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One-body density matrix and momentum distribution in s-p and s-d shell nuclei
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Analytical expressions of the one- and two-body terms in the cluster expansion of the one-body density
matrix and momentum distribution of tteep ands-d shell nuclei withN=Z are derived. They depend on the
harmonic oscillator parametérand the parametg8 which originates from the Jastrow correlation function.
These parameters have been determined by least squares fit to the experimental charge form factors. The
inclusion of short-range correlations increases the high momentum component of the momentum distribution
n(k) for all nuclei we have considered while there isAnlependence afi(k) both at small values df and
the high momentum component. TAedependence of the high momentum component(&) becomes quite
small when the nuclet*Mg, 8Si, and®S are treated asdt2s shell nuclei having the occupation probability
of the 2s state as an extra free parameter in the fit to the form factors.

PACS numbgs): 21.45:+v, 21.60.Cs, 21.96:f

[. INTRODUCTION values of the parametebsand 8, which we have used for the
closed shell nuclefHe, 0, and“°Ca, are the ones which
The momentum distributioMD) is of interest in many have been determined in R¢BO] by fit of the theoretical
research subjects of modern physics, including those refef=.(q), derived with the same cluster expansion, to the ex-
ring to helium, electronic, nuclear, and quark systéirs3].  perimental one. For the open shell nucléC, ?*Mg, s,
In the last two decades, there has been significant effort foand %2S we provide new values for these parameters, which
the determination of the MD in nuclear matter and finite have been found to give a better fit to the experimental form
nucleon systemf4—24]. MD is related to the cross sections factors than in our previous analy$&0]. It is found that the
of various kinds of nuclear reactions. The experimental evihigh-momentum tail of the MD of all the nuclei we have
dence obtained from inclusive and exclusive electron scatteconsidered appears fdr>2 fm~! and also there is ai
ing on nuclei established the existence of a high-momenturdependence of the values ok) for 2 fm 1<k<5 fm™ L.
component for moment&a>2 fm~! [25-28. It has been This A dependence of MD was first investigated considering
shown that, in principle, mean field theories cannot describé*Mg, 2Si, and ®2S as M shell nuclei. Next we treated the
correctly MD and density distribution simultaneougli3]  above nuclei as d-2s shell nuclei having the occupation
and the main features of MD depend a little on the effectiveprobability of the Z state as an extra free parameter in the fit
mean field consideredL6]. The reason is that MD is sensi- of the form factors. The\ dependence is quite small in the
tive to short-range and tensor nucleon-nucleon correlationsecond case.
which are not included in the mean field theories. Thus, the- The paper is organized as follows. In Sec. Il the general
oretical approaches, which take into account short range coexpressions of the correlated OBDM and MD are derived
relations(SRO due to the character of the nucleon-nucleonusing a Jastrow correlation function. In Sec. 1l the analytical
forces at small distances, are necessary to be developed. expressions of the above quantities for $hp ands-d shell
In the various approaches, the MD of the closed shelhuclei, in the case of the HO orbitals, are given. Numerical
nuclei “He, %0, and “°Ca as well as of%Pb and nuclear results are reported and discussed in Sec. IV, while the sum-
matter is usually studied. There is no systematic study of thenary of the present work is given in Sec. V.
one body density matrixXOBDM) and MD which include
both the case of closed and open shell nuclei. This would be || CORRELATED ONE-BODY DENSITY MATRIX
helpful in the calculations of the overlap integrals and reac- AND MOMENTUM DISTRIBUTION
tions in that region of nuclei if one wants to go beyond the ) . )
mean field theorief29]. For that reason, in the present work, A nucleus withA nucleons is described by the wave func-
we attempt to find some general expressions for the OBDMION W(ry,r, ... ra) Which depends on& coordinates as
p(r,r’) and MD n(k) which could be used both for closed well as on spins and isospins. The evaluation of the single
and open shell nuclei. This work is a continuation of ourparticle characteristics of the system needs the one-body den-
previous study30] on the form factors and densities of the Sity matrix (34,39
s-p and s-d shell nuclei. The expression of(r,r’) was

