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The problem of the final state interaction, in quasielastic (e,e8) scattering at largeQ2, is investigated by
exploiting the idea that the ejected nucleon needs a finite amount of time to assume its asymptotic form. It is
shown that when the dependence of the scattering amplitude of the ejected nucleon on its virtuality is taken
into account, the final state interaction is decreased. The developed approach is simpler to implement than the
one based on the color transparency description of the damping of the final state interaction, and is essentially
equivalent to the latter in the case of the single rescattering term. The (e,e8) process on the deuteron is
numerically investigated and it is shown that, atx51, appreciable finite formation time effects atQ2 of the
order of 10 (GeV/c)2 are expected.

PACS number~s!: 25.30.2c, 13.60.2r, 24.10.2i
-
n
h
n-
e

-
-
ta

ng
le
ca
ec
n

th

th
er
io
e
b

f a
er
h
ns
re

ed

c

c-
of

uch
ks.
ob-
on
r-
the

cal
as
in-

e it
for-

ar
ms,
ffect
art
or-
he
ia-
ul-

he

int
ia-
ses.

of
the
es

oth-
ely
unt:
ing
em-
I. INTRODUCTION

Quasielastic~QE! (e,e8) scattering on nuclei is consid
ered to be a suitable process to look for color transpare
~CT! effects in QCD@1,2#. The original idea was that at hig
Q25q22n2 (q and n being the three-momentum and e
ergy transfers, respectively! the state which emerges after th
interaction~‘‘the ejectile state’’! is dominated by configura
tions of small sizer;A1/Q2. Since the color charge is sup
posed to be neutralized at small distances, the final s
interaction ~FSI! of the ejectile should vanish at highQ2,
providing, by this way, a clear signature of the underlyi
production mechanism. Unfortunately, a more detai
analysis reveals that the situation is not that simple, for it
be trivially shown that the transverse dimension of the ej
tile is exactly equal to the one of the initial struck nucleo
this fact however is not, in principle, in contradiction wi
the vanishing of FSI at largeQ2 @3,4#.

The latter effect, if operative, is a consequence of
cancellation between the various contributions of the diff
ent intermediate states produced after the initial interact
in particular, of those with a large mass. In order to hav
detailed theoretical description of CT, one should then
able to describe the propagation through the nucleus o
possible states of the ejectile, including the ones with v
high masses, with the vanishing of FSI resulting from t
destructive interference of all these different contributio
The practical implementation of such a program looks the
fore to be a rather difficult task. Summing over all excit
ejectile states seems to be technically feasible only in 3q or
quark-diquark oscillator models, for which CT does not o
cur. The authors using these models are in fact forced
impose artificially CT by introducing a transverse form fa
tor ;exp(2r2Q2) @5,6#. Moreover, the high-mass states
0556-2813/2000/62~3!/034606~12!/$15.00 62 0346
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the ejectile cannot certainly be described in terms of s
models and require the inclusion of gluons and sea quar

In this paper we discuss a different approach to the pr
lem. We want in fact to take into account the finite formati
time ~FFT! of the finally observed proton, which is an alte
native and possibly more convenient way to represent
vanishing of FSI in QE (e,e8) process at highQ2. Let us
first of all recall some relevant features of the theoreti
description of high-energy hadron-nucleus interaction. It h
long been known that after a particle has undergone an
teraction, it should elapse a certain amount of time befor
becomes capable of a new one. Such a phenomenon is
mally due to the vanishing of the contribution of all plan
diagrams at high energies. By studying the planar diagra
one can ascribe the mechanism responsible for such an e
to the cancellation of the contributions to the absorptive p
coming from different intermediate states. From a more f
mal point of view, it results from the dependence on t
virtualities of the off-shell amplitudes appearing in the d
grams with several interactions. In the FFT approach, m
tiple interactions correspond to the following picture: t
ejectile splits into its components~partons! which then inter-
act with the target in parallel. From the diagrammatic po
of view, this contribution is represented by nonplanar d
grams which substitute the planar ones as energy increa
Note that in the dispersion approach by Gribov@7# this sub-
stitution is not felt at all. One just closes the contour
integration over cumulative momentum transfers around
right-hand singularities. By doing so, one however assum
that there are also some nonzero left-hand singularities:
erwise the result would have been zero. This is precis
what happens if one takes only planar diagrams into acco
they have no left-hand singularities. Then, although clos
the contour around the right-hand singularities one se
©2000 The American Physical Society06-1
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BRAUN, CIOFI degli ATTI, AND TRELEANI PHYSICAL REVIEW C62 034606
ingly obtains some nonzero contributions~specifically from
the pole corresponding to the propagating particle itself!, the
sum of all contributions is finally equal to zero.

In QE (e,e8) scattering on nuclei the situation is rath
different, for the space-time point of the creation of the ha
ronic state, after the interaction of the photon with a nucle
as a whole, is fixed and it is inside the nucleus. Thus, un
the case of hadron-nucleus interaction, where the proje
interacts while being in its asymptotic state, the hit nucle
will become capable of a new interaction only after the f
mation time which grows with its velocity. At largeQ2 it
will then be able to interact only outside the nucleus and
FSI will vanish. In the diagrammatic language, the rescat
ing of the ejectile always includes a planar diagram. In
dispersion approach this means that there are no left si
larities in the cumulative momentum transfers. Therefore
can expect that the FSI in QE (e,e8) scattering will die out at
high Q2.

It should be pointed out that the mechanism which ma
the FSI vanish due to CT or FFT is the same: the cance
tion of the contributions from various propagating stat
Many authors believe that in QCD the FFT is a direct co
sequence of color transparency: a colorless quark system
ated at a point needs a finite time to reach its asympt
configuration with the corresponding cross section@8–10#.
However the FFT and color transparency, although inte
lated in QCD, are in fact different properties. The FFT
fects, as mentioned, are related to the vanishing of the pl
diagrams, which can be demonstrated to occur at high e
gies for the so-called soft theories, of thelf3 type or in
theories in 111 dimension, without color transparency pro
erties. On the other hand, one can choose physical proce
in which no FFT effects seem to be operative but color tra
parency effects are obvious. An example of such a proce
the diffractive dissociation of a fast pion into a pair of je
with large transverse momenta, where a small size pion c
figuration appears to be created from the start@11–13#. Thus
the reader should not get an erroneous impression tha
FFT can be considered as a sole and universal mecha
responsible for diminishing the FSI in all conceivable phy
cal processes.

