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Direct reconstruction of p-p elastic scattering amplitudes at 1.8 and 2.1 GeV

Nader Ghahramany and Ghasem Forozani
Department of Physics, Shiraz University, Shiraz 71454, Iran

~Received 22 June 1999; revised manuscript received 16 December 1999; published 8 May 2000!

The direct reconstruction of the proton-proton elastic-scattering complex amplitudes is carried out at 1.8 and
2.1 GeV. Five independent amplitudes both in helicity and transversity frame were obtained by using an
extensive set of data measured recently at SATURNE II and by the EDDA~COSY! Collaboration. The real
and imaginary parts of the amplitudes are plotted versus different interpolated c.m. angles for both frames.
Four distinct sets of solutions exist, one of which is chosen on the basis of minimumx2.

PACS number~s!: 13.75.Cs, 13.85.2t
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I. INTRODUCTION

In spite of the fact that more than three decades h
passed since the first amplitude analysis was performe
elasticp-p scattering, a direct reconstruction of amplitud
still seems to be quite attractive for the following reaso
first, the dynamical models have not yet been able to give
a clear picture of nucleon-nucleon scattering which is
basic reaction necessary to understand the nature of nu
forces. Second, the spin effects of the nucleon constitu
can be investigated in detail by using new polarized bea
and polarized targets and measuring new polarization par
eters from which amplitudes are nondynamically obtain
Third, several accelerators have been able to produce p
ized beams of protons and neutrons over a wide rang
energies. Also new target materials have been develo
providing better target polarization via the frozen-spin mo
@1#.

In the energy range of below 1 GeV forp-p elastic scat-
tering, partial wave analysis has successfully provided un
biguous phase shifts as a function of energy@2#. At higher
energies such partial wave analysis is complicated@3# and
instead, it is better to obtain the reaction amplitudes by dir
reconstruction using the optimal formalism of polarizati
analysis@4#. Using such optimal formalism five complet
reaction amplitudes were determined at 6 GeV by one o
~N.Gh! using polarization data obtained at the Argonne Z
Gradient Synchrotron~AZGS! for elastic p-p scattering in
1982 @5#. On the basis of such analysis, the Regge pole
well as particle exchange models have been tested@6#.

Since the shut down of AZGS, this is the first time that
almost complete set of observables is measured
SATURNE II.

A complete set of experiments as defined in Ref.@7# is an
example of observables to be measured, if it contains s
cient information for an exhaustive description of the int
action, i.e., for a complete determination of the complex a
plitudes. It has been established@8# that ten appropriately
chosen observables including the differential cross sec
could form a complete set inp-p elastic scattering from
which a direct reconstruction of the scattering matrix e
ment can be performed by imposition of only symme
properties@9#.

The imposition of symmetry constraints@10# not only
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constrains the choices of the direction of the quantizat
axis, it also reduces the number of independent amplitu
from 16 to only 5.

The purpose of the present article is to report such a c
plete amplitude reconstruction forp-p elastic scattering a
1.8 and 2.1 GeV for the entire range of 65° to 101° c.
angles measured most recently at SATURNE II in bo
transversity and helicity frames.

II. REACTION MATRIX AND OBSERVABLES

The general formalism in which our reaction matrix a
observables are defined has been developed by Moravcs
conjunction with two main collaborators, Csonka and Sc
ron in an extensive series of papers@11#. In particular the
nondynamical structure of the reaction involving four sp
1/2 particles is carried out in Ref.@12#. The first amplitude
analysis involving numerical calculations of five independe
amplitudes in such formalism was performed due to av
ability of data from AZGS@5#. We do not intend to go into
the details of the structure and polarization analysis of
reaction matrix, instead we attempt to perform a compl
determination of the amplitudes after a brief introduction
the reaction matrix and observables in order to obtain a g
eral relationship between the observables and bilinear c
bination of amplitudes in thep-p reaction. The standard fac
torization procedure is used@13# by decomposing the
reaction into two constituent reactions, namely target rec
(011/2→011/2) and beam scattered (1/210→1/210).
The outer product of the two constituent reaction matric
result in a composite reaction matrix.