found, first, using the factor cluster expansion of Clark and p(r,r'):f LA (N PR O
co-workers[31-33 and Jastrow correlation function which
introduces SRC for closed shell nuclei and then was extrapo- XW(r' Fy, . fa)dry- - -dr s 1)

lated to the case dfil=Z open shell nuclein(k) was found

by Fourier transform op(r,r’). These expressions are func- where the integration is carried out over the radius vectors
tionals of the harmonic oscillatqHO) orbitals and depend r,, ..., and summation over spin and isospin variables is
on the HO parametdy and the correlation parametgr The  implied. p(r,r’) can also be represented by the form
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;. (W[Og (A)W) - A
p(r.r )—W <Orr’>22:i2j (ij|F(r1p0n (2)F(r1)]i’j")a. (10

=N<‘P|Orr’(A)|qﬂ> . .
The term({O,, ), is as the terr{O,,),, without the opera-

=N(Oy(A)), (2 tor F(r,,). If the two-body operatof(r,) is taken to be the
Jast lation function37], f(r;)=1— —B(r;
where W' =W (r;,r5,...,ra) and N is the normalization _aﬁ)r%wth(;c;]rrealon unctior{37], f(r;) exi— Al
factor. The one-body “density operatorQ,,.(A), has the e
form , /
FT(rlz)orr’(Z)f(rlz)zorr’(2)[1_gl(ryr !r2)
A A
Oy (A)=2, a(ri—n)a(r/ =) arj=r). @3 ~ 92112 gs(rr )],
i=1 J#i (11)
The diagonal elements of the OBDM give the density
distributionp(r,r) = p(r), while the MD is given by the Fou- Where
rier transform ofp(r,r'),
g1(r.r",ra)=exd — B(r>+r3)Jexd 28rr o],
1
n(k)= fexr[ik(r—r’)]p(r,r’)drdr’. (4)
(277)3 gZ(rirrer):gl(rrvrirZ)i
If we denote the model operator, which introduces SRC, ;o a2, 2 B 2
by F, an eigenstaté of the model system corresponds to an Galr,r'.ro) =exp = A(rotr'=) Jexq —24r3]
eigenstate xXexdg2B(r+r')r,], (12
v =FP (5

andp.o(r,r') takes the form

of the true system.

Several restrictions can be made on the model opefator Peol I, T )=N[{(Oy 1)1 = Op(r,r",g1) — Oo(r,r",g5)
[36] and it is required thaf be translationally invariant and )
symmetrical in its arguments-1-i---A and possesses the +02Ar,r",93)], (13
cluster property33].

In order to evaluate the correlated one-body density mawhere
trix peodr,r'), we consider, first, the generalized integral

A
() =(¥[ex a1 (0)Or (A)]|¥"), 6 01,1, 9) =2 (ij|0n(2)g (1,1 1)1 )a

i<j

corresponding to the one-body “density operatd@},.(A),

from which we have = f 9. 1) psolr.r )psolTa.r2)

alnl '
(O /(A))= acfa) (7) —psoll,r2)psplrz,r')]drs. (14)
a=0

. . i In the above expression @f.(r,r’), the one-body con-
For th_e cluster analysis of Eq7), we consider the sub tribution to the OBDM is well known and is given by the
product integrald;(«a), lij(a), ..., for thesubsystems of equation

the A-nucleons system corresponding to the density operators
Oy :(1),0,:(2), ... . Thefactor cluster decomposition of ,
these integrals, following the factor cluster expansion of Ris- (O )1=pspll.r")
tig, Ter Low, and Clar{31-33, gives

