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Field transformations and simple models illustrating the impossibility of measuring off-shell effects
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In the context of simple models utilizing field transformations in Lagrangian field theories we discuss the
impossibility of measuring off-shell effects in nucleon-nucleon bremsstrahlung, Compton scattering, and re-
lated processes. Our aim is to illustrate the general results using simple and familiar models. To that end we
introduce a simple phenomenological Lagrangian describing nucleon-nucleon bremsstrahlung and perform an
appropriate change of variables leading to different off-shell behavior in the nucleon-nucleon amplitude as well
as the photon-nucleon vertex. As a result we obtain a class of equivalent Lagrangians, generating identical
S-matrix elements, of which the original Lagrangian is but one representative. We make use of this property in
order to show that what appears as an off-shell effect in anS-matrix element for one Lagrangian may originate
in a contact term from an equivalent Lagrangian. By explicit calculation we demonstrate for the case of
nucleon-nucleon bremsstrahlung as well as nucleon Compton scattering the equivalence of observables from
which we conclude that off-shell effects cannot in any unambiguous way be extracted from anS-matrix
element. Finally, we also discuss some implications of introducing off-shell effects on a phenomenological
basis, resulting from the requirement that the description of one process be consistent with that of other
processes described by the same Lagrangian.

PACS number~s!: 13.40.Gp, 13.75.Cs, 13.60.Fz, 25.40.2h
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I. INTRODUCTION

There has been a long history, within the context of c
culations in medium-energy physics, of attempts to find
fects of off-shell contributions in a particular process. P
haps the prime example of this is nucleon-nucle
bremsstrahlung which has long been considered the best
to get information about the off-shell nucleon-nucleon a
plitude. In an abstract mathematical sense, such an off-s
amplitude can be calculated from any potential, say by so
ing the Lippman-Schwinger equation, and the hope has
ways been that one might be able to distinguish betw
potentials which are equivalent on shell via a measurem
of their off-shell behavior.

For nucleon-nucleon bremsstrahlung there have bee
large number of calculations, mostly in nonrelativistic pote
tial models which have this aim@1–5#. The usual procedure
is to calculate an off-shell nucleon-nucleon amplitude a
separate building block and attach photons to the exte
legs of this amplitude. The photon-nucleon vertex may a
have components involving off-shell nucleons. Usually t
so-called double-scattering contribution, involving tw
strong scatterings with the photon attached in between
also included. Less important corrections such as some
tivistic effects, Coulomb corrections, and in some cases s
cific exchange-current diagrams are also included.

These state-of-the-art calculations are then compared
experiment. Most early experiments explored kinema
which were not far enough off shell to show anything, b
the more recent ones, in particular the TRIUMF experim
@6# seemingly showed the need for off-shell effects at le
within the context of current theories. A number of new e
periments have been started in the past few years all
signed at least in part to be more sensitive to kinematic
which the nucleons are as far off shell as possible@7–11#.
0556-2813/2000/62~3!/034003~11!/$15.00 62 0340
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These kinematics correspond to higher photon energies
in general to smaller opening angles between the two ou
ing protons. Thus for example some of the new experime
have been designed to capture essentially all of the forw
going protons and thus get opening angles of only a f
degrees.

Another case of interest in medium-energy physics wh
off-shell effects supposedly enter and have been consid
is given by the electromagnetic interaction of a bou
nucleon. Traditionally, electron-nucleus scattering expe
ments have been interpreted in terms of the free nucl
current operator in combination with some recipe to rest
gauge invariance. It has only been recently that the influe
of off-shell effects in the electromagnetic vertex on an int
pretation of (e,e8) and (e,e8p) data has been investigate
@12–15#. Off-shell effects at the electromagnetic vertex ha
also been considered for nucleon-nucleon bremsstrah
and other processes starting with the early paper of Nym
@16# and continuing with the more recent works of Re
@17–20#.

Further processes which might be considered as a so
of off-shell information are two-step processes involving t
nucleon such as pion photo- and electroproduction@21# or
real and virtual Compton scattering on the nucleon@22,23#.
Similarly to the bremsstrahlung case the intermedi
nucleon~or pion! in the pole diagrams is off shell and on
might think of exploring the sensitivity of observables to t
way the corresponding vertices behave off shell.

In all of these situations it is common to make some s
of model which generates off-shell effects in a vertex wh
that vertex is considered in isolation. In the nucleon-nucle
bremsstrahlung case almost any potential can genera
nucleon-nucleonT-matrix which can be extended off shell i
some way determined by the potential. For the phot
nucleon vertex, which would appear in both bremsstrahlu
©2000 The American Physical Society03-1
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and in Compton scattering, one can generate off-shell be
ior from a simple phenomenological Lagrangian, or equi
lently parametrize its off-shell structure by some sort of fo
factor in the off-shell variable. In Refs.@12–15,24,25# the
off-shell effects were generated in terms of more or less
phisticated meson-loop calculations. In many other proce
off-shell form factors are included. For example mode
nucleon-nucleon potentials put in form factors at the mes
nucleon vertices, and one question which is at times heat
discussed is the appropriate range of such form factors.

Thus within the context of standard calculations
medium-energy processes the concept of some sort of
shell effect at the vertices is rather pervasive.

In contrast to this situation, within the context of fie
theory it has long been known that there is a certain am
guity in the evaluation of off-shell effects. One can for e
ample make field transformations, that is changes of re
sentation of the fields involved in the Lagrangian, which
not change any measured quantity, but which can in
change the off-shell behavior of a vertex building block
the process@26–30#. One also has the rather simple observ
tion that, in an amplitude arising from a Feynman diagra
off-shell behavior at a vertex is cancelled by a similar fac
coming from the intermediate propagator, resulting in an a
plitude which could have been generated by a contact in
action, without reference to off-shell processes. This was
ready observed by Gell-Mann and Goldberger in th
derivation of the Compton scattering low-energy theor
@31#.