Let us write the reaction matrix of the first constitue
reaction byM1 where@11#

M15a0I 1a1s• l1a2s•m1a3s•n, ~1!

wheres is Pauli vector matrix for spin 1/2 andI is identity
matrix. Unit vectorsl, m, andn are defined as

l5
qC2qA

uqC2qAu
, m5

qA3qC

uqA3qCu
, n5 l3m, ~2!
©2000 The American Physical Society04-1
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where qi are the center-of-mass momenta for the gene
reaction

A1B→C1D. ~3!

Assuming similar results hold for the second constituent
action and only rotational invariance, the reaction matrix
the composite reaction is

M5D01D10~s1• l!1D20~s1•m!1D30~s1•n!1D01~s2• l!

1D02~s2•m!1D03~s2•n!1D11~s1• l!~s2• l!

1D12~s1• l!~s2•m!1D13~s1• l!~s2•n!

1D21~s1•m!~s2• l!1D22~s1•m!~s2•m!

1D23~s1•m!~s2•n!1D31~s1•n!~s2• l!

1D32~s1•n!~s2•m!1D33~s1•n!~s2•n!, ~4!

wheres1 ands2 are Pauli matrices for projectile and targ
particles. The dynamics of the reaction is wholly contain
within the invariant amplitudesD ’s in Eq. ~4!. The number
of amplitudes in Eq.~4! is 16. In a more compact notatio
the first constituent reaction is denoted as

M15(
l

(
l

D~l,l !Sl l , ~5!

wherel andl denote the spin component of target and rec
particles along the quantization axis.D(l,l ) are amplitudes
and Sl l are the spin-momentum tensors generally, but h
06400
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-
r

d
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they are a set of 232 matrices specified by the spin of eac
particle. The reaction is characterized by the initial and fi
density matricesr i andr f both being 232 matrices which
describe the initial and final polarization states, respectiv
In terms of the elements we have

r i5r i
uv , u,v51,2, ~6!

the final density matrix is

r f
uv5Mr i

uvM†, ~7!

and substituting forM from Eq. ~5! we get

r f
uv5(

l
(
l

(
l 8

(
l8

D~l,l !D* ~l8,l 8!Sl lr i
uv~Sl8 l 8!†.

~8!

Experimental observables are given by the expectation
ues of certain spin-momentum tensorsF in the final states
~exit channel!. In matrix element notation we denote them b

F5Fjv, j,v51,2 . ~9!

Also we denote the experimental observables byL, then

L~uv;jv!5^Fjv&

5Tr~Fjvr f
mn!

5Tr~FjvMr i
mnM†!, ~10!

substitute Eqs.~5! and ~7! into Eq. ~10! to get
and the
TABLE I. Data set of observables used in the present analysis and their corresponding notations
number of data points and their references, as well as thex2 per number of data, are summarized.

Observables 1.80 GeV 2.10 GeV
Argonne Bystricky ARNDT Ref. Points Ref. Points

s5ds/dV I 000 ds/dV 15 20 @15# 14
P A00n05A000n P @24# 19 @21# 8
CNN A00nn AYY @17# 18 @18# 22
DNN D0n0n D @22,16# 6 @22,16# 6
KNN K0nn0 DT @22,16# 6 @22,16# 6
CSL A00sk AZX @16# 20 @16# 20
CLL A00kk AZZ @19# 19 @19# 18
CSS A00ss AXX @20# 20 @20# 14
KSS K0s9s0 RT @16# 3 @16# 3
HSNS N0s9s0 NSSN @16# 3 @16# 3

Total points 134 114
x2/data 1.07 0.83
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TABLE II. Results of the magnitudes of transversity amplitudes at 1.8 GeV.