In the particular case of quasielastic (e,e8) scattering, the
FFT approach allows a description of the interaction wh
all effects of FSI vanish explicitly at highQ2, so that all the
necessary cancellations are automatically implemented
the present paper we discuss the possible modification
the standard Glauber formula, allowing the amplitudes
depend on their virtualities in a way compatible with t
standard analytical properties so as to guarantee the va
ing of the amplitudes at high virtualities, which is precise
the property which leads to all FFT effects. It should
noted that our approach is not very much more restric
than the currently used multichannel Glauber approach
fact, a virtuality dependent nucleon-nucleon amplitude sim
lates, to a large extent, the propagation and the interactio
excited intermediate states. Thus a model for the propaga
of a 3q state through the nucleus can be~approximately!
translated into the propagation of the nucleon with a parti
lar dependence of its interaction amplitude on the virtual
03460
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The case of the single rescattering will be worked out
detail, showing that in this case the two approaches
equivalent. In the FFT approach, model building mea
specifying the dependence of the amplitude on the virtual
which phenomenologically seems to be a simpler task t
constructing a model for the propagation and the interac
of excited 3q states, as required by the conventional desc
tion of color transparency. The present approach can
properly generalized so as to take into account also the
cited nucleon states. We do not try to discuss such a m
elaborate feature in the present paper, and we assume, m
over, the simplest possible factorizable form of depende
of the amplitudes on their virtualities. Our final result is th
final state interactions vanish at highQ2 as mM2RA /Q2,
whereRA is the radius of the nucleus,m the nucleon mass
andM2 its average excitation mass squared. The case of
with a deuteron target will be considered in detail~an inter-
esting approach to the problem has also been discusse
Ref. @14#!. Although in this case one does not expect app
ciable FSI effects, the two-body system has the advant
that its structure is well known, and, moreover, only t
single rescattering term has to be considered, in which c
as it will be shown, different theoretical approaches to F
converge to the same result.

Our paper is organized as follows. In Sec. II the gene
formalism for treating the FSI in the Glauber approach wh
the amplitudes depend on the virtuality of the external lin
is presented. In Sec. III the highQ2 limit of the approach is
investigated. Section IV is devoted to the numerical appli
tion to the deuteron target; finally, the conclusions are dra
in Sec. V.

II. FORMALISM

A straightforward way to incorporate FFT effects, gene
ated by the dependence of the scattering amplitudes on
virtualities of the colliding particles, is through the Feynm
diagrams formalism. The amplitude describingn consecutive
rescattering of the ejectile emerging from the interaction
the struck nucleon with the incoming virtual photon, is d
picted in Fig. 1. It corresponds to the usual Glauber appro
mation of the scattering amplitude@15#. Our notations are as
follows: ~i! The four-momentum of the target nucleus is d
notedAp and we work in rest system of the nucleus, so th
p50; ~ii ! the momenta of the nucleons before~after! all
interactions are denotedki (ki8); ~iii ! the spectators corre
spond toi 5n12, . . . ,A, for which ki5ki8 ; ~iv! the active
nucleon is labeled 1, and nucleons from 2 ton11 are the
ones on which the active nucleon 1 rescatters. Correspo
ingly, the number of rescatterings goes from 2 ton11; ~v!
the momentum transferred in thei th rescattering isqi , so
that ki85ki1qi for i 52, . . . ,n11; ~vi! the momentum of
the active nucleon after interaction with the photon isk1

(1)

5k11q, and after the i th rescattering k1
( i )5k11q

2( j 51
i qj . The derivation of the amplitude corresponding

Fig. 1 is a standard one, so that, in the following, only tho
points which are related to the FFT effects, generated by
dependence of the amplitudes on the virtuality of the nuc
6-2
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FINITE FORMATION TIME EFFECTS IN . . . PHYSICAL REVIEW C62 034606
ons, are stressed; more details on the derivation of the
plitude are given in the Appendix.

The expression for the amplitude withn rescatterings,
corresponding to Fig. 1 reads

iA (n)5~1/2!xQ2~4mn!n
A!

~A2n21!!

3E )
j 52

n11
d4kj

~2p!4

d4kj8

~2p!4
P~kj !P~kj8!

3 )
j 5n12

A
d4kj

~2p!4
P~kj !P~k1!P~k18!P~k1

(1)!

3 )
j 52

n11

P~k1
( j )!i f j ig~k1 ,q!ig~k18 ,q!

3 iF~ki !iF~ki8!. ~1!

In Eq. ~1!, P(k) denotes the propagator of the nucleon w
momentumk, and f j , j 52, . . . ,n11 the corresponding
rescattering amplitudes, which are assumed to depend
addition to the energy and momentum transfer, also upon
virtuality of the fast nucleon which has been struck by t
photon. On the mass shell, they are normalized accordin

2 Im f 5s (tot) ~2!

@the factor (4mn)n originates from this normalization#. The
vertexF describes the transition of the nucleus intoA nucle-
ons and the vertexg is the form factor of the on shel
nucleon~only the electric form factor appears in our spinle
model!. The factor (1/2)xQ2 originates from the initial pho-
ton interaction, andx5Q2/(2k1•q) is the usual Bjorken
scaling variable. With our normalization, twice the imag
nary part of the amplitude gives the corresponding contri
tion to the structure functionF2.

