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UA(1) symmetry breaking is studied by introducing the flavor mixing interaction proposed by Kobayashi,
Maskawa, and ’t Hooft. Combining the one gluon exchange interaction, the rainbowlike Schwinger-Dyson
equation and the ladderlike Bethe-Salpeter equation are derived. The anomalous PCAC relation in the frame-
work of this approximation is considered. The masses of the pseudoscalar mesonsp, h, andh8 are calculated.
It is found that the pion mass is not sensitive to the strength of the flavor mixing interaction. On the other hand,
the masses ofh and h8 are reproduced by a relatively weak flavor mixing interaction, for which the chiral
symmetry breaking is dominantly induced by the soft-gluon exchange interaction. The decay constants are
calculated and the anomalous PCAC relation is numerically checked. It is found that the flavor structures of the
h andh8 mesons significantly depend on their masses and therefore it is questionable to define a flavor mixing
angle forh andh8.

PACS number~s!: 11.10.St, 11.30.Rd, 12.38.2t, 14.65.Bt
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I. INTRODUCTION

It is known that the classical QCD Lagrangian is invaria
under theUL(3)3UR(3) symmetry except for the quar
mass term, and this symmetry is broken down to theUV(3)
spontaneously in the low-energy QCD. In this case, the n
ber of the Nambu-Goldstone bosons should be 9. Howe
the number of the observed light pseudoscalar mesons
The ninth pseudoscalar meson,h8 meson, is heavier than th
other octet pseudoscalar mesons (p0, p1, p2, K1, K2,

K0, K̄0, andh) which are well identified with the Nambu
Goldstone bosons. This is the well-knownUA(1) problem
@1#. It is solved by realizing that theUA(1) symmetry is
broken by the anomaly. The phenomena related to theUA(1)
anomaly in the low-energy QCD have been studied in
following approaches. The first one is the 1/NC expansion
approach@2,3#. The key point is that the effect of theUA(1)
anomaly is higher order in the 1/NC expansion and the low
energy effective Lagrangian of QCD has been derived@4#.
Recently, the expansion in powers of 1/NC , momenta and
quark masses was extended to the first nonleading orde@5#
and the reasonable description of the nonet pseudoscala
sons was obtained.

The second is the instanton approach@6#. The instanton is
a classical solution of the Euclidean Yang-Mills equati
and may contribute a large weight in the Feynman path
tegration. In the presence of the light quarks, instantons
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associated with fermionic zero modes which give rise to
UA(1) symmetry breaking. In the dilute instanton gas a
proximation, theUA(1) breaking six-quark flavor determi
nant interaction was derived in the three flavor case@7#. This
approach has been developed to the instanton liquid pic
of the QCD vacuum@8#. In this picture, the instanton plays
crucial role in understanding not only theUA(1) anomaly
but also the spontaneous breaking of the chiral symm
itself.

In the third approach, the effective low-energy qua
models of QCD were used to study the structure of the h
rons. The introduction of the instanton induced six-quark
teraction to the effective quark model is one of the han
ways to incorporate theUA(1) breaking effects in the low-
energy effective quark model of QCD. The Nambu–Jon
Lasinio ~NJL! model @9# is one of the simplest and widel
used models in studying the structure of the Namb
Goldstone bosons. Using the three-flavor NJL model w
the instanton induced six quark interaction, properties of
nonet pseudoscalar mesons were investigated@10#. A short-
coming of this approach is that theh8 mass has unphysica
imaginary part associated with the unphysical decay chan
h8→q̄q. Recent study of the radiative decays of theh me-
son in the NJL model has shown that the observed value
the mass and radiative decay amplitudes are reproduced
with a rather strongUA(1) breaking interaction@11#. Such
strongUA(1) breaking may be consistent with the instant
liquid picture of the QCD vacuum.

In contrast with the instanton liquid model, the study
the QCD Schwinger-Dyson~SD! equation for the quark
©2000 The American Physical Society01-1



et
ng
w

is

o
ot
sio
th
av
nc

tr

ec
it
s
a
gi
to

th
d

ar
k
. I
s

ud
io

d
es

-

th
e
th

a

ain
.

ed
tiv
on
io

re-
he
rks

n-

-

n-

NAITO, NEMOTO, TAKIZAWA, YOSHIDA, AND OKA PHYSICAL REVIEW C 61 065201
propagator in the improved ladder approximation~ILA ! has
shown that the spontaneous breaking of the chiral symm
is explained by simply extrapolating the running coupli
constant from the perturbative high-energy region to the lo
energy region@12#.

Then, the Bethe-Salpeter~BS! equation for theJPC

5021 qq̄ channel has been solved in the ILA and the ex
tence of the Nambu-Goldstone pion has been confirmed@13#.
The numerical predictions of the pion decay constantf p and

the quark condensatêc̄c& are rather good. It has been als
shown that the BS amplitude shows the correct asympt
behavior as predicted by the operator product expan
~OPE! in QCD @14#. The masses and decay constants for
lowest lying scalar, vector and axial-vector mesons h
been evaluated by calculating the two point correlation fu
tions for the composite operatorsc̄Mc. The obtained values
are in good agreement with the observed ones@15#.

Recently, the current quark mass term has been in
duced in the studies of the BS amplitudes in the ILA@16#
and the reasonable values of the pion mass, the pion d
constant and the quark condensate have been obtained w
rather largeLQCD. It has been also shown that the pion ma
square and the pion decay constant are almost proportion
the current quark mass up to the strange quark mass re

Since theh andh8 system is expected to be sensitive
theUA(1) anomaly, the study of theh andh8 structure may
give us information on the roles of theUA(1) anomaly in the
low-energy QCD. The purpose of this paper is to study
properties of theh and h8 mesons by solving the couple
channel BS equation in the ILA. The effect of theUA(1)
anomaly is introduced by the instanton induced six-qu
determinant interaction. The instanton size effects are ta
into account by the form factor of the interaction vertices
guarantees the right asymptotic behavior of the solution
the SD and BS equations.

There have been many studies of the pion BS amplit
using the effective models of QCD and/or the approximat
schemes of QCD@17#. As for theh andh8 system, Jain and
Munczek model@18# has been applied to them@19#. They
have introduced the effect of theUA(1) anomaly by simply
adding the additional mass term in the flavor singlet pseu
scalar meson channel by hand and the reasonable valu
the masses and decay constants have been obtained.