<Orr’>:<orr’>1+<orr’>2+’"+<Orr'>A- (8

Three- and many-body terms will be neglected in the

present analysis. Thus, in the two-body approximation, . .
peolr.r'), defined by Eq(2), is written where 5, are the occupation probabilities of the staté<0

or 1 in the case of closed shell nugle@nd ¢, (r) is the
Peol T )=N[{(Op )1+ (O 1) 20— (O 1) 241, 9 radial part of the SP wave function anrg,, the angle be-
tween the vectors andr’.
where (O, /)1=psp(r,r’'), the uncorrelated OBDM associ- The termO, (r,r’,g;), performing the spin-isospin sum-
ated with the Slater determinant and mation and the angular integration, takes the general form

1
== 2 2+ D (1) doi(r)Py(cOSwyr ),

(15
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Oailr,r',9)) = 4n2n T, g, (21 + 1)(21+1)
ll’ii
li+1;

4An|||n]|] O(r,r’,g|)— k§=:0 <||0|]O|k0>2

nInI

XAnJIJnIIII k( ’rr,gl):|,

IIJJ

1=1,2,3, (16)
where
ek g0 = ¢§1|1(F)¢n3|3(f’)eXli—sz]

X P (Coswrr )f d)nzl (ra) ¢n4l4(r2)

X exy — Brili(2Brro)ridr,, (17

and the matrix eIemenA:3:324:4 (r,r',g,) can be found

from Eq.(17) replacmngr andnlllHn3I3 while the ma-
trix element corresponding to the facts is

n3lgngly,
nqlynoly

( ’ 1g3) ¢n1 1( )¢n3I (r’)

Xexd — B(r +r’2)]Q I(wrr)

X fo 1, (r2) oy (T2)exi — 2r3]

Xi(2B[r+r"|rp)radr,. (18)

In Egs.(17) and(18) i (2) is the modified spherical Bessel
function, while the factoﬂ:(l,s(w,,,) depends on the direc-

tions ofr andr’.
The expression of the ter@,,(r,r’,g,) depends on the
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where(0,);=ngp(k) and the termD,,(k,g,), as in the case
of OBDM, is given again by the right-hand side of E@6)

. . Nalangl,,k ’ .
replacing the matrix elemen@ilin‘z‘l‘z‘ (r,r’,g,), defined by
Egs.(17) and(18), by the Fourier transform of them, that is
by the matrix elements

1 f A
(2m)*

Xexgik(r—r")]drdr’,

n3l3n4l
UEEUPIPY

A Nglgngly,
nylinaly

“(k 91 = “(rr’ Nely)

I=1,3. (20)

As in the case of the OBDM, expressi¢h9) is suitable
for the study of the MD for thes-p ands-d shell nuclei and
also for the study of the mass dependence of the kinetic
energy of these nuclei. The mean value of the kinetic energy

is given by the right-hand side of EqL9) replacing(Oy);
by (T); andOyx(K,g;) by T2o(g;), where

ﬁZ
<T>1:ﬁf k?ngp(k)dk,

h? -
T22(9|):ﬁf k?0,4(k,g))dk, 1=1,3. (21

Ill. ANALYTICAL EXPRESSIONS

In the case of the HO wave functions, analytical expres-
sions of the one-body terr‘r(ﬁ)rr ), and(Oy); as WeII as of
the matrix elementxé\r13|3n4| (r,r',g) andA23:324: (k,9)
can be found38]. From these expressions, the analytical
expressions of the tern@®,,(r,r’,g;) andO,»(k,g,), defined
by Eg.(16), can also be foun{i38].

The expressions of the one-body ter(@, ), and(O,),
have the forms

SP wave functions and so it is suitable to be used for anaO,, /), = pgp(r,r’)

lytical calculations with the HO orbitals and in principle for
numerical calculations with more realistic SP orbitals. Ex-

pressions(15) and (16) were derived for the closed shell
nuclei with N=Z, where 7, is 0 or 1. For the open shell

nuclei (with N=2Z) we use the same expressions, where now
0=<7,,=<1. In this way the mass dependence of the correla-

tion parameteB and the OBDM or MD can be studied.
It should be noted that E@L6) is also valid for the cluster

expansion of the density distribution and the form factor as it
has been found in Ref30] and also in the cluster expansion

=L 2715+ 37— 270s(r2+112)
773/2b3 1s 2s 2s\!'p b

4
+ 4710 bl COSW, 1 + 3725+ 714(3 cofw, —1)

of the MD. The only difference is the expressions of the 3 2

matrix elementsA.

