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Towards a Hartree-Fock mass formula
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A ten-parameter Skyrme force, along with a four-paramétfmction pairing force, have been fitted, using
the Hartree-Fock-BCS method, to the masses of 1719 nuclei, both spherical and deformed, with an rms error
of 0.754 MeV. The corresponding value of the symmetry coeffickist28.0 MeV, and that of the effective
nucleon mas$* is 1.09M.

PACS numbg(s): 21.10.Dr, 21.30.Fe, 21.60.Jz, 21.65.

[. INTRODUCTION sion required for astrophysics, can hardly be expected in the
. : near future. Indeed, little progress has been made even at the
Ther process of nucleosynthesis depends crucially on the L

o ; : .~ more modest level of the nonrelativistic HF method or of the
binding energiegamong other propertieof heavy nuclei . :

) . . RMF method. In neither case has the basic parameter set
that are so neutron-rich that there is no hope of being able tBeen fitted to the masses of more than ten or so nuclei. pre-
measure them in the laborato(gee Ref[1] for a general . N P
review). It thus becomes of the greatest importance to b §umably becguse of the comput.er—tlme Ilmltatlpns that arose

' . : Sn the past with deformed nuclei. However, using parameter
able to make reliable .extrapolatlons' of' nuclear masaed  cic determined in this way, the masgasd some other
other relevant properties, such as fission barriers, demrm%‘ropertie$ of more than a thousand nuclei have been calcu-
tions, nuclear radii,. . . ) away from the known region, rela- |ated in both the HF6] and RMF[5] approaches. Unfortu-
line. This means that one should have a mass formula thgfredictions for nuclei of known mass were well in excess of
not only gives a good fit to the data, but also has a soung MeV, which is unacceptable for astrophysical purposes;
theoretical basis; generally speaking, the more microscopimoreover, both sets of calculations were limited to even-
cally grounded is a mass formula, the better one would exeven nuclei.
pect its theoretical basis to be. The result is that the most microscopically founded mass

Until recently the masses and barriers used in all studieformulas of practical use are those based on the so-called
of ther process were calculated on the basis of one form oETFSI (extended Thomas-Fermi plus Strutinsky integral
another of the liquid-drop model, the most sophisticated vermethod. This is a high-speed macroscopic-microscopic ap-
sion of which is the “finite-range droplet model(FRDM) proximation to the HF method based on Skyrme for&sF
[2]. Despite the great empirical success of this forntitlfits method, with pairing correlations generated bysaunction
1654 masses with an rms error of 0.669 Methere is still  force that is treated in the usual BCS appro&wetth block-
an obvious need to develop a mass formula that is moreng). The macroscopic part consists of a purely semi-
closely connected to the basic nuclear interactions. Two suctlassical approximation to the SHF method, the full fourth-
approaches can reasonably, be contemplated at the presemtler extended Thomas-FerndETF) method, while the
time, one being the nonrelativistic Hartree-FockiF) second part, which is based on what is called the Strutinsky-
method (see Refs[3,4] for a recent compilation of refer- integral (SI) form of the Strutinsky theorem, constitutes an
ence$, and the other the relativistic Hartree method, alsoattempt to improve this approximation perturbatively, and in
known as the relativistic mean-fie{RMF) method(see Ref. particular to restore the shell corrections that are missing
[5] for a guide to the literature on this topicEach of these from the ETF part. For full details of this method see Refs.
methods is characterized by a set of phenomenological pa7—11]. In the latest version of this mass formula, ETFSI-2,
rameters relating either to an effective nuclear force in thel719 measured masses are fitted with an rms error of 0.709
case of the HF method, or to effective bosons in the case dfleV [12]. (Also to be mentioned in this context is the
the RMF method; in both cases the parameters can be fittethomas-Fermi mass formula of RéfL3], which fits 1654
to the masgand possibly othgrdata. Not only would mass masses with an rms error of 0.655 MeV. However, the mi-
formulas based on either of these methods have a more furroscopic corrections, along with the equilibrium deforma-
damental basis, but their underlying parameter sets woulton configurations, in this mass formula are taken in their
permit the construction of equations of state of stellar nucleaentirety from the FRDM fi{ 2], with the seven force param-
matter that have a very direct connection with nuclear dataeters being fitted exclusively to the macroscopic terms, so

