot stages of
collision and may provide valuable information on the st
of the interaction region: thermalized or not, equation
state, etc.@1–5#. In the recent years, flow has been measu
by many experiments at the Brookhaven AGS with Au p
jectiles @6–8# and at the CERN SPS with Pb projectile
@9–14#. Since the orientation of the reaction plane is n
known a priori, flow measurements are usually extract
from two-particle azimuthal correlations. This is based
the idea that azimuthal correlations between two particles
generated by the correlation of the azimuth of each part
with the reaction plane.

The assumption that this is the only source of two-parti
azimuthal correlations dates back to the early days of
flow @15#. It still underlies the analyses done at ultrarelat
istic energies, both at AGS and at SPS~see, however,@16#!.
However, there are various sources of direct azimuthal c
relations between particles, which do not involve the react
plane. We have shown in a recent paper@17# that the quan-
tum correlations due to the HBT effect yield azimuthal co
relations. When they are taken into account, the results
tained for the charged pion flow by the NA49 Collaborati
@9# change significantly. Here, we investigate other sour
of nonflow azimuthal correlations. A first source is the co
dition that the total transverse momentum of the outgo
particles is zero: this gives a back-to-back correlation
tween their momenta, which can be evaluated quantitativ
This effect is usually taken into account at lower energ
@18# but has been neglected so far at AGS and SPS. O
correlations are due to resonance decays such asD→pp and
r→pp. Finally, Coulomb and strong interactions betwe
pairs of particles with low relative velocities~which we refer
0556-2813/2000/62~3!/034902~11!/$15.00 62 0349
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to as ‘‘final state interactions’’! produce small angle azi
muthal correlations@19#.

Most of these correlations are typically of order 1/N,
whereN is the number of particles emitted in the collisio
At SPS energies, correlations due to flow are so small
additional correlations become of the same order, and ca
be neglected. The 1/N dependence also determines the var
tion of nonflow correlations with the centrality of the coll
sion. Therefore they increase with impact parameter up
very peripheral collisions; on the other hand, they do n
vanish for central collisions where the flow is zero by sy
metry. They are very important at large impact paramet
and should be taken into account, in particular, when stu
ing the centrality dependence of the flow, which has be
recently proposed as a sensitive probe of the phase trans
to the quark-gluon plasma@20–22#.

In Sec. II, we briefly recall how the flow can be extract
from two-particle azimuthal correlations. We use the sa
method and notations as in@17#. The various sources of non
flow correlations are reviewed and their effects are estima
in Sec. III. The experimental data obtained by the NA49 a
WA98 Collaborations for Pb-Pb collisions at SPS are d
cussed in Sec. IV. We show in particular that the effect
momentum conservation alone is large enough to reverse
sign of the proton directed flow measured by NA49@9#,
which is used to define the reaction plane.D decays produce
correlations which are of the opposite sign, and of the sa
order of magnitude, although we do not attempt to calcul
them accurately. For WA98, final state interactions play
important part, and may explain a large fraction of the o
served pion directed flow. Our conclusions are given in S
V.

II. TWO-PARTICLE AZIMUTHAL CORRELATIONS
AND STANDARD FLOW ANALYSIS

In this section, we define the flow and nonflow contrib
tions to two-particle azimuthal correlations, and we sh
how azimuthal distributions with respect to the reacti
©2000 The American Physical Society02-1
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plane can be extracted from these correlations.
We call ‘‘flow’’ the azimuthal correlations between th

outgoing particles and the reaction plane. These are best
veniently characterized in terms of the Fourier coefficie
vn @23# which we now define. We choose a coordinate s
tem in which thex axis is the impact direction, and (x,z) the
reaction plane.f denotes the azimuthal angle with respect
the reaction plane. In this frame,vn can be expressed as
function of the one-particle momentum distributiondNj /d3p
for a particle of typej ~in this paper, we consider pions an
protons!:

vn~pT ,y, j ![^cosnf&5

E
0

2p

cosnf
dNj

d3p
df

E
0

2pdNj

d3p
df

, ~1!

where the brackets denote an average value over m
events with approximately the same impact parameter,
pT and y are the transverse momentum and rapidity of
particle. Since the system is symmetric with respect to
reaction plane for spherical nuclei,^sinnf& vanishes. The
goal of the flow analysis is to extractvn from the data. The
coefficientsv1 andv2 are usually called directed and ellipt
flow, respectively@24#.

Since the reaction plane is not known experimentally, o
can only measure relative azimuthal angles between the
going particles. In particular, one measures the Fourier c
ficients of the relative azimuthal distribution between tw
species of particlesj andk

cn
measured~pT1 ,y1 , j ;pT2 ,y2 ,k!

[^cosn~f12f2!&

5

E E cosn~f12f2!
dNjk

d3p1d3p2

df1df2

E E dNjk

d3p1d3p2

df1df2

. ~2!

The two-particle distribution can generally be expressed
the sum of an uncorrelated distribution and two-particle c
relations:

dNjk

d3p1d
3p2

5
dNj

d3p1

dNk

d3p2

@11Cjk~p1 ,p2!#, ~3!

whereCjk(p1 ,p2) is the two-particle connected correlatio
function. Using this decomposition, one can writecn

measuredas
the sum of two terms:

cn
measured~pT1 ,y1 , j ;pT2 ,y2 ,k!

5cn
flow~pT1 ,y1 , j ;pT2 ,y2 ,k!