It is known that the introduction of the two gluon ex
change diagrams in the calculation of theh andh8 BS am-
plitudes beyond the ladder approximation do not break
UA(1) symmetry with the perturbative gluon propagator. R
cently, it has been shown that if the gluon propagator has
strong infrared singularity, theUA(1) symmetry breaks@20#.
The relation between this approach and the instanton
proach is not clear.

The paper is organized as follows. In Sec. II we expl
the model Lagrangian we have used in the present study
Sec. III the Conwall-Jackiw-Tomboulis~CJT! effective ac-
tion @21# calculated from our model Lagrangian is present
The SD and BS equations are derived from the CJT effec
action in Secs. IV and V. In Sec. VI the meson decay c
stant is derived. In Sec. VII the Nambu-Goldstone solut
06520
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of the BS equation is derived and the anomalous PCAC
lation is discussed in Sec. VIII. Section IX is devoted to t
numerical results. Finally, summary and concluding rema
are given in Sec. X.

II. MODEL

We use the flavor three (NF53) effective model whose
Lagrangian density is given by

L@c,c̄#ªc̄ f ~]2!~ i ]”2m0!c1LGE@c,c̄#1LFM@c,c̄#,
~1!

cª~u,d,s!T, ~2!

where f (j) is a cutoff function defined by@16#

f ~j!511Mu~j2LUV
2 !, M→`. ~3!

m0 denotes a diagonal quark mass matrixm0
5diag(mq ,mq ,ms) under the assumption of the isospin i
variance.LGE denotes a gluon exchange interaction

LGE@c,c̄#~x!ª2
1

2Epp8qq8
K mm8,nn8~p,p8;q,q8!

3c̄m~p!cm8~p8!c̄n~q!cn8~q8!

3e2 i (p1p81q1q8)x, ~4!

K mm8,nn8~p,p8;q,q8!5ḡ2F S pE2qE8

2 D 2

,S qE2pE8

2 D 2G
3 iD mnS p1p8

2
2

q1q8

2 D
3~gmTa!mm8~gnTa!nn8, ~5!

where*p denotes*@d4p/(2p)4# and pE represents the Eu
clidean momentum. The indicesm,n, . . . , represent com-
bined indices in the color, flavor, and Dirac spaces. In Eq.~5!
we employ the Landau gauge gluon propagator

iD mn~k!5S gmn2
kmkn

k2 D 21

k2
, ~6!

and the Higashijima-Miransky-type running coupling co
stantḡ2 defined as follows:

ḡ2~pE
2 ,qE

2 !5u~pE
22qE

2 !g2~pE
2 !1u~qE

22pE
2 !g2~qE

2 !,
~7!

with
1-2
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g2~pE
2 !ª5

1

b0

1

11t
for t IF<t,

1

2b0

1

~11t IF!2 F3t IF2t0122
~ t2t0!2

t IF2t0
G for t0<t<t IF ,

1

2b0

3t IF2t012

~11t IF!2
for t<t0 ,

~8!
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pE

2

LQCD
2

21, ~9!

b0ª
1

~4p!2

11NC22Nf

3
. ~10!

In Eq. ~8! the infrared cutofft IF is introduced. Abovet IF ,
g2(pE

2) develops according to the one-loop result of the QC
renormalization group equation and belowt0 , g2(pE

2) is kept
constant. These two regions are connected by the quad
polynomial so thatg2(pE

2) becomes a smooth function. He
NC is the number of colors andNf is the number of active
flavors. We useNC5Nf53 in our numerical studies.

It should be noted here that the quark confinement is
realized by this simple infrared form of the running coupli
constant. For the low-lying pseudoscalar mesons, we ex
that the dynamics of the spontaneous breaking of chiral s
metry plays a primary role and the quark confinement pl
a somewhat minor role. As reported in Ref.@16#, the present
approach is rather successful in describing the pion pro
ties.

LFM is theUA(1) symmetry breaking flavor mixing inter
action ~FMI!, our interest, given by

LFM@c,c̄#~x!5
1

3
GDe f 1f 2f 3eg1g2g3

3w̄~]x1
;]y1

;]x2
;]y2

;]x3
;]y3

!

3$@c̄g1
~x1!c f 1

~y1!#@c̄g2
~x2!c f 2

~y2!#

3@c̄g3
~x3!c f 3

~y3!#13@c̄g1
~x1!c f 1

~y1!#

3@c̄g2
~x2!g5c f 2

~y2!#

3@c̄g3
~x3!g5c f 3

~y3!#%u* , ~11!

wheref 1 ,g1 , . . . , areflavor indices,e denotes the antisym
metric tensor witheuds51 and the asterisk at the end of th
equation meansx1 ,y1 ,•••,→x after all derivatives are op
erated. This type of theUA(1) symmetry breaking six-quar
interaction has been introduced in Ref.@22# before the dis-
covery of the instanton induced interaction@7#. There is a
minor difference of the flavor-spin structure betweenLFM
06520
tic

ot

ct
-

s

r-

and ’t Hooft instanton induced interaction. In the rainbo
ladder approximation, these two interactions give the sa
effects on theh2h8 system.

We introduce a weight functionw̄(•••) which is neces-
sary so that FMI is turned off at the high energy. We use
following separable Gaussian form:

w̄~]x1
;]y1

;]x2
;]y2

;]x3
;]y3

!

5wS ]x1

2 1]y1

2 1]x2

2 1]y2

2 1]x3

2 1]y3

2

2
D , ~12!

w~m2!ª exp~2km2!. ~13!

This weight function is convenient for a numerical calcu
tion as it satisfies the association rule

w~2p22q22k2!5w~2p2!w~2q2!w~2k2!. ~14!

But this particular set of the momenta in the argument of
weight function modifies the form of the Noether current f
the axial-vector transformation. This is the same probl
that occurred in the Higashijima-Miransky approximation
theLGE term discussed extensively in Ref.@16#. The explicit
form of the Noether axial-vector current in this model is ve
complicated and we do not show it. We treat the exact N
ether axial-vector current within the ladderlike approxim
tion. We will show that the~modified! Ward-Takahashi iden-
tity for axial-vector current and the PCAC relation hold
This approach is studied in Ref.@23#.