Ultimately, one would wish to go to a deeper level, con-that self-consistency is by no means assured. The ETFSI
necting with the two- and three-nucleon data on the onenodel, on the other hand, is completely self-consistent.
hand, and the quark model of nucleons on the other hand, but As to the extent to which the ETFSI method constitutes a
guantitative success on these lines, with the level of precigood approximation to the HF method, it is found that if a
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given force is run in both ETFSI and HF codes, the latterrealistic values ofM*/M, i.e., of 0.7-0.8, provided one
code will typically give finite-nucleus energies about 4 MeV takes into account the coupling between s.p. excitation
higher than will the former code. Nevertheless, we havemodes and surface-vibration RPA modes. Since the good
shown([7,8] that the two methods are essentially equivalentagreement with measured s.p. level densities found in Refs.
in the sense that when a Skyrme-type force is fitted to th¢14—-16 was obtained without making these corrections it
same data by one method or the other they give very similamust be supposed that the resulting error is being compen-
extrapolations out to the neutron-drip line: the discrepancy isated by the higher value M*/M, i.e., M*/M=1.0, which

less than 1 MeV for total energies and fission barriers, and@nay thus be regarded as a semiempirical value that permits
less than 0.5 MeV for the neutron-separation ener§iesnd  considerable phenomenological success with straightforward
beta-decay energieg, . HF, or other mean-field calculations, without any of the com-

But even though it might thus seem that there is very littleplications of Ref.[25]. It is in this way, in fact, that the
to be gained from constructing a HF mass formula, there arETFSI mass formulagl1,12 have achieved their high level
nevertheless three reasons for doing &0. The ETFSI of precision. Nevertheless, by releasing the constraint of
method is limited, at least in its present form, to SkyrmeM*/M being exactly equal to unity one may hope for further
forces for which the effective nucleon malgk® is equal to  improvement in the quality of the fit.
the real mas#/. Since the HF method suffers from no such  Actually, nearly all of the many HF forces that have been
limitation, an extra degree of freedom becomes availableconstructed impose the constraint of a realistic value for
leading to the possibility of a still better fit to the mass data.M*/M, i.e., 0.7-0.8, but that this choice is incompatible
(i) The widespread availability of HF codes makes it highly with correct masses of open-shell nuclei is well illustrated by
desirable that one have at one’s disposal a HF effective forcthe force SLy4: see Figs. 1-4 of Rédl]. It seems, in fact,
that has been fitted to the same mass data and with the sarfeat the only HF forces that adopt the semiempirical value of
(or bettej precision as has the best available ETFSI forceM*/M=1.0 are SkH26] and the forces T1-R7], but they
(SkSC18 at the present tinj&@2]). This need becomes even have been fitted to only a very small number of nuclei, and
stronger when one wishes to go beyond the HF method ansb cannot serve as the basis of a mass formula. The object of
include RPA correlations, since here too there exist manyhe present paper is to rectify this situation by making a HF
codes constructed on an HF basis, while the ETFSI methofit of a Skyrme-type force to essentially all the measured
itself has not been generalized in this respéif. To calcu- masses, with the effective nucleon maé$/M being taken
late the equation of state of stellar nuclear matter at lowas a free fitting parameter. While this latter feature is essen-
temperatures, as found, for example, in decompressing netial for a good fit to the masses, and will lead to improved
tron matter, it is necessary to include shell corrections, anfission barrierd27,2§, it should not be forgotten that there
the HF method will be better adapted than the ETFSI apare several applications in which it is essential to impose at
proximation to the complicated configurations that may bethe outset the realistic value of 0.7—-0.8 ¥* /M, e.g., for
encountered. the calculation of giant multipole resonances.

Actually, the limitation of the ETFSI method to an effec-  In Sec. Il we summarize the required SHF formalism, and
tive mass ofM*=M was not a gross defect, since it is discuss our treatment of pairing. In this same section we also
known that to have the correct single-parti¢ep) level  explain our fitting strategy, which involves two distinct
density in the vicinity of the Fermi surface one must havephases. The first of these phases is limited to spherical nu-
M*/M equal to, or slightly larger than, 1[14-16, and clei, and is described in Sec. Ill, while the second phase,
without the correct s.p. level density it is impossible to fit theinvolving both spherical and deformed nuclei, is described in
masses of open-shell nuclei, even if a fit to the masses ddec. IV.
doubly magic nuclei is possible. On the other hand, all
nuclear-matter calculations with forces that are realistic in
the sense that they fit the two- and three-nucleon data indi-
cate that at the equilibrium densityl*/M=0.7 [17,18. The Skyrme forces that we consider have the usual form
Rough experimental confirmation thit* is considerably
smaller tharM first came from measurements of the deepest
s.p. states in light nucldil9] (for a theoretical discussion 1
sepe, for examplg, Reff20—22). More precise empirical in- Vi = to(1+XoPy) 5(rij)+t1(1+x1PU)%{pi2j &(rij) +H.cy
formation comes from analyses of the giant isoscalar quad-
rupole and isovector dipole resonances. From the former one 1 1
finds [23] a value of around 0M for the nuclear-matter Ha(1+XaP o) 5 pij - 8(1ij)Pij + g la(1+X3Py)
isoscalar effective masM} , defined in Eq.(9a below, h
while from the latter one findg24] a value of around OM i
for the nuclear-matter isovector effective mags , defined X p?8(rij) + — Wol o+ 07) - pyy X 8(rij)pyj » 1)
in Eq. (9b) below. h