1cn
nonflow~pT1 ,y1 , j ;pT2 ,y2 ,k!, ~4!

where the first term is due to flow:
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flow~pT1 ,y1 , j ;pT2 ,y2 ,k!5vn~pT1 ,y1 , j !vn~pT2 ,y2 ,k!,

~5!

while the remaining term comes from direct two-particle co
relations:

cn
nonflow~pT1 ,y1 , j ;pT2 ,y2 ,k!

5

E E cosn~f12f2!Cjk~p1 ,p2!
dNj

d3p1

dNk

d3p2

df1df2

E E dNjk

d3p1d3p2

df1df2

.

~6!

From the flow term~5!, one can calculate the Fourie
coefficientvn , up to a sign~see@17# for details!:

vn~pT ,y, j !56
cn

flow~pT ,y, j ;D!

Acn
flow~D;D!

, ~7!

whereD denotes the detector used to estimate the reac
plane, cn(pT1 ,y1 , j ;D) the average value ofcn over
(pT2 ,y2 ,k) in D, and cn(D;D) the average over both
(pT1 ,y1 , j ) and (pT2 ,y2 ,k).

Experimental analyses usually assume that the only
muthal correlation between outgoing particles is due to th
correlation with the reaction plane, i.e., they neglectcn

nonflow.
This means that the published flow data are given by Eq.~7!
with cn

flow replaced by the total correlationcn
measured; in turn,

the total correlation can be reconstructed from the publis
flow data using Eq.~5!.

We shall see in Sec. III thatcn
nonflow is typically of order

1/N whereN denotes the number of outgoing particles. In
central Pb-Pb collision at SPS,N;2500, so that one expect
cn

nonflow;431024. This is certainly a weak effect. Howeve
the total azimuthal correlation is also weak: since the
rected and elliptic flow at SPS measured by NA49 are of
order of 3% @9#, one obtains from Eq.~5! ~since it is as-
sumed that all the measured correlation is from flo!
cn

measured;931024, only a factor of 2 larger than nonflow
correlations. Therefore one cannot neglect the latter. In o
to take them into account, one must estimate the vari
contributions tocn

nonflow, subtract them fromcn
measuredin Eq.

~4! to isolatecn
flow , and calculate the resultingvn using Eq.

~7!. In @17#, we applied this procedure to the NA49 data
pion flow @9#, taking into account correlations due to th
HBT effect. In Sec. IV, we consider in addition the effects
momentum conservation and resonance decays.

III. SOURCES OF NONFLOW CORRELATIONS

Several physical effects yield two-particle correlation
which contribute to the nonflow correlation defined in E
~6!. In this section, we discuss momentum conservati
resonance decays, quantum HBT correlations, and final s
interactions, and we estimate their respective contribution
cn

nonflow.
2-2
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IS THE ANALYSIS OF FLOW AT THE CERN SUPER . . . PHYSICAL REVIEW C 62 034902
A. Transverse momentum conservation

Global momentum conservation gives a back-to-back c
relation between the produced particles. Since we are in
ested in azimuthal correlations, we consider only transve
momentum. Its contribution toCjk(p1 ,p2), which we denote
by Cjk

SpT(p1 ,p2), is calculated in Appendix A in the cas
where there is no other correlation between particles.
result is

Cjk
SpT~p1 ,p2!52

2pT1•pT2

K( pT
2L , ~8!

where the sum in the denominator runs over all the partic
emitted in the collision. This correlation is clearly of ord
1/N. The Fourier coefficientcn

SpT is obtained by inserting
Eq. ~8! in Eq. ~6!. Neglecting azimuthal anisotropies of th
one-particle distribution, which are of the order of a fe
percent@9#, one finds a result which is nonvanishing only f
n51:

c1
SpT~pT1 ,y1 , j ;pT2 ,y2 ,k!52

pT1pT2

K( pT
2L . ~9!

Sincecn
SpT vanishes forn5” 1, the effects of momentum con

servation must be taken into account only in the meas
ment of directed flow. Equation~9! allows us to calculate the
correlation arising from momentum conservation, as soon
the value of the denominator^(pT

2& is known. This quantity
is evaluated in Appendix B in the case of Pb-Pb collisions
SPS. The value~B3! is probably overestimated, which mea
that we underestimate the correction due to momentum c
servation in the numerical calculations of Sec. IV. Equat
~9! shows that the azimuthal correlations between two p
ticles due to momentum conservation are independent of
rapiditiesy1 and y2 and of the particle speciesj and k, but
increase linearly with transverse momentum. The effec
therefore stronger for heavier particles, which have lar
transverse momenta, as for instance protons. The centr
dependence is also easily determined: since transverse
mentum spectra depend weakly on the centrality@25,26#,
^(pT

2& scales like the multiplicityN, so thatc1
SpT scales like

1/N. Note, finally, that momentum conservation does n
contribute if the window used for the reaction plane deter
nation is symmetric around midrapidity@18#.

B. Resonance decays

We now discuss the azimuthal correlation between
decay products of a resonance. It is known that many pi
originate fromr→pp decays, and that many nucleons a
excited intoD resonances@27,28#, which then decay into a
nucleon and a pion. When pions are used to determine
reaction plane,r ~respectivelyD) decays must be taken int
account in the analysis of the pion~respectively proton! flow;
when protons are used,D decays must be taken into accou
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in the analysis of the pion flow. Resonances with high
masses are less abundant and will not be considered in
paper; however, they may also give rise to sizeable corr
tions.