The integrations over the energies and the transverse c
ponents of all momenta, as well as over the longitudi
momentum components of the spectators, are performe

FIG. 1. The forward scattering amplitude.
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the standard way. As a result, the amplitude is expresse
an integral over the transverse coordinateb of the struck
nucleon with respect to the direction of the virtual phot
and the longitudinal interaction pointszi , i 51,2, . . . ,n12,
with the appropriate nuclear density matrices. One is
with the nontrivial momentum integrations over then11z
components ofk1 andqi , i 52,3, . . . ,n11, through which
the virtualities of the active nucleon are expressed as

v i5~k1
( i )!22m25Q2S 1

x
21D1

Q2

xmS (
j 52

i

qjz2k1zD . ~3!

For the sake of simplicity we make the simplest possi
assumption on the dependence of the amplitudef j on the two
virtualities v j and v j 21, namely we assume the factorize
form

f j5F~v j 21!F~v j ! f , ~4!

where f is the on-shell amplitude andF(v) a form factor
exhibiting the dependence off on the virtuality of the exter-
nal lines, normalized according toF(0)51 and decreasing
with v. In the same manner we introduce also the dep
dence of the off-mass-shell electric form factor on the vir
ality of the nucleon

g~k1 ,q!5F~v1!g~Q2!; g~k18 ,q!5F~vn11!g~Q2!.
~5!

The wholev dependence of the integrand is then given
the factorized expression

)
i 51

n11
F2~v i !

2v i2 i0

multiplied by the exponential

exp@ iD~zn122z1!#,

which does not depend onv i , and the exponential

expS i
xm

Q2 (
j 52

n11

v j~zj2zj 11!D
which is symmetric in allv j ’s. In these expressions we hav
usedD5m(12x) and have denotedzn12[z18 ~the last in-
teraction point in the longitudinal space!. All integrations on
the virtualitiesv lead therefore to the same function

iJ~2z!5E dv
2p

F2~v !

2v2 i0
expS i

xm

Q2
vzD . ~6!

If nuclear correlations are disregarded, the vertex functi
F can be expressed through the factorized nuclear den
matrix

r~bz1 ,bz2 , . . . ,bzn11ubzn12 ,bz2 , . . . ,bzn11!

5r~bz1ubzn12!)
j 52

n11

r~bzj !, ~7!
6-3
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where~see Fig. 1! the above quantity is non diagonal in th
coordinate 1, diagonal in coordinates 2•••(n11), and it is
integrated over the coordinates (n12)•••A. As a result we
obtain the amplitude withn rescatterings in the following
form:

A (n)5g2~Q2! f n
x2m

2

A!

~A2n21!!

3E d2bdz1dzn12)
j 52

n11

dzjr~bzj !

3 )
j 51

n11

iJ~zj 112zj !

3exp@ iD~zn122z1!#r~bz1ubzn11!. ~8!

With the dependence of the amplitudes on the virtualit
turned on, all effective propagatorsJ(z) go to zero in the
largeQ2 limit. Thus, for largeQ2, the bulk of the rescatter
ing contribution comes from the single rescattering term

A (1)5g2~Q2! f
x2m

2
A~A21!

3 K E dzr~b1 ,z!iJ~z182z!iJ~z2z1!L
1
, ~9!

where the notation̂•••&1 means that the quantity in brack
ets, i.e.,O(b1 ,z18 ,z1)[*dzr(b1 ,z) iJ(z182z) iJ(z2z1), has
to be averaged over the coordinates of the active nucle
according to

^O~b1 ,z18 ,z1!&1[E d2b1dz1dz18r~b1z1ub1z18!

3exp@ iD~z182z1!#O~b1 ,z18 ,z1!.

~10!

If the dependence of thef ’s on their virtualities is neglected
and one putsF(v)51, thenJ(z)5u(z) so that, after sum-
ming over n in Eq. ~8!, the standard Glauber result is o
tained:

A5 iA~1/2!mx2g2^$@11 i f T~b1 ,z18 ,z1!#A2121%&1 ,
~11!

where

T~b1 ,z18 ,z1!5E
z1

z18dzr~b1 ,z!. ~12!

The introduction of the dependence of the amplitudes on
virtualities, by means of the factorized approximation~4!, is
effectively equivalent to the replacement of the usualu(z) in
the nucleon propagator with the functionJ(z), which de-
pends on the virtuality through the form factorF(v).

This simple rule suggests a possible different derivat
of the scattering amplitude, which is equivalent to the o
just considered, when the dependence of the amplitude
03460
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the virtuality of the external lines is turned off. Instead
choosing a particular set of Feynman diagrams, one m
assume that the scattering matrix on the nucleus factor
into the product of scattering matrices on individual nuc
ons. In our case we assume that the scattering matrix of
first ~active! nucleon on the otherA21 nucleons is given by

S~r 2 ,r 3 , . . . ,r Aur 1!5)
j 52

A

s~r j !, ~13!

wherer j5(bj ,zj ), ands(r j ) is the scattering matrix on the
nucleonj. In accordance with the results obtained from t
consecutive rescattering diagram we take

s~r j !512J~z182zj !J~zj2z1!G~bj2b1!, ~14!

whereb1 is the impact parameter of the active nucleon,z1

andz18 its longitudinal coordinates before and after the int
action, andG the nucleon-nucleon profile as a function of th
relative transverse distance of the two interacting nucleo
normalized as*d2bG(b)52 i f . The two functionsJ, which
describe the propagation of the active nucleon to and fr
the collision pointzj , are replaced byu functions in the
standard Glauber approach. By averaging Eq.~13! over the
positions of the nucleons from 2 toA, by making use of the
approximation given by Eq.~7! and by disregarding the di
mensions of the nucleon as compared with the dimension
the nucleus, we obtain

^S~r 2 ,r 3 , . . . ,r Aur 1!&A21

[E )
j 52

A

d3r jr~bjzj !S~r 2 ,r 3 , . . . ,r Aur 1!

5S 11 i f E dzJ~z182z!J~z2z1!r~b1 ,z! D A21

.

~15!

The final amplitude is obtained by averaging Eq.~15! over
the coordinates of the first nucleon and by multiplying t
result with the appropriate factor, as in Eq.~11!.