However, there is no contradiction between these two val-
ues ofM*/M (i.e., 0.7-0.8 on the one hand, 1.0-1.1 on thewhereP,, is the two-body spin-exchange operator. The total
othep, since Bernard and Gia25] have shown that one can energy E,r corresponding to this force is, in a standard
obtain reasonable s.p. level densities in finite nuclei withnotation[20],

II. THE SHF-BCS METHOD
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EH,:=j 5(r)d3r=f 8““°(r)d3r+f £°°4(r)d®r, 2
where

1 1 1
EMqr)= Zto{(2+X0)P2—(2X0+ 1)(P,23+P§)}+ g{t1(2+xl)+t2(2+xz)}7p+ g{t2(2X2+ 1)—ty(2x;+ 1)}
1
X(Tppp+ TnPn) 3_2{3t1(2+X1)_t2(2+X2)}(VP)2
1 1
- 52{3&(2)(1"‘ 1) +ta(2x+ 1) H(Vpp) >+ Vpn)z}+ t3p7{(2+x3)p —(2x3+ 1) (p5+pp)}

1 1 1
+ EWQ{J Vp+\]p' Vpp+ Jn' Vpn}_ 1_6(tlxl+t2X2)J2+1—6(t1_t2)(JS+Jﬁ) (38)

(note particularly that we retain the terms]ﬁanng), while for the Coulomb term we have, making the Slater approximation
in the exchange part,

pp(r ) 3 ’ 3e (3)1/3 4/3 (Sb)

Coul__
gCoul— pp)f r—T— p -

m

Minimizing Eye with respect to arbitrary variations in the s.p. wave functigng, wherei labels all quantum numbers,
and q denotesn (neutron$ or p (protons, leads to the HF equation

h2

V+Uq(N+ V1) —iWg(n) - VX o} ¢ g= € qdig 4

V-
2M (1)

where the nuclear part of the central s.p. figld(r), the Coulomb fielo\/g"“'(r), and the spin-orbit s.p. fiel#/,(r) are as
follows:

1 1 1
Uq(r): Eto{(2+X0)p_(2X0+ 1)pq}+ g{t1(2+xl)+t2(2+X2)}T+ g{t2(2X2+ 1)_t1(2X1+ 1)}Tq

1 1 1
+ 1—6{t2(2+X2)—3t1(2+X1)}V2p+ 1_6{3t1(2X1+ 1)+t2(2X2+ 1)}V2pq+ ﬂt3[(2+X3)(2+ ,y)py+l

1
= (231 1){2p7pq+ yp" Hppt pr)H = WV - (I+J), 5

r’
VquuI(r):eZJ Pp( ,) d3r/_62 .

3 1/3
> 1/3
] 77) p (6)

and The effective mass so defined is a function of the local den-
sity and neutron/proton ratio, but if we sp];,=pp=%p0,
where p, is the equilibrium density of symmetric nuclear
matter, we obtain the nuclear-matter isoscalar effective mass,
(1) M}¥, according to

1
q(r)_ WOV(P"‘Pq)"‘ (tl t2)Jq— (t1X1+t2X2)J

As for the effective-mass term, we have
#? 21 e 1{3t +1t,(5+4x%,)} (9a)
X2)sPo-
oME 2M 16t 2
ZMa‘(r) =om 8{ 1(2+X1) +t2(2+X%5) } () 2Mg

) Also, setting p,=0,p=p, leads to the nuclear-matter is-

1
T glta(2et D)=t (2x+ D}pg(1). ovector effective mass, given by
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52 521 the Coulomb energy we fold over the finite size of the pro-
= —— +{t1(2+ X)) +1,(2+X%,)}po.  (9b)  ton, assuming the charge to be Gauss-distributed with an rms
2M 8 radius of 0.8 fm. A correction is made for the spurious

center-of-mass motion, using the method of Butétral.
Pairing correlations are taken into account in the BCY30].

2M*

approximation(with blocking), using a s-function pairing In our deformed code we also subtract out from the total
force, computed energy the spurious rotational energy
h? .
Upail Tij) = Vaqo(Tij) - (10 Er0t=2—I(J2>, (12)

We shall always allow the pairing-strength parameatgy, to
be different for neutrons and protons, but without further
generalization there is a tendency to overestimate even-o
mass differences, with serious implications for both 8ye
andQg, especially in the case of heavy nudlsee Sec. 4 of T=b{(1—-a)Zeankt aZsigia} (12

