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BCS theory of q-deformed nucleon pairs:qBCS
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We construct a coherent state ofq-deformed zero coupled nucleon pairs distributed in several single-particle
orbits. Using a variational approach, the set of equations ofqBCS theory, to be solved self-consistently for
occupation probabilities, gap parameterD, and the chemical potentiall, is obtained. Results for valence
nucleons in nuclear degeneratesdgmajor shell show that the strongly coupled zero angular momentum nucleon
pairs can be substituted by weakly coupledq-deformed zero angular momentum nucleon pairs. A study of Sn
isotopes reveals a well-defined universe of (G, q) values, for whichqBCS converges. WhileqBCS and BCS
show similar results for gap parameterD in Sn isotopes, the ground state energies are lower inqBCS. The
pairing correlations inN nucleon system increase with increasingq ~for q real!.

PACS number~s!: 21.60.Fw, 21.10.Dr, 21.30.Fe, 27.60.1j
re
ru

ac
ul
av
o

rin
ai
w

tu

y
il-

a
ai
o
ifie
t
ie
a
th
av

o
ra

g
e

o

a
n-
ct

en-

led

de-

pin

-

The problem of nucleon pairing has been of great inte
to those interested in solving the riddles about nuclear st
ture. BCS theory of superconductivity@1# turned out to be a
great ally in efforts to take into account short range inter
tions between nucleons. In many nuclear structure calc
tions BCS is taken as the starting point as the BCS w
function offers a good approximation to the ground state
even-even nuclei. Another approach to the nucleon pai
problem is the seniority scheme. In order to include the p
ing correlations left out in these approximate schemes,
studied the zero coupled nucleon pairs withq deformations
@2# expressing these in terms of the generators of quan
group SUq(2). The quantum group SUq(2), a q-deformed
version of Lie algebra SU(2), hasbeen studied extensivel
@3–5#, and aq-deformed version of quantum harmonic osc
lator developed@6,7#. The quantum group SUq(2) is more
general than SU(2) and contains the latter as a special c
The underlying idea in using the zero coupled nucleon p
with q deformations is that the commutation relations
nucleon pair creation and destruction operators are mod
by the correlations and as such are somewhat differen
comparison with those used in deriving the usual theor
The seniority scheme forq-deformed nucleon pairs in
single j orbit and zero seniority states for nuclei wi
q-deformed nucleon pairs distributed over several orbits h
also been constructed in Ref.@2#. On the same lines random
phase approximation equations for the pairing vibrations
nuclei have been derived and applied to study pairing vib
tions in Pb isotopes@8#. Further aq-deformed version of
quasiboson approximation for 01 states in superconductin
nuclei was developed. Theq-deformed theories reduce to th
corresponding usual theories in the limitq→1. The nucleon
pairing in a singlej shell has also been treated by Bonats
and co-workers@9–11# by associating twoQ oscillators, one
describing theJ50 pairs and the other associated withJ
Þ0 pairs. In their formalism,Q oscillators involved reduce
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to usual harmonic oscillators asQ→1 and the deformation is
introduced in a way different from ours. Following the ide
of building in correlations into the theory by using pair ge
erators satisfyingq-commutation relations, we now constru
the q analog of BCS theory (qBCS) for nuclei. The single
orbit limit of qBCS is applied to nuclearsdgmajor shell with
V516. In addition, the gap parameter and ground state
ergies are calculated for1142124Sn, to elucidate the role
played byq deformation in these nuclei.

I. ZERO COUPLED q-DEFORMED NUCLEON PAIRS

The creation and destruction operators for a zero coup
nucleon pair in a shell model orbitj are

Z052
1

A2
~Aj3Aj !0 and Z̄05

1

A2
~Bj3Bj !0, ~1!

whereAjm5ajm
† ; Bjm5(21) j 1maj ,2m . From the anticom-

mutation relations satisfied by the fermion creation and
struction operatorsajm

† and aj ,2m , we can verify that with
number operator for fermions defined asnop

j 5(majm
† ajm and

V5(2 j 11)/2,

@Z0 ,Z̄0#5
nop2V

V
; @nop ,Z0#52Z0 ; @nop ,Z̄0#522Z̄0 .

~2!

These operators are easily related to well-known quasis
operators by identifying

S15AV Z0 ; S25AV Z̄0 , and S05
~nop2V!

2
. ~3!

The quasispin operatorsS1 , S2 , andS0 are the generators
of Lie algebra of SU~2! and satisfy the commutation rela
tions of angular momentum operators, that is,

@S1 ,S2#52S0 , @S0 ,S6#56S6 . ~4!
©2000 The American Physical Society14-1
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The generators of SUq(2) on the other hand satisfy th
q-commutation relations@2#

@S1~q!,S2~q!#5$2S0~q!%q , @S0~q!,S6~q!#56S6~q!,
~5!

where $x%q5(qx2q2x)/(q2q21). Translated to q-
deformed pair operatorsZ0(q) andZ0(q) The new commu-
tation relations give

@Z0~q!,Z0~q!#5
$nop2V%q

V
;

@nop ,Z0~q!#52Z0~q!; @nop ,Z0~q!#522Z0~q!. ~6!

