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Field transformations and simple models illustrating the impossibility of measuring off-shell effects
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In the context of simple models utilizing field transformations in Lagrangian field theories we discuss the
impossibility of measuring off-shell effects in nucleon-nucleon bremsstrahlung, Compton scattering, and re-
lated processes. Our aim is to illustrate the general results using simple and familiar models. To that end we
introduce a simple phenomenological Lagrangian describing nucleon-nucleon bremsstrahlung and perform an
appropriate change of variables leading to different off-shell behavior in the nucleon-nucleon amplitude as well
as the photon-nucleon vertex. As a result we obtain a class of equivalent Lagrangians, generating identical
Smatrix elements, of which the original Lagrangian is but one representative. We make use of this property in
order to show that what appears as an off-shell effect iS-aratrix element for one Lagrangian may originate
in a contact term from an equivalent Lagrangian. By explicit calculation we demonstrate for the case of
nucleon-nucleon bremsstrahlung as well as nucleon Compton scattering the equivalence of observables from
which we conclude that off-shell effects cannot in any unambiguous way be extracted fr@&matrix
element. Finally, we also discuss some implications of introducing off-shell effects on a phenomenological
basis, resulting from the requirement that the description of one process be consistent with that of other
processes described by the same Lagrangian.

PACS numbgs): 13.40.Gp, 13.75.Cs, 13.60.Fz, 2540.

I. INTRODUCTION These kinematics correspond to higher photon energies and
in general to smaller opening angles between the two outgo-
There has been a long history, within the context of cal-ing protons. Thus for example some of the new experiments
culations in medium-energy physics, of attempts to find efhave been designed to capture essentially all of the forward-
fects of off-shell contributions in a particular process. Per-going protons and thus get opening angles of only a few
haps the prime example of this is nucleon-nucleondegrees.
bremsstrahlung which has long been considered the best way Another case of interest in medium-energy physics where
to get information about the off-shell nucleon-nucleon am-off-shell effects supposedly enter and have been considered
plitude. In an abstract mathematical sense, such an off-shélh given by the electromagnetic interaction of a bound
amplitude can be calculated from any potential, say by solvhucleon. Traditionally, electron-nucleus scattering experi-
ing the Lippman-Schwinger equation, and the hope has alments have been interpreted in terms of the free nucleon
ways been that one might be able to distinguish betweenurrent operator in combination with some recipe to restore
potentials which are equivalent on shell via a measuremergauge invariance. It has only been recently that the influence
of their off-shell behavior. of off-shell effects in the electromagnetic vertex on an inter-
For nucleon-nucleon bremsstrahlung there have been pretation of €,e’) and (e,e’p) data has been investigated
large number of calculations, mostly in nonrelativistic poten-[12—15. Off-shell effects at the electromagnetic vertex have
tial models which have this aiffl—5]. The usual procedure also been considered for nucleon-nucleon bremsstrahlung
is to calculate an off-shell nucleon-nucleon amplitude as and other processes starting with the early paper of Nyman
separate building block and attach photons to the externdll6] and continuing with the more recent works of Refs.
legs of this amplitude. The photon-nucleon vertex may als¢17-20.
have components involving off-shell nucleons. Usually the Further processes which might be considered as a source
so-called double-scattering contribution, involving two of off-shell information are two-step processes involving the
strong scatterings with the photon attached in between, isucleon such as pion photo- and electroproducfi@®t| or
also included. Less important corrections such as some relaeal and virtual Compton scattering on the nucl¢ag,23).
tivistic effects, Coulomb corrections, and in some cases speSimilarly to the bremsstrahlung case the intermediate
cific exchange-current diagrams are also included. nucleon(or pion) in the pole diagrams is off shell and one
These state-of-the-art calculations are then compared witiight think of exploring the sensitivity of observables to the
experiment. Most early experiments explored kinematicsvay the corresponding vertices behave off shell.
which were not far enough off shell to show anything, but In all of these situations it is common to make some sort
the more recent ones, in particular the TRIUMF experimenbf model which generates off-shell effects in a vertex when
[6] seemingly showed the need for off-shell effects at leasthat vertex is considered in isolation. In the nucleon-nucleon
within the context of current theories. A number of new ex-bremsstrahlung case almost any potential can generate a
periments have been started in the past few years all dewcleon-nucleo-matrix which can be extended off shell in
signed at least in part to be more sensitive to kinematics isome way determined by the potential. For the photon-
which the nucleons are as far off shell as possflell].  nucleon vertex, which would appear in both bremsstrahlung
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and in Compton scattering, one can generate off-shell behaambiguity in the number of subtraction constants required in
ior from a simple phenomenological Lagrangian, or equivathe dispersion relation. Furthermore, it was also demon-
lently parametrize its off-shell structure by some sort of formstrated in Ref.[40] at the one-loop level in perturbation
factor in the off-shell variable. In Ref§12—-15,24,25the  theory that not only real, but also the “absorptive” imagi-
off-shell effects were generated in terms of more or less sohary parts reveal such a representation-dependent asymptotic
phisticated meson-loop calculations. In many other processé¥havior.
off-shell form factors are included. For example modern [N the present paper we continue and extend in several
nucleon-nucleon potentials put in form factors at the mesonWays this discussion. Our aim is to illustrate the general re-
nucleon vertices, and one question which is at times heatedfMItS; namely the unmeasurability of off-shell effects, using
discussed is the appropriate range of such form factors. impPle and familiar models, which are closely related to the
Thus within the context of standard calculations ofKind of phenomenological models being used in explicit cal-

medium-energy processes the concept of some sort of offulations and which do not depend on specific expansions
shell effect at the vertices is rather pervasive. such as ChPT. In the following section, Sec. Il, we thus take