It is only relatively recently that these field-theory co
cepts have begun to be applied to gain an understandin
the role of, and the ambiguities in, the off-shell effects wh
are normally included in medium-energy processes. For
ample, in the context of chiral perturbation theory~ChPT!,
the off-shell electromagnetic vertex of the nucleon and p
were calculated in Refs.@24,32#, respectively, by including
in the Lagrangian certain terms proportional to the lowe
order equation of motion. For the pion it was shown expl
itly @33# that this off-shell form factor did not contribute t
pion Compton scattering. Likewise, in a similar model f
spin zero bremsstrahlung it was shown@34# that off-shell
effects arising from such equation-of-motion terms in t
Lagrangian again could be transformed away, or alter
tively replaced by contact terms which did not generate o
shell contributions at either strong or electromagnetic ve
ces. Thus in this context off-shell effects were shown to
unmeasurable, in contrast to the standard expectation
bremsstrahlung. In Refs.@35–37# the freedom of choosing
appropriate field variables has been used to express the
general effective Lagrangian describing low-energy, i.e.,
low pion-production threshold,~virtual! Compton scattering
in a canonical form such that any off-shell dependence
been removed from the electromagnetic vertex. Such a t
nique is the basis of modern methods of deriving the mod
independent low-energy limit of~virtual! Compton scattering
amplitudes. Off-shell form factors have been calculated
dispersion relations as well@16,38,39# and here it was shown
@40# that the ambiguity in such effects corresponding to
freedom of choice of field representation was reflected in
03400
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ambiguity in the number of subtraction constants required
the dispersion relation. Furthermore, it was also dem
strated in Ref.@40# at the one-loop level in perturbatio
theory that not only real, but also the ‘‘absorptive’’ imag
nary parts reveal such a representation-dependent asymp
behavior.

In the present paper we continue and extend in sev
ways this discussion. Our aim is to illustrate the general
sults, namely the unmeasurability of off-shell effects, us
simple and familiar models, which are closely related to
kind of phenomenological models being used in explicit c
culations and which do not depend on specific expansi
such as ChPT. In the following section, Sec. II, we thus ta
another look at the nonlinears model for the spin zero cas
and discuss the essential features of Ref.@34# in a simplified
way. We then extend the approach to look at a simple s
1/2 model which is much more closely allied to the types
phenomenological models which have been used than th
previous discussions. In particular, it does not involve ChP
and so does not depend on any of the formalism there o
particular on being able to make and truncate an expan
in some small parameter. It involves spin 1/2 particles,
particular nucleons, as well as photons and thus should
move any lingering uncertainty that the results of the pre
ous works somehow depended on the simplicity of a s
zero process. It is more ‘‘realistic’’ in the sense that it co
responds fairly closely to some phenomenological mod
being used to examine off-shell effects. However it is s
sufficiently simple that we can focus on the principles rath
than the details.

In Sec. III we will discuss the model, which is a som
what simplified model Lagrangian for nucleons and photo
and calculate the leading contributions to nucleon-nucle
bremsstrahlung and Compton scattering on the nucleon.
tion IV is devoted to a general discussion of field transf
mations and changes of representation and the way they
to equivalent Lagrangians. In Sec. V we apply a specific fi
transformation to our starting Lagrangian to generate a n
Lagrangian which is closely allied to commonly used ph
nomenological Lagrangians and which generates off-shel
fects at both strong and electromagnetic vertices. Section
is devoted to a calculation of bremsstrahlung and Sec. VI
a calculation of Compton scattering with the new Lagran
ian. In both cases we can see explicitly how such off-sh
effects are really not physically measurable quantities. T
last section is then devoted to a summary and some con
sions.

II. SIMPLE EXAMPLE

As a first example let us consider the case ofpp brems-
strahlung which allows us to introduce the main conce
while avoiding complications due to spin. To be specific,
discuss the reactionp11p0→p11p01g in the frame-
work of the nonlinears model. The present treatment sim
plifies results already discussed in Refs.@33,34# in the sense
that it will not make use of higher orders in the momentu
expansion of chiral perturbation theory~ChPT!. In other
words, a discussion only in terms of tree-level diagra
3-2
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FIELD TRANSFORMATIONS AND SIMPLE MODELS . . . PHYSICAL REVIEW C 62 034003
originating from the nonlinears model turns out to be suf
ficient.

The nonlinears model Lagrangian, describing pion inte
actions at low energies, is given by

L5
F2

4
Tr@DmU~DmU !†#1

F2mp
2

4
Tr~U1U†!, ~1!

where F592.4 MeV denotes the pion-decay constant,mp

5135 MeV is the pion mass, and the pion fields are c
tained in the SU~2! matrix U. The interaction with the elec
tromagnetic field is generated through the covariant der
tive DmU5]mU1( i /2)eAm@t3 ,U#, where e2/4p'1/137
ande.0. At this point we still have a choice how to repr
sent the matrixU in terms of pion field variables. We wil
make use of two different parametrizations ofU,

U~x!5
1

F
@s~x!1 i tW•pW ~x!#, s~x!5AF22pW 2~x!,

~2!

U~x!5expF i
tW•fW ~x!

F
G , ~3!

where in both cases the three Hermitian fieldsp i and f i
describe pion fields transforming as isovectors. The conn
tion between the two different choices can be interpreted
change of variables, leaving the free-field part of the L
grangian unchanged@27,28#,

pW

F
5f̂ sinS f

F D5
fW

F S 12
1

6

fW 2

F2
1••• D . ~4!

Let us now consider the tree-level invariant amplitude
p1(p1)1p0(p2)→p1(p3)1p0(p4). For that purpose we
need to insert the expressions forU of Eqs.~2! and ~3! into
Eq. ~1! and collect those terms containing four pion fields1:

L 1
4p5

1

2F2
]mpW •pW ]mpW •pW 2

mp
2

8F2
~pW 2!2, ~5!