II. THE TRIAL WAVE FUNCTION

The proposed trial wave function forN nucleons distrib-
uted overm single particle orbits is,C5F j 1

F j 2
•••F j m

,
where for the orbitj,

F j5uj
V j (

n50

V j S v j

uj
D nF V j !

n! ~V j2n!! G
1/2

un&; V j5
2 j 11

2
~7!

and

un&5F $V j2n%q!

$n%q! $V j%q! G
1/2

~Sj 1~q!!nu0&

is the normalized wave function forn zero coupled nucleon
pairs with q deformation occupying single particle orbitj.
The functionC is normalized in case,uj

21v j
251, for all

single particle orbits. The single particle plus pairing Ham
tonian forq-deformed pairs is given by

H5(
r

« rnop
r 2G(

rs
Sr 1~q!Ss2~q! where

r ,s[ j 1 , j 2 , . . . ,j m . ~8!

The matrix element̂Cu2G Sr 1(q)Sr 2(q)uC&, obtained by
using theq-commutation relations given in Eq.~5! and ig-
noring terms involving products of the typev r

4ur
m(m

52,4, . . . ,V r), is found to be

^Cu2G Sr 1~q!Sr 2~q!uC&

52G v r
2V r$V r%q1G v r

4~V r21!$V r%q .

We also calculate the gap parameter

D~q!5GK CU(
r

Sr 1~q!UCL
5(

r
D r~q!5(

r
Gurv r$V r%q .

Again the terms involving products of the typev r
3ur

m have
been ignored. After these considerations, we can write
matrix element of the HamiltonianH as
03431
-
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^CuHuC&5(
r

S 2« r V r v r
22G v r

2 V r$V r%q1G v r
4~V r21!

3$V r%q1
D r

2~q!

G D 2
@D~q!#2

G
.

III. qBCS GAP EQUATION AND THE GROUND
STATE ENERGY

In order to evaluate the ground state energy ofN nucle-
ons, we minimize the expectation value of the Hamiltoni
subject to the number constraint by varyingv j and obtainm
equations to be solved self-consistently,

4~« j82l!v jV j22 D~q! $V j%qS 122v j
2

uj
D

24G v j
3$V j%q~$V j%q2V j11!50, ~9!

where « j85« j1G$V j%q($V j%q2V j )/2V j . Leaving out for
the time being, the term containingujv j

3 , we solve these
equations to obtain the occupancies

v j
250.5S 12

« j82l

A~« j82l!21@D~q!~$V j%q /V j !#
2D , ~10!

gap parameter

D~q!5(
j

G $V j%q0.5

3S 12
~« j82l!2

~« j82l!21FD~q!
~$V j%q

V j
G2D 1/2

, ~11!

and consequently the gap equation

G

2 (
j

$V j%q
2

A~« j82l!2V j
21@D~q!$V j%q#2

51. ~12!

To include the effect of terms containingujv j
3 left out ear-

lier, we now replacel by

l~q!5l1
Gv j

2$V j%q

V j
~$V j%q2V j11!. ~13!

The ground state BCS energy^CuHuC& is

EBCS~q!5(
j 51

m

@2« j8 V j v j
22G v j

4$V j%q~$V j%q2V j11!#

2@D~q!#2/G. ~14!

We notice that in a very natural way, the SUq~2! symmetry
introduces in the interaction energy aq dependence which is
linked to the j value of the orbit occupied by the zer
coupled nucleon pairs.
4-2
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IV. SINGLE ORBIT WITH 2 V DEGENERATE STATES

A very special situation arises when theN nucleons oc-
cupy a single orbit with an occupancy of 2V. Using the
results of the previous section, the ground state wave fu
tion is nowC5F j and the ground state energyEBCS(q) is

EBCS~q!5« jN2G$V j%q

N

4V S 2$V j%q2N1
N

V D , ~15!

to be compared with the exact energy of theN nucleon zero
seniority state@12#,

Eexact5« jN2G8
N

4
~2V j2N12!. ~16!

We notice that we can haveEBCS(q)5Eexact by choosingq
value and pairing strengthG such that

G5
G8V j~2V j2N12!