uc.m. uau ubu ugu udu u«u

65 0.33560.011 0.30960.012 0.24760.015 0.09060.041 0.06860.055
67 0.35260.011 0.31460.012 0.23860.016 0.09560.040 0.09160.041
69 0.34560.013 0.31360.015 0.21160.022 0.09960.047 0.12160.038
71 0.33660.014 0.30860.015 0.18360.026 0.10260.046 0.13960.034
73 0.32060.012 0.28360.013 0.15360.025 0.09860.038 0.14360.026
75 0.32860.012 0.28560.014 0.14260.027 0.09960.039 0.15560.025
77 0.30560.011 0.28760.011 0.12960.025 0.09660.034 0.15160.022
79 0.31060.011 0.29160.011 0.13060.025 0.10060.033 0.14460.023
81 0.31360.010 0.29660.011 0.14260.022 0.09960.032 0.13460.024
83 0.30160.010 0.28960.010 0.14860.020 0.09360.032 0.11660.025
85 0.32460.011 0.32660.011 0.16960.021 0.10160.035 0.11560.031
87 0.29960.010 0.29760.010 0.14660.021 0.09560.032 0.10060.030
89 0.29760.011 0.30860.010 0.13760.023 0.10060.032 0.11460.028
90 0.29960.011 0.30860.010 0.12960.025 0.09860.032 0.12760.025
91 0.29860.011 0.30560.011 0.11860.027 0.09860.033 0.13760.023
93 0.29060.011 0.30360.011 0.09660.034 0.09860.034 0.14860.022
95 0.31860.013 0.33360.012 0.10660.037 0.10360.039 0.17360.023
97 0.28860.012 0.30260.011 0.10560.031 0.09360.036 0.15660.021
99 0.29660.013 0.31360.012 0.12360.027 0.09860.034 0.15160.022

101 0.29160.013 0.31060.012 0.13960.023 0.09960.033 0.13560.024
ch
r

ble-
as

ac-

r
ely.
L~uv;jv!5(
l

(
l

(
l 8

(
l8

D~l,l !D* ~l8,l 8!

3(
a

(
b

(
a

(
b

~Fjv!ba~Sl l !aa

3~r i
uv!ab~Sl8 l 8!bb . ~11!

Optimal formalism is a particular representation in whi
spin-momentum matrix, initial and final density matrices a
06400
e

defined in a way such that the elements of the observa
bilinear combination of amplitudes matrix is as diagonal
possible. Therefore,r i , r f , and observablesF all have to be
chosen to be Hermitian. For the composite reaction the re
tion matrix is written

M5(
l

(
l

(
L

(
L

D~l l ,LL !Sl l
^ SLL, ~12!

whereSl l andSLL denote 232 spin momentum matrices fo
the beam-scattered and target-recoil particles, respectiv
TABLE III. Results of the magnitudes of transversity amplitudes at 2.1 GeV.

uc.m. uau ubu ugu udu u«u

69 0.29660.009 0.21760.012 0.18660.014 0.12560.020 0.05560.046
71 0.29260.009 0.22360.012 0.17460.015 0.11060.024 0.06460.041
73 0.29560.010 0.23260.012 0.16860.016 0.09460.029 0.07860.035
75 0.28260.011 0.22660.013 0.16260.019 0.07660.039 0.08560.035
77 0.26960.011 0.22060.013 0.15860.018 0.07760.038 0.07660.038
79 0.25860.011 0.21760.013 0.15060.019 0.09260.031 0.06360.045
83 0.23060.010 0.20560.011 0.12460.018 0.10760.021 0.07860.029
85 0.25160.012 0.23260.013 0.12460.024 0.12460.024 0.10560.028
87 0.23660.009 0.22860.009 0.10460.020 0.11860.018 0.11760.018
89 0.25860.010 0.25660.010 0.09460.026 0.12260.020 0.13960.017
91 0.26360.011 0.26560.011 0.08560.032 0.09860.028 0.14960.018
95 0.23560.009 0.25260.009 0.10060.021 0.12860.016 0.12060.017
97 0.19760.009 0.22360.008 0.09660.018 0.11260.016 0.11960.015
99 0.22660.011 0.26460.010 0.07360.034 0.10960.023 0.14960.017
4-3
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FIG. 1. The direct reconstruction of magnitudes of transversity amplitudes at 1.8 and 2.1 GeV. Triangles denote the present re
the solid lines correspond to the fitted amplitudes of Ref.@23#.
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The initial and final density matrices for the composite re
tion is also defined in terms of the outer products of
constituent initial and final density matrices. Substituting
these into Eq.~12! generates the complete matrix elements
the p-p reaction matrix.