Ref.[9]). We could, of course, have reduced the errors in the h is th Ki d | f th
even-odd mass differences simply by taking a weaker pairin%—/‘ ereZoanis the cranking-modd31] value of the moment

where j2 represents the usual angular-momentum operator,
dZ is the moment of inertia. For this latter quantity we
rite

force, and since these errors also contribute to the overal]l Inertia with pairing correlations includg@2], andZ,gq is
error of the mass fit it might be expected that the latter wouldn€ figid-rotor value. The coefficienssandb are determined
improve at the same time. This is not so, since the pairing®y fitting to experimental moments of inertia: see Tablgs 1
force not only generates even-odd fluctuations, but also cornd 10 of Ref[9]. We take the valua=0.25 for all nuclei,
tributes a much smoothdthough shell-dependenterm to ~ While b=1 for even-even nuclei, 1.2 for odd-nuclei and
the total energy. Thus optimizing the overall mass fit andl-4 for odd-odd nucleisee Sec. 5 of Ref9], where the best

optimizing the it to the even-odd differences may be in con-V&lue ofa for the ETFSI model was found to be 0)20
flict if we limit ourselves to the simple parametrizatiéto) Fitting strategy Even though the computer-time consid-
of the pairing force. erations that led to HF mass fits being limited in the past to

A way around this probleni29] is to allow V.., to be only a very sr_nall number of nuc_lei are no longer applicable,_
slightly stronger for an odd number of nucleons () than the ffiCt remains that most nuc|§| are deforr_ned, ar_ld amass fit
for an even number\(*.), i.e., the pairing forcew between entails that every nucleus that is included in the fit has to be

) 1-€

neutrons. for example. depends on whetliés even or odd calculated many times over. Thus making a direct fit with a
. pl€, O p e - " deformed HF code to all of the more than 1700 measured
As noted in Ref[29], this “staggered pairing” device can

. ) . . . masses would impose a very serious strain on one’s com-
indeed lead to improved fits, but itsd hoccharacter might e :
be found to be rat%er unsatisfactory. However, the verg)]/ Conputer facilities if one varied all 14 force parameters. Some

cent of a pairing force is hiahlv phenomenoloaical. and insimplifications have to be made, and in particular we adopt
ptofap 9 ighly p gical, and Ny, o strategy of dividing the fit into two distinct phases.
deriving it from more realistic forces the Pauli principle

could conceivably give rise to staggering effects of this sort; In the first phaseSec. I} the fit is limited to the 400 or

o 4 . so spherical, or quasispherical, known nuclei, which can be
‘t‘he S”_e”%?th of the pairing force itseif could be subject tocomputed with a much more rapid spherical HF code. The
blocking” by an odd nucleon. Moreover, the HF wave

function of an odd nucleus is not an eigenstate of the time]force resulting from this fit, while not final, is used to tie

reversal operatdr20], and in projecting out from it a state of down once and for alffor the purposes of the present pgper
; . ) the nuclear-matter parametexs (the energy per nucleon at
good time-reversal properties the total energy will be low-

ered. Thus the extra pairing attraction that we give to odog ggggﬁ;n&eﬁgmﬁﬁgﬁvgi ﬂ'ﬁsrthz]alztbeermio rg?rieﬁ(;{r;_
nuclei could be regarded, at least qualitatively, as compen~. by (37%/2)po)"3], J (the symmetry coefficieit and

sating for our failure to make this projection. In our own g . * .
calculations further compensation may be required by théhe effec.tlve massd‘gls andM, . Ir.' t.he se(_:ond phas@ec.

fact that our HF codes do not treat oAdand odd-odd nuclei IV). we fit to essentially all nuglel, mcludmg defprmed' nu-
completely self-consistently, since we suppose that the ur{;lel, but the parameter search is constrained by imposing the

paired nucleons do not perturb the field generated by th¥alues of the nuclear-matter parametays ke, J, Mg, and
even-even core. M3 determined in the first phase.

Note that we do not use the Lipkin-Nogami variant of the However, while this reduces the number of independent
BCS method, because in the ETFSI calculations we foundParameters that have to be searched from 14 to nine, the
better mass fits with the conventional form of the method. Aamount of computer time required for this second and final
possible reason for this is discussed in Sec. 4 of F&df. phase would still be excessive if we did not adopt further

Computational detailsAs explained below, we use both Simplifying procedures. The essential step is to define for
spherical and deformed HF-BCS codes. These are written ifach nucleus a deformation energy
terms of an expansion of the s.p. functions in a harmonic- E —E..—E (13)
oscillator basis. In the summation over s.p. states in the BCS def™=sph - ear
calculation we include all continuum states up to an energwhereEq is the energy at the equilibrium deformation and
of 1Zw, wheref w is the oscillator strength. In calculating Espn the energy in the spherical configuration, both calcu-
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lated with the deformed code. Not,s as defined by this 17.5
equation is much less sensitive to the exact values of the
Skyrme-force parameters than either of the two absolute en
ergies on the right-hand side, a fact which makes the con-_ 125
struction of a HF mass formula a feasible proposition if the §

fits of the second phase are made according to the followinc

15

10

nuci

three-step reiterative procedure. \5 7.5

(1) With the force resulting from the limited spherical- s
nucleus fit of the first phag&ec. IlI), or with the one emerg- A MSK3,4,5,6
ing from the complete fit of stef8) below, we make a full 2.5

(unconstraineddeformed HF calculation of the enerdg,
of each of the more than 1700 nuclei in our data set. This