In contrast to this situation, within the context of field @nother look at the nonlinear model for the spin zero case

theory it has long been known that there is a certain ambi@nd discuss the essential features of R&4] in a simplified
guity in the evaluation of off-shell effects. One can for ex-Way- We then extend the approach to look at a simple spin
ample make field transformations, that is changes of repret/2 model which is much more closely allied to the types of
sentation of the fields involved in the Lagrangian, which doPh€nomenological models which have been used than that of
not change any measured quantity, but which can in facdP"€Vious discussions. In particular, it does not involve ChPT,
change the off-shell behavior of a vertex building block of @1d S0 does not depend on any of the formalism there or in
the proces$§26—30. One also has the rather simple observa-Particular on being able to make and truncate an expansion
tion that, in an amplitude arising from a Feynman diagram," Some small parameter. It involves spin 1/2 particles, in
off-shell behavior at a vertex is cancelled by a similar factorP@rticular nucleons, as well as photons and thus should re-
coming from the intermediate propagator, resulting in an amMOVve any lingering uncertainty that the results of the previ-
plitude which could have been generated by a contact inteiQUS Works somehow depended on the simplicity of a spin
action, without reference to off-shell processes. This was alZ€r0 Process. It is more “realistic” in the sense that it cor-
ready observed by Gell-Mann and Goldberger in theifésponds fairly closely to some phenomenological models

derivation of the Compton scattering low-energy theoremP€iNg used to examine off-shell effects. However it is still
[31]. sufficiently simple that we can focus on the principles rather
It is only relatively recently that these field-theory con- than the details.

cepts have begun to be applied to gain an understanding of N Sec. Il we will discuss the model, which is a some-
the role of, and the ambiguities in, the off-shell effects whichWhat simplified model Lagrangian for nucleons and photons,

are normally included in medium-energy processes. For e and calculate the leading contributions to nucleon-nucleon
ample, in the context of chiral perturbation thedhPT), l:.)remss?rahlung and Compton scattering on the_ nucleon. Sec-
the off-shell electromagnetic vertex of the nucleon and piorf©on 1V is devoted to a general discussion of field transfor-
were calculated in Ref§24,32, respectively, by including matlons and changes_of representation and the way '_[hey_ lead
in the Lagrangian certain terms proportional to the lowest{© quivalent Lagrangians. In Sec. V we apply a specific field
order equation of motion. For the pion it was shown explic-{ransformation to our starting Lagrangian to generate a new
itly [33] that this off-shell form factor did not contribute to -@drangian which is closely allied to commonly used phe-
pion Compton scattering. Likewise, in a similar model for nomenological Lagrangians and which generates off-shell ef-
spin zero bremsstrahlung it was shoyi4] that off-shell fects at both strong and electromagnetic vertices. Section VI
effects arising from such equation-of-motion terms in thelS devoted to a calculation of bremsstrahlung and Sec. VIl to
Lagrangian again could be transformed away, or alterna@ calculation of Compton scattering with the new Lagrang-

tively replaced by contact terms which did not generate off-@n- In both cases we can see explicitly how such off-shell

shell contributions at either strong or electromagnetic verti£ffects are really not physically measurable quantities. The

ces. Thus in this context off-shell effects were shown to bd@St Section is then devoted to a summary and some conclu-
unmeasurable, in contrast to the standard expectation fotO"S:

bremsstrahlung. In Ref$35-37 the freedom of choosing

appropriate field variables has been used to express the most Il. SIMPLE EXAMPLE

general effective Lagrangian describing low-energy, i.e., be-

low pion-production thresholdyirtual) Compton scattering As a first example let us consider the caserof brems-

in a canonical form such that any off-shell dependence hastrahlung which allows us to introduce the main concepts
been removed from the electromagnetic vertex. Such a techvhile avoiding complications due to spin. To be specific, we
nique is the basis of modern methods of deriving the modeldiscuss the reactionr™ + 7°%— 7+ + 7%+ y in the frame-
independent low-energy limit dfirtual) Compton scattering work of the nonlinears model. The present treatment sim-
amplitudes. Off-shell form factors have been calculated viglifies results already discussed in Réf33,34 in the sense
dispersion relations as w¢ll6,38,39 and here it was shown that it will not make use of higher orders in the momentum
[40] that the ambiguity in such effects corresponding to aexpansion of chiral perturbation theofChPT). In other
freedom of choice of field representation was reflected in amvords, a discussion only in terms of tree-level diagrams
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originating from the nonlineas- model turns out to be suf-
ficient.

The nonlineat model Lagrangian, describing pion inter-
actions at low energies, is given by

2
T

FZ 2

£=ZTr[DMU(D”U)T]+

Tr(U+UY, (@

where F=92.4 MeV denotes the pion-decay constant,
=135 MeV is the pion mass, and the pion fields are con
tained in the SR) matrix U. The interaction with the elec-
tromagnetic field is generated through the covariant deriv
tive D,U=3,U+(i/2)eA,[73,U], where e?/4m~1/137
ande>0. At this point we still have a choice how to repre-
sent the matriXxJ in terms of pion field variables. We will
make use of two different parametrizationslbf

U(x)= é[a(x)ﬂ% 7(x)],  o(X)= VF2—73(x),
2

)

U(x)=ex+ T T;(X)

where in both cases the three Hermitian fieldsand ¢;

a
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_i
=

T
1

M To(P1,P3), (7)

T _
2

i 1
M = To(p1,p3)_§(A1+A2+A3+A4) , (8

whereTo(py1,p3) = (Ps—pa)?—mZ andA;=pf—ms,. If ini-

tial and final pions are on the mass shell, i&;=0, the
result for the scattering amplitudes is the same which is a
consequence of the equivalence theof@®-29.2 In fact,
since our starting point is the nonlineamodel, the on-shell
result corresponds to the current-algebra prediction for low-
energywm scattering41]. On the other hand, if one of the
momenta of the external lines is off mass shell, the ampli-
tudes of Eqs(7) and(8) differ.