The MD for the above mentioned nuclei can be found by

taking the Fourier transform qgf(r,r'). It takes the form

Neol K)~N[(Oy)1— 20,4k, g1) + O2a(k,95)],  (19)

Xrerp2]|exd — (ré+rp2)/2], (22)

A b 2 2k

(B1=nsolk) =—gzexil —ki] 2 Cadk*,  (29)
where Co=2715+t37,5, Co=4(n1p,— 725, and C,

=35(271q+ 729)-
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TABLE I. The values of the parametelbsand 8, of the mean kinetic energy per nucle¢h), and of the
rms charge radi@rﬁh)l’z, for variouss-p ands-d shell nuclei, determined by a fit to the experimerktal(q).
Case 1 refers to the HO wave function without SRC and case 2 when SRC’s are included. Case 2* is the
same as case 2 but with the occupation probability of the statéaRen to be a free parameter. The
experimental rms charge radii are from Ref0].

b[fm] B [fm 2] (T) [MeV] (rZm ™2 [fm]
Case Nucleus HO SRC Total Theor. Expt.
1 “He 1.4320 15.166 15.166 1.7651 1.696
2 ‘He 1.1732 2.3126 22594  7.310 29.904 1.6234
1 2c 1.6251 17.010 17.010 2.4901 2.46)1
2 2c 1.5190 2.7468 19.469 6.111 25.580 2.4261
1 %0 1.7610 15.044 15.044  2.7377 2.7129
2 160 1.6507 2.4747 17.121 6.493 23.614  2.6802
1 Mg 1.8495 16.162 16.162  3.1170  3.015
2 Mg 1.8103 4.2275 16.870  4.239 21.109  3.0948
2% Mg 1.7473 2.4992 18.109 6.505 24.614  3.0638
1 28g;j 1.8941 16.099 16.099 3.2570 3.089
2 28g;j 1.8236 3.0020 17.369 5564 22933  3.2159
2% 28g;j 1.7774 2.4440 18.283 6.922 25.205  3.1835
1 825 2.0016 14.878 14.878  3.4830  3.248
2 325 1.9368 3.0659 15.891  4.976 20.867  3.4425
2% s2g 1.8121 2.6398 18.154  6.761 24915  3.2822
1 38Ar 1.8800 17.273 17.273 3.3270 3.32%)
2 36Ar 1.8007 2.2937 18.827  8.590 27.417 3.3343
1 40Ca 1.9453 16.437 16.437  3.4668 3.499
2 40Ca 1.8660 2.1127 17.863 8.754  26.617  3.5156

The substitution oﬂ:3:324:4'k(r,r’,g|) to the expression The substitution oﬁ”3:3”4:4’k(k,g|) to the expression of
1'1M2'2 AL L)

of Og(r,r’,g;) which is given by Eq(16) leads to the ana-  &,,(k,g,) leads to the analytical expression of the two-body
lytical expression of the two-body term of the OBDM, which term of the MD, which is of the form
is of the form