On the other hand, if one does not want to modify t
Noether current, one has to employ an appropriate form
the argument of the running coupling constant, such as

ḡ2~••• !5ḡ2F S pE1pE8

2
2

qE1qE8

2 D 2G ~15!

in LGE and similarly

w̄~••• !5wF S ]x1
1]x2

1]x3
2]y1

2]y2
2]y3

2A3
D 2G ~16!

in LFM .
In our model, there are nine axial-vector currentsJ5m

a (a
50, . . . ,8),which satisfy the anomalous PCAC relation
1-3
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]mJ5m
a ~x!52@m0J5#a~x!1da0A~x!, ~17!

@m0J5#a
ªc̄ ig5

f ~]Q 2!m0la1lam0f ~]2!

4
c, ~18!

wherela denotes the Gell-Mann matrix in the flavor spac
A(x) corresponds to the explicitUA(1) symmetry breaking
and is proportional toGD in Eq. ~11!. In QCD,A(x) is given
by

3aS

8p
emnrsFmn

a Frs
a . ~19!

III. EFFECTIVE ACTION

To derive the Schwinger-Dyson equation and the Bet
Salpeter equation, we use the Cornwall-Jackiw-Tombo
~CJT! effective action formulation@21#. In Ref. @16#, we
have already derived the CJT effective action in the low
order ~rainbow-ladder! approximation in the framework o
the ILA model. Here we add a new termGFM@SF# which
contains the lowest order effect of the flavor mixing intera
tion ~FMI!

G@SF#ª i Tr Ln@SF#2 i Tr@S0
21SF#1GGE@SF#1GFM@SF#.

~20!

GGE@SF# corresponds to the two-loop~eyeglass! diagram us-
ing gluon exchange interaction and is defined by Eq.~15! in
Ref. @16#. Since FMI is a six-quark interaction, the lowe
two particle irreducible vacuum diagram of FMI is a thr
loop ~clover! diagram. For simplicity, we take only the dom
nant term in 1/NC expansion forGFM@SF# term as

GFM@SF#5
GD

3 E d4xe f 1f 2f 3eg1g2g3w

3S ]x1

2 1]y1

2 1]x2

2 1]y2

2 1]x3

2 1]y3

2

2
D

3$2tr(DC)@SF f 1g1
~y1 ,x1!#tr(DC)

3@SF f 2g2
~y2 ,x2!#tr(DC)@SF f 3g3

~y3 ,x3!#

23tr(DC)@SF f 1g1
~y1 ,x1!#tr(DC)

3@g5SF f 2g2
~y2 ,x2!#tr(DC)@g5SF f 3g3

~y3 ,x3!#%u* .

~21!

In this approximation, the globalSUL(3)3SUR(3) symme-
try is preserved. In fact, the total effective action is invaria
under the infinitesimal global chiral transformation exce
for the quark bare mass term.

IV. SCHWINGER-DYSON EQUATION

The Schwinger-Dyson equation is derived by the stabi
condition of the CJT effective action
06520
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dG@SF#

dSFmn~x,y!
50. ~22!

The detailed procedure is the same as in Ref.@16#. Introduc-
ing the regularized propagatorsSF

R(q)ª f (q2)SF(q) and
S0

R(q)ª i /(q”2m0), the SD equation in momentum space b
comes

iSF
R

nm
21~q!2 iS0

R
nm
21~q!52

CF

f ~2q2!
E

p

1

f ~2p2!
ḡ2~qE

2 ,pE
2 !

3 iD mn~p2q!@gmSFm2n2

R ~p!gn#nm

1GDd i j dabe
g f1f 2e f g1g2

3E
p,k

1

f ~2p2! f ~2k2!

3w~2q22p22k2!

3tr(DC)@SFg1f 1

R ~p!#tr(DC)@SFg2f 2

R ~k!#,

~23!

where the indicesm,n, . . . , are combined indicesm
ª(a,i , f ),nª(b, j ,g), . . . , with Dirac indices a,b, . . . ,
and color indicesi , j , . . . , andflavor indicesf ,g, . . . . This
equation is shown diagramatically in Fig. 1. Generally t
quark propagator is parametrized by

SFh
R ~q!5

i

q”Ah~q2!2Bh~q2!
, ~24!

where the indexh denotes the flavor. After the Wick rota
tion, we obtainAh(2qE

2)[1. Then the resulting SD equa
tion reads

Bq~2s!5mq1
3CF

16p2E0

LUV
2

drḡ2~s,r !
Bq~2r !

r 1Bq
2~2r !

3H u~r 2s!1
r

s
u~s2r !J 2

GDNC
2 w~s!

8p4

3E
0

LUV
2

drw~r !
rBq~2r !

r 1Bq
2~2r !

3E
0

LUV
2

dlw~ l !
lBs~2 l !

l 1Bs
2~2 l !

, ~25!

FIG. 1. The diagram for the SD equation.
1-4
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Bs~2s!5ms1
3CF

16p2E0

LUV
2

drḡ2~s,r !
Bs~2r !

r 1Bs
2~2r !

3H u~r 2s!1
r

s
u~s2r !J 2

GDNC
2 w~s!

8p4

3E
0

LUV
2

drw~r !
rBq~2r !

r 1Bq
2~2r !

3E
0

LUV
2

dlw~ l !
lBq~2 l !

l 1Bq
2~2 l !

, ~26!

with s[qE
2 . These integral equations are solvable nume

cally.
Since the improved ladder approximation~ILA ! model

reproduces the asymptotic behavior of QCD, the quark m
function can be renormalized so that the solution of the
equation is matched with the QCD quark mass function
the aymptotic region. We renormalize the quark mass fu
tion properly in the manner described in Ref.@16#. The
renormalization constantsZmq

and Zms
defined by mq

5Zmq

21mqR andms5Zms

21msR are determind by the conditio

]Bq~m2!

]mqR
U

mqR50

51 and
]Bs~m2!

]msR
U

msR50

51. ~27!

Note that the flavor mixing interaction does not disturb t
asymptotic behavior of the ILA model and QCD because
the Gaussian type weight function.