) - i " 0 0.05 0.1 0.15 0.2
calculation is performed just once for each nucleus: there i density

no question of data fitting with the much slower deformed

cod?a 9 FIG. 1. Energy per nucleofMeV) of neutron matter as a func-

tion of density (nucleons fAT) for the forces of this paper, and for

(2) With the same force that went into stép we use the the calculations of Re{18].

deformed HF code to calculate the enerBy,, of each
nucleus of our data set when a spherical configuration is
imposed. The deformation ener@y defined by Eq(13) ally, the mass fits are rather insensitivextg but only be-
can now be calculated for the current force, and all measuregRuse we have retained in the expression for the total energy
masses renormalized to their “equivalent spherical-Exr the terms inJ? andJ?). Of the remaining eight param-
configuration” values. The rms error of the current force iseters, xq, t,, and Wy are fitted automatically to the mass
calculated with the spherical code by comparing the masse#ata, using the CERN routine MINSQ. The five degrees of
it gives with therenormalizedexperimental masses. freedom that remain are handled in terms of the nuclear-
(3) Using next the spherical code, the force is refitted tomatter parameters, , kg, J (the symmetry coefficieptand
the masses ofll nuclei in our data set, renormalized as the effective massedl; andM? defined above; the expres-
described in ste2); this fit is constrained to keep the same sions fora, , kg, andJ are given in Ref[34] by Egs.(2.12),
nuclear-matter parametess, kg, J, M}, andM; as deter- (2.15), and(2.20, respectively. Also, we always impose the
mined in phasél). We stress that this is the only point at constraintM} =M} =M*, preliminary tests having shown
which a fit is made, and it is always the spherical code that ishat there is no advantage to doing otherwis¢hen follows
used: the use of the deformed code is limited to the calculathat x,= — 0.5 in all cases The four remaining degrees of
tion of the Eg. Making the fit with the spherical code is freedom, corresponding ta,, kg, J, and M*/M, are ad-
meaningful only because of the relative insensitivitykf;  justed manually.
to small changes in the force parameters. However, because Of these degrees of freedom, all of which relate to nuclear
E e Will change slightly over the course of this refit the new matter, we take fokg the fixed value of 1.326 fm' (p,
force it gives rise to is fed back into stéft), and a new =0.1575 fm %), this value always giving an optimal mass
iteration cycle begins. fit and, at the same time, an rms charge radiug’@b that
The process can be halted on completion of $®mur-  is in close agreement with the experimental value of 5.50 fm
ing any iteration cycle, since we will then have a complete[35]. We also variedV*/M systematically, and found that
set of masses calculated self-consistently with a given forcehe best fit was consistently given by the value 1.05, in ac-
However, for an optimal fit it will be necessary to reiterate cordance with the findings of Refgl4—16, while the “re-
until there is sufficient convergence of the rms error emergalistic” value of 0.7-0.8 led to fits that were unacceptably
ing from step(2). bad.
As for the symmetry coefficient, we constrain it to con-
Ill. PRELIMINARY CALCULATIONS form to some qf the kr)owr) properties of neutron_matter.
ON SPHERICAL NUCLEI Now_the solid line(FP) in Fig. 1 shows as a function of
density the energy per nucleon of pure neutron matter, as
All of the fits (MSk1-5 described in this section were calculated by Friedman and Pandharipaft for the real-
made to 416 spherical, or quasispherical, nuclei, the criteriorstic force w,+ TNI, containing two- and three-nucleon
being that the deformation ener@y.s [see Eq.13)] given  terms. More recent realistic calculations of neutron matter
by the ETFSI-1 tabl¢11] does not exceed 0.30 MeV. Even [36—38 give similar results up to nuclear densities; higher
in these quasispherical fits we renormalize the experimentalensities do not concern us here. We find that the best fit to
masses by these values Bfe;, as explained in Sec. Il. All the curve FP is obtained if we impose on the mass fits the
the mass data used in this paper come from the 1995 AudeonstraintJ=30 MeV (forces MSk1l and £ while lower
Wapstra compilation33]. values ofJ lead to softer neutron-matter curves, with a non-
Our fitting procedure works as follows. Of the ten Skyrmephysical collapse occurring below nuclear-matter densities
parametersx,; andy take the same fixed values throughout, for J<28 MeV. On the other hand, the quality of the mass
—0.5 and 0.333 333, respectively, these values having bedfits improves if we take lower values df although it starts
found to give optimal fits in rough preliminary tesactu-  to deteriorate again somewhere between 28 and 27 MeV. We
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TABLE |. Parameters of the forces developed in this paper.