It can be readily seen that, in absence of any depende
upon the virtualities, that is, whenJ(z) is replaced byu(z),
the standard Glauber result~11! is recovered. However, it is
instructive to notice that, with the dependence on virtualit
turned on, the expression~15! is generally different from Eq.
~8! obtained from the consecutive scattering diagram. O
the single rescattering contribution is identical in Eqs.~8!
and ~15!. Thus the assumption of the factorizability of th
nuclear scattering matrix~13! generally has a physical mean
ing different from selecting the consecutive scattering d
grams. The factorizability~13! seems to be a more funda
mental assumption, applicable also to high-energy scatter
As we shall see, the production amplitudes derived on
basis reproduce correctly the Glauber result in absenc
any dependence on the virtualities, and thus satisfy the A
rules @16#, in contrast to the amplitudes obtained from t
discontinuities of Eq.~8! ~see the Appendix!. The consecu-
tive scattering diagram approach to FSI, with the factori
6-4
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tion hypothesis~4!, gives moreover problems with unitarity
which are avoided when FSI is expressed as in Eq.~15!. In
the following we will therefore work in the scheme whe
the S matrix is factorized as a product of scattering matric
on individual nucleons. The two approaches give in any c
the same result for the deuteron, which will be considered
Sec. IV.

We are interested in QE (e,e8) scattering on nuclear tar
gets, i.e., in the process involving the production of a pro
in the final state. In absence of any FSI, the contribution
this process to the inclusive structure functionF2

N/A , to be
denotedF2

N/A,(0) , is proportional to the square modulus
the nucleon photoproduction amplitude and it is given by

F2
N/A,(0)~x,Q2!5~1/2!Ag2~Q2!x2m^1&1 . ~16!

The FSI is obtained by multiplying each production amp
tude by theS matrix ~13! taken between the initial and fina
nuclear states. Since the final active nucleon is physical
virtuality is zero and, accordingly, one hasJ(z182zj )51.
The scattering matrix on a nucleon should then contain o
one functionJ:
co
-

ei
en
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s~r j !512J~zj2z1!G~bj2b1!. ~17!

After summing over the final nuclear states one obtains

^S~r 2 ,r 3 , . . . ,r Aur 1!S* ~r 2 ,r 3 , . . . ,r Aur 18!&A21 ~18!

which replaceŝ 1&1 in the average of Eq.~16!. Equation
~18!, which can be evaluated in a straightforward way, d
fers from the Glauber result@17# only by the substitution of
all functionsu(z) with the functionsJ(z). One thus obtains

^S~r 2 ,r 3 , . . . ,r Aur 1!S* ~r 2 ,r 3 , . . . ,r Aur 18!&A21

5S 11 i f E dzJ~z2z1!r~b1 ,z!

2 i f * E dzJ* ~z2z18!r~b1 ,z!

1selE dzJ~z2z1!J* ~z2z18!r~b1 ,z! D A21

. ~19!

From Eq.~19! one obtains the single rescattering contrib
tion to the inclusive structure function in the following form
F2
N/A,(1)5~1/2!A~A21!g2~Q2!x2mK E dzr~b1 ,z!@ i f J~z2z1!2 i f * J* ~z2z18!1selJ~z2z1!J* ~z2z18!# L

1
. ~20!
in-
el,
o-
its

d in

wo
The expression above can also be obtained from the dis
tinuities of the amplitude~8!, corresponding to the consecu
tive rescattering diagram of Fig. 1~see the Appendix!.

III. UNITARITY AND HIGH Q2 BEHAVIOR

At high Q2 the dependence of the amplitudes on th
virtualities becomes of primary importance. On rather g
eral grounds we may express the form factor squared as

F2~v !5E
0

1`dv8v8t~v8!

v82v2 i0
~21!

with the normalization

E
0

1`

dvt~v !51.

Note thatt(v) needs not be real. From Eq.~6! we find

J~z!5u~z!E
0

1`

dvt~v !F12expS 2 i
xmvz

Q2 D G . ~22!

The simplest choice oft(v) is evidentlyt(v)5d(v2M2)
and in this case

J~z!5u~z!F12expS 2 i
z

l ~Q2!
D G , ~23!
n-

r
-

where

l ~Q2!5
Q2

xmM2
~24!

has the obvious meaning of a formation length growing l
early with Q2. In this case, at the single rescattering lev
our model for the FFT coincides with the standard tw
channel Glauber model for the propagating nucleon and
excited state of mass squaredm* 25m21M2, provided that
the amplitudes and the production vertices are constraine
a definite way. Indeed, using Eq.~23! in Eq. ~9!, we obtain

A (1)52g2~Q2! f
x2m

2
A~A21!

3 K E dzr~b1 ,z!u~z182z!u~z2z1!

3~12e2 i (z182z)/ l2e2 i (z2z1)/ l1e2 i (z182z1)/ l !L
1
.

~25!

On the other hand, the two-channel Glauber model with t
ejectile states 1~the nucleon! and 2~its excited state! leads to
the single rescattering contribution
6-5
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A (1)52
x2m

2
A~A21!K E dzr~b1 ,z!u~z182z!u~z2z1!

3~g1
2f 111g1g2 f 21e

2 i (z182z)/ l

1g1g2 f 12e
2 i (z2z1)/ l1g2

2 f 22e
2 i (z182z1)/ l !L

1
, ~26!

where f ik5 f ki , i ,k51,2 are the forward scattering ampl
tudes for transitionsi→k andg i , i 51,2 are vertices for the
production of the two ejectile states. One immediately o
serves that Eqs.~25! and ~26! coincide if

f 11g11 f 12g250, f 21g11 f 22g250 ~27!

and, moreover, ifg11
2 f 11 in Eq. ~26! is identified withg2f in

Eq. ~25!. The meaning of the sum rules~27! is that when
applying the matrixf ik to the vectorg i one obtains zero
which is the condition for propagating eigenstates of the f
ward scattering matrix with zero eigenvalue in nuclear m
dium @18#. As discussed in Ref.@19#, it is precisely the con-
dition for color transparency.