The contribution of a resonance decay, say,D→pp, to
cn

nonflow is the product of two factors: the first factor is th
average value of cosn(f12f2) where f1 and f2 are the
azimuthal angles of a proton and a pion originating from
sameD; the second factor is the probability that a give
proton and a given pion originate from the sameD. This
probability is hard to estimate. There are recent meas
ments ofr0 @29# andD11 @27# multiplicities, but this is not
sufficient: indeed, due to the short resonance lifetimes,
decay products may interact again after they have been
duced, in a way which depends on the detailed collision
namics. Microscopic models of heavy ion collisions~see@30#
for a review! could be used to calculate correlations fro
resonance decays, but the discussion in this paper will
main at a more qualitative level.

Generally, in a two-particle decay, the azimuthal corre
tion depends on the relative magnitude of the velocityV of
the decaying particle and the velocitiesV1 and V2 of the
products in the rest frame of the decaying particle: in p
ticular, the azimuthal angles of the decay products are eq
(f15f2) in the limit where V15V250, while they are
back-to-back (f15f21p) if V50. This is illustrated in
Fig. 1, which displays the average value of^cos(f12f2)&
and ^cos 2(f12f2)& for the decaysD→pp andr→pp, as
functions of the transverse momentum of the decaying re
nance. Assuming that the transverse momentum distribu
is exponential in the transverse massmT5ApT

21m2, i.e.,
dN/d2pT}exp(2mT /T) @see Eq.~B1!#, one can average th
correlations displayed in Fig. 1 overpT . The result is shown
in Fig. 2, as a function of the inverse slope parameterT.
Taking for D the same value ofT as for protons, i.e.,T
.300 MeV, one sees that the contribution toc1 is large and
positive, while the contribution toc2 is close to zero. In the
case ofr decays, assuming thatT varies linearly with the
mass@31# one may chooseT.270 MeV, which results in
both c1 andc2 slightly negative.

In order to obtain the contribution ofD decays tocn
nonflow,

one must multiply the correlation displayed in Fig. 1 by t
probabilitypD that a given pion and a given proton origina
from the sameD, as explained above. Leta denote the frac-
tion of nucleons are excited intoD resonances. Then, th
probability pD is a/Np whereNp is the number of pions.
From isospin symmetry, one expects this probability to
the same for neutral and charged pions. Since most part
are pions,Np;N. If a is of order unity, we obtain finally
cn

D→pp;1/N. The centrality dependence of this correlation
also in 1/N if the relative abundance ofD is independent of
centrality. Similar arguments hold for the correlations due
r decays.

Note that a way to eliminate correlations fromD decays
experimentally would be to measure protons and pions
widely separated rapidity windows. Indeed, the maximu
rapidity difference between the decay products of aD is 1.5.
In the case of ther→pp decay, the maximum rapidity dif-
2-3
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FIG. 1. Average value of cos(f12f2) ~full curve! and cos 2(f12f2) ~dashed curve!, wheref1 andf2 are the azimuthal angles of th
decay products ofD→pp ~left! or r→pp ~right!, as a function of the transverse momentum of the decaying particle in MeV/c.
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ference between the outgoing pions is 3.3, so that the co
sponding correlation is harder to eliminate.

C. Small angle correlations

Finally, there are correlations between particles with l
relative velocities: quantum HBT correlations between id
tical particles, Coulomb interactions between charged p
ticles, and strong interactions.

Azimuthal correlations between identical particles due
the HBT effect were studied in detail in@17#. The Fourier
coefficientcn

HBT(p1,p2) is of order unity if the relative mo-
mentumup12p2u is smaller than\/R, whereR is the size of
the particle source. It depends weakly onn. The order of
magnitude ofcn

HBT integrated over phase space is theref
cn

HBT;(\/Rp)3, wherep denotes a typical momentum. I
the case of a high temperature massless pion gas,p is of
order T/c, while the particle densityN/R3 is of order
(T/\c)3, so thatcn

HBT is again of order 1/N @32#. One would
expect the centrality dependence ofcn

HBT to follow the same
behavior. However, the measured HBT radii vary mo
03490
e-
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slowly thanN1/3 @33#. In collisions with sulphur projectiles, a
dependence inR}Na was found witha.0.2 @34#. If the
same behavior holds for Pb-Pb collisions, the dependenc
azimuthal HBT correlations with centrality will be inN20.6.
Finally, cn

HBT(D) is proportional to the one-particle momen
tum distribution, hence it is larger at lowpT .

More generally, all particles with low relative velocitie
undergo final state interactions, strong and/or electrost
@19#. One defines the invariant momentum asQinv

52mv rel , wherem5m1m2 /(m11m2) is the reduced mas
andv rel5A12m1

2m2
2/(P1•P2)2 is the relative velocity of the

two particles with four-momentaP1 and P2. Then the cor-
relations due to strong interactions are sizeable only i
limited Qinv range, independent of the size of the interacti
region. For instance, proton-proton correlations, which
dominated by strong interactions, are maximum forQinv
.20 MeV/c, and negligible forQinv*40 MeV/c, for any
projectile and target@35#. On the other hand, the range ov
which Coulomb correlations are significant depends on
system size. For Pb-Pb collisions at SPS,p-p1 correlations,
FIG. 2. Same as Fig. 1, as a function of the inverse slope parameterT of the resonance distribution in MeV. Left:D→pp; right:
r→pp.
2-4
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TABLE I. Properties of the various sources of two-particle azimuthal correlations.

Momentum conservation Resonance decays Small angle correla

Which pairs? any uy12y2u,1.5 (D) low relative velocities
uy12y2u,3.3 (r) identical particles~HBT!

n dependence n51 only nontrivial weak
centrality dependence 1/N 1/N 1/N0.6? ~HBT!