V. BETHE-SALPETER EQUATION

The homogeneous Bethe-Salpeter~BS! equation is de-
rived by

d2G@SF#

dSFmn~x,y!dSFn8m8~y8,x8!
xn8m8~y8,x8;PB!50, ~28!

where

xn8m8~y8,x8;PB!5^0uTcn8~y8!c̄m8~x8!uP& ~29!

denotes the BS amplitude. The normalization condition
^PBuPB8 &5(2p)32PB0d3(PB2PB8 ) and PBª(AMB

21PB
2,

PB) is the on-shell momentum of the meson. Introducing
regularized BS amplitude by

xnm
R ~q;PB!ª f ~2q1

2 !xnm~q;PB! f ~2q2
2 !, ~30!

q1ªq1
PB

2
, q2ªq2

PB

2
, ~31!
06520
i-

ss
D
n
c-

f

s

e

the BS equation in momentum space becomes

SF
R

nn1

21 ~q1!xn1m1

R ~q;PB!SF
R

m1m
21 ~q2!

52 iCFE
k

1

f ~2k1
2 ! f ~2k2

2 !
ḡ2~qE

2 ,kE
2 !iD mn~q2k!

3@gmxR~k;PB!gn#nm12iGDegh f8e f h8g8d j i

3E
p,k

1

f ~2p2! f ~2k1
2 ! f ~2k2

2 !

3wS 2p22q22k22
PB

2

2 D tr(DC)@SFh8h
R

~p!#

3$~g5!ba tr (DC)@g5xg8 f 8
R

~k;PB!#11ba tr (DC)

3@xg8 f 8
R

~k;PB!#% ~32!

which is shown diagramatically in Fig. 2. For the pseud
scalar stateuPB&, the last term in the braces does not contr
ute.

For the pion, the BS amplitude can be written in terms
four scalar amplitudes as in Ref.@16#,

xnm
R ~k;P!5d j i

~la!g f

2 F FfS~k;P!1fP~k;P!k”1fQ~k;P!P”

1
1

2
fT~k;P!~P” k”2k”P” !Gg5G

ba

, ~33!

wherela denotes the flavor structure of the pion state. F
example, the neutral pion is given bya53. On the other
hand, for theh andh8 mesons, the BS amplitudes are wr
ten in terms of eight scalar amplitudes

xnm
R ~k;P!5d j i

~lqq!g f

2 F FfS
qq~k;P!1fP

qq~k;P!k”

1fQ
qq~k;P!P” 1

1

2
fT

qq~k;P!~P” k”2k”P” !Gg5G
ba

~34!

1d j i

~lss!g f

2 F FfS
ss~k;P!1fP

ss~k;P!k”

1fQ
ss~k;P!P” 1

1

2
fT

ss~k;P!

3~P” k”2k”P” !Gg5G
ba

, ~35!

FIG. 2. The diagram for the BS equation.
1-5
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where the flavor matriceslqq,lss are defined by

lqq5S 1 0 0

0 1 0

0 0 0
D , lss5S 0 0 0

0 0 0

0 0 A2
D . ~36!

This is because theqq andss components of the BS ampli
tude are mixed through the last term of the right hand sid
Eq. ~32! which is FMI. The BS equations for theh andh8
mesons are same. The ground state solution is identified
the h meson and the first excited state solution is identifi
with theh8 meson. Substituting Eq.~33! or Eq.~35! into Eq.
~32!, we obtain the coupled integral equations. The expl
form is rather complicated and we do not show it. Forma
the equations can be written as

fA~q;PB!5E
k
MAB~q,k;PB!fB~k;PB!. ~37!

fA or fB denotes the set of amplitudes,fS ,fP ,fQ ,fT for
the pion andfS

qq ,fP
qq ,fQ

qq ,fT
qq , fS

ss,fP
ss,fQ

ss,fT
ss for theh

andh8 meson. Instead of solving Eq.~37! directly, we solve
an eigenvalue problem

lfA~q;PB!5E
k
MAB~q,k;PB!fB~k;PB! ~38!

for a fixed PB
25MB

252PBE
2 52ME

2,0. Then we plot and
extrapolate the eigenvaluel as a function ofPB

2 and search
for the on-shell pointl51.

VI. DECAY CONSTANT

To obtain the decay constant, we need the normaliza
of the BS amplitude which is derived from the inhomog
neous BS equation. In Ref.@16# the normalization condition
in the momentum space is given by

lim
P→PB

i E
qPI

xn1m1

R ~q;PB!x̄m2n2

R ~q;PB!
Pm

22P2

]

]Pm

3FSFn2n1

R21 S q1
P

2 DSFm1m2

R21 S q2
P

2 D G51, ~39!

where the integral region is

I 5$qu2~q6PB!2<LUV
2 %. ~40!

Using the normalized BS amplitude, the decay constan
obtained by
06520
in

ith
d

it

n
-

is

f B5 lim
P→PB

1

P2Eq

1

f ~2q2
2 ! f ~2q1

2 !

3trF x̄R~q;PB!ig5

la

2 H f ~2q2
2 !1 f ~2q1

2 !

2
p”

1@2 f ~2q2
2 !1 f ~2q1

2 !#q” J G1 lim
P→PB

1

P2

3E
q

1

f ~2q2
2 ! f ~2q1

2 !
„tr$x̄R~q;P!

3@Ea~q;P!1Fa~q;P!#%…, ~41!

where

Emn
a ~q;P!ªE

k

1

f ~2k2!
F HK n8n,mm8S 2k,q2

P

2
;

2q2
P

2
,k1PD2K n8n,mm8S 2k,q2

P

2
;

2q1
P

2
,kD J S ig5

la

2
SF

R~k! D
m8n8

1HK n8n,mm8S 2k1P,q2
P

2
;2q2

P

2
,kD

2K n8n,mm8S 2k,q1
P

2
;2q2

P

2
,kD J

3S SF
R~k!ig5

la

2 D
m8n8

G , ~42!

Fmn
a ~q;P!ª2GD~g5!abd i j E

k,l

1

f ~2k2! f ~2 l 2!