III. AMPLITUDE DETERMINATION
AND SYMMETRY CONSTRAINTS

The optimal reaction matrix obtained contains 16 amp
tudes and 256 bilinear combinations of amplitudes. In ad
06400
-
e
ll
f

-
i-

tion to Lorentz invariance upon imposition of all symmet
constraints such as parity, time reversal, and identical p
ticles only five independent amplitudes survive, three
which are nonflip, and two of which are spin flip in th
transversity frame. Depending upon the choice of fra
~transversity or helicity or hybrid! the numbers of single-flip
and double-flip are different. First, for simplicity, amplitud
analysis is carried out in the transversity frame in which
direction of spin of each particle is normal to the reacti
plane. We denote the invariant amplitudes as follows:
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TABLE IV. Results of the real and imaginary parts ofp-p scattering transversity amplitudes at 1.8 GeV

uc.m. Re a Re b Re g Re d Re «

65 0.19360.028 0.19660.023 20.17660.096 0.09060.041 20.03960.050
67 0.24560.022 0.19160.025 20.22860.018 0.09560.040 0.04660.034
69 0.22360.025 0.22460.020 20.17560.025 0.09960.047 0.09360.035
71 0.20360.027 0.25460.017 20.13760.028 0.10260.046 0.12060.034
73 0.22260.021 0.17860.022 20.14260.024 0.09860.038 0.10960.022
75 0.26160.016 0.21260.018 20.13560.026 0.09960.039 0.11060.025
77 0.23760.016 0.22360.015 20.12860.025 0.09660.034 0.09760.020
79 0.24860.015 0.20960.018 20.13060.026 0.10060.033 0.09360.017
81 0.23560.017 0.23160.015 20.14260.023 0.09960.032 0.08660.018
83 0.21760.018 0.22260.015 20.14660.020 0.09360.032 0.07460.017
85 0.25860.016 0.24560.018 20.16760.020 0.10160.035 0.07460.020
87 0.22660.016 0.22560.016 20.14360.020 0.09560.032 0.06460.020
89 0.21860.017 0.23660.016 20.13660.023 0.10060.032 0.07360.018
90 0.22760.016 0.23660.016 20.12960.025 0.09860.032 0.08260.016
91 0.19960.020 0.24760.015 20.11760.027 0.09860.033 0.08860.017
93 0.16660.024 0.24260.015 20.08760.033 0.09860.034 0.09560.033
95 0.25360.016 0.24060.020 20.10360.036 0.10360.039 0.11160.022
97 0.23160.015 0.20960.020 20.10460.032 0.09360.036 0.11060.015
99 0.24460.015 0.23060.019 20.12360.028 0.09860.034 0.09760.014
101 0.24760.014 0.23260.018 20.13960.024 0.09960.033 0.07860.015

uc.m. Im a Im b Im g Im «

65 0.27460.019 0.23960.019 0.17360.061 20.05560.046
67 0.25360.020 0.25060.019 20.06960.062 20.07960.043
69 0.26260.021 0.21960.020 20.11960.035 20.07860.040
71 0.26860.021 0.17460.017 20.12160.033 20.06960.048
73 0.23160.019 0.22060.018 20.05560.017 20.09260.020
75 0.19760.018 0.19160.018 20.04260.012 20.11060.027
77 0.19360.017 0.17960.016 20.01660.017 20.11560.021
79 0.18660.017 0.20260.017 20.00560.027 20.11060.019
81 0.20660.018 0.18660.017 0.00460.027 20.10360.020
83 0.20960.017 0.18460.016 0.02360.039 20.08960.020
85 0.19560.017 0.21660.018 0.02860.057 20.08860.024
87 0.19560.017 0.19460.017 0.03060.055 20.07760.023
89 0.20160.017 0.19860.017 0.01360.044 20.08760.022
90 0.19460.017 0.19860.017 0.00960.046 20.09860.019
91 0.22160.018 0.17860.016 0.01660.039 20.10560.020
93 0.23860.018 0.18260.016 0.03960.043 20.11460.038
95 0.19260.018 0.23160.019 0.02760.053 20.13360.024
97 0.17260.016 0.21860.018 0.01360.052 20.11060.015
99 0.16860.016 0.21160.018 0.00260.042 20.11660.017
101 0.15460.015 0.20660.018 20.00260.031 20.11160.020
e
are
D~11,11 !5a, D~22,22 !5b,

D~11,22 !5g, ~13!

D~12,12 !5d, D~12,21 !5«.