1/N ~strong!
1/N1/3? ~Coulomb!

pT range highpT nontrivial low pT

under control? calculated simulations, microscopic models measured
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which are dominated by the Coulomb repulsion, extend u
Qinv.50 MeV/c @36#. Both Coulomb and strong interac
tions give rise to small angle azimuthal correlations, sim
to those due to the HBT effect. Thus the resulting contrib
tion to cn

nonflow, denoted bycn
FSI, is expected to be weakly

dependent on the ordern of the Fourier component, an
cn

FSI(pT ,y,D) is roughly proportional to the one-particle di
tribution.

The centrality dependence differs for Coulomb and stro
interactions. For strong interactions, the strength of the c
relation at a givenQinv varies like 1/V, whereV is the vol-
ume of the system@19#. This is due to the fact that the rang
of the interaction is much smaller than the size of the syst
Thus the centrality dependence follows a 1/N behavior. For
Coulomb interactions, which are long-ranged, theN depen-
dence is weaker. We do not attempt to evaluate this dep
dence. By analogy with the Coulomb potential, it might va
like 1/L, with L the size of the interaction region, i.e., lik
1/N1/3.

Both HBT and final state interactions can be elimina
by studying the correlation between particles widely se
rated in phase space, so that their invariant relative mom
tum is much larger than, typically, 50 MeV/c.

D. Summary

The properties of the three main types of two-particle c
relations studied above are summarized in Table I. Note
while the average over all phase space of the three is of o
1/N, they can be much larger in definite regions of pha
space, for example at low relative momentum for HBT c
relations. Note also that this catalogue of two-particle cor
lations may not be exhaustive.

As we have seen, two-particle correlations are gener
of order 1/N, much smaller than unity. We therefore assu
that the contributions of the various effects can simply
added. If one studies the correlation between identical pio
for instance, there are contributions tocn

nonflow from momen-
tum conservation, denoted bycn

SpT , from r→pp decays,
denoted bycn

r , from HBT correlations, denoted bycn
HBT ,

and from final state interactions, denoted bycn
FSI. The result-

ing nonflow correlation is

cn
nonflow5cn

SpT1cn
r1cn

HBT1cn
FSI. ~10!
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IV. APPLICATION TO SPS DATA

The most detailed flow analyses in Pb-Pb collisions
SPS were performed by the NA49 and WA98 Collabo
tions. NA49 estimates the reaction plane using pions in
forward hemisphere, while WA98 uses protons and fra
ments close to the target rapidity. In this section, we disc
to what extent nonflow correlations may contribute to t
measured azimuthal correlations, which are assumed to
solely due to flow in both experiments. In the case of t
NA49 data, we shall explicitly subtract the various nonflo
correlations, following the method outlined in Sec. II, an
see what the ‘‘true’’ flow might be. Our discussion of WA9
data will remain at a semiquantitative level due to the co
plex acceptance of the Plastic Ball detector used for the fl
analysis.

A. NA49 data

The NA49 experiment at CERN measures the direc
and elliptic flow of pions and protons in Pb-Pb collisions
158 GeV per nucleon@9#. Charged pions are used to estima
the reaction plane, in the kinematic window 4,y,6 and 0
,pT,600 MeV/c for directed flow, 3.5,y,5 and 0,pT
,2000 MeV/c for elliptic flow @37#. The azimuthal distri-
bution of identified particles~protons and charged pions! is
then measured with respect to this reaction plane. We n
show the effect of taking into account the various sources
nonflow correlations discussed in the previous section.

We begin with the directed flow of protons. It is obtaine
from from Eq. ~7!, whereD refers to charged pions in th
above mentioned kinematic window. The numerator in t
equation corresponds to the correlations between protons
the pions inD, while the denominator corresponds to th
correlations between the pions inD. The arbitrary sign in
Eq. ~7! is chosen negative by NA49, in order to obtain
positive v1 for protons~see Fig. 3!, as usually assumed a
high energies in the forward rapidity region@15#.

The correction to the denominator in Eq.~7! from non-
flow correlations will be discussed below, when we discu
the pion flow. It is a small correction, of a few percent. T
numerator of Eq.~7! gets contributions from momentum
conservation,D→pp decays, and final state interactions.

We first discuss momentum conservation. The cor
sponding azimuthal correlation is given by Eqs.~9! and~B3!.
Since it is negative, once it is subtracted from the measu
2-5
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FIG. 3. Directed flowv1 of
protons, integrated over the rang
3,y,6, as a function of the
transverse momentumpT , mea-
sured by NA49 ~open squares!,
taking into account momentum
conservation only ~with error
bars!, and with a simulation of
correlations fromD decays~filled
squares!. Error bars are taken
from experiment.
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correlation~4!, this gives a positive correction to the corr
lations due to flowc1

flow . Because of the negative sign in E
~7!, the correction tov1 is finally negative. As can be seen
Fig. 3, the correction is so large that the sign of the pro
directed flow is now negative for almost allpT . Now, the
sign of the proton directed flow is particularly importa
since it is used to fix the arbitrary sign in Eq.~7!, which is
chosen so thatv1.0 in the forward rapidity region for pro
tons. The surprising result is that the directed flows of pio
and protons now have the same sign. This is contrary to
theoretical expectation that nucleons and pions flow in op
site directions, because of pion rescattering@38,39#, and to
other measurements at AGS@6# and at SPS@10#.