3tr(DC)@SFg2f 2

R ~k!#XH wF2S q2
P

2 D 2

2k22 l 2G
2wS 2q22

3

4
P22k22 l 21Pl D J

3e f f 2f 3egg2g3 tr (DC)F S SF
Ri

la

2 D
g3f 3

~ l !G
1H wF2S q1

P

2 D 2

2k22 l 2G
2wS 2q22

3

4
P22k22 l 22Pl D J

3e f f 2f 3egg2g3 tr (DC)F S i
la

2
SF

RD
g3f 3

~ l !GC. ~43!
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The term given in terms ofEa(q;P) andFa(q;P) represents
the correction to the Noether axial-vector current due to
momentum dependencies of the effective Lagrangian.
the pion, we can choose the flavor structure matrixla of the
Noether current in the above formula to match that of the
amplitude. Then we obtain the decay constantf p in the usual
sense. On the other hand, for theh or h8 mesons, the flavor
structure of the BS amplitude depends on the relative
total momenta in general. Therefore we cannot fixla from
the flavor structure of the BS amplitude. Instead we o
consider the decay constants associated with the octea
58) and singlet (a50) axial-vector currents for theh or

h8mesons, i.e.,f 8
h , f 0

h , f 8
h8 , and f 0

h8 . The fact that the fla-
vor structure of theh-h8 meson BS amplitudes depend o
the relative and total momenta means that one cannot de
theh-h8 mixing angle. It can be defined only in the limit o
neglecting these momentum dependences.

VII. NAMBU-GOLDSTONE SOLUTION

A remark is given here about the Nambu-Goldstone so
tion. In the chiral limit, the effective action is invariant und
the SUL(3)3SUR(3)3UV(1) transformation. Under the
dynamical breakdown of this symmetry toSUV(3)3UV(1),
we expect eight Nambu-Goldstone~NG! solutions. This can
be proved by the same procedure as in Ref.@23#. However,
we show here the existence of these NG solutions dire
from the SD equation (23) and the BS equation (32). M
tiplying the g5la/2 from left andg5la/2 from right to Eq.
~23!, we obtain

H ig5

la

2
,SF

R21~q!J
nm

2H ig5

la

2
,S0

R21~q!J
nm

52
iCF

f ~2q2!
E

p

1

f ~2p2!
ḡ2~qE

2 ,pE
2 !iD mn~p2q!

3S gmH SF
R~p!,ig5

la

2 J gnD
nm

1GDd j i dba

3S ~la!gg8
2

eg8 f 1f 2e f g1g21eg f1f 2e f 8g1g2
~la! f 8 f

2 D
3E

p,k

1

f ~2p2! f ~2k2!
w~2q22p22k2!

3tr(DC)@SFg1f 1

R ~p!#tr(DC)@SFg2f 2

R ~k!#. ~44!

In the chiral limit the second term of the left hand side va
ishes. Furthermore ifla is an octet matrix, i.e., tr@la#50,
then a relation

S ~la!gg8
2

eg8 f 1f 2e f g1g21eg f1f 2e f 8g1g2
~la! f 8 f

2 D dg1f 1
dg2f 2

524eg f1f 2e f g1g2dg1f 1

~la!g2f 2

2
~45!
06520
e
or

S

d

y
(

ne

-

ly
-

-

leads us to

H ig5

la

2
,SF

R21~q!J
nm

52
iCF

f ~2q2!
E

p

1

f ~2p2!
ḡ2~qE

2 ,pE
2 !iD mn~p2q!

3S gmH SF
R~p!,ig5

la

2 J gnD
nm

12iGDd j i dba

3eg f1f 2e f g1g2E
p,k

1

f ~2p2! f ~2k2!
w~2q22p22k2!

3tr(DC)@SFg1f 1

R ~p!#tr(DC)Fg5H ig5

la

2
,SF

R~k!J
g2f 2

G .

~46!

Comparing this with Eq.~32!, we obtain the Nambu-
Goldstone solution fora51, . . . ,8

xnm
R ~q;P50!5NH ig5

la

2
, f ~2q2!SF

R~q!J , ~47!

whereN is a normalization constant. It can be also sho
thatN equals to 1/f B wheref B is a decay constant defined i
the previous section in the framework of the present ladd
like approximation. It should also be noted that Eq.~47! does
not hold for a singletla50.

VIII. ANOMALOUS PCAC RELATION

The matrix element of the PCAC relation~17! between a
meson statêPu and the vacuumu0& in the ladderlike ap-
proximation becomes

2 f B
aMB

252@m0E B
a#1da0AB , ~48!

where f B
a is the decay constantf p , f 8

h , f 0
h , f 8

h8 , or f 0
h8.

@m0E B
a# andAB are defined by

@m0E B
a#ª lim

P→PB

i E
q

f ~2q2
2 !1 f ~2q1

2 !

2 f ~2q2
2 ! f ~2q1

2 !
trF x̄R~q;P!m0g5

la

2 G ,
~49!

ABª lim
P→PB

E
q

1

f ~2q1
2 ! f ~2q2

2 !
tr@ x̄R~q;PB!A~q;P!#,

~50!
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Amn~q;P!ª23GD~g5!abd i j E
k,l

1

f ~2k2! f ~2 l 2!

3tr(DC)@SFg2f 2

R ~k!#H wF2S q2
P

2 D 2

2k22 l 2G
3e f f 2f 3egg2g3tr(DC)F S SF

Ri
la

2 D
g3f 3

~ l !G
1wF2S q1

P

2 D 2

2k22 l 2Ge f f 2f 3egg2g3tr(DC)

3F S i
la

2
SF

RD
g3f 3

~ l !G J , ~51!

respectively. This relation is obtained systematically us
the method of Sec. III in Ref.@23#. Of course, we can also
obtain this relation~48! directly from the SD equation~23!
and the BS equation~32!. If we employ the BS amplitude in
the chiral limit similar to Eq.~47!, it holds that

@m0E B
a#5mq^q̄q&0 / f B5mqR^q̄q&R / f B . ~52!

Equation ~48! with Eq. ~52! leads us to the Gell-Mann
Oakes, and Renner mass formula

MB
2 f B

2.22mq^q̄q& for aÞ0. ~53!

For later use, we define the ratio

Ra~PE
2 !5

f B
a~PE

2 !PE
2

2@m0E B
a~PE

2 !#1da0AB~PE
2 !