L 2
4f5

1

6F2
~]mfW •fW ]mfW •fW 2fW 2]mfW •]mfW !1

mp
2

24F2
~fW 2!2.

~6!

Observe that the two interaction Lagrangians depend dif
ently on the respective pion fields. Expressing the phys
pion fields in terms of the Cartesian components asp6

5(1/A2)(p17 ip2) andp05p3 ~and similarly forf i), it is
straightforward to obtain the corresponding Feynman ru
for p1(p1)1p0(p2)→p1(p3)1p0(p4):

1The Lagrangian of Eq.~1! only generates interaction terms co
taining an even number of pion fields, i.e., it is even under

substitutionU→U† corresponding, respectively, topW →2pW and

fW →2fW .
03400
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M 1
pp5

i

F2
T0~p1 ,p3!, ~7!

M 2
pp5

i

F2 FT0~p1 ,p3!2
1

3
~L11L21L31L4!G , ~8!

whereT0(p1 ,p3)5(p32p1)22mp
2 andL i5pi

22mp
2 . If ini-

tial and final pions are on the mass shell, i.e.,L i50, the
result for the scattering amplitudes is the same which i
consequence of the equivalence theorem@26–29#.2 In fact,
since our starting point is the nonlinears model, the on-shell
result corresponds to the current-algebra prediction for lo
energypp scattering@41#. On the other hand, if one of th
momenta of the external lines is off mass shell, the am
tudes of Eqs.~7! and ~8! differ.

According to the standard argument in nucleon-nucle
bremsstrahlung one would now try to discriminate betwe
different on-shell equivalentpp amplitudes through an in
vestigation of the reactionp1(p1)1p0(p2)→p1(p3)
1p0(p4)1g(k). We will now critically examine this claim
in the framework of the above model. To that end we inclu
the electromagnetic field as in Eq.~1! and calculate the rel-
evant tree-level diagrams.3

Inclusion of the electromagnetic interaction in combin
tion with the first parametrization of Eq.~2! only generates
electromagnetic interaction terms containing two opposit
charged pion fields with either one or two electromagne
fields, i.e., the interaction is the same as for a point pion
scalar QED,

F2

4
Tr@DmU~DmU !†#

5
1

2
~]ms ]ms1]mpW •]mpW !

2 ieAm~p2]mp12p1]mp2!1e2A2p1p2,

~9!

wheres5AF22pW 2. This is due to the fact that in Eq.~2!
the pion field appears only linearly in combination with th
Pauli matrices such that the commutator witht3 in the co-
variant derivative also results only in a linear term. As
consequence, at tree level only the two diagrams, where
photon is radiated off the initial and final charged pion
contribute to the bremsstrahlung amplitude4:

e

2For a general proof of the equivalence ofS-matrix elements
evaluated at tree level~phenomenological approximation!, see Sec.
2 of Ref. @29#.

3We have checked that first inserting the parametrizations oU
into the nonlinears model without electromagnetic interaction an
then performing minimal substitutions]mp6→(]m6 ieAm)p6

~and similarly forf6) generates the same result.
4For notational simplicity, we will omit the complex conjugatio

of the polarization vectors of final-state photons.
3-3
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M 1
ppg5

i

F2
T0~p12k,p3!

i

~p12k!22mp
2 ~22iep1•e!

22iep3•e
i

~p31k!22mp
2

i

F2
T0~p1 ,p31k!

5eS p3•e

p3•k
2

p1•e

p1•kD i

F2
@T0~p1 ,p3!22~p12p3!•k#.

~10!

It is now natural to ask how the different off-shell beha
ior of thepp amplitude of Eq.~8! enters into the calculation
of the bremsstrahlung amplitude. Observe, in this cont
that inserting the parametrization of Eq.~3! into Eq.~1! gen-
erates electromagnetic interactions involving 2n pion fields,
wheren is a positive integer. The additional interaction ter
relevant to the bremsstrahlung process reads

L 2
f1f2f0f0A5

ieAm

3F2
~]mf1f22f1]mf2!f0f0.

~11!

Hence the total tree-level amplitude now contains a fo
pion-one-photon contact diagram, in addition to the two d
grams involving radiation from the charged external le
which are the same as inM 1

ppg ,

M 2
ppg5

i

F2 H T0~p12k,p3!2
1

3
@~p12k!22mp

2 #J
3

i

~p12k!22mp
2 ~22iep1•e!

22iep3•e
i

~p31k!22mp
2

i

F2 H T0~p1 ,p31k!

2
1

3
@~p31k!22mp

2 #J 1
2ie

3F2
~p11p3!•e. ~12!

Combining the contribution due to the off-shell behavior
the pp amplitude with the contact-term contribution, w
find a precise cancellation of off-shell effects and cont
interactions such that the final result is the same for b
parametrizations, i.e.,M 1

ppg5M 2
ppg . This is once again a

manifestation of the equivalence theorem of field theo
What is even more important in the present context is
observation that the two mechanisms, i.e., contact term
off-shell effects, are indistinguishable since they lead to
same measurable amplitude.

It should be noted that none of the above arguments re
on chiral perturbation theory or is a consequence of ch
symmetry. Also, even though gauge invariance poses res
tions on the result for the bremsstrahlung amplitude it isnot
the primary reason for the equivalence of the two resu
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This will become more evident in the next section, when
include spin in the problem and consider separately gau
invariant terms.

III. SIMPLE MODEL FOR THE SPIN ONE-HALF CASE

We now include spin and consider a very simple mo
which can describe the interactions of nucleons and pho
and which we can use to describe nucleon-nucleon bre
strahlung and Compton scattering on the nucleon. Suc
model is described by the Lagrangian

L05C̄~ iD” 2m!C2
ek

4m
C̄smnFmnC1F̄~ i ]”2m!F

1gC̄CF̄F. ~13!