Since the correlation between pions and protons fromD
→pp decays is positive~see Fig. 2!, it may restore the origi-
nal sign of the proton directed flowv1. As explained in the
previous section, an accurate computation of this correla
would require a microscopic model. We present in Fig. 3
crude estimate of the effect, based on a simple Monte C
calculation taking into account the acceptance windows
NA49 for protons and pions. We do not take into account
possible rescatterings of the decay products. Our assu
tions are the following: 50% of the outgoing protons orig
nate fromD decays, as suggested by simulations based
the UrQMD model@28#. We take into account the fact tha
only 2/3 of D decays yield a charged pion. The mass dis
bution ofD ’s follows a Lorentzian, their rapidity distribution
is flat between 0 and 5.8~i.e., between the target and proje
tile rapidities!, and their transverse momentum distribution
exponential inmT @see Eq.~B1!# with an inverse slope pa
rameterT5300 MeV, as for protons. One sees in Fig. 3 th
correlations fromD decays can indeed restore the posit
sign for the proton directed flow, since their contribution
almost as large as that from momentum conservation in
solute value.

In principle, one should also take into account final st
interactions. Since the pions used to determine the reac
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plane are approximately halfp1 and halfp2, Coulomb ef-
fects cancel. Correlations between pions and protons du
strong interactions are small and should not contribute
nificantly to cn

measured.
We now turn to the directed flow of charged pions. Sin

pions are also used to estimate the reaction plane, pion-
correlations are involved in both the numerator and the
nominator of Eq.~7!. Following Eq.~10!, we must take into
account momentum conservation,r decays, the HBT effect
and final state interactions. We neglect final state interacti
for the same reasons as for protons. According to Fig. 2,
correlation fromr decay is small. We also neglect it. Thre
sets of points are displayed in Fig. 4: NA49 data witho
correction, with correction for HBT correlations~taken from
@17#! and with correction for HBT and momentum conserv
tion. While the correction due to the HBT effect is importa
at low pT , momentum conservation changes the pion flow
high pT ; the latter effect is less important than for proton
because pions have lower transverse momenta. However
positive pion flow observed by NA49 at highpT seems to be
explained by momentum conservation.

Let us say a few words about elliptic flow. Here, mome
tum conservation does not contribute, as discussed in
previous section. For protons,D decays probably give a neg
ligible contribution toc2

measured, as explained in Sec. III B.
For pions, HBT correlations significantly reduce elliptic flo
at low pT , as shown in@17#. Here,r decays should be take
into account. As discussed in Sec. III B, they give a negat
correlation, i.e., opposite to the correlation due to flo
Therefore, takingr decays into account would lead to
~slight! increase of the pionv2.

Finally, the centrality dependence of the directed and
liptic flow of pions has been studied recently@40#. It is strik-
ing to note that both increase continuously as the reac
becomes more peripheral, which is the behavior expected
nonflow correlations. We have shown that at least a fract
2-6
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FIG. 4. Directed flowv1 of
pions, integrated between 4,y
,5, as a function of the trans
verse momentumpT in MeV/c,
measured by NA49 ~open
squares!, after subtraction of HBT
correlations ~filled squares!, and
after subtraction of both HBT and
transverse momentum conserv
tion correlations~with error bars!.
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of the measured correlation, which is interpreted as flow
due to nonflow correlations. Even if it is only a small fra
tion, it will increase with impact parameter and eventua
dominate for the most peripheral collisions. It is thus like
that the measurements of flow at large impact parameter
contaminated by nonflow phenomena. However, none of
above mechanisms can explain the observedy dependence o
directed flow, which increases~in absolute value! up to the
projectile rapidity for peripheral collisions.

B. WA98 data

We shall now discuss the results obtained by the WA
experiment at CERN for the directed flow of protons a
positive pions@10#. There, the reaction plane is estimat
using protons and fragments detected by the Plastic Bal
the target rapidity region20.6,y,0.3. One then measure
the azimuthal angle of a positive pion or a proton detecte
the Plastic Ball with respect to this estimated plane. If
particle is a proton, it is not used in the determination of
reaction plane to avoid autocorrelations. Two points close
midrapidity are obtained using the tracking system,
which the flow is zero within error bars; we shall not co
sider these two points here. Contrary to the NA49 analy
where pions were used to estimate the reaction plane,
flow of protons~respectively pions! is now determined from
proton-proton~respectively pion-proton! azimuthal correla-
tions. The value ofv1 is still obtained from Eq.~7!, where
the arbitary sign is again chosen negative, so that the dire
flow of protons be negative, as it should in the backwa
rapidity region. On the other hand, the directed flow of pio
is positive, i.e., pions flow opposite to the protons.

WA98 measures the directed flowv1 in the target frag-
mentation region. Sincev1 vanishes at midrapidity, it is ex
pected to be larger there than in the more central rapi
region, where NA49 is working. Indeed, the measured val
of v1 are larger for WA98 than for NA49. For semicentr
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collisions,uv1u is about 0.1 for both pions and protons. Fo
lowing Eq. ~5!, this corresponds to an azimuthal correlati
uc1

measuredu;1022, either between pions and protons or b
tween protons, an order of magnitude larger than for NA

The values ofv1 are measured as a function of centralit
For protons,2v1 reaches a maximum of 0.12 for an impa
parameterb;8 fm, while for pionsv1 increases withb up
to very peripheral collisions, where it reaches values as h
as 0.3. The latter centrality dependence is reminiscent of
1/N behavior of nonflow correlations, which suggests th
part of the measured flow is spurious. We thus review
various nonflow correlations listed in Sec. III to evalua
their contributions. We shall see that final state interactio
are the only significant ones, and that they may explain
pion flow at large impact parameter.