According to the standard argument in nucleon-nucleon
bremsstrahlung one would now try to discriminate between
different on-shell equivalentr= amplitudes through an in-
vestigation of the reactionm(py)+7°(p,)— 7 (p3)

+ 79(p4) + v(K). We will now critically examine this claim

in the framework of the above model. To that end we include
the electromagnetic field as in E(L.) and calculate the rel-
evant tree-level diagrands.

Inclusion of the electromagnetic interaction in combina-

describe pion fields transforming as isovectors. The connegjoy with the first parametrization of E¢2) only generates
tion between the two different choices can be interpreted as ggctromagnetic interaction terms containing two oppositely
change of variables, leaving the free-field part of the Laparged pion fields with either one or two electromagnetic

grangian unchang€e®7,28,

):

1 @2

6 F2

¢

=

¢

=

(4)

(135

E=¢Sin(

fields, i.e., the interaction is the same as for a point pion in
scalar QED,

F2

- 1D, U(D*U)"]

Let us now consider the tree-level invariant amplitude for

7 (py) + 70(p,o) — 7 (ps) + 7°(ps). For that purpose we
need to insert the expressions fdrof Egs.(2) and(3) into
Eq. (1) and collect those terms containing four pion fiélds

2

ks

LYy=——0,7 7ot T— —=(7? 2, 5
bRzt T ©

so= Lo G Gmd b 0.5 hd) m?. (2
> eF2 # 24p2° "
(6)

Observe that the two interaction Lagrangians depend differ
ently on the respective pion fields. Expressing the physical

pion fields in terms of the Cartesian componentsas
=(1/\2)(m,Fim,) and 7%= (and similarly forg,), it is

(0,0 o+, ")

N| -

- ieAﬂ( Tt —m ot )+ e2A2xt T,
9

where o= \F2— 72, This is due to the fact that in Eq2)

the pion field appears only linearly in combination with the
Pauli matrices such that the commutator within the co-
variant derivative also results only in a linear term. As a
consequence, at tree level only the two diagrams, where the
photon is radiated off the initial and final charged pions,
(]:ontribute to the bremsstrahlung amplittide

straightforward to obtain the corresponding Feynman rules “For a general proof of the equivalence fmatrix elements

for m* (py) + 70(po) — 7" (p3) + 70(pa):

The Lagrangian of Eq1) only generates interaction terms con-

evaluated at tree levéphenomenological approximatiprsee Sec.
2 of Ref.[29].

3We have checked that first inserting the parametrizationsl of
into the nonlinea model without electromagnetic interaction and
then performing minimal substitutions), 7= — (9, *ieA,) "

taining an even number of pion fields, i.e., it is even under theiand similarly for¢*) generates the same resuil.

substitutionU—UT corresponding, respectively, to— — and
b—— .

“4For notational simplicity, we will omit the complex conjugation
of the polarization vectors of final-state photons.
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This will become more evident in the next section, when we

i

M ’f”:-zTo(pl—k,ps) PR (—2iep;-e) include spin in the problem and consider separately gauge-
F (p1—k)*—m7 invariant terms.
—2ieps-e€ L To(P1,pa+k) Ill. SIMPLE MODEL FOR THE SPIN ONE-HALF CASE

(p3+k)2—m5 F2 : : : .
We now include spin and consider a very simple model

Ps-€ Py-€)i which can describe the interactions of nucleons and photons
= (_-k_ —.k)—z[To(Pl,ps)—Z(Pl—p3)~k]- and which we can use to describe nucleon-nucleon brems-
Ps Pi-XF strahlung and Compton scattering on the nucleon. Such a

(10) model is described by the Lagrangian

_ It is now natura_l to ask how the diffe_rent off-shell behav- EOZ@UD —m)¥ — e_"ga VF#V\I,+q_)(i H—m)d
ior of the w7 amplitude of Eq(8) enters into the calculation 4m - H

of the bremsstrahlung amplitude. Observe, in this context, - —

that inserting the parametrization of E) into Eq.(1) gen- oYV O, (13
erates electromagnetic interactions involving ion fields,

wheren is a positive integer. The additional interaction term HereD is the covariant derivativ® , ¥ =(d, +ieA,) ¥V, e
relevant to the bremsstrahlung process reads and « are the proton charge and anomalous magnetic mo-

ment respectivelyA,, is the photon field and~,,=d,A,
oA —d,A, is the electromagnetic field strength tensor. The
£2¢+¢—¢0¢0A='e_#(aﬂ¢+¢f_ ot d) 00 fields ¥ correspond to protons arbl to neutrons. We sepa-
3F2 rate out the neutrons and neglect the electromagnetic cou-
(11 pling to the neutron magnetic moment purely to simplify the
calculation of nucleon-nucleon bremsstrahlung, i.e., so that

Hence the total tree-level amplitude now contains a fourwe need consider radiation from only two legs instead of
pion-one-photon contact diagram, in addition to the two diafour and so that we do not need to worry about antisymme-

grams involving radiation from the charged external legsirization for identical particles.. This simplifies thg algebra,
which are the same as it 777, and reduces the number of diagrams to be considered from

eight to two, but makes no substantive change in what one
can learn from the model.