In fact in the case of two channels one may easily see
both unitarity, 2 Imf i l 5( j 51,2f i j f j l* , and the transparenc
conditions are satisfied by

f 125 f 2152j f 11, f 225j2f 11, ~28!

where j is the ~real! ratio of the form factorsg1 and g2,
whose value is obtained byj25u f 12u2/u f 11u25s inel /sel . All
parameters are then fixed by the value of the total and
elastic nucleon-nucleon cross sections, namely, by the im
nary part and by the modulus off 11. The resulting expres
sion of the single rescattering correction to the forward a
plitude is then given by Eq.~25! with f 5 f 11 andg5g1.

With a larger number of rescatterings, our model with t
choice~23! generates amplitudes which are different and
sentially simpler as compared to the two-state Glau
model. This raises the problem of unitarity in our approa

A simple way to satisfy unitarity to all orders of resca
tering in our model, is to ensure that unitarity is fulfilled fo
the individual scattering matrices~17!. Namely, one has to
enforce

2 Re@J~z!G~b!#>uJ~z!G~b!u2 ~29!

at all values ofz andb. At first sight this condition is not so
easy to fulfill, since it involves the real part of the nucleo
nucleon scattering amplitude on the left-hand side, wh
may have different signs at different energies. However
can satisfy Eq.~29! if we assume thatt(v) is itself an ana-
lytic function in the lower half plane. Rotating the contour
Eq. ~22! to pass along the negative imaginary axis, we c
rewrite Eq.~22! as

J~z!5u~z!E
0

1`

dvt1~v !F12expS 2
xmvz

Q2 D G , ~30!
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wheret1(v)52 i t(2 iv). Now it is sufficient to require that
t1 is positive to have 0<J(z)<1, in which case Eq.~29! is
satisfied provided the amplitudeG is itself unitary.

Making again the simplest choicet1(v)5d(v2M2), we
obtain a purely realJ(z)

J~z!5u~z!F12expS 2
z

l ~Q2!
D G , ~31!

where the formation lengthl (Q2) is defined by Eq.~24!. In
the past the formation length was often introduced into
rescattering picture in a straightforward manner, essenti
by changing the functionu(z) by u(z2 l ) in the rescattering
matrix. In our approach, with Eq.~29!, we also find a real
damping factor in the rescattering matrix, which, howev
has a much softer behavior and vanishes at highQ2 only as
;1/Q2:

J~z!.u~z!
xmz

Q2 E dvvt1~v !5u~z!
xmzM2

Q2
, Q2→`,

~32!

whereM25^v& is the average excitation mass squared~with
m2 subtracted!. Of course, Eq.~32! is true only if this aver-
age exists, that is if the integration overv in the first expres-
sion on the right-hand side converges. If not, the vanish
of J(z) at largeQ2 is slower.

Assuming Eq.~32! we find that the propagation of th
ejectile between any two points in the nucleus along thz
axis, gives a small factor;mM2RA /Q2. Equation~15! then
tells us that the amplitude withn rescatterings behaves a
1/l 2n, that is, as 1/Q4n. The leading rescattering correctio
will come from the single rescattering term and it is of ord
1/Q4. It is interesting that then-fold rescattering amplitude
obtained from the consecutive rescattering diagram@Eq. ~8!#
generally has a slower decrease withQ2, namely, it de-
creases as 1/Q2(n11) ~with the exception of the single resca
tering term, n51, when both amplitudes coincide!. This
means that due to FFT the total absorptive corrections to
structure function, generated by the direct interaction of
incoming photon with a nucleon as a whole, is of order 1/Q4,
as compared with the plane wave impulse approximation
is remarkable that the contribution of the rescattering,
though also vanishing atQ2→`, has a relative order o
1/Q2, and so it is substantially larger than the total absorpt
corrections. This follows from our expression~20! for the
discontinuity. Evidently in the limiting caseQ2→` only the
two first terms survive, which correspond to the cut of t
nucleon propagators~which does not correspond properly
a rescattering, but rather to an interference term!. Using Eq.
~31! we find in the limitQ2→`

F2
N/A,(1)

F2
N/A,(0)

5212~A21!mxM2s tot
M2

Q2^1&1

3^~U~b,z1!1U~b,z18!

2z1T~b,z1!2z18T~b,z18!!&1 , ~33!
6-6
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where

U~b,z!5E
z

1`

dz8z8r~b,z8! ~34!

and s tot52 Im f is the total cross section for theNN
interaction.

IV. FSI FOR THE DEUTERON TARGET

The deuteron structure function may be written
follows:

F2
d5F2

N/d,(0)1F2
N/d,(1)1F2

N* /d,(1) , ~35!

whereF2
N/d,(0) is the expression obtained in impulse appro

mation, F2
N/d,(1) the contribution to the deuteron structu

function in presence of FSI and with a proton in the fin
state, while all other contributions to the structure functi

are represented byF2
N* /d,(1) . The structure function is ob

tained by working out the imaginary parts of the the forwa
virtual photon-deuteron amplitude. For a deuteron target
amplitude without rescattering is given by

A (0)5~1/2!ig2~Q2!x2mE d2bdz1dz18c~b,z1!c~b,z18!

3u~z182z2!exp@ iD~z182z1!#, ~36!

wherec(b,z) is the deuteron wave function and, to keep in
account virtual photon finite energy effects,D5Q2(1
2x)/(2qzx). The discontinuity of this amplitude, corre
sponding to the cut active nucleon line, gives the contri
tion to the inclusive deuteron structure function generated
the production of a fast nucleonF2

N/d . We find from Eq.~36!

F2
N/d,(0)~x,Q2!5px2mg2~Q2!E d3kf2~k!

3d@kz2Q2~12x!/~2qzx!#, ~37!

f(k) being the deuteron wave function in momentum spa
The amplitude with a single rescattering is written as

A (1)52~1/2!g2x2mE dz1dz18d
2bc~b,z1!iG~b!c~b,z18!

3J~2z1!J~z18!exp@ iD~z182z1!#,

whereb is the distance between the proton and the neutro
transverse space. More explicitly in the two-channel mo
one has

A (1)5~1/2!g2x2mE d2biG~b!@X~b,x,Q2!#2, ~38!

where
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X~b,x,Q2!5 i E dzc~b,z!J~2z!exp~ iDz!