Of course, other groups use different notation such asT1-T5
06400
for these amplitudes@14#. The relationship between thes
amplitudes and the measured experimental observables
given as@10#

sP5uau22ubu2, ~14!

s5uau21ubu212@ ugu21udu21u«u2#, ~15!
4-5
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TABLE V. Results of the real and imaginary parts ofp-p scattering transversity amplitudes at 2.1 GeV

uc.m. Re a Re b Re g Re d Re «

69 0.27960.009 20.21460.023 0.00460.005 0.12560.020 20.05460.045
71 0.27260.009 20.13960.043 0.05560.009 0.11060.024 20.06360.040
73 0.19560.019 0.01960.034 0.03960.011 0.09460.029 20.07860.035
75 0.19860.017 0.10060.023 0.03060.029 0.07660.039 20.08260.034
77 0.19460.016 0.11260.020 0.07760.054 0.07760.038 20.07560.038
79 0.16760.018 0.09160.023 0.14760.046 0.09260.031 20.06260.044
83 0.12560.019 0.07660.023 0.12360.035 0.10760.021 20.07660.028
85 0.10860.027 0.11560.021 0.11760.035 0.12460.024 20.10460.027
87 0.11660.021 0.10060.023 0.09560.028 0.11860.018 20.11760.018
89 0.12960.023 0.11460.025 0.09360.032 0.12260.020 20.13860.017
91 0.17960.017 0.12860.024 0.08260.047 0.09860.028 20.14960.019
95 0.07160.028 0.14660.020 0.09960.026 0.12860.016 20.11860.017
97 0.05360.024 0.15360.041 0.09660.018 0.11260.016 20.09160.013
99 0.05960.028 0.20360.014 0.06860.031 0.10960.023 20.09660.012

uc.m. Im a Im b Im g Im «

69 20.09960.010 20.03560.062 0.18660.014 0.01060.012
71 20.10660.011 20.17460.028 0.16560.015 0.01160.013
73 20.22160.019 20.23260.013 0.16460.016 20.00760.009
75 20.20060.018 20.20360.017 0.15960.018 20.02260.010
77 20.18660.017 20.18960.017 0.13960.024 20.01360.007
79 20.19760.017 20.19860.017 0.03260.075 0.01160.023
83 20.19360.016 20.19160.015 0.00560.076 0.02060.008
85 20.22760.018 20.20160.017 0.04060.046 0.01860.007
87 20.20660.015 20.20460.015 0.04360.032 0.01060.003
89 20.22360.017 20.22960.016 0.01160.048 0.01260.015
91 20.19260.017 20.23260.017 0.02360.049 20.01360.019
95 20.22460.014 20.20560.017 0.01560.042 0.02160.008
97 20.19060.012 20.16360.081 0.00460.017 0.07760.013
99 20.21860.014 20.16960.016 20.02860.056 0.11460.013
ve
sCNN5uau21ubu212@2ugu21udu22u«u2#, ~16!

sDNN5uau21ubu212@ ugu22udu22u«u2#, ~17!

sKNN5uau21ubu212@2ugu22udu21u«u2#, ~18!

sCLL52 Re~a1b!d* 14 Re~«* g!, ~19!

sCSS522 Re~a1b!d* 14 Re~«* g!, ~20!

sCLS52 Im~a2b!d* , ~21!

sKSS522 Re~a1b!«* 14 Re~gd* !, ~22!

sHSNS522 Re~a2b!«* . ~23!
06400
The five magnitudes are determined uniquely in terms of fi
observables as follows:

uau5
As

2A2
~11CNN1DNN1KNN14P!1/2, ~24!

ubu5
As

2A2
~11CNN1DNN1KNN24P!1/2, ~25!

ugu5
As

2A2
~12CNN1DNN2KNN!1/2, ~26!

udu5
As

2A2
~11CNN2DNN2KNN!1/2, ~27!
4-6
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FIG. 2. The direct reconstruction ofp-p elastic-scattering transversity amplitudes at 1.8 GeV. The real and imaginary parts of amp
a to « are shown in (mb/sr)1/2 as a function of the c.m. angle.
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u«u5
As

2A2
~12CNN2DNN1KNN!1/2, ~28!