Here D is the covariant derivativeDmC5(]m1 ieAm)C, e
and k are the proton charge and anomalous magnetic
ment respectively,Am is the photon field andFmn5]mAn

2]nAm is the electromagnetic field strength tensor. T
fieldsC correspond to protons andF to neutrons. We sepa
rate out the neutrons and neglect the electromagnetic
pling to the neutron magnetic moment purely to simplify t
calculation of nucleon-nucleon bremsstrahlung, i.e., so
we need consider radiation from only two legs instead
four and so that we do not need to worry about antisymm
trization for identical particles. This simplifies the algebr
and reduces the number of diagrams to be considered f
eight to two, but makes no substantive change in what
can learn from the model.

For the electromagnetic interaction of real photons w
protons the above Lagrangian is exactly what would n
mally be used.5 It is gauge invariant, since it involves onl
covariant derivatives and field strength tensors. It leads
momentum space to the standard photon nucleon vertex6

2 ieū~pf !S e”2
ik

2m
smnemknDu~pi !, ~14!

corresponding to the momentapi5pf1k, i.e., for outgoing
photons, and the photon polarization vectore.

For the strong interaction corresponding to a nucle
nucleon vertex this Lagrangian gives

igūp~p3!up~p1!ūn~p4!un~p2!, ~15!

where p1 and p3 correspond to the protons andp11p2
5p31p4. This sort of interaction could be generated by t
exchange of a heavy scalar meson. It clearly grossly ov

5For a more general phenomenological gauge-invariant Lagra
ian capable of describing also the interaction with virtual photo
see Eq.~3.1! of Ref. @36#.

6For notational convenience we will include positive-ener
spinors in our expression for vertices with the understanding
they have to be replaced by appropriate Feynman propaga
where necessary.
3-4



il
.
s
o

de
ca

o
b

en
u
s

n

is

or
ia
se
he

ec

m

e

n
rd
ur

e,

of

ral
f
the
ped.
erm

n-
ept
e
tact

des

-
us
and

to

s
es
tact

ype
on-
-

er-
the

FIELD TRANSFORMATIONS AND SIMPLE MODELS . . . PHYSICAL REVIEW C 62 034003
simplifies the strong interaction, but is sufficient, as we w
see, to illustrate all of the principles we wish to consider

One should note that thisL0, at least to lowest order, doe
not generate any off-shell effects at either of the strong
electromagnetic vertices.

Using these vertices we can calculate the Born amplitu
for both nucleon-nucleon bremsstrahlung and Compton s
tering on the nucleon.

We find for nucleon-nucleon bremsstrahlung

M 0
NNg5 iegūn~p4!un~p2!ūp~p3!

3F S e”2
ik

2m
smnemknD

3
p” 31k”1m

~p31k!22m2
1

p” 12k”1m

~p12k!22m2

3S e”2
ik

2m
smnemknD Gup~p1!. ~16!

This amplitude corresponds to the usual choice for nucle
nucleon bremsstrahlung for the electromagnetic parts,
has a much simplified interaction for the strong part. Ext
sion to the most general nucleon-nucleon interaction co
be done along the lines of Ref.@42#, but such extension add
nothing to the argument here.

Similarly the Born amplitude for Compton scattering o
the nucleon, withpi1k15pf1k2, is

M 0
CS52 ie2ū~pf !F S e” 22

ik

2m
smne2

mk2
nD

3
p” f1k” 21m

~pf1k2!22m2S e” 11
ik

2m
smne1

mk1
nD

1S e” 11
ik

2m
smne1

mk1
nD p” f2k” 11m

~pf2k1!22m2

3S e” 22
ik

2m
smne2

mk2
nD Gu~pi !. ~17!

This amplitude for Compton scattering is exactly what
normally used for the Born part of the amplitude@35,43#.

IV. EFFECT OF FIELD TRANSFORMATIONS

We now want to consider the effects of a field transf
mation on the fields which are contained in the Lagrang
L0. Such a transformation amounts to a change of repre
tation for the fields. It will generate some new terms in t
Lagrangian so thatL0→L01DL. We know from general
principles that this change of representation will not aff
any physically measurable results@26–29#. This means that
the physical amplitudes generated fromL0 and from L0
1DL will be exactly the same, or alternatively that the su
03400
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of all terms containing a contribution obtained fromDL will
add up to zero.

The general form forDL can be obtained by making th
substitutionC→C1dC, wheredC is not necessarily an
infinitesimal transformation. In principle, a transformatio
on the neutron is also possible but for simplicity we disca
this possibility since it does not add anything new to o
argument. The resulting Lagrangian becomes

L0~C1dC!5L0~C!1DL~C! ~18!

with

DL5C̄F ~ iD” 2m!2
ek

4m
smnFmn1gF̄FGdC

1dC̄F ~ iD” 2m!2
ek

4m
smnFmn1gF̄FGC

1dC̄F ~ iD” 2m!2
ek

4m
smnFmn1gF̄FGdC.

~19!

Observe that the first term is, up to a total derivativ

proportional to the equation of motion forC̄ as obtained
from L0. The second term is proportional to the equation
motion forC. The last term of Eq.~19! however is of second
order indC and thus this situation is somewhat more gene
than that discussed in Ref.@34#. In that case the formalism o
ChPT ensured that this last term was of higher order in
so-called momentum expansion and thus could be drop
Here we have no such expansion criterion and so this t
must be kept.

Now suppose that we take as our LagrangianL01DL. In
simple cases, e.g., the ChPT example discussed in Ref.@34#,
the second order term in Eq.~19! can be dropped andDL is
simply proportional to an equation of motion. In more ge
eral situations the second order part would have to be k
@44#. Pieces ofDL generate off-shell contributions to th
vertex functions and in general other pieces generate con
terms. However the full contribution ofDL vanishes and
thus there are no contributions to measurable amplitu
from the complete set of terms fromDL. Another way of
saying this is that sinceDL originated as a field transforma
tion on L0 it can be completely transformed away, th
eliminating any dependence on both the off-shell pieces
other pieces involving contact terms.