, ~54!

which is to be unity at the on-mass-shell point of the Bet
Salpeter solution. This condition is useful in checking t
numerical extrapolation procedure.

TABLE I. Dependences of the solutions of the SD equations
qE

250 and the quark condensates on the strength of FMI with
sets of the quark masses~i! mqR5msR50 and~ii ! mqR55 @MeV#,
msR5100 @MeV#. Hereq represents theu andd quarks.

mqR

@MeV#
msR

@MeV#
I G

@GeV21#
Bq(0)
@GeV#

Bs(0)
@GeV#

^q̄q&R

@GeV3#
^s̄s&R

@GeV3#

0 0 0.0 1.10 1.10 2(0.259)3 2(0.259)3

0 0 1.6 1.11 1.11 2(0.260)3 2(0.260)3

0 0 2.0 1.11 1.11 2(0.262)3 2(0.262)3

0 0 2.4 1.14 1.14 2(0.268)3 2(0.268)3

5 100 0.0 1.11 1.22 2(0.259)3 2(0.245)3

5 100 1.6 1.11 1.22 2(0.261)3 2(0.244)3

5 100 2.0 1.13 1.23 2(0.266)3 2(0.241)3

5 100 2.4 1.17 1.24 2(0.276)3 2(0.236)3
06520
g

-

IX. NUMERICAL RESULTS

In the present model, there are seven input parame
Five of them are the parameters of the improved ladder
proximation ~ILA ! model of QCD: the current quark mas
mqR for the up and down quarks, the scale parameter of Q
LQCD, the infrared cutofft IF for the running coupling con-
stant, the smoothness parametert0 and the ultraviolet cutoff
LUV . We take the value oft0 from the result of Ref.@13#,
namely,t0523. As explained there this smoothness para
eter t0 is introduced just for the stability of the numeric
calculations and has no physical meanings. We takeLUV
5100 @GeV# because the physical observables depend o
rather weakly after the renormalization as far as we us
reasonably large value ofLUV . The renormalization pointm
is taken asm52 @GeV#. The infrared cutofft IF controls the
strength of the running coupling constant in the lowqE

2 re-
gion. Therefore its value is directly related to the size of t
dynamical chiral symmetry breaking. We taket IF520.5. It
corresponds tog2(qE

250)/4p.11. In the case of no FMI,

t IF520.5 gives 2^c̄c&R
1/35259 @MeV# with LQCD5600

@MeV# in the chiral limit. See Figs. 1 and 2 of Ref.@16# for

FIG. 3. qE
2 dependences of the solutions of the SD equation

the SU(2) chiral limit with msR5100 @MeV# and I G

50.0,1.6,2.0,2.4@GeV21#.

t
o

TABLE II. Dependences of the solutions of the pion BS equ
tion on the strength of FMI with two sets of the quark masses~i!
mqR5msR50 and~ii ! mqR55 @MeV#, msR5100 @MeV#.

mqR

@MeV#
msR

@MeV#
I G

@GeV21#
Mp

@MeV#
f p

@MeV# R
0 0 0.0 0 86
0 0 1.6 0 87
0 0 2.0 0 89
0 0 2.4 0 95
5 100 0.0 159 88 1.06
5 100 1.6 158 90 1.06
5 100 2.0 157 94 1.05
5 100 2.4 152 103 1.05
1-8
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TABLE III. Dependences of theh-meson solutions of the coupled channel BS equation on the streng
FMI with two sets of the quark masses~i! mqR5msR50 and ~ii ! mqR55 @MeV#, msR5100 @MeV#. The
values in the brace are obtained by the rational extrapolation.

mqR

@MeV#
msR

@MeV#
I G

GeV21
Mh

@MeV#
f 8

h

@MeV#
f 0

h

@MeV#
uh

@deg# R 8
h R 0

h

0 0 0.0 0 86 0 0
0 0 1.6 0 87 0 0
0 0 2.0 0 89 0 0
0 0 2.4 0 95 0 0
5 100 0.0 159 51 72 254.7 1.05 1.05
5 100 1.6 258 57 69 250.4 1.02 1.03
5 100 2.0 387 75 58 237.7 1.00 1.05
5 100 2.4 511 113 19 29.5 1.01 0.55(1.00)
lf-
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the dependencies ofg2 on LQCD and t IF .
We chooseLQCD5600 @MeV#. Although this value is

somewhat larger than the ‘‘standard’’ valueLQCD5100
;300 @MeV#, it is necessary for the rainbow gluon se
energy to generate the dynamical chiral symmetry break
strongly@13,16#. Of course if the dynamical chiral symmetr
breaking is caused by the flavor mixing interaction main
we may choose a smallerLQCD. But in such a situation, a
careful analysis is necessary. Since the phase transition
the first order, there may exist multiple SD solutions. W
will report such results elsewhere@24#. Therefore in this pa-
per we concentrate only on the case that the chiral symm
breaking is generated mainly by the gluon exchange inte
tion.

We have two new parameters associated with the fla
mixing interaction~FMI!, i.e.,GD andk. Instead ofGD , we
use the parameterI G defined by

GD@GeV25#5:2~ I G@GeV21# !5. ~55!

This parameter is chosen freely so that we study the eff
of theUA(1) anomaly on theh-h8 system. Thek parameter
is taken as

k50.7 @GeV22#. ~56!
06520
g

,

of

ry
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ts

This value corresponds to the form factor of the instanton
the average sizer, about 1/3@fm#. The instanton form factor

1

xE
21r2

}12
xE

2

r2
1••• ~57!

can be identified with the Fourier transformation of t
weight function

FTw~qE
2 !5C expS 2

xE
2

4k D}12
xE

2

4k
1••• ~58!

with

4k5r2. ~59!

The values of the model parameters we use throughout
article areLUV5100 @GeV#, LQCD5600 @MeV#, t0523,
t IF520.5, m52 @GeV#, andk50.7 @GeV22#.