whereCNN , DNN , KNN, andP are polarization parameter
measured experimentally over a long period of time
SATURNE II for energies 1.8 and 2.1 GeV and center-
mass angle between 60° to 100°, ands, the differential
cross-section data are taken from EDDA@15#. For phase de-
06400
t
-

termination, since the overall phase is arbitrary, one of the
namelyf(d), is set equal to zero. Then, using the remaini
equations~19!–~21!, the following relations are obtained fo
f(a) andf(b):

sinf~a!5
sCLS

2uauudu
1

ubu
uau

sinf~b!, ~29!
4-7
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FIG. 3. The direct reconstruction ofp-p elastic-scattering transversity amplitudes at 2.1 GeV. The real and imaginary parts of amp
a to « are shown in (mb/sr)1/2 as a function of the c.m. angle.
f
o

le

f-

-

.

-
de-
cosf~a!5
sCLL2sCSS

4uauudu
1

ubu
uau

cosf~b!. ~30!

These nonlinear equations have two solutions each
f(a) andf(b). Particularly for some angles there exist n
solutions and therefore were discarded.f(a) andf(b) are
given in terms ofCLL , CLS , andCSS. In a similar fashion
the two remaining phasesf(g) and f(«) are determined
from equations relating them to the laboratory observab
06400
or

s

KSS and HSNS, which in turn are related to the center-o
mass observables and laboratory recoil angle†see Eq.~7.8!
of Ref. @10#‡. By eliminating f(g) between the two equa
tions we obtain a relationship betweenf(«) and the differ-
encef(g)2f(«) in which all the other quantities are fixed
The differencef(g)2f(«) is given in terms ofCLL and
CSS, which yield two different solutions. Therefore, alto
gether there are four different sets of phase parameters
termining f(«). The best value off(«) is taken to be the
one with minimumx2.
4-8
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TABLE VI. Results ofp-p scattering helicity amplitudes at 1.8 GeV.