To develop an approach, which is more closely allied
phenomenological calculations we divideDL into two
pieces,DL5DL11DL2 where DL1 contains those piece
which generate off-shell contributions to the various vertic
generated by the Lagrangian, plus perhaps a few con
terms necessary for gauge invariance, and whereDL2 con-
tains the remaining terms which generate pure contact t
contributions to the amplitudes for the processes being c
sidered. Now considerL01DL1 as a phenomenological La
grangian. It is a different Lagrangian thanL0 or L01DL,
and may have different physical consequences. It will gen
ate off-shell contributions at the vertices and in general
3-5



o
ef
e
o

li-

ica

on
g
li-
th
t

hi
d
s

e
ng
th
p
m
O
n
n

om
co
g
y

in-
p

o
os
tro
L
ia
ff

ra

he
ro-

ib-
ton
eep

ted
f the
nd

se

ng

he
o-

nd

e
er-

of
nce.

n-

H. W. FEARING AND S. SCHERER PHYSICAL REVIEW C62 034003
amplitude calculated for a physical process will depend
the coefficients of this part of the Lagrangian, i.e., on co
ficients which also multiply the off-shell contributions to th
vertices. This is analogous to the procedure adopted in m
calculations purporting to determine sensitivity of amp
tudes to off-shell effects, where howeverDL1 would be gen-
erated in a purely ad hoc fashion from phenomenolog
considerations.

In our case however, by the general result, the total c
tribution of DL must be zero. This means that the Lagran
ian L02DL2 will give exactly the same measurable amp
tudes asL01DL1, depending on the same parameters of
Lagrangian, and thus could be considered as an alterna
equivalent phenomenological Lagrangian. However in t
case the Lagrangian generates only contact terms and
not give any off-shell contributions to the various vertice
Note that the specific wayDL is split intoDL1 andDL2 will
depend on the reaction in question.

Thus we have two Lagrangians, one which gives off-sh
contributions to the vertex functions which are the buildi
blocks for the full amplitude and one which does not. Bo
however give exactly the same measurable physical am
tudes and thus exactly the same dependence of these
sured quantities on the parameters of the Lagrangian.
must thus conclude that the concept of off-shell contributio
to a physical process is just not a meaningful concept. O
can measure coefficients in a particular choice of phen
enological Lagrangian by comparing with data, but those
efficients cannot uniquely be associated with the stren
off-shell contributions at the vertices in any meaningful wa

In the next sections we will see explicitly how these pr
ciples appear in our simple model. In particular we will a
ply a field transformation to the model to generateDL. We
will then extract aDL1 and DL2 and see explicitly in the
model the ambiguity described above.

V. EVALUATION OF THE TRANSFORMED
LAGRANGIAN

Consider in this section a specific transformation
change of representation of the fields, which has been ch
to generate off-shell contributions at both strong and elec
magnetic vertices in our simple model and to generate a
grangian corresponding to a phenomenological Lagrang
similar to one which has been used in investigations of o
shell effects. Thus take

C→C1ãgF̄FC1b̃esmnFmnC. ~20!

Here ã and b̃ are real constants which determine the ove
strength of the transformations.

This transformation generatesDL5DL11DL2 with

DL15ãg@C̄~ i ]”T2m2eA” !CF̄F1F̄FC̄~ i ]”Y2m2eA” !C#

1b̃e@C̄~ i ]”T2m2eA” !smnFmnC

1C̄smnFmn~ i ]”Y2m2eA” !C# ~21!
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DL252egS ãk

2m
22b̃D F̄FC̄smnFmnC

2
e2b̃k

2m
C̄smnFmnsabFabC

1ãb̃eg@C̄smnFmn~ i ]”T2m2eA” !CF̄F

1F̄FC̄~ i ]”Y2m2eA” !smnFmnC#

1e2b̃2C̄smnFmn~ i ]”2m2eA” !sabFabC.

~22!

Here we have definedC̄ i ]”T[2 i (]mC̄)gm. Both of these
contributions toDL have been expressed in terms of t
covariant derivative, which means including some terms p
portional toA” in DL1 rather than inDL2 so that both pieces
will be manifestly gauge invariant. Some terms not contr
uting to either nucleon-nucleon bremsstrahlung or Comp
scattering have also been dropped. One would have to k
those terms if one wanted to show, for more complica
processes than those considered here, the equivalence o
S-matrix elements obtained from the original Lagrangian a
the transformed Lagrangian.

Consider first the LagrangianL01DL1. This generates
some new contributions to the vertices, in addition to tho
coming fromL0 given in Eqs.~14! and ~15! above. For the
strong vertex we find from the first term ofDL1

i ãgūp~p3!@~p” 32m!1~p” 12m!#up~p1!ūn~p4!un~p2!.
~23!

Clearly this represents an off-shell contribution to the stro
vertex, of strength determined by the parameterã, analogous
to what one would calculate in a potential model for t
off-shell nucleon-nucleon vertex. It vanishes when the m
mentap1 andp3 are on shell.

At the electromagnetic vertex we get from the seco
term in DL1

22ieb̃ū~pf !@~p” f2m!ismnemkn1 ismnemkn~p” i2m!#u~pi !.

~24!

Again this corresponds to an off-shell contribution, this tim
to the magnetic part of the photon-nucleon vertex. The ov
all strength is determined by the parameterb̃.

Finally there are the contact terms coming from the use
the covariant derivative as necessary for gauge invaria
The term

22i ãegūp~p3!e”up~p1!ūn~p4!un~p2! ~25!

corresponds to a photon-four-nucleon vertex and will co
tribute to nucleon-nucleon bremsstrahlung. The term
3-6
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12ie2b̃ū~pf !~e” 1ismne2
mk2

n

2 ismne1
mk1

ne” 21 ismne2
mk2

ne” 12e” 2ismne1
mk1

n!u~pi !