For the electromagnetic interaction of real photons with
protons the above Lagrangian is exactly what would nor-
mally be used. It is gauge invariant, since it involves only
[ covariant derivatives and field strength tensors. It leads in

X(pl— k)2—m?2 (—2iepy-e) momentum space to the standard photon nucleon Vertex

. . — i K

. I | — _ MV .

_2|ep3.6m5{1’0(p1,p3+k) IeU(pf)<é 2m0',uy€ k )U(p,), (14)
3 — g

T I 1 2 2
M3 72; TO(pl_k1p3)_§[(pl_k) —mZ]

2ie corresponding to the momenpg=p;+Kk, i.e., for outgoing
+—(p1tps)-e (12 photons, and the photon polarization vector
3F For the strong interaction corresponding to a nucleon-
nucleon vertex this Lagrangian gives

Combining the contribution due to the off-shell behavior in _ _

the wo amplitude with the contact-term contribution, we igUp(P3)Up(P1)Un(Pa)Un(P2), (15

find a precise cancellation of off-shell effects and contact

interactions such that the final result is the same for botiwhere p, and p; correspond to the protons arh +p,

parametrizations, i.eM T™'= M 77 This is once again a = P3+P4. This sort of interaction could be generated by the

manifestation of the equivalence theorem of field theory&xchange of a heavy scalar meson. It clearly grossly over-

What is even more important in the present context is the

observation that the two mechanisms, i.e., contact term vs

off-shell effects, are indistinguishable since they lead to the Sror a more general phenomenological gauge-invariant Lagrang-

same measurable amplitude. ian capable of describing also the interaction with virtual photons,
It should be noted that none of the above arguments reliesee Eq(3.1) of Ref.[36].

on chiral perturbation theory or is a consequence of chiral écor notational convenience we will include positive-energy

symmetry. Also, even though gauge invariance poses restrigpinors in our expression for vertices with the understanding that

tions on the result for the bremsstrahlung amplitude itds  they have to be replaced by appropriate Feynman propagators

the primary reason for the equivalence of the two resultswhere necessary.

1
—3lps+k)?—m]
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simplifies the strong interaction, but is sufficient, as we will of all terms containing a contribution obtained fraxd will
see, to illustrate all of the principles we wish to consider. add up to zero.

One should note that thi§,, at least to lowest order, does  The general form folA £ can be obtained by making the
not generate any off-shell effects at either of the strong okubstitution ¥’ — ¥ + &, where 8% is not necessarily an
electromagnetic vertices. infinitesimal transformation. In principle, a transformation

Using these vertices we can calculate the Born amplitudegn the neutron is also possible but for simplicity we discard
for both nucleon-nucleon bremsstrahlung and Compton scathis possibility since it does not add anything new to our

tering on the nucleon. argument. The resulting Lagrangian becomes
We find for nucleon-nucleon bremsstrahlung

Lo(V+6V)=Lo(P)+ALT) (18
M N =iegun(pa)un(p2)Up(P3) it
|| g 1x “k) e
——o0,,,e"K" — K .
2m° v —W (iD= ) — — pv
m AL \II{UD m) 4mU“”F +g<I><I>}5\If
p3+k+m + [bl—k+m 1 eK —
(p3+k)2—m2 (pl_k)Z_mZ +5\I’{(|D—m)—mawF“ +gCI)CI)}\If
i K — . ek ) —
x| b= 5 0,,€K" | |up(pa). (16) +OW|(iD—m)— 0, F+gdd |5V
(19

This amplitude corresponds to the usual choice for nucleon-
nucleon bremsstrahlung for the electromagnetic parts, but ] ) ) )
has a much simplified interaction for the strong part. ExtenProportional to the equation of motion foF as obtained

sion to the most general nucleon-nucleon interaction could©m Lo. The second term is proportional to the equation of

Observe that the first term is, up to a total derivative,

nothing to the argument here. order ind¥ and thus this situation is somewhat more general
the nucleon, withp; +k; = p;+k,, is ChPT ensured that this last term was of higher order in the

so-called momentum expansion and thus could be dropped.
. Here we have no such expansion criterion and so this term
b o ek must be kept.
2 T uv€2Ko
2m Now suppose that we take as our Lagrangiar A L. In
simple cases, e.g., the ChPT example discussed in 84f.

Mgsz —ieZU(pf)

ps+Ko+m N K o the second order term in E(L9) can be dropped anti £ is
(ps+ky)2— m? T L simply proportional to an equation of motion. In more gen-
eral situations the second order part would have to be kept
i K pi— Ky +m [44]. Pieces ofAL generate off-shell contributions to the
M,V . . .
+| &t om Tl ki T vertex functions and in general other pieces generate contact
(Pr=ky)"—m terms. However the full contribution oA £ vanishes and

thus there are no contributions to measurable amplitudes
u(p;). (17) from the complete set of terms fro£. Another way of

saying this is that sincA £ originated as a field transforma-

tion on Ly it can be completely transformed away, thus
This amplitude for Compton scattering is exactly what iseliminating any dependence on both the off-shell pieces and
normally used for the Born part of the amplitup®s,43. other pieces involving contact terms.