uc.m. Re a Re b Re c Re d Re e

65 20.01660.029 20.00960.016 0.03560.018 0.12160.037 20.25060.492

67 20.07560.169 20.00160.003 0.06560.020 0.19860.020 20.24860.482

69 20.07160.158 20.01160.021 0.12060.016 0.19660.017 20.20260.393

71 20.06560.147 20.02360.044 0.15760.017 0.19260.017 20.17460.335

73 20.07560.163 20.00360.010 0.13360.013 0.17760.013 20.16660.323

75 20.05460.122 20.00260.005 0.15560.013 0.19160.013 20.18060.353

77 20.04560.105 20.00360.008 0.14760.012 0.18060.012 20.17960.350

79 20.04760.109 0.00460.003 0.14560.012 0.17560.012 20.18360.357

81 20.04760.108 20.00560.011 0.13860.012 0.18160.012 20.19460.380

83 20.04760.108 20.00660.012 0.12160.013 0.17360.012 20.19260.376

85 20.04560.107 0.00560.006 0.13060.017 0.19660.014 20.22360.436

87 20.03860.094 0.00560.121 0.01760.169 0.01460.199 0.38860.151

89 20.04160.100 20.00160.002 0.13260.014 0.16860.013 20.19560.381

90 20.03960.095 0.00160.002 0.14160.014 0.17260.013 20.18860.367

91 20.04060.097 20.01160.019 0.14660.014 0.16560.013 20.17560.341

93 20.03860.100 20.01460.025 0.15560.016 0.14460.015 20.14760.283

95 20.03560.097 0.01060.007 0.17960.017 0.17960.016 20.17060.328

97 20.04460.108 0.01260.006 0.15960.015 0.17160.015 20.15460.296

99 20.04160.100 0.01160.006 0.15560.014 0.18060.013 20.18160.352

101 20.03860.092 0.01360.006 0.13860.012 0.17860.012 20.20060.392

uc.m. Im a Im b Im c Im d Im e

65 0.24260.028 20.00160.007 0.18760.028 0.01460.026 20.06960.085

67 0.13160.125 0.01460.028 0.05260.018 0.12160.021 20.19960.211

69 0.10060.095 0.00060.007 0.02260.017 0.14160.016 20.21860.223

71 0.08460.075 20.01360.030 0.01560.018 0.13660.017 20.20660.212

73 0.13160.125 0.01160.021 0.03960.011 0.09460.011 20.18660.191

75 0.13160.126 0.01260.025 0.02160.011 0.06360.011 20.17360.178

77 0.14360.142 0.00360.004 0.02860.011 0.04360.011 20.15860.162

79 0.15060.143 0.01060.005 0.04060.013 0.04460.013 20.15560.159

81 0.15160.230 0.00160.003 0.04960.012 0.04560.013 20.14760.151

83 0.15460.152 20.00160.006 0.06660.014 0.04260.016 20.13160.138

85 0.16160.154 0.00360.004 0.07360.018 0.04560.021 20.13360.141

87 0.15160.145 0.00060.003 0.07460.017 0.04460.020 20.12160.126

89 0.15060.146 20.00460.011 0.06360.016 0.05060.017 20.13760.143

90 0.15160.147 20.00260.007 0.05460.016 0.04560.017 20.14260.148

91 0.16060.158 20.01260.026 0.05660.015 0.03960.016 20.14460.149

93 0.18260.179 20.01960.040 0.06860.017 0.02960.018 20.14260.146

95 0.18660.182 0.00360.005 0.05360.019 0.02660.020 20.15960.168

97 0.15960.156 0.00560.004 0.04960.018 0.03660.019 20.14660.151

99 0.15460.151 0.00460.004 0.03860.016 0.03660.016 20.15260.156

101 0.14560.144 0.00460.005 0.03460.013 0.03660.014 20.14660.151
th
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ur
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th
The observables used in the present analysis and
corresponding different notations of Argonne@25#, Bystricky
@14#, Arndt @3#, and the number of data points, referenc
and theirx2 per number of data points are summarized
Table I. The magnitudes of transversity amplitudes are
culated and the results are given in Tables II and III and
06400
eir

,

l-
e

shown in Fig. 1 for both energies. As shown in Fig. 1, o
calculated amplitudes are compared with amplitudes rec
struction published recently@23#. Real and imaginary parts
of the transversity amplitudes for both energies and the b
solution are given in Tables IV and V, however, the latter a
plotted in Figs. 2 and 3 for different c.m. angles at bo
4-9
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TABLE VII. Results of p-p scattering helicity amplitudes at 2.1 GeV.