~ ~ 1+2y L1 ~ 1,
1+3y , 1 Oz k) =fa(kp)exp — 3750 Ko |+ fa(kp)exn — 5o kp),
Ol rp) =F1(rp,ry,cosw,,)ex _—rb__rk’JZ 4 y
2(1+y) ® 2 (29
+ ~ .
+f1(r{),rb,c05wrr/)ex;{— 1+3y (12 where f,(k?), (I=1,3) are polynomials ofk? (k,=bk)
2(1+y) which depend also op= 8b? and the occupation probabili-
142 ties of the various states. Similar expressions have been
_ Erg +f(ry,rp ,cosw”,)exr{ - y found for the mean value of the kinetic energy.
5 y2 IV. RESULTS AND DISCUSSION
X(re+ri?) |exg——==(rp+rp)?|, (24 . -
1+2y The calculations of the MD for the variossp ands-d

shell nuclei, withN= Z, have been carried out on the basis of
wheref(ry,r,cosw,), (I=1,3) are polynomials ofy, r| Eq. (19) and the analytical expressions of the one- and two-
(rp=r/b), and cosy, which depend also og=8b? and  body terms which were given in Sec. lll. Two cases have
the occupation probabilities of the various states. been examined, named case 1 and case 2 corresponding to
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* EXP
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10-4 - -
105 B
N W FIG. 1. The charge form factor
T , TN of the nuclei: 12C (a), *Mg (b),
0 1 2 3 4 5 0 1 D) 3 4 5 285j (), and %S (d) for various
q [fm-1] q [fm-1] cases. Case HOSRC* corre-
sponds to the case when the occu-
d) 328 pation probabilityz, is treated as
100 (b) 2*Mg 100 (d a free parameter. The experimen-
....... HO "o HO tal points of C are from Ref.
HO+SRC 4L HO+SRC [41] and for the other nuclei from
101 — H0+SRc* 10 R HO+SRC* Ref. [42].
S +
EXP
« EXP —102t
chdll G
L. —0
—03} 1031
104} 104
10.5 = 10'5 r sy e
0 1 4 5 0 1 4 5

2 3 2 3
q [fm*1] q [fm-1]
the analytical calculations with HO orbitals without and with from Fig. 1 it can been seen that the inclusion of SRC'’s
SRC, respectively. improves the fit of the form factor of the above mentioned

The parameterd and 8 of the model in case 1 and for nuclei. Also, all the diffraction minima, even the third one
“He, %0, %Ar, and “°Ca in case 2 were the ones which which seems to exist in the experimental datg®fg, 22Si,
have been determined in our previous wfBK] by fit of the  and *2S are reproduced in the correct place.
theoreticalF .(q), derived with the same cluster expansion, Although the values of the parametdysand 8, for the
to the experimental one. These values of the parameters aopen shell nuclei, are different from those reported in Ref.
given in Table I. The values of the correlation paramgger [30], their behavior, still, indicates that there should be a
of the open shell nuclei which have been reported in Refshell effect in the case of closed shell nuclei. This behavior
[30] were quite large. That is the correlations for these nuclehas an effect on the MD of nuclei as it is seen from Fig. 2,
were quite small. The MD of the open shell nuclei, which wewhere the MD, of the various-p ands-d shell nuclei cal-
found with these values of the parameters, had a high masulated with the values df and 3 of Table | for case 2, have
mentum tail at values ok larger than expected. As that been plotted. It is seen that the inclusion of SRC’s increases
seems to us quite unreasonable we tried to redetermine mocensiderably the high momentum componenh ), for all
carefully the parameters of the model by fit of the theoreticahuclei we have considered. Also, while the general structure
F.n(Q) to the experimental one in order to obtain a better fit.of the high momentum component of the MD farE=4, 12,

The new values o and 3 for case 2 and fof’C, 2*Mg, 16, 24, 28, 32, 36, 40, is almost the same, in agreement with
283j, and 2S are shown in Table I. The theoretida),(q)  other studie§2,4,12,39, there is anA dependence ofi(k)
for these nuclei, which are shown in Fig. 1, are closer to thévoth at small values ok and in the region 2 fm'<k<5
experimental data than they were in R&0]. From the val- fm~ . The A dependence of the high momentum component
ues ofy?, which have been found in cases 1 and 2 and alsof n(k) is larger in the open shell nuclei than in the
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FIG. 2. The correlated momentum distribution for varicig FIG. 3. The correlated momentum distribution for the closed
ands-d shell nuclei calculated with the parameterand 8 of case  shell nuclei*He, %0, “°Ca calculated as in Fig. 2 and for the open
2 when the nucleP*Mg, 2%Si, 3%S, and®®Ar were treated asd  shell nuclei®*Mg, 28Si, %2S calculated with the parameteos 3,
shell nuclei. The normalization ifn(k)dk=1. and 7,5 of case 2* when they were treated ad-2s shell nuclei.