~26!

gives a two-photon contact vertex which will contribute
Compton scattering.

This Lagrangian,L01DL1, corresponds very closely t
some which have been used to investigate off-shell effect
nucleon-nucleon bremsstrahlung. The strong part is sim
fied, but produces off-shell effects in the nucleon-nucle
vertex amplitude analogous to those one might obtain fro
potential model. The electromagnetic part is of the gene
form given by Bincer@38# and used by a variety of author
@12,17–20,24# to investigate the supposed sensitivity
nucleon-nucleon bremsstrahlung to off-shell effects. For
ample in the notation of Nyman@16#, F2

2(m2)→k18m2b̃.7

The alternative LagrangianL02DL2 generates just con
tact terms. The vertices generated are a contribution to
one-photon-four-nucleon amplitude from the first and th
term in DL2

12iegūp~p3!ismnemknS ãk

2m
22b̃D up~p1!ūn~p4!un~p2!

22iegãb̃ūp~p3!@~p” 12k”2m!ismnemkn

1 ismnemkn~p” 31k”2m!#up~p1!ūn~p4!un~p2! ~27!

and a contribution to the two-photon-two-nucleon amplitu
from the second and fourth terms

12i
e2k

m
b̃ū~pf !~ ismne1

mk1
nisabe2

ak2
b

1 isabe2
ak2

bismne1
mk1

n!up~pi !24ie2b̃2ū~pf !

3@ ismne1
mk1

n~p” i2k” 22m!isabe2
ak2

b

1 isabe2
ak2

b~p” i1k” 12m!ismne1
mk1

n#u~pi !. ~28!

Several terms originating in the covariant derivatives ha
been dropped, as they contribute to neither bremsstrah
nor Compton scattering.

From the general result that physical amplitudes mus
independent of a field transformation we know that the a
plitudes fromL0 andL01DL must be the same. Thus, to th
order we are considering, these two Lagrangians,L01DL1
andL02DL2, will give exactly the same physically measu
able amplitudes, yet the first generates off-shell contributi
to the vertices and the second does not. To see this expli
we must calculate the amplitudes for these processes in
tail, which we will do in the next two sections.

7Because we work at tree level a distinction between irreduc
and reducible vertex@12# is not necessary.
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VI. EXPLICIT EVALUATION OF NUCLEON-NUCLEON
BREMSSTRAHLUNG

Consider now the nucleon-nucleon bremsstrahlung p
cess which we will evaluate using each of the tw
Lagrangians,L01DL1 and L02DL2. We consider only
tree-level diagrams and so must include radiation from e
of the proton legs, with off-shell contributions at both stro
and electromagnetic vertices together with the contact te
appropriate for each Lagrangian. As noted earlier, we tr
the F fields as neutrons and neglect radiation from th
magnetic moment. Hence there are only two diagrams w
radiation from external legs.

Consider first the LagrangianL01DL1. The contribution
from L0 has already been given in Eq.~16!. The amplitude
coming from the parts ofDL1 corresponding to off-shel
contributions at strong or electromagnetic vertices, that is
contribution fromL0 at one vertex,DL1 at the other, with a
propagator in between, is

iegūn~p4!un~p2!ūp~p3!

3F2ãe”2S ãk

m
24b̃D ismnemknGup~p1!. ~29!

The amplitude with off-shell contributions from both stron
and electromagnetic vertices simultaneously is

2iegãb̃ūn~p4!un~p2!ūp~p3!@ ismnemkn~p” 31k”2m!

1~p” 12k”2m!ismnemkn#up~p1!. ~30!

Finally, the contribution of the contact term originating
the use of covariant instead of regular derivatives is

22iegãūn~p4!un~p2!ūp~p3!e”up~p1!. ~31!

The full amplitude is the sum of Eqs.~16!, ~29!, ~30!, and
~31!. Note that the contact term of Eq.~31! actually cancels
the similar term coming from the off-shell contributions
the strong vertex in Eq.~29! and that the net result comin
from DL1 consists of a number of magnetic type terms p
portional tosmnemkn.

From one viewpoint this Lagrangian,L01DL1, can be
considered simply as a purely phenomenological Lagrang
It leads to a bremsstrahlung amplitude, which can be co
pared with experiment so as to extract values of the phen
enological parametersã,b̃. Such an approach is perfectl
acceptable as long as one is completely clear that the
grangian is just phenomenological. Its usefulness will d
pend on how close the model Lagrangian reproduces the
physical situation. Difficulties arise however when o
makes the traditional, though as we shall see incorrect, cl
that the values ofã,b̃ so obtained correspond to some me
sure of off-shell effects.

To see how this claim arises and why it is incorrect let
first see how our simple model is closely analogous to
traditional approaches. Thus for example in standard non
ativistic potential model approaches to nucleon-nucle
bremsstrahlung, one would first calculate in the abstract

le
3-7
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H. W. FEARING AND S. SCHERER PHYSICAL REVIEW C62 034003
off-shell nucleon-nucleon amplitude corresponding to a
tential. This would give a result analogous to the off-sh
amplitude of Eq.~23! calculated in our model. Different on
shell-equivalent potentials could still give different amp
tudes, corresponding to different values ofã.

Similarly at the electromagnetic vertex one traditiona
parametrizes the off-shell behavior in some way, or u
some model to obtain something analogous to Eq.~24!. Vari-
ous authors have used dispersion relations, simple pion-
models, chiral perturbation theory, or purely phenomenolo
cal considerations. In all cases the abstract off-shell elec
magnetic vertex is governed by a strength parameter sim
to our b̃.