uc.m. Re a Re b Re c Re d Re e

69 20.01760.043 0.01660.001 0.05460.015 20.07560.139 20.10460.222

71 0.03760.018 20.01760.026 0.08460.018 20.08160.149 20.09260.200

73 0.06560.014 20.00360.006 0.08160.014 20.05260.093 20.12060.254

75 0.09260.017 20.00060.002 0.08760.016 20.02060.030 20.13860.289

77 0.11460.024 20.00160.002 0.11660.023 20.03860.062 20.11460.248

79 0.12260.025 0.00060.003 0.15360.024 20.08660.156 20.06860.165

83 0.09760.024 0.00160.001 0.12860.022 20.10360.191 20.08060.181

85 0.10460.018 0.00660.006 0.12560.018 20.11660.221 20.11160.237

87 0.10160.013 0.00060.001 0.10260.013 20.11160.212 20.12460.258

89 0.11560.017 20.00260.004 0.09960.017 20.11660.221 20.14460.300

91 0.14360.019 20.01060.025 0.09260.020 20.08760.161 20.15960.329

95 0.09860.016 0.00560.004 0.10960.015 20.11860.227 20.12860.266

97 0.08960.035 0.00760.013 0.11060.025 20.09960.180 20.10560.238

99 0.09360.019 0.01260.004 0.10660.016 20.07160.134 20.13460.282

uc.m. Im a Im b Im c Im d Im e

69 0.05560.045 0.12360.006 0.06460.015 20.12260.251 0.13160.250

71 0.00760.010 0.10360.105 0.01860.010 20.14760.300 0.15860.305

73 20.02860.012 0.04460.088 20.03560.012 20.19860.400 0.19260.374

75 20.01060.010 0.02560.050 20.03260.012 20.19160.383 0.16960.328

77 20.01860.012 0.02060.041 20.03160.014 20.17060.342 0.15760.298

79 20.08860.030 0.01960.039 20.07760.029 20.10960.231 0.12060.221

83 20.10460.026 0.01260.007 20.08360.027 20.08860.192 0.10960.200

85 20.09660.020 20.00260.007 20.07860.019 20.11860.246 0.13660.258

87 20.08660.014 0.00460.008 20.07660.014 20.11960.246 0.12960.248

89 20.11460.019 0.00460.008 20.10260.019 20.11260.236 0.12560.235

91 20.08860.021 0.01360.021 20.10160.022 20.12460.257 0.11160.205

95 20.11060.016 20.01960.008 20.09060.016 20.10460.219 0.12560.238

97 20.12460.039 20.02560.047 20.04860.043 20.05260.130 0.12960.231

99 20.16860.020 20.03660.007 20.05360.021 20.02560.067 0.14060.266
e
m
o
,
ns
he

ne
a

en
in
gi-
in

or

l-
of

ity
ea-

er-
re

ibit
oth
inct
energies. Fortunately thex2 for each set of solutions wer
distinct enough to allow an easy selection of the minimu
In a way this may be an indication of the self-consistency
the extra and interpolated data set used here. As a check
amplitudes do satisfy the following symmetry relatio
which are the results of imposing the Pauli principle in t
transversity frame@14#:

a~u!5b~p2u!, ~31!

g~u!5«~p2u!, ~32!

d~u!5d~p2u!. ~33!

Once the transversity amplitudes have been determi
the helicity amplitudes are easily obtained by the mathem
cal method described in Ref.@10# and are denoted bya, b, c,
06400
.
f
our

d,
ti-

d, and e. Due to the existence of the relationship betwe
helicity and transversity amplitudes, four sets of solutions
the helicity frame seem to be inevitable. The real and ima
nary parts of the best helicity amplitudes have been given
Tables VI and VII and also plotted in Figs. 4 and 5 f
different c.m. angles at both energies.

IV. CONCLUSION

This nondynamical amplitude analysis in optimal forma
ism at 1.8 and 2.1 GeV allows an accurate determination
the complex amplitudes in transversity as well as helic
frame, provided that a complete set of observables is m
sured. It is suggested thatCLL and CSS be updated by ex-
perimentalists for more reliable conclusions. In the transv
sity frame, the magnitudes of the five amplitudes we
obtained without any ambiguity. These magnitudes exh
almost the same variations as a function of c.m. angle at b
energies. Phase calculations are confronted with four dist
solutions, one of which is selected based on minimumx2
4-10
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FIG. 4. The direct reconstruction ofp-p elastic scattering helicity amplitudes at 1.8 GeV. The real and imaginary parts of amplitua
to e are shown in (mb/sr)1/2 as a function of the c.m. angle.
so
eV
y
e
tio
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ci
ca
po

en-

am-
n-
.
e
ry
ost

m-
criteria. Our interpolated data exhibit several imaginary
lutions in the range of 60° to 68° c.m. angle at 2.1 G
which were disregarded. Such unexpected solutions ma
caused by excess uncertainties in experimental data. Th
ror bars were obtained by the standard error propaga
method and are indicated at each point. As shown at s
point, error bars are relatively large due to the existence
large errors in the corresponding observables. In the heli
frame, the magnitudes have no ambiguity, but in phase
culation there exist several angles in which some phases
06400
-

be
er-
n
e

of
ty
l-
s-

sess large uncertainties attributed to data points. At both
ergies the magnitudes of two nonflipuau and ugu decrease
quite slowly as the c.m. angles increase. The remaining
plitudes vary in different ways. For example, while the no
flip ubu and double flipudu are almost independent of c.m
angleu, double flipu«u exhibit some fluctuations in the sam
angular region. In the helicity frame the real and imagina
parts of all amplitudes for angles larger than 70° are alm
independent of c.m. angleu. As is shown in Tables II and
III, the symmetry relations between the magnitudes of a
4-11
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FIG. 5. The direct reconstruction ofp-p elastic scattering helicity amplitudes at 2.1 GeV. The real and imaginary parts of amplitua
to e are shown in (mb/sr)1/2 as a function of the c.m. angle.
-
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fa
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ch
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r G.
plitudes aroundu and p2u hold. Comparison of our con
structed amplitudes with those obtained in Ref.@23# indicate
that our results within corresponding errors are in a go
agreement with those obtained by them. Considering the
that our results are obtained by using only ten observab
required by a complete set, one may conclude that thi
more economical.
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