To develop an approach, which is more closely allied to
phenomenological calculations we dividdL into two
pieces,AL=AL;+AL, where AL, contains those pieces

We now want to consider the effects of a field transfor-which generate off-shell contributions to the various vertices
mation on the fields which are contained in the Lagrangiargenerated by the Lagrangian, plus perhaps a few contact
Ly. Such a transformation amounts to a change of represeterms necessary for gauge invariance, and whefg con-
tation for the fields. It will generate some new terms in thetains the remaining terms which generate pure contact type
Lagrangian so thaly— Ly,+AL. We know from general contributions to the amplitudes for the processes being con-
principles that this change of representation will not affectsidered. Now considef,+ AL, as a phenomenological La-
any physically measurable resul®6—-29. This means that grangian. It is a different Lagrangian thaly or Lo+AL,
the physical amplitudes generated frafiy and from £,  and may have different physical consequences. It will gener-
+ AL will be exactly the same, or alternatively that the sumate off-shell contributions at the vertices and in general the

X

i K
_ KV
£ Zm(f;wfzkz

IV. EFFECT OF FIELD TRANSFORMATIONS
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amplitude calculated for a physical process will depend orand

the coefficients of this part of the Lagrangian, i.e., on coef-

ficients which also multiply the off-shell contributions to the ke L\l
vertices. This is analogous to the procedure adopted in most  AL,= —eg(——Zb) DOV, Frw
calculations purporting to determine sensitivity of ampli- 2m

tudes to off-shell effects, where howevker; would be gen- o

. : . ebrx—
erated in a purely ad hoc fashion from phenomenological - Vo, FHa,sF PV
considerations. 2m

In our case however, by the general result, the total con-
tribution of AL must be zero. This means that the Lagrang-
ian Lo— AL, will give exactly the same measurable ampli-
tudes asLy+ A L4, depending on the same parameters of the

+abed Vo, F " (il—-m—eAVDD

+DOW(if-m—eA o, FHV]

Lagrangian, and thus could be considered as an alternative 2T, v «

quivalgnt phenomenological Lagrangian. However in this TebW o, P mm—eA oaF .

case the Lagrangian generates only contact terms and does (22
not give any off-shell contributions to the various vertices. o o

Note that the specific wa £ is splitintoA £, andA £, will Here we have define®id= —i (9,¥)y*. Both of these
depend on the reaction in question. contributions toA£ have been expressed in terms of the

Thus we have two Lagrangians, one which gives off-shelcovariant derivative, which means including some terms pro-
contributions to the vertex functions which are the buildingportional toA in A£; rather than inA £, so that both pieces
blocks for the full amplitude and one which does not. BOthW||| be manifesﬂy gauge invariant. Some terms not contrib-
however give exactly the same measurable physical ampligting to either nucleon-nucleon bremsstrahlung or Compton
tudes and thus exactly the same dependence of these megattering have also been dropped. One would have to keep
sured quantities on the parameters of the Lagrangian. On@ose terms if one wanted to show, for more complicated
must thus conclude that the concept of off-shell Contributionfprocesses than those considered here, the equiva|ence of the
to a physical process is just not a meaningful concept. Ongmatrix elements obtained from the original Lagrangian and
can measure coefficients in a particular choice of phenomthe transformed Lagrangian.
enological Lagrangian by comparing with data, but those co- Consider first the Lagrangiafy,+A£;. This generates
efficients cannot uniquely be associated with the strengt@ome new contributions to the vertices, in addition to those
off-shell contributions at the vertices in any meaningful way.coming from £, given in Egs.(14) and (15) above. For the

In the next sections we will see explicitly how these prin- strong vertex we find from the first term afZ,
ciples appear in our simple model. In particular we will ap-

ply a field transformation to the model to generaté. We o~ — —
will then extract aAL; and AL, and see explicitly in the Iagup(p3)[(p3_m)+(p1_m)]up(pl)un(p4)un(pz)i23)
model the ambiguity described above.

Clearly this represents an off-shell contribution to the strong

vertex, of strength determined by the parametesnalogous

to what one would calculate in a potential model for the
Consider in this section a specific transformation oroff-shell nucleon-nucleon vertex. It vanishes when the mo-

change of representation of the fields, which has been choséhentap; andpz are on shell.

to generate off-shell contributions at both strong and electro- At the electromagnetic vertex we get from the second

magnetic vertices in our simple model and to generate a Laerm inAL,;

grangian corresponding to a phenomenological Lagrangian

similar to one which has been used in investigations of Oﬁ'—ZieBU(pf)[(pf—m)iaw,e”“k“riawe“k"(pi— m)Ju(p;).

shell effects. Thus take (24)

V. EVALUATION OF THE TRANSFORMED
LAGRANGIAN

TR [ +ggq_)<pq; +5egw|:;wqf_ (20) Again this corresponds to an off-shell contribution, this time
to the magnetic part of the photon-nucleon vertex. The over-

Herea andb are real constants which determine the overall@!l Strength is determined by the parameder
strength of the transformations. Finally there are the contact terms coming from the use of

This transformation generatésC=A £;+ A £, with the covariant derivative as necessary for gauge invariance.
The term

AL,=3g[V(ii—m—eATOD+ DDV (ij—m—eAW — —
1maglvi ) ( i ~ 2iegU(ps) Ep(P Un(Pa)Un(Py) (29
+be[W(id—m-eAo, FrY
_ ~ corresponds to a photon-four-nucleon vertex and will con-
+Vo, F(id—m—eA)V] (21 tribute to nucleon-nucleon bremsstrahlung. The term
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VI. EXPLICIT EVALUATION OF NUCLEON-NUCLEON