The normalization is as in Fig. 2.

closed shell nuclei. It is seen that the high momentum com- | nuclei and we carrv out a simultaneous fit both to
ponent is almost the same for the closed shell nuthé, several nuciel w you

MD and to form factors.
0, and 4°Ca.as expecteq from other StUd[%él.'gq' 32 Finally, in Table | we give the one and the two-body
In the previous analysis, Fhe nu_clé‘ng, Sh a_nd S terms of the mean kinetic enerdyl) of the variouss-p
were treated asdlshell nuclei, that is, the occupation !orob- and s-d shell nuclei calculated on the basis of E@J),
ability of the 2s state was taken to be zero. The forma_llsm of .s well as the rms charge radii2,)Y? which are com-
the present work has the advantage that the occupation prc;‘E

) ared with the experimental values. It is seen that the
abilities of the various states can be treated as free paranhirqquction of SRC'gin case 2 increases the mean kinetic

eters in the fitting procedure d¥.,(q). Thus, the analysis energy relative to case (T ease 3 —(Tease 2)/{ T case 2)
can be made with more free parameters. For that reason W8 out 50% in“He and 23% in

) ) . . . *“Mg. This relative increase
considered case*2in which the occupation probability,s

“oa B 2 follows the fluctuation of the parametgr Also the values of

of the nuclei “*Mg, Sl, and *°S was taken to be a free o kinetic energy in percents, X00ro)/( Tiora), as well as
parameter together with the parametbrand 8. We found  the ratio(T,o)/(To) follow the fluctuation of the param-
that thex? values become better, compared to those of casgterg. In closed shell nuclei there is an increase of the above
2 and theA dependence of the paramef@is not so large as values by increasing of the mass number.

it was before. The new values bfand 8 are shown in Table

| and the theoreticaF.,(q) in Fig. 1. The values of the
occupation probabilityy, of the abovementioned three nu-
clei are 0.19982, 0.17988, and 0.50921, respectively, while In the present work, general expressions for the correlated
the corresponding values of;4, which can be found from OBDM and MD have been found using the factor cluster
the values of 7, through the relation7;4=[(Z—8) expansion of Clark and co-workers. These expressions can
—2m,5]/10, are 0.36004, 0.56402, and 0.69816, respeche used for analytical calculations, with HO orbitals and in
tively. The MD of these three nuclei together with the closedprinciple for numerical calculations with more realistic orbit-
shell nuclei*He, %0, and*°Ca found in case 2 are shown in als.

Fig. 3. It is seen that thé& dependence of the high momen-  The analytical expressions of the OBDM, MD, and mean
tum component is now not so large as it was in case 2. A&inetic energy for thes-p ands-d shell nuclei, which have
F.n(q) calculated in case™®2is closer to the experimental been found, are functions of the HO paramddigthe corre-

data than in case 2, we might say that this result is in théation parameteiB, and the occupation probabilities of the
correct direction, that is the high momentum component olarious states. These expressions are suitable for the system-
the MD of nuclei is almost the same. We would like to atic study of the above quantities for thNe=Z, s-p ands-d
mention that experimental data flotk) are not directly mea- shell nuclei and also for the study of the dependence of these
sured but are obtained by meansye$caling analysi$28]  quantities on the various parameters.

and only for “He and°C in s-p ands-d shell region. We It is found that, while the general structure of the MD at
expect that the above conclusion could be corroborated ifiigh momenta is almost the same for all the nuclei we have
new experimental data are obtained in the future for MD forconsidered, in agreement with other studies, there i®Aan

V. SUMMARY
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