MSk1 MSk2 MSk3 MSk4 MSk5 MSk6
ty (MeVfmd) -1813.03 —1830.67 —1810.32 —1827.96 —1827.96 —1827.96
t, (MeVfm®) 274.828 260.301 269.092 254.129 254.326 258.483
t, (MeV fm5) —274.828 —293.742 —269.092 —287.569 —287.766 —291.924
ty (MeVfm3d7)  13050.1 13442.1 13027.5 13419.5 13419.5 13419.5
Xo 0.365395  0.356875  0.631485  0.610360  0.605152  0.576591
X1 -0.5 -0.5 -0.5 -0.5 -0.5 -0.5
X, -0.5 -0.5 -0.5 -0.5 -0.5 -0.5
X3 0.449882  0.409759  0.903680  0.835063  0.827182  0.783956
W, (MeV fm®) 116.708 116.663 116.871 115.943 115.932 118.807
y 0.333333  0.333333  0.333333  0.333333  0.333333  0.333333
Vi (MeVimd) —220.0 —220.0 —220.0 —220.0 —220.0 —227.0
Vi, (MeVfmd) —224.0 —224.0 —228.0 —228.0 —228.0 —242.0
Vo, (MeVfm?) —220.0 —220.0 —220.0 —220.0 —224.0 —236.0
V,, (MeVfm®) —224.0 —224.0 —228.0 —228.0 —232.0 —251.0

adopt therefore the valugé=28 MeV, this giving the best that was adopted in the ETFSI model. In a separate calcula-
mass fit consistent with the known stability of neutron mattertion [40] we tried to force higher values dfby including an
(forces MSk3—6 (It is not clear whether the exact minimum €xtrats term in the Skyrme force, but to no avail. We are
in the rms error occurs after or before collapse, but thdhus led to believe that the value of 28 MeV fdiis quite
changes in the rms error in this region, i.e., between 27 anfPbust, within the framework of Skyrme-type forces.

28 MeV, are quite insignificant, being of the order of 0.005 Itis, of course, important to understand the contradiction
MeV.) While we see that the fit to the FP curve of Fig. 1 is With the FRDM result, and Re{40] suggests one way in

hich the FRDM could lead to a spuriously high valueJof
not as good forJ=28 MeV as for 30 MeV, we note that w - h )
even at subnuclear densities the neutron-energy curves the same time, since Skyrme-type forces are not the last

Refs. [36—38 do not agree exactly with the FP curve and ord in effective forces, there is an obvious need for parallel

. = ) . o e studies with finite-ranggGogny-type forces and also in
there is a sufficient margin of uncertainty to make it difficult RMF theory before drawing any definitive conclusions con-

to excludeJ=28 MeV on this basis. Moreover, both RefS. cerning the real value of. However, such mass fits would
[36] and[37] calculate the symmetry energy of nuclear mat-paye to be as extensive as those we have performed here
ter as a function of density for various realistic forces, andyjth Skyrme-type forces, and thus would make even heavier
we find that their results are Compatible with all values]of demands on computer time. In any case, we stress that our
lying in the range 27 to 30 MeMiIn Ref.[39] it was stated  objective here is to build a mass formula, not determine the
that the relative positions of the neutron and proton s.p. specralue ofJ, but as long as we are using Skyrme forces as the
tra are very sensitive td, but we find that once a large basis of our mass formula, we have no option but to take the
number of masses have been fitted, as in the present calcualue ofJ as being close to 28 MeV.
lations, this is no longer the case, and that it is impossible to Referring to Tables | and I, we present these different
distinguish between different values dbn this basis. features in terms of four different fits, MSK1—4, that we
Our preferred value af, 28 MeV, is to be compared with have made with different fixed values dfand M*: for the
the value of 32.73 MeV found in the most recent droplet-first two J=30 MeV, and for the second two 28 MeV, with
model fit, the FRDM[2]. (An almost identical value o3, MSk1 and MSk3 each haviniyl* /M =1.00, while MSk2
32.65 MeV, emerges from the zeroth-order Thomas-Fermand MSk4 each havé1*/M =1.05. In each case we have
calculation of Ref[13], but this evaluation is not indepen- fitted the parameterg,, t,, and W, automatically to the
dent of the FRDM value, since the shell corrections andmass data, as always, while varyiag and the pairing pa-
equilibrium deformation configurations, which themselvesrameters manually, the latter with the constraint of no stag-
are J dependent, are taken directly from the FRDM. Self-gering, so that there are just two pairing parameters. It will
consistency then requires that the same valué loé found be seen from Table Ill thal=28 MeV gives a better fit
in the purely macroscopic fit: had a significantly differentthan 30 MeV, while 1.05 is a better value than 1.00 for
value of J been found this would simply have indicated a M* /M.
failure of self-consistency in the adopted proceduihe Taking next the values af andM* /M found for the best
value of 28 MeV was also found with the ETFSI fits of Ref. of these four forces, MSk4, we introduce the degree of free-
[40], in which all nuclear masses were fitted, not just the 400dom corresponding to staggered pairing, and refit the 416
or so spherical or quasispherical nuclei. The present calculanasses, varying,,, Xo, t,, Wy, and all four pairing param-
tion confirms that the ETFSI result was not simply a quirk ofeters. In this way we arrive at the force MSK5; it will be seen
the semi-classical approximation, or possibly of the somefrom Table IlI that the staggered-pairing feature has led to a
what restricted parametrization of the density distributionssignificant reduction in the rms errors of the absolute masses,
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TABLE Il. Nuclear-matter parameters of the forces of Tablsde text