Let us now discuss the solutions of the SD equation. O
numerical results are shown in Table I and Fig. 3. As can
seen from them, the chiral symmetry breaking is induc
mainly by the gluon exchange interaction, and the effect
FMI to the chiral quark condensate seems very small. W
I G increases from zero to 2.4,Bq(0) increases only 4–6 %
and ^q̄q&R changes by about 10 to 20 %. One may wond
ngth
TABLE IV. Dependences of theh8-meson solutions of the coupled channel BS equation on the stre
of FMI with two sets of the quark masses~i! mqR5msR50 and~ii ! mqR55 @MeV#, msR5100 @MeV#. The
value in the brace is obtained by the rational extrapolation.

mqR

@MeV#
msR

@MeV#
I G

@GeV21#
Mh8

@MeV#
f 8

h8

@MeV#
f 0

h8

@MeV#
uh8

@deg# R 8
h8 R 0

h8

0 0 0.0 0 0 86 0
0 0 1.6 194 0 87 0 1.04
0 0 2.0 350 0 88 0 1.02
0 0 2.4 634 0 94 0 1.06
5 100 0.0 723 2101 72 254.7 1.05 1.05
5 100 1.6 732 298 77 251.8 1.05 1.07
5 100 2.0 777 286 90 243.7 1.06 1.11
5 100 2.4 1060 236 122 216.4 1.09 1.33
1-9
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whether the range of variation is too small for its effects
be seen, but, as we will see later, thisI G gives a large mass
to h andh8. Since the perturbative quark mass contributi
to the quark condensate is subtracted in our definition,
absolute value of̂ s̄s&R is smaller than that of̂ q̄q&R (q
5u,d). Our results inmqR55 @MeV# andmsR5100 @MeV#

are ^s̄s&R /^q̄q&R50.85 and 0.63 for I G50 and 2.4
@GeV21#, respectively. These are in reasonable agreem
with the QCD sum rule results:^s̄s&R /^ūu&R50.860.1 @25#

and ^ s̄s&R /^ūu&R50.660.1 @26#. The absolute value of the
u,d-quark condensate increases asI G increases, while that o
the s-quark condensate decreases asI G increases. It is an
interesting feature in the present model. In the case of
Nambu–Jona-Lasinio~NJL! model with FMI, both conden-
sates increase. We do not find out the intuitive explanatio
the difference of this behavior between the NJL model a
the present model.

Let us now turn to the discussion of the solutions of t
BS equation. Our numerical results for the pion are summ
rized in Table II. Here we have not performed the prec
parameter fittings so as to reproduce the observed pion m
and decay constant since solving the BS equation of the n
local interaction requires the rather large computer resour
We observe that the pion mass and decay constant are
sensitive to the flavor mixing interaction. The deviation
the slopeMp

2 /mqR from the slope22^q̄q&R / f p
2 derived from

Gell-Mann–Oakes–Renner~GMOR! relation is about 16%
at mqR55 @MeV# and I G52.4 @GeV21#. We consider this
amount of the deviation of the GMOR relation may com
from the Euclid→ Minkowski extrapolation, since the rati
R defined in Eq.~54! deviates from unity by 5%, which
indicates the size of the numerical error forMp

2 and f p in the
extrapolation procedure.

The BS solutions for theh and h8 mesons are given in
Tables III and IV. Since the BS equation is homogeneo
the absolute sign of the BS amplitudes, and therefore
decay constants, cannot be determined. We choose the
of f 8 ( f 0) to be positive forh (h8). The masses ofh andh8
and their decay constants depend strongly on the flavor m
ing interaction. Especially, theh8 meson mass seems sen
tive to the flavor mixing interaction. This is in contrast to th
pion result.UA(1) symmetry breaking gives a large effect o
the h andh8 sector.

In order to see the effects of the flavor mixing, we intr
duce the mixing angles for theh andh8 mesons

2 f 0
h

f 8
h

5tanuh ,
f 8

h8

f 0
h8

5tanuh8 . ~60!

The results are presented in Tables III and IV. Since
flavor structure of theh-h8 meson BS amplitudes depend o
the relative and total momenta, the above definitions of
mixing angles are the kinds of the averaged quantities.

In theSU~3! symmetry limit, no flavor mixing occurs an
uh5uh850. On the other hand, in the broken SU~3! case
without FMI, h andh8 are in the ideally mixed states, i.e
u5arctan(2A2)5254.7°. The mixing anglesuh and uh8
06520
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increase as FMI becomes strong. In the case ofmqR55
@MeV#, msR5100@MeV#, andI G52.4 @GeV21#, the reason-
able values of theMh andMh8 are obtained, the calculate
Mh is 7% smaller than the observedMh and the calculated
Mh8 is 11% larger than the observedMh8 . In this model
parameters, the calculated mixing angle for theh8 meson
uh8 is more than 5/3 times of the calculated mixing angle
the h mesonuh . It means that the momentum dependenc
of the flavor structures of theh and h8 mesons are not so
small and the momentum independent treatment of theh-h8
mixing angle is rather questionable.

The last column of Tables II–IV gives the ratioR in Eq.
~54! for finite quark mass. As it should be 1 at the on-ma
shell point identically, it is a good indicator of the ambiguit
or error, coming from the extrapolation from the Euclide
kinematics to the Minkowski on-mass-shell kinematics. He
we carry out the quadratic extrapolations of the eigenvalul
and the ratioR and the linear extrapolation of the deca
constantf from the Euclid region to the on-mass-shell poin
In the case of the weak FMI, our extapolation procedu
works rather well. For heavier meson masses,R deviates
from 1 significantly. This indicates an extrapolation error.
fact, for MB.700 @MeV# the extrapolation becomes ver
difficult in the quadratic extrapolation. For instance,R 0

h for
I G52.4 @GeV21# shown in Table III largely deviates from 1
Figure 4 shows the extrapolation in this case, where the li
of l andR 8

h are almost straight but the curve ofR 0
h is not.

This may be a reason whyR 0
h deviates from unity. We have

performed the extrapolation ofR 0
h by using a rational func-

tion which is shown in Fig. 4 by the dotted line and the res
is improved well. As for theh8 meson, the extrapolation o

the eigenvalue, the rationsR 8
h8 andR 0

h8 are shown in Fig. 5.
From Table IV one can see that in the chiral limit,h8

state is a pure flavor singlet state and has finite mass.
mass is due to FMI and it meansh8 is not the Goldstone
boson. One of the interesting questions is that how muchh8
loses the Goldstone boson nature. In the present range o
UA(1) breaking interaction strength, the flavor singlet pse

FIG. 4. Extrapolation of the eigenvalue and the ratios for theh
meson withmqR50, msR5100 @MeV#, andI G52.4 @GeV21#.
1-10
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doscalar meson state has mass from 194@MeV# to 634
@MeV#. On the other hand the decay constant changes
less than 8%. Further studies of theh8 properties such as th
decay amplitudes are necessary in order to understand
nature of theh8 meson.