$V j%q~2$V j%q2N1N/V!

for the choice« j50.0. For the special case of nuclearsdg
major shell withV516, and 4,14,20,30 valence nucleo
occupying degenerate 1d5/2, 0g7/2, 2s1/2, 1d3/2, and 0h11/2
orbits, we plot G versus q in Fig. 1 such thatEBCS(q)
5Eexact(G850.187 MeV,« j50.0 for all levels!. The inten-
sity of pairing strength required to reproduceEexact is seen to
fall with increasingq and ultimatelyG→0 for all cases.
From the plot at hand we can say that strongly coupled z
coupled pairs of BCS theory may well be replaced by wea
coupledq -deformed zero coupled pairs ofqBCS theory. The
natural question is, is it possible to replace the pairing in
action by a suitable commutation relation between the p
determined by a characteristicq value for the system a
hand? To get some clues to the answer, we next consider
nuclei for which we can get the pairing gap from the expe
ments.

FIG. 1. G versusq for 4,14,20,30 valence nucleons insdgmajor
shell with V516 such thatEBCS(q)5Eexact, G850.187 MeV,
(« j50.0 for all single-particle orbits!.
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V. Sn ISOTOPES

We examine the heavy Sn isotopes withN
514, 16, 18, 20, 22, and 24 neutrons outside50

100Sn50 core.
The model space includes 1d5/2, 0g7/2, 2s1/2, 1d3/2, and
0h11/2, single particle orbits, with excitation energies 0.
0.22, 1.90, 2.20, and 2.80 MeV, respectively. Figure 2 i
plot of pairing correlations functionD5D(q)/AG versusG
for N520 in the cases where deformation parameter ta
some typical successively increasing values varying from
to 1.7. We notice that in50

120Sn70, pairing correlations in-
crease asq increases if the pairing strengthG is kept fixed.
For q51.0 that is conventional BCS theory the pairing co
relation vanishes forG,Gc(;0.065 MeV! as expected. As
the deformationq of zero coupled pairs increases we findD
going to zero for successively lower values of coupli
strength, for example,Gc;0.04 MeV for q51.3. We may
infer that theqBCS takes us beyond BCS theory.

The sets ofG,q values that reproduce the empiricalD for

50
120Sn70, are used to calculate the gap parameterD and the
ground state BCS energyEN , for even isotopes1142124Sn
displayed in Fig. 3. The experimental values ofD ~filled
triangles pointing up! are also shown. As far as the gap p
rameter D is concerned all the sets ofG,q values fare
equally in comparison with the experiment. The ground st
energies fromqBCS are, however, in general lower tha
those calculated by using BCS. The underlyingq-deformed
nucleon pairs show increasingly strong binding as the va
of q is increased. It opens the possibility of obtaining t
exact correlation energies by choosing appropriately
combination ofG,q values.

VI. CONCLUSIONS

By looking at the results for 4,14,20,30 valence nucleo
in nuclear degeneratesdg major shell, we find that the
strongly coupled zero angular momentum nucleon pairs m
be replaced by weakly coupledq-deformed zero angular mo

FIG. 2. The calculated pairing correlations functionD versus
G for N520 and deformation parameter valuesq51.0, 1.2, 1.3, 1.4,
1.5, 1.6, and 1.7. Stars on the curves mark the (G,q) values that
reproduce empiricalD for 120Sn.
4-3
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mentum nucleon pairs. The study of a realistic case, i.e.
isotopes also indicates that there is a well-defined univers
sets of values for pairing strengthG and deformation param
eterq, for which qBCS converges and has a nontrivial so
tion. For 50

120Sn70 we observe that by choosing the pairin
strengthG<0.217 MeV a matching value of deformatio
parameterq can be found such that the experimental pair

FIG. 3. Calculated~a! D vesusN and~b! BCS energy versusN,
for q51.0, 1.1, 1.2, 1.3, 1.4, 1.5 and correspondingG value cho-
sen to reproduce the empirical neutron gap for120Sn in each case.
03431
n
of

gap is reproduced. For the choiceG50.07 MeV, for ex-
ample, a large deformation ofq51.7 is needed to reproduc
the empiricalD for 50

120Sn70. The results ofqBCS for Sn
isotopes are not much different from BCS as far as the
parameterD is concerned. The ground state binding energ
are however lowered by the deformation. The pairing cor
lations, measured byD5D(q)/AG, are seen to increase asq
increases~for q real! while the pairing strengthG is kept
fixed, in Sn isotopes. It is immediately seen thatq parameter
is a very good measure of the pairing correlations left ou
the conventional BCS theory.

The results of our present study are consistent with
earlier conclusions@2,8# that theq-deformed pairs withq
.1 (q real! are more strongly bound than the pairs with ze
deformation and the binding energy increases with incre
in the value of parameterq. In contrast by using complexq
values one can construct zero coupled deformed pairs
lower binding energy in comparison with the no deformati
zero coupled nucleon pairs@8#. In general the pairing corre
lations inN nucleon system, measured byD5D(q)/AG, in-
crease with increasingq ~for q real! andqBCS takes us be-
yond the BCS theory. The formalism can be tested
several other systems, for example metal grains, where C
per pairing plays an important role.
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