MSk1 MSk2 MSk3 MSk4 MSk5 MSk6
a, (MeV) -15.83 -15.83 —15.79 —15.79 —15.79 -15.79
po (fMm~3) 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575
J (MeV) 30.0 30.0 28.0 28.0 28.0 28.0
M*/M 1.00 1.05 1.00 1.05 1.05 1.05
M* /M 1.00 1.05 1.00 1.05 1.05 1.05
K, (MeV) 233.7 231.6 233.2 231.5 231.1 231.1
Go —-0.1828  -0.2585  —0.004121  —0.06958  —0.07017  —0.0826
G) 0.2515 0.2275 0.2667 0.2448 0.2442 0.2318
Pirmg! Po 1.3 1.3 1.6 1.5 1.5 1.4

of the S,, and of theQg. This is our final fit to the masses gree of freedom that has not yet been exploited, but the mass
of the 416 spherical or quasispherical nuclei, and phase 1 dits would then have deteriorated drastically, and the good
the project outlined in Sec. Il is now complet@able Il agreement with experiment found f@, destroyed. In any
also shows the precision with which we reproduce the chargease, we do satisfy the conditi@y,> — 1, necessary for the
radius of 2°®Pb; a comparable agreement for other nuclei isstability of symmetric nuclear matter against a spin-isospin
found) flip [44].
Further comments on force properties listed in Table Il Line 9 indicates the densityy,, expressed in terms of
Even though the nuclear-matter incompressibilty [see the equilibrium density of symmetric nuclear matgey, at
Eq. (2.16 of Ref.[34])] is not a fitted quantity, line 6 of which neutron matter flips over into a ferromagnetic state
Table 1l shows that all our forces developed so far are inthat has no energy minimum and would collapse indefinitely
excellent agreement with the experimental value of 23145]. It will be seen that for all our forces this happens only
+5 MeV extracted from breathing-mode measurementst densities significantly higher than nuclear-matter densities,
[41]. However, our calculation should not be regarded as afior which the nonrelativistic Skyrme-form force is expected
independent determination &f,, since it has been shown to be invalid anyway.
[39] that with a suitable generalization of the Skyrme force
(t, term) it is possible to change&K,, along with the
breathing-mode energies, while maintaining the fit to masses IV. INCLUSION OF DEFORMED NUCLEI,
(at least to those of doubly magic nugldrather, the agree- AND FINAL FIT
ment we find here could be taken as an indication that the e expand our data set now to include all nuclei with
simple form of Skyrme force 1 is adequate for our presenfz=36 for which measured masses are given in the 1995
purposes, and that generalizations are not necessary. compilation[33], with the exception of nuclei for whichl
Lines 7 and 8 show the Landd, andG, parameters of =z 7+1 since they are subject to Wigner-term anomalies
our forces, as defined in Rd#2]. Our values ofG, are in  (see, for example, Refd46-52). These anomalies are
reasonable agreement with the experimental value of agighly conspicuous in the ETFSI-1 mass tapld], mani-
proximately zerd43], but there is in all cases a serious dis- festing themselves as an underbinding with respect to experi-
agreement with the experimental value of 1.80 &f[43].  ment of about 2 MeV for such nuclei; they cannot be re-
In principle, we could have fitte| by adjustingx;, a de- moved without leaving the HF-BCS framewo(see also the

TABLE IIl. Errors in the data fit of the forces of Table I. The first line gives the number of nuclei fitted.
a(M), o(S;), and o(Qg) denote the rms errors in the fit to the absolute masses, the neutron-separation
energies, and the beta-decay energies, respectively, while duantities refer to the corresponding mean
errors. The last line gives the calculated rms charge raRiyef 2°%Pb (in fm™1), to be compared with the
experimental value of 5.50 fit. All quantities(except for the first and last lingare in MeV.

MSk1 MSk2 MSk3 MSk4 MSk5 MSk6
Number 416 416 416 416 416 1719
a(M) 0.848 0.816 0.784 0.730 0.709 0.754
e(M) —0.048 —0.054 0.028 —0.063 —0.030 —0.042
a(Sy) 0.559 0.558 0.549 0.556 0.501 0.434
€(Sn) -0.019 —-0.010 —-0.027 —-0.013 —0.010 0.025
a(Qp) 0.753 0.742 0.729 0.735 0.674 0.564
€(Qp) —0.0526 —0.0712 —0.0768 —0.0783 —0.0811 0.053
Re(%°%b) 5.500 5.503 5.499 5.502 5.502 5.503
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discussion in Ref.10]). We are left then with a total of 1719 although for the first of these we have to ensure that the
masses in our data set, which is identical to the one taken iphase transition to a ferromagnetic state does not occur at too
the ETFSI-2 fit[12] (the deformation parameters given by low a density[45], while for the second we would not want
this latter are taken as the starting values in our deformed Hko destroy the excellent agreement with experiment that we
calculations. already have for the incompressibilit)k,. However,