Momentum conservation is less important than for t
NA49 experiment. The reason is that the particles detecte
the Plastic Ball have low transverse momenta@41#. For pro-
tons,pT is typically 400 MeV, resulting inc1

SpT of the order
of 2431024 for the proton-proton correlation, following
Eq. ~9!. This is much smaller thanc1

measured;1022. For
pions, transverse momenta are even smaller. In both ca
the contribution of transverse momentum conservation
c1

nonflow is negligible.
Resonance decays will contribute to the pion flow. T

sign of the correlation due toD→pp depends on the invers
slope parameterT, as can be seen in Fig. 2. This quantity
smaller in the fragmentation region than in the central rap
ity region, but probably still larger than 100 MeV. Then, th
corresponding pion-proton correlation should be positive
is thus opposite to the correlation measured by WA98, a
cannot explain the observed pion flow.

Finally, let us discuss the small angle correlations due
the HBT effect and final state interactions. We shall fi
summarize the results obtained by the NA49 experiment
two-particle small angle correlations in the central rapid
2-7
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region. Then we extrapolate these results to the fragme
tion region covered by the WA98 Plastic Ball in order
discuss the correlations measured by WA98.

The NA49 Collaboration has measured both proto
proton @42# and proton-p1 @36# small angle correlations fo
central collisions. Two-proton correlations, resulting fro
the interplay of the HBT effect and strong and Coulom
interactions, were found to be positive, which means t
they are dominated by the attractive strong interaction. T
peak at a relative momentum between particles
20 MeV/c, where they reach 25%, and are no longer s
nificant as soon asup12p2u.40 MeV/c. Small angle corre-
lations between positive pions and protons are negative,
typically of the order of 210% for invariant momenta
smaller than 40 MeV/c, i.e., upTp2(mp /mp)pTpu
,40 MeV/c andyp2yp,40/mp.0.3.

Extrapolating these results to the fragmentation regi
we can estimate the azimuthal correlationc1

FSI for WA98. In
the case of proton-proton correlations, we need to evalu
the fraction of proton pairs having relative momenta le
than 40 MeV/c, i.e., with upT12pT2u,Dp540 MeV/c,
and y12y2,Dp/mT.0.04, with mT.1000 MeV. Since
the acceptance window is typically@41# pT

min5200,pT

,pT
max5600 MeV/c and ymin520.4,y,ymax50.1, this

fraction is

4p

3
Dp3

p~pT
max22pT

min2!mT~ymax2ymin!
;531024. ~11!

With a correlation strength of 20%, this yields a value ofc1
FSI

of the order of 1024, much smaller than the measured co
relationc1

measured. Thus, the measurement of the proton flo
is not influenced by small angle correlations.

In the case of pion-proton correlations, we first note t
the velocity windows of pions and protons of the WA9
Plastic Ball overlap@41#, so that small angle correlation
between pions and protons should be taken into accoun
fact, the rapidity range is almost the same for pions a
protons, while the transverse momentum range is roug
scaled by a factormp /mp , so that the acceptance window
roughly coincide in velocity space. Then, for a given pio
the probability that a proton seen in the Plastic Ball has
invariant relative momentumupTp2(mp /mp)pTpu,Dp
540 MeV/c is given by Eq. ~11! with Dp replaced by
(mp /mp)Dp. This gives a factor (mp /mp)3.200, com-
pared to Eq.~11!, so that the fraction is of the order of 1021.
Using the correlation strength measured by NA49, this gi
a correlationc1

FSI(D) of order 21022, comparable to the
measured correlation. On the one hand, this value is ove
timated since the acceptance windows for pions and pro
do not exactly coincide in velocity space. On the other ha
it is underestimated because the correlations are measure
NA49 for central collisions, and they are even stronger
peripheral collisions. Therefore it is likely that a large fra
tion of the p1 directed flow seen by WA98 is due to th
repulsive Coulomb interaction between positive pions a
protons.
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V. DISCUSSION

We have shown that the assumption that all azimut
correlations between particles are due to flow is no lon
valid at SPS energies, where other sources of correlat
become of the same order of magnitude due to the small
of the flow. All the effects studied above, momentum co
servation, resonance decays, HBT correlations, final state
teractions, turn out to give important correlations. In partic
lar, we have shown that the effect of momentu
conservation is so large that it changes the sign of the pro
directed flow measured by NA49: this sign is particula
important since it is used to define the orientation of t
reaction plane.

The methods currently used to analyze the flow can
modified in order to take into account these additional c
relations and to subtract them from the measured corr
tions, as explained in Sec. II. Correlations from moment
conservation can be calculated. They are governed by o
one unknown quantity, the sum over all particles of squa
transverse momentâ(pT

2&. Correlations from the decays o
short-lived resonances cannot be evaluated so easily. In
paper, we have only given semiquantitative estimates. M
accurate calculations would require a microscopic mode
the collision. Finally, correlations which affect particles wi
low relative velocities, i.e., those due to the HBT effect a
to final state~Coulomb, strong! interactions can either be
measured independently, or eliminated by measuring co
lations between particles in widely separated rapidity and
transverse velocity windows.

However, our list of correlations may not be exhaustiv
and one cannot exclude that other sources exist which ar
the same order of magnitude as those studied here. The
no systematic way to separate the flow and the nonflow c
tribution to the measured azimuthal correlation~4!. One
could try to use the factorization property of Eq.~5! to iso-
late the correlation due to flow. However, nonflow corre
tions may also factorize, as is the case for the correlation
to momentum conservation~9!.