5E d3k

~2p!3/2
f~k!eiktbF 1

kz2D2 i0

2
1

kz2D11/l 2 i0G . ~39!

The corresponding cross section to produce a fast nuc
has two different contributions: from the cut of the amplitu
G and from the cut of the nucleon propagators. The sum
the two discontinuities from the cut nucleon propagators
given by

Disc1A (1)5 ix2mg2E d2bY~b,x!Re@ iG~b!X~b,x,Q2!#,

~40!

where

Y~b,x!5E d3k

~2p!3/2
f~k!eiktb2pd~kz2D! ~41!

and, in the Bjorken limit, it is a real function independent
Q2.

As for the discontinuity corresponding to a cut across
rescattering blobG, since we are interested in the contrib
tion of the scattered nucleon to the inclusive structure fu
tion, only the elastic part of the unitarity sum over the inte
mediate states has to be retained. We obtain

Disc2A (1)5 i ~1/2!x2mg2E d2buG~b!u2uX~b,x,Q2!u2.

~42!

The contribution to the inclusive deuteron structure funct
due to the nucleon rescattering in the final state, is given
the sum of the two discontinuities~40! and~42! divided by i

F2
N/d,(1)52 i ~Disc1A (1)1Disc2A (1)!. ~43!

Note that at low energy, when no elastic channels are o
ands tot5sel , one has

F2
N/d,(1)5x2mg2E d2bH 22 Im G~b!1

uG~b!u2

2 J @Y~b,x!#2

4

5x2mg2E d2b$2Im G~b!%
@Y~b,x!#2

4
52 Im A (1).

~44!

The only contributions to the imaginary part of the fo
ward amplitude is given, in this case, by the the two disc
tinuities ~40! and ~42! where only the elastic intermediat
state is present. At higher energies the inelastic channels
come more and more important. The effect is to add furt
contributions to the imaginary part of the forward amplitud
As it may be seen by looking at the behavior ofX, Eq. ~38!,
as a function of the formation lengthl, the additional contri-
6-7
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butions give a small correction at lowQ2 ~small l ) while
they tend to cancel completely the elastic contribution
largeQ2 ~large l ).

To study quantitatively the behavior of the ratio whic
characterizes the strength of the FSI, viz.

RN~Q2!511S F2
N/d,(1)~x,Q2!

F2
N/d,(0)~x,Q2!

D
x51

~45!

one has to specify the value of the mass parameterM2. Its
meaning is that of the squared average excitation mass o
ejectileM25(m* )22m2, wherem* is the average mass o
the ejectile. Previous calculations, based on the coup
channel Glauber formalism have shown thatm* lies between
the lowestN* resonance mass 1.44 GeV and the aver
continuum mass 2.4 GeV, thus a reasonable value coul
1.8 GeV@10,17,18#. Predictions forRN(Q2) for these values
of m* are shown in Fig. 2 atx51. For the deuteron wave
function we have used the parametrization of Ref.@20#, cor-
responding to a realistic nucleon-nucleon interaction, and
the nucleon-nucleon amplitude we have used both the
perimental data@21# and the results of the partial wave anal
sis @22#. As a comparison we also show the pure Glau
predictions, which correspond to a very large value ofm* .
The results in the pure Glauber case are in agreement
those obtained in Ref.@23#, where both the Reid soft cor
and the Bonn deuteron wave functions have been used
interference effects between deuteronS and D waves have
been taken into account explicitly. In all cases the FSI
found to be small, as to be expected due to the large deut

FIG. 2. Values ofRN(Q2) @Eq. ~45!# at x51 for the deuteron
target with different choices of the excited nucleon mass:m*
51.44 GeV dotted line,m* 51.8 GeV continuous line,m*
52.4 GeV short-dashed line. The long-dashed line correspond
the standard Glauber result, where no dependence of the amp
on the virtuality of the external lines is taken into account.
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size. As for the behavior withQ2, the values of both the
threshold and the rate at whichR(Q2) goes to one depend o
the value chosen form* , the threshold growing and th
rate diminishing with m* . For the valuem* 51.8 GeV
and at x51, the FSI changes in a sizable way whenQ2

is of the order of 10 (GeV/c)2, which agrees with the
conclusions inferred from the conventional approach
color transparency.

The FFT approach allows one also to calculate the to
structure function atx;1, provided that the initial interac
tion involves a proton as a whole. By looking at the imag
nary part of the rescattering amplitude one can in fact w
out the FSI for the total structure which vanishes faster,
1/Q4, as compared toRN(Q2). The behavior is illustrated in
Fig. 3 where we show

Rtot~Q2!511S F2
N/d,(1)~x,Q2!1F2

N* /d,(1)~x,Q2!

F2
N/d,(0)~x,Q2!

D
x51

~46!

and whereF2
N/d,(1)1F2

N* /d,(1) is evaluated by taking twice
the imaginary part of Eq.~38!. Looking at the continuous
curve, corresponding to an excitation massm* 51.8 GeV,
one observes that the threshold at which the FSI start
vanish is practically the same as for the proton producti
while the effect of FSI is sizably smaller in this case.

V. CONCLUSIONS

We have studied the FFT effects by introducing the d
pendence on the virtualities into the elementary amplitud
Two options have been considered for generalizing the s
dard on-shell Glauber picture to take into account the vir

to
de

FIG. 3. Values ofRtot(Q2) @Eq. ~46!# at x51 for the deuteron
target. The different lines refer to the different cases describe
the previous figure.
6-8
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FINITE FORMATION TIME EFFECTS IN . . . PHYSICAL REVIEW C62 034606
ality of the ejected nucleon: the Feynman diagram a
S-matrix factorization approaches. The latter choice seem
be more convincing, since it preserves both the overall u
tarity and the AKG cutting rules. The single rescatteri
term is, however, the same in both approaches, so tha
calculation seems to be reliable. Moreover the single res
tering term can be understood also in terms of the conv
tional multichannel picture of the FSI, showing in this wa
that the present approach is essentially equivalent to the
ventional one at the single rescattering level. In addition t
better understanding, which is gained when a given mec
nism of interaction can be described from different persp
tives, an advantage of the actual approach lies in its far s
pler implementation, as compared with the stand
multichannel description of the FSI.