+2ieZbu( i LKy
(Pr)(£iio,,€5K; BREMSSTRAHLUNG

—lo,Ekigtio,, kb~ bio,,etku(p) Consider now the nucleon-nucleon bremsstrahlung pro-
(26) cess which we will evaluate using each of the two
Lagrangians,Lo+AL; and Lo—AL,. We consider only
gives a two-photon contact vertex which will contribute to tree-level diagrams and so must include radiation from each
Compton scattering. of the proton legs, yvith of_f—shell contribut'ions at both strong
This LagrangianCo+AL,, corresponds very closely to and electromagnetic vertices together with the contact terms
some which have been used to investigate off-shell effects iAPPropriate for each Lagrangian. As noted earlier, we treat
nucleon-nucleon bremsstrahlung. The strong part is simplithe ® fields as neutrons and neglect radiation from their
fied, but produces off-shell effects in the nucleon-nucleorimagnetic moment. Hence there are only two diagrams with
vertex amplitude analogous to those one might obtain from &adiation from external legs.
potential model. The electromagnetic part is of the general Consider first the Lagrangiafi,+ A £;. The contribution
form given by Bincef[38] and used by a variety of authors from L, has already been given in E(L6). The amplitude
[12,17—-20,2% to investigate the supposed sensitivity of coming from the parts oAL; corresponding to off-shell
nucleon-nucleon bremsstrahlung to off-shell effects. For excontributions at strong or electromagnetic vertices, that is the
ample in the notation of Nymaj16], Fz‘(mz)—>K+8mZB.7 contribution fromZL, at one vertexA £, at the other, with a

The alternative Lagrangia,— AL, generates just con- propagator in between, is
tact terms. The vertices generated are a contribution to the

one-photon-four-nucleon amplitude from the first and third 1€gUn(Pa)Un(P2)Up(P3)
terminAL, Ak
~ X|2aé— F—4b)iawe“kV}up(pl). (29
. — . Y ak - —
+2ieguy(ps)io,, e k (ﬁ_zb) Up(P1)Un(P4)Un(P2) The amplitude with off-shell contributions from both strong

o and electromagnetic vertices simultaneously is
—2iegabuy(py)[(p1—Kk—m)io,, K"

_ _ 2iegabu,(ps)Un(p2)Up(pa)liao, e k" (Ps+K—m)
+io,,e" kK (Ps+k—m)up(P)Un(Pa)UL(P2)  (27)

+(Pr—k—m)io,, ek Tup(py). (30
and a contribution to the two-photon-two-nucleon amplituderinaly, the contribution of the contact term originating in
from the second and fourth terms the use of covariant instead of regular derivatives is

e? —2iegauy(Pa)Un(P2)Up(P3) EUp(py). (3D

2] WKBU( D) (100, €kl o pekE
The full amplitude is the sum of Eq$16), (29), (30), and

+io,peskBior,, bk up(py) — 4ie?b?u(py) (31). Note that the contact term of E(B1) actually cancels
* the similar term coming from the off-shell contributions at
><[io-we’fk{(pi—kz—m)io-aﬁegkg the strong vertex in Eq29) and that the net result coming

i aL B , L from AL, consists of a number of magnetic type terms pro-
i0,p€K5(Pi+ Kk —m)io,,e’kilu(p;). (28 portional toc,, €*k".
From one viewpoint this Lagrangiai;,+A L4, can be
Several terms originating in the covariant derivatives haveconsidered simply as a purely phenomenological Lagrangian.
been dropped, as they contribute to neither bremsstrahlung leads to a bremsstrahlung amplitude, which can be com-
nor Compton scattering. pared with experiment so as to extract values of the phenom-
From the general result that physical amplitudes must benological parametera,b. Such an approach is perfectly
independent of a field transformation we know that the amacceptab|e as |ong as one is Comp|ete|y clear that the La-
plitudes fromL, and Lo+ AL must be the same. Thus, to the grangian is just phenomenological. Its usefulness will de-
order we are considering, these two Lagrangialisf AL;  pend on how close the model Lagrangian reproduces the real
andLy—A L, will give exactly the same physically measur- physical situation. Difficulties arise however when one
able amplitudes, yet the first generates off-shell contributiongnakes the traditional, though as we shall see incorrect, claim
to the vertices and the second does not. To see this explicitly,+: the values o0&.b so obtained correspond to some mea-
we must calculate the amplitudes for these processes in d@Ure of off-shell ef}ects.
tail, which we will do in the next two sections. To see how this claim arises and why it is incorrect let us
first see how our simple model is closely analogous to the
traditional approaches. Thus for example in standard nonrel-
’Because we work at tree level a distinction between irreducibleativistic potential model approaches to nucleon-nucleon
and reducible vertekl2] is not necessary. bremsstrahlung, one would first calculate in the abstract an
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off-shell nucleon-nucleon amplitude corresponding to a postrengths (+ 7)a and (1- )b, respectively. Thus a single
tentle}l. This would give a resul_t analogous to _the Off's‘he”set ofa,b corresponds to arbitrary values of the off-shell
amplitude of Eq(23) calculated in our model. Different on- o ices Thys it should be very clear that such off-shell be-

shell-equivalent potentials could still give different ampli- havior is not a physically measurable quantity. It makes no

tudes, corresponding to different valuesaof . sense to equate sensitivity agb with sensitivity to off-shell
Similarly at the electromagnetic vertex one traditionally behavior, or to claim to be able to measure off-shell behavior

parametngelst the;)toff—shell R?.hav'or Im somte évay,vor. use Yy measuring parameters appearing in the amplitude, as has
some model to obtain something analogous to(24). Vari- traditionally been done in discussions of off-shell behavior.