A way to circumvent these difficulties would be to use t
remarkable property of two-particle correlations, that th
vary with the multiplicityN like 1/N ~with the possible ex-
ception of Coulomb interactions and, to a lesser extent, H
correlations!. This fact has been noted in Sec. III for th
various correlations studied, but holds more generally
any extensive system, and would probably still be true
other types of correlations than those listed in Sec. III. T
1/N behavior determines the centrality dependence of n
flow two-particle correlations. Since the flow is known
vanish for central collisions by symmetry, one could meas
~and then subtract! nonflow correlations by measuring the
for central collisions and then assuming that they vary l
1/N. Unfortunately, it is impossible to select ‘‘true’’ centra
collisions~with vanishing impact parameter! experimentally,
so that this procedure may not be accurate.

Future heavy ion experiments at RHIC and LHC a
likely to be affected in the same way by nonflow corre
tions. At these energies, directed flow is expected to
weaker than at SPS, maybe undetectable. On the other h
elliptic flow should be at least of the same magnitude as
SPS. Pions should be used to determine the reaction p
since they are by far the most abundant. As the multiplic
2-8
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will be higher than at SPS, nonflow correlations will b
smaller, since they are proportional to 1/N. However, since
the detectors will cover only a limited interval in rapidity
effects ofr decays, HBT correlations and final state intera
tions may be important and should be taken into accoun
the measurement of the pion elliptic flow. Hard proces
could give an additional contribution to nonflow correlation
there is a strong azimuthal correlation between jet fragme
@43#. Clearly, more work is needed, both theoretical and
perimental, in order to obtain accurate measurements of
observables at ultrarelativistic energies. Alternative metho
based on multiparticle correlations, are currently under st
@44#.
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APPENDIX A: CORRELATIONS FROM MOMENTUM
CONSERVATION

We denote byp1 ,...,pN the momenta of theN particles
emitted in a heavy ion collision and bypT1 ,...,pTN their
transverse components. Since we are interested in azimu
correlations, we consider only transverse momentum con
vation: pT11•••1pTN50. We assume for simplicity tha
this is the only correlation between the momenta of the o
going particles. We want to calculate the distribution
p1 , . . . ,pk , with k,N, defined as
f c~p1 , . . . ,pk![

S )
i 51

k

f ~pi !D E d2~pT11•••1pTN! )
i 5k11

N

@ f ~pi !d
3pi #

E d2~pT11•••1pTN!)
i 51

N

@ f ~pi !d
3pi #

, ~A1!
s-

r in

la-
wheref (p) denotes the single particle normalized transve
momentum distribution. The average transverse momen
is naturally assumed to be zero:

^pT&[E pT f ~p!d3p50. ~A2!

In order to calculate the distributionf c defined in Eq.
~A1!, we make use of the following lemma: the sum ofM
uncorrelated momentaPT[( i 51

M pTi has a Gaussian distribu
tion if M is large, according to the central limit theorem:

FM~PT![E d2S 2PT1(
i 51

M

pTi D)
i 51

M

@ f ~pi !d
3pi #

5
1

ps2 expS 2
PT

2

s2 D . ~A3!

In writing this equation, we have assumed that the transv
momentum distribution is isotropic in the transverse pla
i.e., we have neglected the azimuthal asymmetries~1!, which
are of the order of a few percent. The width of the Gauss
is

s25^PT
2&5M ^pT

2&. ~A4!

Equations~A3! and ~A4! allow us to write Eq.~A1! as
e
m

se
,

n

f c~p1 , . . . ,pk!5S )
i 51

k

f ~pi !D FN2kS 2(
i 51

k

pTi D
FN~0!

5S )
i 51

k

f ~pi !D N

N2k
expS 2

S (
i 51

k

pTi D 2

~N2k!^pT
2&
D .

~A5!

For k51, Eq. ~A5! gives the corrected one-particle di
tribution

f c~p!5 f ~p!S 11
1

N
2

pT
2

N^pT
2&
D , ~A6!

where we have expanded the correction to leading orde
1/N. Similarly, one obtains for k52

f c~p1 ,p2!5 f ~p1! f ~p2!S 11
2

N
2

~pT11pT2!2

N^pT
2&

D . ~A7!

The contribution of momentum conservation to the corre
tion function ~3! is thus

CSpT~p1 ,p2!5
f c~p1 ,p2!

f c~p1! f c~p2!
2152

2pT1•pT2

N^pT
2&

. ~A8!

Similar results were obtained in@18#, Appendix B.
2-9
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APPENDIX B: ESTIMATE OF (ŠpT
2
‹ AT SPS

In a central Pb-Pb collision at SPS, about 680 negativ
charged particles are emitted@45#. If we assume that thes
are mostlyp2 andK2 with a ratio^K2&/^p&;0.09, where
^p&[(^p1&1^p2&)/2 @26#, there are some 625p2 and 55
K2. Taking into account the various kaon-to-p ratios, as
well as the expected isospin symmetry between pion spe
this gives a total of 280 kaons and 1875 pions. With th
particles come the 416 nucleons~we assume there is no frag
ment!, giving about 2500 particles in all. We shall negle
the contributions to(^pT

2& from other particles as, e.g., an
tiprotons.

In order to calculate the average value of the squa
transverse momentum̂pT

2& for a particular particle species
one needs its distribution in transverse momentum and ra
ity. The pT andy dependences may factorize, leaving a n
malizedpT distribution which is parametrized by

dN

d2pT

5
em/T

2pT~m1T!
expS 2

mT

T D , ~B1!

where mT5Am21pT
2 is the transverse mass, while the i

verse slope parameterT depends on the particle species a
the energy of the collision. This parametrization can be u
for the pions, nucleons, and kaons at SPS, withTp5180
MeV, TN5300 MeV, and TK5215 MeV, respectively
@45#. These numerical values fit transverse momentum sp
C

.
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.ch
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,
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tra in the central rapidity region. Away from midrapidity
transverse momenta are somewhat smaller, so that we o
estimateSpT

2 . The spectrum~B1! yields an averagêpT
2&

given by

^pT
2&52mT

113
T

m
13

T2

m2

11
T

m

. ~B2!