We plot theh8 meson mass as a function of theUA(1)
breaking parameterI G in Fig. 6. The effect of the mixing of
u,d quark component seems to be negligible and theh8
mass grows rapidly fromI G;2.0 @GeV21#.

The h-meson properties have been studied extensivel
the three-flavor NJL model with the instanton induc
UA(1) breaking flavor mixing interaction~FMI! in Ref. @11#
and it has been shown that theh-meson mass, theh→gg,
h→g, m2m1, andh→p0gg decay widths are reproduce
well with the rather strong FMI. In this case the contributi
from FMI to the dynamical mass of the up and down qua
is about 44% of that from the usualUL(3)3UR(3) invariant
four-quark interaction. In contrast with it, the contributio
from FMI to the dynamical quark mass is very small in t
present study. To make the situation clear, let us compare
strength of FMI in the present case with that in the N
model case. The naive way is to compare the following t
quantities:

E
0

`

dqe2kq2
I G

5 , ~61!

FIG. 5. Extrapolation of the eigenvalue and the ratios for theh8
meson withmqR50, msR5100 @MeV#, andI G52.4 @GeV21#.

FIG. 6. I G dependence of the mass of theh8 meson withmqR

50 andmsR5100 @MeV#.
06520
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in the present model and

E
0

L

dq
16p4

9L5
GD

eff , ~62!

in the NJL model. In this mannerI G52.4 @GeV21# corre-
sponds toGD

eff50.73, which is rather close to the value d
termined in Ref.@11#, GD

eff50.7. It means the strength o
FMI is almost the same in both cases. It is not clear why
contribution from FMI to the dynamical quark mass is
different in the two cases.

It should be noted here that as can be seen from Fig
FMI operates on the pseudoscalar meson states as the e
tive four-quark interaction reduced by contracting a qua
antiquark pair into a quark condensate. Therefore the ef
tive strength of FMI is notGD but GD^q̄q&. In our present
model parameters, the dynamical chiral symmetry break
is mostly driven by the one-gluon exchange type interacti
If one reduces the strength of the one-gluon type interac
in the infrared region, the quark condensate becomes sm
and the effective strength of FMI on the meson states
comes weaker. Therefore there is a possibility of tak
rather strong FMI without destroying the success of
present description of theh and h8 meson masses. In th
case where FMI is dominant in the infrared region, we e
pect that the chiral phase transition becomes the first o
and there may exist multiple solutions of the SD equation
such a situation, more careful analyses are required, w
will be reported elsewhere@24#.

X. SUMMARY AND CONCLUSIONS

The improved ladder approximation of QCD has succe
fully described the low-energy properties of QC
@13,14,16#. In this article, we have studied theh and h8
mesons in this approach. It is expected that theUA(1)
anomaly plays an important role in theh andh8 mesons and
therefore we have introduced the instanton inducedUA(1)
breaking six-quark determinant interaction@22,7# in the im-
proved ladder approximation model of QCD. We have d
rived the Schwinger-Dyson~SD! equations for the light
quark propagators and the Bethe-Salpeter~BS! equations for
the pion,h andh8 in the lowest order~rainbow-ladder! ap-
proximation using the Cornwall-Jackiw-Tomboulis~CJT! ef-
fective action formulation@21#.

Using the same model parameters of the running coup
constant used in Ref.@16#, we have obtained reasonable va
ues ofMp , Mh , Mh8 , f p , and^q̄q&R with a relatively weak
flavor mixing interaction, for which the chiral symmetr
breaking is dominantly induced by the soft-gluon exchan
interaction. It is in contrast with the Nambu–Jona-Lasin
~NJL! model results, where about 1/3 of the dynamical qu
mass is due to FMI@11#.

As far as we know, theh8 BS equation which includes
the running coupling aspect of QCD and the effect of t
UA(1) anomaly has not been solved so far. In the case of
NJL model, theh8 mass has unphysical large imaginary p
associated with the unphysical decay channelh8→q̄q. On
1-11
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the other hand, the present model predicts a boundh8 al-
though it may not perfectly confine quarks. The bound st
is obtained as the quark mass function becomes rather la
B(2qE

2);1 @GeV# at qE50, in this model, while it is inde-
pendent of the momentum in the NJL model.

Since the flavor structure of theh-h8 meson BS ampli-
tudes depend on the relative and total momenta, one ca
define theh-h8 mixing angle unambiguously. It can be d
fined only in the limit of neglecting these momentum depe
dencies and it should be examined whether such an app
mation is reasonable. Our numerical results indicate that
momentum independent treatment of the flavor mixing
rather questionable.

In the chiral limit we can define theh0 decay constantf 0
without any ambiguity.~Hereh0 means the pure flavor sin
glet state.! Our numerical results show that (u f 0u2 f p)/ f p

<0.012 in our parameter range thoughMh0
changes from

194 @MeV# to 634 @MeV#. There is no low-energy theorem
for the h0 decay constantf 0 since theUA(1) symmetry is
explicitly broken by the anomaly. Therefore the present
sult of f 0 should contain the information of the low-energ
dynamics of QCD.
y

.
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.

06520
te
ge,

ot

-
xi-
e

s
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The present result is our first step towards quantitat
understanding of the flavor mixing interaction. With the B
solutions in hand, we may calculate static properties and
cay amplitudes ofh and h8. Our model is regarded as
low-energy effective theory, which is consistent with chir
symmetry, its spontaneous breakdown and theUA(1)
anomaly. It should be stressed that the approximation use
solving and renormalizing the amplitudes also respect th
symmetry properties. Thus our approach is suitable for f
ther studies of theh andh8 systems, which are desirable i
order to clarify the role of theUA(1) anomaly in the low-
energy QCD.
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