Numerical estimates are made for the deuteron tar
where all FSI are described by the single rescattering te
Our result is that for the QE (e,e8) reaction the FFT effects
become clearly visible at rather high values ofQ2, namely
for Q2.10 (GeV/c)2, in accordance with the conclusion
drawn within the CT approach.
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APPENDIX: THE RESCATTERING AMPLITUDE
OF FIG. 1

One standardly starts by the integrations over the z
components of the momenta. Since the poles coming f
the propagators of the active nucleon all lie in the up
half-plane, one can integrate overki0 or ki08 , i 52, . . . ,A,
just taking the residue at the pole of the correspond
propagatorP(ki) or P(ki8). The two propagators of the ac
tive nucleon in the initial and final state together with t
factors iF(ki) iF(ki8) then combine into a product of tw
nuclear wave functions

@2m~2p!3#A21f~ki !f~ki8!.

Passing to the coordinate space wave functionsc(r i) one
then integrates over the transverse momenta. It is q
trivial, since all interactions, as well as the left propagators
the active nucleon do not depend on the small transv
momenta. So all the dependence is in the exponentials.
chooses one of the spectator momenta~say theA’s! andk18 as
dependent variables. Integration will then go overA21 mo-
mentak1 ,k2 , . . . ,kA21 and n momentak28 ,k38 , . . . ,kn118 .
The lattern integrations can be substituted byn integrations
over the transferred momentaq2 ,q3 , . . . ,qn11. One obtains
03460
d
to
i-

its
t-

n-

n-
a
a-
-
-

d

t,
.

i
-

ics

ro
m
r

g

te
f

se
ne

iA5E )
j 51

A21
dkz j

2m~2p!)j 52

n11
dqz j

2m~2p!
P~k1

(1)!

3 )
j 52

n11

P~k1
( j )!i f j ig~k1 ,q!ig~k18 ,q!~2m!A21) dzi

3expS 2 i( kz jzj D) dzi8expS i( kz j8 zj8 Dd2b1

3 )
j 5n12

A21

d2bjc~b15b25b31•••bn11 ,bj ;zi !

3c~b15b25b31•••bn11 ,bj ;zi8!. ~A1!

Now one integrates over the longitudinal momenta. E
dently the integrand does not depend on thekz of the spec-
tators. So these interactions are done trivially and convert
double integration overz into a single one for the spectator
Together with the integration over their transverse coor
nates this turns the product of the wave functions into
nuclearr matrix for n11 nucleons taking part in the inter
action. One is left with the 2n11 integrations over thez
components ofki , i 51,2, . . . ,n11, and qi i 52,3, . . . ,n
11. All propagators of the active nucleon and also the a
plitudesi f j depend only onv i , i 51, . . . ,n11. So it is con-
venient to pass from then11 variablesk1z ,q2z , . . . ,qn11,z
to variablesv i , i 51, . . . ,n11. The rest integration vari-
ables arek2z , . . . ,kn11,z . The dependence on them is co
centrated in the exponentials so that integration over th
turns the double integrations overz into a single one forzj
with j 52,3, . . . ,n11. The left integrations are overv j
which are done as explained in Sec. II.

The standard Glauber model corresponds to an appr
mation in which the dependence of the amplitudesf on their
virtualities is neglected and thus the form-factorF(v)51
and

J~z!5u~z!. ~A2!

The integrations in Eq.~8! become

E
z1

zn12
dzn11E

z1

zn11
dzn•••E

z1

z3
dz2

→~1/n! !E
2`

1`

dzn12E
2`

zn12

)
j 52

n11 E
z1

zn12
dzj ,

where one uses the symmetry of the integrand in the v
ablesz2 ,z3 , . . . ,zn11. Each integration convertsr(b,z) it
into the profile function between the two longitudinal poin
~12! and we get Eq.~11!.

Various discontinuities of the amplitude~8! correspond
graphically to various cuts of the diagram shown in Fig.
6-9
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Evidently there are two possibilities and correspondingly t
possible types of discontinuities. The cut may pass throug
fast nucleon line. The relevant discontinuity then cor
sponds to an intermediate state of a fast nucleon and
nucleus debris. Alternatively the cut may pass through
amplitudef. Then the intermediate state consists of an a
trary ejectile state plus the nucleus debris. If we are in
ested only in the states with one fast nucleon plus the nuc
debris, we have to select only elastic intermediate state
the cut amplitudef.

Technically the discontinuity is obtained by making su
stitutions

1

2v2 i0
→2p id~v ! ~A3!

for the cut fast nucleon propagator or

f→2i Im f 5 is ~A4!

for the cut amplitude. In the latter case only the elastic p
of the contribution to the cross section should be taken if
is only interested in the states with one fast nucleon. Also
the parts of the amplitude to the right of the cut should
taken complex conjugate.

When the discontinuity passes through the fast nucl
line connecting the pointszk and zk11 we should make the
substitution

J~zk112zk!→1.

In all J’s to the right of the cut we have to change the sign
the i0 in the denominator, so that forj .k

J~zj 112zj !→2J* ~zj2zj 11!. ~A5!

Finally of n amplitudesn2k11 have to be taken comple
conjugate. As a result, the total discontinuity correspond
to cut fast nucleon lines is given by the integral~8! in which

I ~z1 , . . . ,zn12![ f n)
j 51

n11

iJ~zj 112zj !

is substituted by

I 1~z1 , . . . ,zn12!5 (
k51

n11

)
j 51

k21

i f J~zj 112zj !

3 )
k11

n11

~ i f !* J* ~zj2zj 11!. ~A6!