Substituting in Eq.~B2! the values of the inverse slop
parameterT given above, and multiplying the resulting ave
age squared transverse momentum by the multiplicity of
particle species, one obtains for a central collision at SP

(
j

^pT
2&;930 GeV2. ~B3!

As mentioned above, this is somewhat overestimated s
we have neglected the decrease of inverse slopes away
midrapidity.

For a noncentral collision, we assume that the sum ofpT
2

scales with the multiplicity, i.e., we neglect the central
dependence of inverse slopes and particle ratios. There
in the case of semicentral collisions used by NA49 for flo
studies, with only 40 to 55 % of the maximum multiplicit
@9#, the value~B3! must be divided by 2.
ting

ys.

.

@1# J.-Y. Ollitrault, Phys. Rev. D46, 229 ~1992!.
@2# P. Danielewiczet al., Phys. Rev. Lett.81, 2438~1998!.
@3# H. Heiselberg and A. M. Le´vy, Phys. Rev. C59, 2716~1999!.
@4# B. Zhang, M. Gyulassy, and C. M. Ko, Phys. Lett. B455, 45

~1999!.
@5# B. A. Li, C. M. Ko, A. T. Sustich, and B. Zhang, Phys. Rev.

60, 011901~R! ~1999!.
@6# J. Barretteet al., E877 Collaboration, Phys. Rev. C59, 884

~1999!; 56, 3254~1997!; 55, 1420~1997!.
@7# C. Pinkenburget al., E895 Collaboration, Phys. Rev. Lett.83,

1295 ~1999!.
@8# D. J. Hofman for the E917 Collaboration, Nucl. Phys.A661,

75c ~1999!.
@9# H. Appelsha¨useret al., NA49 Collaboration, Phys. Rev. Lett

80, 4136~1998!. The data we use in this paper are the revis
data available on the NA49 web page http://na49info.cern
na49/Archives/Images/Publications/Phys.Rev.Lett.80:4136
4140,1998/

@10# M. M. Aggarwal et al., WA98 Collaboration,
nucl-ex/9807004.

@11# M. M. Aggarwal et al., WA98 Collaboration, Phys. Lett. B
469, 30 ~1999!; T. Peitzmann for the WA98 Collaboration
Nucl. Phys.A661, 191c~1999!; H. Schlagheck for the WA98
Collaboration,ibid. A661, 337c ~1999!; S. Nishimura for the
WA98 Collaboration,ibid. A661, 464c~1999!.

@12# F. Ceretto for the CERES Collaboration, Nucl. Phys.A638,
467c ~1998!; B. Lenkeit for the CERES Collaboration,ibid.
A661, 23c ~1999!.
d
/

@13# S. Kabana for the NA52 Collaboration, Nucl. Phys.A638,
411c ~1998!.

@14# P. Saturnini for the NA50 Collaboration, Nucl. Phys.A661,
345c ~1999!.

@15# P. Danielewicz and G. Odyniec, Phys. Lett.157B, 146~1985!.
@16# Note, however, that correlations between photons origina

from p0 decays were considered in M. M. Aggarwalet al.,
WA93 Collaboration, Phys. Lett. B403, 390 ~1997!.

@17# P. M. Dinh, N. Borghini, and J.-Y. Ollitrault, Phys. Lett. B
477, 51 ~2000!.

@18# P. Danielewiczet al., Phys. Rev. C38, 120 ~1988!.
@19# S. Koonin, Phys. Lett.70B, 43 ~1977!; D. H. Boal, C.-K. Gel-

bke, and B. K. Jennings, Rev. Mod. Phys.62, 553 ~1990!.
@20# H. Sorge, Phys. Rev. Lett.82, 2048~1999!.
@21# S. A. Voloshin and A. M. Poskanzer, Phys. Lett. B474, 27

~2000!.
@22# L. V. Bravina, A. Faessler, C. Fuchs, and E. E. Zabrodin, Ph

Rev. C61, 064902~2000!.
@23# S. A. Voloshin and Y. Zhang, Z. Phys. C70, 65 ~1996!.
@24# For a review, see J.-Y. Ollitrault, Nucl. Phys.A638, 195c

~1998!.
@25# M. M. Aggarwalet al., WA98 Collaboration, Phys. Rev. Lett

81, 4087~1998!.
@26# F. Siklér for the NA49 Collaboration, Nucl. Phys.A661, 45c

~1999!.
@27# M. M. Aggarwal et al., WA98 Collaboration, Phys. Lett. B

477, 37 ~2000!.
2-10



s.

c

’’

n,

3

f
,
i,

IS THE ANALYSIS OF FLOW AT THE CERN SUPER . . . PHYSICAL REVIEW C 62 034902
@28# S. A. Basset al., Prog. Part. Nucl. Phys.41, 225~1998!; S. A.
Bass and A. Dumitru, Phys. Rev. C61, 064909~2000!.

@29# G. Agakichievet al., CERES/TAPS Collaboration, Eur. Phy
J. C4, 231 ~1998!; 4, 249 ~1998!.

@30# Y. Pang, Nucl. Phys.A638, 219c~1998!.
@31# J. Stachel, Nucl. Phys.A654, 119c~1999!.
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