This data set is fitted by the reiteration of the three-stegvhether or not we eventually improve on the recent ETFSI-2
scheme outlined in Sec. Il, an essential feature of which isit to the identical set of mass dafa2], for which the rms
that the fit of step 3 is always made under the constraint ogrror was 0.709 MeV, we see from Table Il that the rms
keeping the same nuclear-matter parametgrske, J, and  errors in theS, andQ,, quantities of greater importance for
M*/M as found for the force MSKS5 in the spherical-nucleusthe r process than the absolute masses themselves, are al-
fits of Sec. Ill. We are thus left with varying jugh,t,, and  ready slightly smaller for MSk6 than for ETFSI-2, for which
W,, which is done automatically, and the pairing parametersthe corresponding values are 0.455 and 0.577 MeV. In any
which is done manually.x; andy are left unchanged from case, we have demonstrated that constructing a HF mass for-
the values used in Sec. \I. mula is now a practical proposition.

Three complete iteration cycles brought us from force The nuclear matter corresponding to force MSk6 has the
MSK5 to force MSk®6, for which the rms error for the 1719 following parametersa,= —15.79 MeV, p=0.1575 fm 3
nuclei of our data set is 0.754 MeMlable Ill). It seems that  (k-=1.326 fm ), M*/M=1.05, and J=28 MeV. Our
further improvement is impossible as long as we keep th&alue for the last of these parameters, the nuclear-matter
constraints emerging from Sec. lll, i.e., maintain the same&ymmetry coefficient, was obtained under the constraint that
nuclear-matter parametees,, kg, J, and M*/M as found neutron matter must not collapse at nuclear or subnuclear
for the best spherical-nucleus fit MSK5. Exploiting these dedensities, and agrees with the value extracted from ETFSI-
grees of freedom, along with those associated wjtandy,  model fits to the mass daf40]. We conclude that the value
could lead to some further reduction in the rms error of the]=28 MeV is quite robust, within the framework of
fit. Skyrme-type forces.

We see from Table Il that the nonfitted nuclear-matter While the force MSk6 presented here is, with its
properties of force MSk6, i.eK,, Gq, Gy, and pymg, are  effective-mass parametéd */M=1.0, well adapted to the
very similar to those of force MSK5. Indeed, the most strik-HF calculation not only of nuclear masses but presumably
ing difference between our final force MSk6 and the besfalso of fission barriers, it should not be forgotten that there
spherical-nucleus fit MSK5 is that the introduction of de-are applications for which forces having a realistic value of
formed nuclei into the fit has led to a much stronger pairingM*/M (0.7-0.8, such as those of will still be essential, e.g.,
force (Table ). Presumably, the specific function of this en- the calculation of the giant dipole resonance. However, the
hanced pairing is to give an increased attraction midshelinass fits obtained with such forces are considerably inferior
(where the deformed nuclei are situgtecklative to nuclei to what we have found here: with the same data set of 416
nearer to shell closure. In any case, we see that a pairinguclei as we took in Sec. Il the best fit we could find had an
force that is optimal for spherical nuclei will be suboptimal rms error of 1.141 MeV, which is to be compared with 0.709
for deformed nuclei, andlice versalt must be stressed that MeV for force MSK5.
staggering is an absolutely essential feature of the pairing Note added in proofWe have now realized this project,
term in MSk6, since otherwise the even-odd mass differvarying essentiallall the force parameters. The rms error of

ences would be unacceptably large. this new force, MSk7, is 0.702 MeV for the same data set of
1719 nuclei to which we fitted the force MSk6 of the present
V. CONCLUSIONS paper. A complete mass table, HFBCS-1, corresponding to

We have fitted a ten-parameter Skyrme force, along witthis force is being submitted for publication, and is available
a four-parametes-function pairing force, to 1719 nuclear on the web at http://www-astro.ulb.ac.be
masses, using the HF-BCS method. With just seven of the 14
parameters being freely varied in the fit to the complete data
set, the rms error of our final force, MSk6, is 0.754 MeV, but
this could probably be improved a little if we relaxed the  We are indebted to B. Lorazo of the Computing Centre of
constraint of imposing on our fits the values of the nuclearthe Universitede Montrel for his help. Valuable communi-
matter parameters,, kg, J, M}, and M that optimized cations from I. N. Borzov, J. Meyer, and P.-G. Reinhard are
the fit to spherical nucleiforce MSk5; attention should be gratefully acknowledged. This work was supported in part by
paid in particular to the effective masses. We could likewiseNSERC(Canada S. G. acknowledges the financial support
investigate the degrees of freedom associated xyitandy,  of the FNRS.
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