Now let the cut pass through thekth rescattering amplitude
Then the latter should be changed according to Eq.~A3!. For
j .k again one should make the substitution~A4! and take
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all the amplitudes conjugate. Thus the second type of disc
tinuities will be given by the integral ~8! with
I (z1 , . . . ,zn12) substituted by

I 2~z1 , . . . ,zn12!5 i
sel

f f *
(
k52

n11

)
j 51

k21

i f J~zj 112zj !

3 )
k

n11

~ i f !* J* ~zj2zj 11!. ~A7!

It is instructive to see how the found discontinuities tran
form in the case when the amplitudes do not depend on t
virtualities andF(v)51. For the discontinuity~A5! we then
get thez integrations

E
z1

`

dzkE
z1

zk
dzk21•••E

z1

z3
dz2E

zn12

`

dzk11

3E
zn12

zk11
dzk12•••E

zn12

zn
dzn11 ,

which using the symmetry of the integrand can be tra
formed into

1

~k21!! ~n2k21!! Ez1

`

)
j 52

k

dzjE
zn12

`

)
j 5k11

n11

dzj . ~A8!

Doing the integrations we obtain a product

1

~k21!! ~n2k11!!
@ i f T~b,z1!#k21@ i f T~b,zn12!* #n2k11.

Summation overk andn gives

Disc1A~b,z,z8!5 iA@11 i f T~b,z!2 i f * T~b,z8!#A21,
~A9!

whereT(b,z)5T(b,`,z).
For the discontinuity~A6! the z integrations are

E
z.

`

dzkE
z1

zk
dzk21•••E

z1

z3
dz2E

zn12

zk
dzk11

3E
zn12

zk11
dzk12•••E

zn12

zn
dzn11 ,

where z.5max(z1,zn12) Fixing zk[z and again using the
symmetry of the integrand in the two groups of the left va
ables we arrange the integrations as in Eq.~A7! and doing
them get

1

~k22!! ~n2k11!! Ez.

`

dzr~b,z!@ i f T~b,z,z1!#k22

3@ i f T~b,z,zn12!* #n2k11.
6-10
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After summation overk andn the part due to cut amplitude
is found to be

Disc2A~b,z,z8!5 iA~A21!sel

3E
z.

`

dzr~b,z!@11 i f T~b,z,z!

2 i f * T~b,z,z8!#A22 ~A10!

with z.5max(z,z8). Using

]

]z
@11 i f T~b,z,z!2 i f * T~b,z,z8!#A21

52~A21!s totr~b,z!@11 i f T~b,z,z!

2 i f * T~b,z,z8!#A22 ~A11!

one can do the integration overz in Eq. ~A11!:

Disc2A~b,z,z8!52 iA
sel

s tot
$@11 i f T~b,z!2 i f * T~b,z8!#A21

2@11 i f T~b,z. ,z!

2 i f * T~b,z. ,z8!#A21%. ~A12!

The sum of Eqs.~A9! and~A12! gives the total discontinuity

DiscA~b,z,z8!5 iAS 12
sel

s totD @11 i f T~b,z!

2 i f * T~b,z8!#A21

1A
sel

s tot
@11 i f T~b,z. ,z!

2 i f * T~b,z. ,z8!#A21. ~A13!

One immediately notes that this discontinuity~and the cor-
responding proton production probability! is different from
the one obtained by squaring the nonforward production
plitudes for the process (e,e8) calculated in the Glauber ap
proach and summing over all final states. The latter is ea
obtained as@17#

DiscA~b,z,z8!5 iA@11 i f T~b,z!2 i f * T~b,z8!

1selT~b,z.!#A21 ~A14!

which, for a source not extended inz so thatz5z8 trans-
forms into

DiscA~b,z,z!5 iA@12s inT~b,z!#A21 ~A15!

with a clear probabilistic interpretation. The reason for t
difference has long been known: the Glauber-Gribov pict
03460
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of consecutive rescatterings corresponding to Fig. 1 is ef
tively valid for the amplitude itself but not for its discont
nuities, due to the wrong space-time picture inherent in i

If one is interested in the distribution of the produced fa
nucleons in the momentum space then the discontinu
taken in Sec. II have to be further specified. It is quite sim
to do it if the cut passes through one of the rescatter
amplitudes. Then the inclusive cross section of interes
obtained by substituting the cut amplitude by the relev
inclusive cross section for the collision of the active nucle
~momentumk11q) with a nucleon at rest.

The contribution to the inclusive cross-section comi
from a cut (i th) propagator is a bit more complicated. No
one has to substitute the propagator by

~2p!4d~v i !d
3~k( i )2 l !52pd~v i !E d3R expi „k„i…2 l)R.

The additional exponential function will somewhat chan
our derivation.

In the transverse part of the exponent apart from
2 i l TRT , we have additional termsik1TRT , which will shift
the argument of the correspondingd function by2RT , and
a term2 iq jTRT , j < i which will also shift the arguments in
the correspondingd functions byRT . As a result the trans-
verse coordinates in the nuclear wave functions in Eq.~44!
becomebj5bj85b1 for j 52, . . . ,i ; bj5bj85b185b12RT

for j . i . Shifting theb1 integration byRT we make them
bj5bj85b11RT for j 52, . . . ,i ; bj5bj85b185b1 for j . i .

As to the longitudinal part, the additional exponent
terms ofv i has the form

2 iZ@~xm/Q2!v i1D1qz2 l z#.

However,v i50 so that after integration overZ we obtain a
factor 2pd( l z2qz2D). Thus the observed fast nucleon ca
ries the longitudinal momentum of the initial photon shifte
by D. No other effect is introduced by the longitudinal e
ponent.

So in the end the inclusive cross section to produce a
nucleon with the momentuml, corresponding to the cutkth
line will be given by the expression

I 1
( i )~ l!5 ig2~Q2!~2p!d~ l z2qz2D!

x2m

2

A!

~A2n21!!

3E d2bd2b8exp@ i l'~b2b8!# )
j 51

n12

dzj

3exp@ iD~zn122z1!#r~bz1ub8zn12!

3)
j 52

k

i f r~bzj !J~zj2zj 21!

3 )
k11

n11

~ i f !* r~b8zj !J* ~zj2zj 11!. ~A16!
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