ous authorg, have used _dispersion relations, simple pion-lopp In retrospect this result perhaps should not be surprising.
models, chiral perturbation theory, or purely phenomenologi-r, concept of an off-shell amplitude is in some sense a

cal considerations. In all cases the abstract off-shell elec”%athematical concept, which applies only to a piece of a
magnetic vertex is governed by a strength parameter S'm'lacfiagram. An off-shell barticle is not physical and one can

to ourb. never measure it directly. Such amplitudes have meaning
Thus in these traditional approaches one argues that in thgnly when put into a larger diagram which has appropriate

abstract the off-shell contributions to the Strong and eleCtromteractionS to put the partide back on shell. Thus one should

magnetic interaction vertices are proportionalacand b, perhaps expect a large measure of ambiguity in describing

respectively. These are parameters of the Lagrangian, whickuch an intermediate, unphysical state.

appear in the amplitude, and can thus be determined from a

comparison of the amplitude with measured quantities. VIl. EXPLICIT EVALUATION OF COMPTON

Therefore, one traditionally concludes the values of these SCATTERING

parameters measure in some physical way off-shell behavior

in the strong and electromagnetic interactions. The Lagrangian which has just been used to evaluate

It is this last part of the argument which is incorrect. In ucleon-nucleon bremsstrahlung also leads to an amplitude
actual fact the values d& and tell us nothing, in any for Compton scattering. Only the electromagnetic part is re-

unambiguous way, about off-shell behavior. To see this irguired, so the simplification of the strong interaction used for

detail let us calculate the bremsstrahlung amplitude using thgucleon-nucleon bremsstrahlung IS no'F r?ecessary..ln Fh's sec-
alternative LagrangianCo—AL,. We obtain from—AL tion we evaluate that amplitude explicitly and will find a
two contact terms Frorr? the fizrlst term of HQ7) 2 situation exactly similar to that of nucleon-nucleon brems-

strahlung. Namely, since the total contribution from the part
Ak - B of the Lagrangian generated by the field transformation,
——45)un(p4)un(p2)up(p3)icr,we“kvup(pl) AL;+AL,, vanishes there are two alternate Lagrangians
m (actually an infinite set of linear combinationahich give
(32 the same Compton amplitudéy+ A £, which produces off-
shell contributions in the electromagnetic vertices ahyd
— AL, which produces only contact terms.
e — . » Consider first the Compton amplitude originating in the
2iegabun(pa)un(P2)Up(P)Li o, € K (P3+K—m) Lagrangiany+ A £,. This Lagrangian is essentially identi-
+(py—k—m)io,, ek uy(py). (33 cal to that used in phenomenological calculations where a
phenomenological off-shell part is introduced at the electro-
Clearly the full amplitude fromCy—AL,, Egs.(16), (32),  magnetic gamma-nucleon-nucleon vertex. The contribution
and (33) is exactly the same as that frofy+AL,, Eqs. from £, has been given in Eq17). Just as for nucleon-
(16), (29), (30), and (31), as it must be, by virtue of the nucleon bremsstrahlung the contribution franf, leads to
general results from field transformation arguments. Thus an amplitude with an off-shell contribution at one or the
comparison with data using this Lagrangian will produce ex-other of the electromagnetic vertices of the form

actly the same values afb as with the original Lagrangian.
However L,—AL, produces no off-shell effects at either +2i5e2U(pf)[
strong or electromagnetic vertices, so there cannot be any

meaningful connection between the valuesagh and off-

shell effects. —io,ze5K5
More generally consider a combination of these two

Lagrangians,L(7n)= Lo+ (1— n)AL;— nAL, where 7 is o

an arbitrary real parameter. SindeC; and —A L, produce _2ibe2u(pf){

the same amplitudes, the result will be independent;of

Thus L(#n) for arbitrary » will all lead to the same brems- . 3

strahlung amplitude, that given by Eq46), (29), (30) and —lffaﬂfilkf( €r— ﬁ%yf’fkg)

(31), and hence to exactly the same valuesagh if this

amplitude is compared to data. However the off-shell strongnd a contribution with an off-shell part of the vertex at both

and electromagnetic vertices calculated wittw) will have  electromagnetic vertices given by

—ieg

and from the second

i K wuo | LB
éz_%gﬂyfzkz |O'aﬁelk1

u(p;)

i K
£+ ﬁﬂ'#véfk;)

i Kk .
£+ ﬁo'we’fk’l’) i o’aﬁegkg

u(pi) (34)
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+ 4ib2e?u( i ERZ( B+ Ko — m)i 21 B1U( D That is certainly possible. However such parametrizations
(Polioreko(Prt ko= Micagerkilu(p) have implications for a variety of processes described by the
+4ib2e?u( pf)[iowei‘kf(pf—kl—m)iaaﬁegkg]u(pi). Lagrangian and do not always lead to results consistent with
the data.
(35 For example with this Lagrangian we get the full ampli-

There is also a two-photon contact term coming from the us
of the covariant derivative in the last part &, which can
be written as

%ude for Compton scattering from the sum of E@s), (34),
35), and(36) and can extract from that amplitude an expres-
sion for the proton electromagnetic polarizabilities, for
which there is some experimental data. To do this we make a

o . uLY v two-component reduction of this amplitude in the lab frame
T2iebu(pr) (b oy, €2ke 10, €1kl using Coulomb gauge which leads to
+i0’MVE’l2Lk5é1— éZiU,uve?LLkI)u(pi)- (36) e2

cs_i t g
. . . =ix{| — —€1- €+ 38

Note that, just as in nucleon-nucleon bremsstrahlung, this M X{ m€L €2 (38)
contact term cancels thieterms from the off-shell contribu- )
i f Eq. (34 leavi | i ibu- - - e -
::8::;0 g. (34) above, leaving purely magnetic contribu +wlw261.62< —?(Kb+4m252))