Thus in these traditional approaches one argues that in
abstract the off-shell contributions to the strong and elec
magnetic interaction vertices are proportional toã and b̃,
respectively. These are parameters of the Lagrangian, w
appear in the amplitude, and can thus be determined fro
comparison of the amplitude with measured quantiti
Therefore, one traditionally concludes the values of th
parameters measure in some physical way off-shell beha
in the strong and electromagnetic interactions.

It is this last part of the argument which is incorrect.
actual fact the values ofã and b̃ tell us nothing, in any
unambiguous way, about off-shell behavior. To see this
detail let us calculate the bremsstrahlung amplitude using
alternative LagrangianL02DL2. We obtain from2DL2
two contact terms. From the first term of Eq.~27!

2 iegS ãk

m
24b̃D ūn~p4!un~p2!ūp~p3!ismnemknup~p1!

~32!

and from the second

2iegãb̃ūn~p4!un~p2!ūp~p3!@ ismnemkn~p” 31k”2m!

1~p” 12k”2m!ismnemkn#up~p1!. ~33!

Clearly the full amplitude fromL02DL2, Eqs.~16!, ~32!,
and ~33! is exactly the same as that fromL01DL1, Eqs.
~16!, ~29!, ~30!, and ~31!, as it must be, by virtue of the
general results from field transformation arguments. Thu
comparison with data using this Lagrangian will produce
actly the same values ofã,b̃ as with the original Lagrangian
However L02DL2 produces no off-shell effects at eithe
strong or electromagnetic vertices, so there cannot be
meaningful connection between the values ofã,b̃ and off-
shell effects.

More generally consider a combination of these t
Lagrangians,L(h)5L01(12h)DL12hDL2 where h is
an arbitrary real parameter. SinceDL1 and 2DL2 produce
the same amplitudes, the result will be independent ofh.
ThusL(h) for arbitrary h will all lead to the same brems
strahlung amplitude, that given by Eqs.~16!, ~29!, ~30! and
~31!, and hence to exactly the same values ofã,b̃ if this
amplitude is compared to data. However the off-shell stro
and electromagnetic vertices calculated withL(h) will have
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strengths (12h)ã and (12h)b̃, respectively. Thus a single
set of ã,b̃ corresponds to arbitrary values of the off-sh
vertices. Thus it should be very clear that such off-shell
havior is not a physically measurable quantity. It makes
sense to equate sensitivity toã,b̃ with sensitivity to off-shell
behavior, or to claim to be able to measure off-shell behav
by measuring parameters appearing in the amplitude, as
traditionally been done in discussions of off-shell behavio

In retrospect this result perhaps should not be surpris
The concept of an off-shell amplitude is in some sens
mathematical concept, which applies only to a piece o
diagram. An off-shell particle is not physical and one c
never measure it directly. Such amplitudes have mean
only when put into a larger diagram which has appropri
interactions to put the particle back on shell. Thus one sho
perhaps expect a large measure of ambiguity in describ
such an intermediate, unphysical state.

VII. EXPLICIT EVALUATION OF COMPTON
SCATTERING

The Lagrangian which has just been used to evalu
nucleon-nucleon bremsstrahlung also leads to an ampli
for Compton scattering. Only the electromagnetic part is
quired, so the simplification of the strong interaction used
nucleon-nucleon bremsstrahlung is not necessary. In this
tion we evaluate that amplitude explicitly and will find
situation exactly similar to that of nucleon-nucleon brem
strahlung. Namely, since the total contribution from the p
of the Lagrangian generated by the field transformati
DL11DL2, vanishes there are two alternate Lagrangia
~actually an infinite set of linear combinations! which give
the same Compton amplitude,L01DL1 which produces off-
shell contributions in the electromagnetic vertices andL0
2DL2 which produces only contact terms.

Consider first the Compton amplitude originating in t
LagrangianL01DL1. This Lagrangian is essentially ident
cal to that used in phenomenological calculations wher
phenomenological off-shell part is introduced at the elect
magnetic gamma-nucleon-nucleon vertex. The contribut
from L0 has been given in Eq.~17!. Just as for nucleon-
nucleon bremsstrahlung the contribution fromDL1 leads to
an amplitude with an off-shell contribution at one or th
other of the electromagnetic vertices of the form

12i b̃e2ū~pf !F S e” 22
ik

2m
smne2

mk2
nD isabe1

ak1
b

2 isabe2
ak2

bS e” 11
ik

2m
smne1

mk1
nD Gu~pi !

22i b̃e2ū~pf !F S e” 11
ik

2m
smne1

mk1
nD isabe2

ak2
b

2 isabe1
ak1

bS e” 22
ik

2m
smne2

mk2
nD Gu~pi ! ~34!

and a contribution with an off-shell part of the vertex at bo
electromagnetic vertices given by
3-8
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14i b̃2e2ū~pf !@ ismne2
mk2

n~p” f1k” 22m!isabe1
ak1

b#u~pi !

14i b̃2e2ū~pf !@ ismne1
mk1

n~p” f2k” 12m!isabe2
ak2

b#u~pi !.

~35!

There is also a two-photon contact term coming from the
of the covariant derivative in the last part ofDL1 which can
be written as

12ie2b̃ū~pf !~e” 1ismne2
mk2

n2 ismne1
mk1

ne” 2

1 ismne2
mk2

ne” 12e” 2ismne1
mk1

n!u~pi !. ~36!

Note that, just as in nucleon-nucleon bremsstrahlung,
contact term cancels thee” terms from the off-shell contribu
tion of Eq. ~34! above, leaving purely magnetic contribu
tions.