The full Compton amplitude originating ifg+AL; is
then given by the sum of Eqél7), (34), (35), and(36). This A .
corresponds exactly to the Lagrangian which has been used +oiwaeX ks €1Xky
in phenomenological calculations. Naively in such an ap-
proach, one notes the appearance of the parameted also  Where they's are two-component nucleon spinors and where

the fact that it appears in the off-shell electromagnetic vertexve have kept only the leading Thomson term and those
and thus one might, as in nucleon-nucleon bremsstrahlunge’ms contributing to the polarizabiliti¢for details see, e.g.,

claim to be able to “determine” the parameteand thus the Eq's:. (4) aﬂq (6) of Ref. [35]]. he el . larizabil
off-shell vertex by a measurement of Compton scattering. . rom this we can extract the electromagnetic polarizabil-

4e%kDb

X (39

However, just as in the nucleon-nucleon bremsstrahlunéIies [35] as
case discussed above, this has to be wrong. We have the e 4 _
equivalent Lagrangiaio— A £, which involves only contact a=— - —(kb+4m?b?), (40
terms, but gives the same measurable result. We can see this ™ m
specifically. The contributions from- AL, to the Compton 5 4 =
amplitude are just those of E9), i.e., i 4xb
47 m
—2i Wbu(pf)(lﬂ,wfl kil oqp€sKS where the factor of 4 has been inserted to put the polariz-
- abilities into conventional units, since in our notation
t+io,peskaia,, ek ug(py) +4ie’b?u(py) e?/4m~1/137.

_ _ 5 Now using the experimental value for the proton polariz-
Xlio,erki(pi—ke—m)io,zerk; ability, a=(12.1+0.8+0.5)x 10" fm® from Ref.[45] we
+i0,pesKE(pi+ Ky —m)ia, e k!]u(p). (37) Uy to solve forb. We find

Clearly this is the same amplitude as generated\idy. ~ K N 16mmia
Now the argument is exactly the same as given at the end of b= 8m2 —lxy1- 2,2 | (42)

the previous section. The same measurable amplitude is pro-
duced by a Lagrangian which generates an off-shell compo- Since 16rm®

ale?k?=22>1 there is no real solution
nent at the photon-nucleon-nucleon vertex as by the one . ~ a, x g ) ) )
which has only contact terms, or in fact by any linear com-P0ssible forb. This means that simply introducing a phe-

o ~ o nomenological term in the Lagrangian which produces an
bination .Of t.he tW(.)' Thus the cgnstahtap”pearlng in the off-shell photon-nucleon-nucleon vertex, as has been done in
Lagrangian is not in any way a “measure” of off-shell be-

havior many calculations can lead to results which are inconsistent

There i ther int i b i K with data for related reactions. Clearly even at the phenom-
ere IS another Interesting observation one can maxe u'(Qi,\'nological level one must be consistent and check the pre-

INg thls.sm)ple model, though one'somewhat penpheral Wiction of such phenomenological terms with other processes
the main line of argument. Consider the Lagrangiés enerated by the same Lagrangian
+A L4, which corresponds to a standard phenomenologicasi1 '

Lagrangian used to describe the photon-nucleon-nucleon
vertex. Sometimes the argument is given that even if the
coefficientb does not represent an off-shell effect it can be In this paper we have used the concept of field transfor-
used to parametrize the unknown features of the interactionmations and several simple models to illustrate the impossi-

VIIl. SUMMARY AND CONCLUSIONS
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bility of measuring off-shell effects in nucleon-nucleon are not measurable. The model used here properly included
bremsstrahlung, Compton scattering, and by implicatiorspin 1/2, did not depend on ChPT, or on a momentum ex-
other medium-energy processes. In the first example, thgansion, and did not depend on gauge invariance, which
nonlinearc model Lagrangian, together with two standard should put to rest any possible concerns that the original
representations of the pion field, was used for pion-piorconsiderations of Refd:33,34 depended somehow on the
bremsstrahlung. We showed by specific example that thesgmplicity of the model considered there.
two representations gave different off-shell scattering ampli-  Finally we should comment that it is certainly possible to
tudes, but exactly the same measurable amplitude for thgonstruct a microscopic model of a process which will gen-
bremsstrahlung. Thus the measurable quantity clearly canngkate an off-shell form factor at the vertices, and perhaps
distinguish different off-shell behavior at the vertices makingsome contact terms. This is in fact standard procedure. It is a
up the full process. legitimate approach and we can speak of the off-shell form
For the rest of the paper we looked at a spin 1/2 modejactor in this model, just as we speak of the off-shell ampli-
Lagrangian. Again as a result of a field transformation Weude generated from a potentia| by 50|Ving the Lippman-
could generate a modified Lagrangian which produced amchwinger equation. The generation of such a off-shell form
off-shell contribution to both strong and electromagnetic ver+factor is unique and a function only of the properties of the
tices. This Lagrangian was very closely related to the kindsnodel. However one cannot measure this off-shell form fac-
of phenomenological Lagrangians which have been used gy and thus cannot determine the correctness or incorrect-

investigate off-shell effects at these vertices. Again Weness of the model based on its prediction for the off-shell
showed by specific example that changes in the Lagrangiagyrm factor.

which produce different off-shell vertices lead to exactly the
same measurable amplitude. In effect we can interpret pieces

of the measurable amplitude as off-shell gffeqts at the verti- ACKNOWLEDGMENTS
ces or as contact terms or as any combination of the two.
Thus the concept of “off-shell vertex,” while perfectly well This work was supported in part by a grant from the Natu-

defined as a mathematical abstraction, does not translate intal Sciences and Engineering Research Council of Canada
a physically measurable quantity. In short, off-shell effectsand by the Deutsche Forschungsgemeinsdi@fB 443.
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