The full Compton amplitude originating inL01DL1 is
then given by the sum of Eqs.~17!, ~34!, ~35!, and~36!. This
corresponds exactly to the Lagrangian which has been u
in phenomenological calculations. Naively in such an a
proach, one notes the appearance of the parameterb̃ and also
the fact that it appears in the off-shell electromagnetic ver
and thus one might, as in nucleon-nucleon bremsstrahl
claim to be able to ‘‘determine’’ the parameterb̃ and thus the
off-shell vertex by a measurement of Compton scattering

However, just as in the nucleon-nucleon bremsstrahl
case discussed above, this has to be wrong. We have
equivalent LagrangianL02DL2 which involves only contact
terms, but gives the same measurable result. We can se
specifically. The contributions from2DL2 to the Compton
amplitude are just those of Eq.~28!, i.e.,

22i
e2k

m
b̃ū~pf !~ ismne1

mk1
nisabe2

ak2
b

1 isabe2
ak2

bismne1
mk1

n!up~pi !14ie2b̃2ū~pf !

3@ ismne1
mk1

n~p” i2k” 22m!isabe2
ak2

b

1 isabe2
ak2

b~p” i1k” 12m!ismne1
mk1

n#u~pi !. ~37!

Clearly this is the same amplitude as generated byDL1.
Now the argument is exactly the same as given at the en
the previous section. The same measurable amplitude is
duced by a Lagrangian which generates an off-shell com
nent at the photon-nucleon-nucleon vertex as by the
which has only contact terms, or in fact by any linear co
bination of the two. Thus the constantb̃ appearing in the
Lagrangian is not in any way a ‘‘measure’’ of off-shell b
havior.

There is another interesting observation one can make
ing this simple model, though one somewhat periphera
the main line of argument. Consider the LagrangianL0
1DL1 which corresponds to a standard phenomenolog
Lagrangian used to describe the photon-nucleon-nuc
vertex. Sometimes the argument is given that even if
coefficientb̃ does not represent an off-shell effect it can
used to parametrize the unknown features of the interact
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That is certainly possible. However such parametrizatio
have implications for a variety of processes described by
Lagrangian and do not always lead to results consistent w
the data.

For example with this Lagrangian we get the full amp
tude for Compton scattering from the sum of Eqs.~17!, ~34!,
~35!, and~36! and can extract from that amplitude an expre
sion for the proton electromagnetic polarizabilities, f
which there is some experimental data. To do this we mak
two-component reduction of this amplitude in the lab fram
using Coulomb gauge which leads to

M CS5 ix f
†F2

e2

m
eW1•eW21••• ~38!

1v1v2eW1•eW2S 2
4e2

m
~kb̃14m2b̃2! D

1v1v2eW23 k̂2•eW13 k̂1S 4e2kb̃

m
D Gx, ~39!

where thex ’s are two-component nucleon spinors and whe
we have kept only the leading Thomson term and th
terms contributing to the polarizabilities@for details see, e.g.
Eqs.~4! and ~6! of Ref. @35##.

From this we can extract the electromagnetic polariza
ities @35# as

ā52
e2

4p

4

m
~kb̃14m2b̃2!, ~40!

b̄5
e2

4p

4kb̃

m
, ~41!

where the factor of 4p has been inserted to put the polari
abilities into conventional units, since in our notatio
e2/4p'1/137.

Now using the experimental value for the proton polar
ability, ā5(12.160.860.5)31024 fm3 from Ref. @45# we
try to solve forb̃. We find

b̃5
k

8m2 S 216A12
16pm3ā

e2k2 D . ~42!

Since 16pm3ā/e2k2522@1 there is no real solution
possible forb̃. This means that simply introducing a ph
nomenological term in the Lagrangian which produces
off-shell photon-nucleon-nucleon vertex, as has been don
many calculations can lead to results which are inconsis
with data for related reactions. Clearly even at the pheno
enological level one must be consistent and check the
diction of such phenomenological terms with other proces
generated by the same Lagrangian.

VIII. SUMMARY AND CONCLUSIONS

In this paper we have used the concept of field trans
mations and several simple models to illustrate the impo
3-9
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H. W. FEARING AND S. SCHERER PHYSICAL REVIEW C62 034003
bility of measuring off-shell effects in nucleon-nucleo
bremsstrahlung, Compton scattering, and by implicat
other medium-energy processes. In the first example,
nonlinears model Lagrangian, together with two standa
representations of the pion field, was used for pion-p
bremsstrahlung. We showed by specific example that th
two representations gave different off-shell scattering am
tudes, but exactly the same measurable amplitude for
bremsstrahlung. Thus the measurable quantity clearly ca
distinguish different off-shell behavior at the vertices maki
up the full process.

For the rest of the paper we looked at a spin 1/2 mo
Lagrangian. Again as a result of a field transformation
could generate a modified Lagrangian which produced
off-shell contribution to both strong and electromagnetic v
tices. This Lagrangian was very closely related to the kin
of phenomenological Lagrangians which have been use
investigate off-shell effects at these vertices. Again
showed by specific example that changes in the Lagran
which produce different off-shell vertices lead to exactly t
same measurable amplitude. In effect we can interpret pie
of the measurable amplitude as off-shell effects at the ve
ces or as contact terms or as any combination of the t
Thus the concept of ‘‘off-shell vertex,’’ while perfectly we
defined as a mathematical abstraction, does not translate
a physically measurable quantity. In short, off-shell effe
ys

s.

ol

cl.
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are not measurable. The model used here properly inclu
spin 1/2, did not depend on ChPT, or on a momentum
pansion, and did not depend on gauge invariance, wh
should put to rest any possible concerns that the orig
considerations of Refs.@33,34# depended somehow on th
simplicity of the model considered there.

Finally we should comment that it is certainly possible
construct a microscopic model of a process which will ge
erate an off-shell form factor at the vertices, and perh
some contact terms. This is in fact standard procedure. It
legitimate approach and we can speak of the off-shell fo
factor in this model, just as we speak of the off-shell amp
tude generated from a potential by solving the Lippma
Schwinger equation. The generation of such a off-shell fo
factor is unique and a function only of the properties of t
model. However one cannot measure this off-shell form f
tor and thus cannot determine the correctness or incorr
ness of the model based on its prediction for the off-sh
form factor.
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